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PREFACE. 

It  is  almost  impossible  to  follow  the  later  developments  of 
physical  or  general  chemistry  without  a  working  knowledge 
of  higher  mathematics.  I  have  found  that  the  regular 
textbooks  of  mathematics  rather  perplex  than  assist  the 
chemical  student  who  seeks  a  short  road  to  this  knowledge, 
for  it  is  not  easy  to  discover  the  relation  which  the  pure 
abstractions  of  formal  mathematics  bear  to  the  problems 
which  every  day  confront  the  student  of  Nature's  laws, 
and  realize  the  complementary  character  of  mathematical 
and  physical  processes. 

During  the  last  five  years  I  have  taken  note  of  the 
chief  difficulties  met  with  in  the  application  of  the  mathe- 
matician's X  and  y  to  physical  chemistry,  and,  as  these  notes 
have  grown,  I  have  sought  to  make  clear  how  experimental 
results  lend  themselves  to  mathematical  treatment.  I  have 
found  by  trial  that  it  is  possible  to  interest  chemical  students 
and  to  give  them  a  working  knowledge  of  mathematics 
b}'^  manipulating  the  results  of  physical  or  chemical  ob- 
servations. 

I  should  have  hesitated  to  proceed  beyond  this  experi- 
mental stage  if  I  had  not  found  at  The  Owens  College  a 
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set  of  students  eagerly  pursuing  work  in  different  branches 

of  physical  chemistry,  and  most  of  them  looking  for  help  \ 

in  the  discussion  of  their  results.     When  I  told  my  plan 

to  the  Professor  of  Chemistry  he  encouraged  me  to  write 

this  book.     It  has  been  my  aim  to  carry  out  his  suggestion, 

so    I   quote  his  letter  as  giving   the  spirit  of   the  book,. 

which  I  only  wigh  I  could  have  carried  out  to  the  letter. 

"Thb  Owens  Collbgk, 
"  Manchbstbr. 

"Mt  Dear  Mbllor, 

"If  you  will  convert  your  ideas  into  words  and  write  a 
book  explaining  the  inwardness  of  mathematical  operations  as  applied 
to  chemical  results,  I  believe  you  wiU  confer  a  benefit  on  many  students 
of  chemistry.  We  chemists,  as  a  tribe,  fight  shy  of  any  symbols 
but  our  own.  I  know  very  weU  you  have  the  power  of  winning  new 
results  in  chemistry  and  discussing  them  tnathematically.  Can  you 
lead  us  up  the  high  hill  by  gentle  slopes?  Talk  to  us  chemically  to 
beguile  the  way  ?  Dose  us,  if  need  be,  *  with  learning  put  lightly,  like 
powder  in  jam  *  ?  If  you  feel  you  have  it  in  you  to  lead  the  way  we 
will  try  to  follow,  and  perhaps  some  of  the  youngest  of  us  may  succeed. 
Wouldn't  this  be  a  triumph  worth  working  for  ?    Try. 

**  Yours  very  truly, 

"  H.  B.  Dixon." 
The  Owens  Collbob, 
Manchester,  May,  1901. 
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"  The  first  thing  to  be  attended  to  in  reading  any  algebraic  treatise  is  the 
gaining  a  perfect  understanding  of  the  different  processes  there  exhibited, 
and  of  their  connection  with  one  another.  This  cannot  be  attained  by  a 
mere  reading  of  the  book,  however  great  the  attention  which  may  be  given. 
It  is  impossible  in  a  mathematical  work  to  fill  up  every  process  in  the 
manner  in  which  it  must  be  filled  up  in  the  mind  of  the  student  before 
he  can  be  said  to  have  completely  mastered  it.  Many  results  must  be  given 
of  which  the  details  are  suppressed,  such  are  the  additions,  multiplications, 
extractions  of  square  root,  etc.,  with  which  the  investigations  abound. 
These  must  not  be  taken  on  trust  by  the  student,  but  must  be  worked  by 
his  own  pen,  which  must  never  be  out  of  his  hand  while  engaged  in  any 
algebraical  process." — De  Morgan,  On  the  Study  and  Difficulties  of  Ma  the- 
mattes  t  1881. 


PROLOGUE. 

When  Sir  Isaac  Newton  communicated  the  manuscript  of  his 
*'Methodus  fluxionem  "  to  his  friends  in  1669  he  furnished 
science  with  its  most  powerful  and  subtle  instrument  of 
research.  The  states  and  conditions  of  matter,  as  they 
occur  in  Nature,  are  in  a  state  of  perpetual  flux,  and  these 
qualities  may  be  effectively  studied  by  the  Newtonian  method 
whenever  they  can  be  referred  to  number  or  subjected  to 
measurement  (real  or  imaginary).  By  the  aid  of  Newton's 
calculus  the  mode  of  action  of  natural  changes  from  moment 
to  moment  can  be  portrayed  as  faithfully  as  these  words 
represent  the  thoughts  at  present  in  my  mind.  From  this, 
the  law  which  controls  the  whole  process  can  be  determined 
with  unmistakable  certainty  by  pure  calculation — the  so- 
called  Higher  Mathematics. 

This  work  starts  from  the  thesis  that  so  far  as  the 
investigator  is  concerned, 

Hi^er  Mathematics  is  the  art  of  reasoning  about  the 
numerical  relations  between  natural  phenomena;  and  the 
scTcral  sections  of  Higher  Mathematics  are  different  modes 
of  Tiewing  these  relations.^ 

For  instance,  I  have  assumed  that  the  purpose  of  the 
Differential  Calculus  is  to  inquire  how  natural  phenomena 


*  In  the  new  Grerman  A  nnalen  der  NaturphUoaophie^  1,  50,  1902,  Ostwald  main- 
taiiis  that  mathematics  is  only  a  language  in  which  the  results  of  experiments  may  be 
convenientiy  expressed ;  and  from  this  standpoint  criticises  Kant's  Meiaphyaicai 
Foundations  of  Science.     C/.  footnote,  page  1. 
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change  from  moment  to  moment.  This  change  may  be 
uniform  and  simple  (Chapter  I.) ;  or  it  may  be  associated 
with  certain  so-called  **  singularities"  (Chapter  III.).  The 
Integral  Calculus  (Chapters  IV.  and  VII.)  attempts  to 
deduce  the  fundamental  principle  governing  the  whole 
course  of  any  natural  process  from  the  law  regulating  the 
momentary  states.  Coordinate  Geometry  (Chapter  II.)  is 
concerned  with  the  study  of  natural  processes  by  means  of 
**  pictures  "  or  geometrical  figures.  Infinite  Series  (Chapters 
V.  and  VIII.)  furnish  approximate  ideas  about  natural  pro- 
cesses when  other  attempts  fail.  From  this,  then,  we 
proceed  to  study  the  various  methods  (**  mathematical 
tools*')  to  be  employed  in  Higher  Mathematics. 

This  limitation  of  the  scope  of  Higher  Mathematics 
enables  us  to  dispense  with  many  of  the  formal  proofs  of 
rules  and  principles.  Much  of  Sidgwick's  *  trenchant  indict- 
ment of  the  educational  value  of  formal  logic  might  be  urged 
against  the  subtle  formalities  which  prevail  in  **  school '' 
mathematics.  While  none  but  logical  reasoning  could  be 
for  a  moment  tolerated,  yet  too  often  **its  most  frequent 
work  is  to  build  a  pons  asinorum  over  chasms  that  shrewd 
people  can  bestride  without  such  a  structure  ".f 

So  far  as  the  tyro  is  concerned  theoretical  demonstrations 
are  by  no  means  so  convincing  as  is  sometimes  supposed. 
It  is  as  necessary  to  learn  to  **  think  in  letters "  and  to 
handle  numbers  and  quantities  by  their  symbols  as  it  is  to 
learn  to  swim  or  to  ride  a  bicycle.  The  inutility  of  "  general 
proofs'*  is  an  everyday  experience  to  the  teacher.  The  be- 
ginner only  acquires  confidence  by  reasoning  about  something 
which  allows  him  to  test  whether  his  results  are  true  or 
false  ;  he  is  really  convinced  only  after  the  principle  has 
been  verified  by  actual  measurement — as  in  §  88,  say — or  by 
arithmetical  illustration — as  in  §  188,  say.  **  The  best  of  all 
proofs/'  said  Oliver  Heaviside  in  a  recent  number  of  the 
Electrician,  **  is  to  set  out  the  fact  descriptively  so  that  it 
can  be  seen  to  be  a  fact ".  Bemembering  also  that  the 
majority  of  students  are  only  interested  in  mathematics  so 


*  A.  Sidgwick,  The  Use  of  Words  in  Reaaonitiy.    (A.  &  C.  Black,  London.) 
+  0.  W.  Holmes,  The  Autocrat  of  the  Breakfast  Table,    (W.  Scott,  London.) 
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far  as  it  is  brought  to  bear  directly  on  problems  connected 
with  their  own  work,  I  have,  especially  in  Part  I.,  explained 
any  troublesome  principle  or  rule  in  terms  of  some  well- 
known  natmul  process.  For  example,  the  meaning  of  the 
differential  coefficient  and  of  a  limiting  ratio  is  first  explained 
in  terms  of  the  velocity  of  a  chemical  reaction ;  the  differen- 
tiation of  exponential  functions  leads  us  to  compound  interest 
and  hence  to  the  **  Compound  Interest  Law "  in  Nature ; 
the  general  equations  of  the  straight  line  are  deduced  from 
solubihty  curves ;  discontinuous  functions  lead  us  to  discuss 
Mendelieff's  work  on  the  existence  of  hydrates  in  solutions ; 
Wilhelmy's  law  of  mass  action  prepares  us  for  a  detailed 
study  of  processes  of  integration ;  Harcourt  and  Esson's 
work  introduces  the  study  of  simultaneous  differential  equa- 
tions; Fourier's  series  is  applied  to  diffusion  phenomena, 
etc.,  etc.  Unfortunately,  this  plan  has  caused  the  work  to 
assume  more  formidable  dimensions  than  if  the  precise  and 
rigorous  language  of  the  mathematicians  had  been  retained 
throughout. 

I  have  sometimes  found  it  convenient  to  evade  a  tedious 
demonstration  by  reference  to  the  **  regular  textbooks  ".  In 
such  cases,  if  the  student  wants  to  **  dig  deeper,"  one  of  the 
following  works,  according  to  subject,  will  be  found  sufficient : 
Williamson's  Differential  Calcvlus,  also  the  same  author's 
Integral  Calculus  (Longmans,  Green,  &  Co.,  London) ; 
Forsyth's  Differential  Equations  (Macmillan  &  Co.,  London) ; 
Johnson's  Differential  Equations  (Wiley  &  Son,  New  York). 

Of  course,  it  is  not  always  advisable  to  evade  proofs  in 
this  simimary  way.  The  fundamental  assumptions — the  so- 
called  premises — employed  in  deducing  some  formulae  must 
be  carefully  checked  and  clearly  understood.  However 
correct  the  reasoning  may  have  been,  any  limitations  intro- 
duced as  premises  must,  of  necessity,  reappear  in  the  con- 
clusions. The  resulting  formulae  can,  in  consequence,  only 
be  applied  to  data  which  satisfy  the  limiting  conditions. 
The  results  deduced  in  Chapter  XI.  exemplify,  in  a  forcible 
manner,  the  perils  which  attend  the  indiscriminate  applica- 
tion of  mathematical  formulae  to  experimental  data.     Some 


xiL  PROLOGUE. 

formulae  are  particularly  liable  to  mislead.  The  **  probable 
error  *'  is  one  of  the  greatest  sinners  in  this  respect. 

The  teaching  of  mathematics  by  means  of  abstract 
problems  is  a  good  old  practice  easily  abused.  The  abuse 
has  given  rise  to  a  widespread  conviction  that  **  mathematics 
is  the  art  of  problem  solving,"  or,  perhaps,  the  prejudice 
dates  from  certain  painful  reminiscences  associated  with 
the  arithmetic  of  our  school-days. 

Under  the  heading  "  Examples  "  I  have  collected 
laboratory  measurements,  well-known  formulae,  practical 
problems  and  exercises  to  illustrate  the  text  immediately 
preceding,  A  few  of  the  problems  are  abstract  exercises  in 
pure  mathematics,  old  friends  which  have  run  through 
dozens  of  textbooks.  A  great  number,  however,  are  based 
upon  measurements,  etc.,  recorded  in  papers  in  the  current 
science  journals  (Continental,  American  or  British),  and  are 
reproduced  in  this  connection  for  the  first  time. 

It  can  serve  no  useful  purpose  to  disguise  the  fact  that  a 
certain  amount  of  drilling,  nay,  even  of  drudgery,  is  neces- 
sary in  some  stages,  if  mathematics  is  to  be  of  real  use  as 
a  working  tool,  and  not  employed  simply  for  quoting  the 
results  of  others.  The  proper  thing,  obviously,  is  to  make 
the  beginner  feel  that  he  is  gaining  strength  and  power 
during  the  drilling.  In  order  to  guide  the  student  along 
the  right  path,  hints  and  explanations  have  been  appended 
to  those  exercises  which  have  been  found  to  present  any 
diflSculty.  The  subject-matter  contains  no  difficulty  which 
has  not  been  mastered  by  beginners  of  average  ability  with- 
out the  help  of  a  teacher. 

The  student  of  this  work  is  supposed  to  possess  a  work- 
ing knowledge  of  elementary  algebra  so  far  as  to  be  able  to 
solve  a  set  of  simple  simultaneous  equations,  and  to  know 
the  meaning  of  a  few  tri  gnome trical  formulae.  If  any 
difficulty  should  arise  on  this  head,  it  is  very  possible  that 
§§  155,  156,  or  188  to  194  will  say  what  is  required  on 
the  subject.  I  have,  indeed,  every  reason  to  suppose  that 
beginners  in  the  study  of  Higher  Mathematics  most  fre- 
quently   find    their   ideas    on    the   questions    discussed    in 
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§§  188  to  194  have  grown  so  rusty  with  neglect  as  to 
require  refurbishing. 

I  have  also  assumed  that  the  reader  is.  acquainted  with 
the  elementary  principles  of  chemistry  and  physics.  Should 
any  illustration  involve  some  phenomenon  with  which  he 
is  not  acquainted,  there  are  two  remedies — to  skip  it,  or  to 
look  up  some  textbook.  There  is  no  special  reason  why  the 
student  should  waste  time  with  illustrations  in  which  he  has 
no  interest. 

It  will  be  found  necessary  to  procure  a  set  of  mathe- 
matical tables  containing  the  common  logarithms  of  numbers 
and  numerical  values  of  the  natural  and  logarithmic  trigno- 
metrical  ratios.  Such  sets  can  be  purchased  for  about 
eighteen  pence.  The  other  numerical  tables  required  for 
reference  in  Higher  Mathematics  are  reproduced  in  the  last 
chapter. 

Where  I  am  consciously  indebted  to  any  particular 
authority  for  ideas,  either  in  the  design  of  a  diagram  or  in 
the  writing  of  the  text,  I  have  stated  the  original  source 
so  that  the  student  may  have  the  opportunity  of  consulting 
the  original  for  a  fuller  and  perhaps  a  more  lucid  discussion. 

I  have  great  pleasure  in  thanking  my  friends  for  assist- 
ance in  reading  over  the  proofs,  more  especially  Mr.  W.  R. 
Anderson,  B.Sc,  who  has  verified  a  great  number  of  the 
examples  from  the  printed  shps,  and  Mr.  L.  Bradshaw, 
B.Sc,  who  has  carefully  checked  all  the  numerical  tables.  I 
am  also  pleased  to  acknowledge  the  general  excellency  of  the 
printer's  share  of  the  work. 

It  is,  perhaps,  too  much  to  hope  that  all  eiTors  have  been 
eliminated  from  the  text,  and  the  writer  will  be  grateful 
when  apprised  of  any  which  may  have  escaped  his  notice. 

J.  W.  M. 


ADDENDA  AND  OOBRIGENDA. 

P.  70,  last  sentence  in  footnote  to  read:  "Gay  Luasao  says  that  Charles 
had  worked  on  this  subject  some  years  before  himself,  hence,  etc."  **  See  also 
(27)  p.  626." 

P.  82,  fig.  28,  insert  "  i? "  as  described  in  the  text. 

P.  86,  fig.  26,  the  upper  "  T  "  should  be  "  T  ". 

P.  112,  fig.  61,  f<yr  "  f  "  read  "  f  ". 

P.  118,  fig.  62,  for  •'  c  "  read  "  r  sin  t ". 

P.  189,  equation  3,  the  vinculum  should  not  extend  over  *'df'\ 

P.  208,  line  10,  for  *'  6-40  "  read  "  6*76  '*. 

P.  269,  line  26,  add  <*8ee  (80)  p.  626*'. 

P.  289,  line  16,  for  "  third  "  read  "  first ". 

P.  878,  at  end  of  line  1,  insert  *'  822  '*. 


i 


PART  I. 

EiLEMENTARY. 

CHAPTER  I. 

THE  DIFFERENTIAL  CALCULUS. 

§  1.  On  the  Nature  of  Mathematical  Reasoning. 

*<  The  philosopher  may  be  delighted  with  the  extent  of  his  views,  the 
artifioer  with  the  readiness  of  his  hands,  but  let  the  one  remember 
that  without  mechanical  performance,  refined  speculation  is  an 
empty  dream,  and  the  other  that  without  theoretical  reasoning, 
dexterity  is  little  more  than  brute  instinct." — Dr.  Johnson. 

Hebbebt  Spbngeb  has  defined  a  law  of  Nature  as  a  proposition 
stating  that  a  certain  uniformity  has  been  observed  in  the  relations 
between  certain  phenomena.  In  this  sense  a  law  of  Nature  ex- 
presses a  mathematical  relation  between  the  phenomena  under 
consideration.  Every  physical  law,  therefore,  can  be  represented 
in  the  form  of  a  mathematical  equation.  One  of  the  chief  objects 
of  scientific  investigation  is  to  find  out  how  one  thing  depends  on 
another,  and  to  express  this  relationship  in  the  form  of  a  mathe- 
matical equation  (symbolic  or  otherwise)  is  the  experimenter's 
ideal  goal.''*' 

There  is  in  some  minds  an  erroneous  notion  that  the  methods 
of  higher  mathematics  are  prohibitively  difficult.     Any  difficulty 


*  Thus  Berthelot,  in  the  preface  to  his  celebrated  ISsaai  de  MScanique  Chimique 
I  ]  /oHd4e  sur  la  thermochJ^ie  of  1879,  described  his  work  as  an  attempt  to  base  chemistry 
wholly  on  those  mechanical  principles  which  prevail  in  various  branches  of  physical 
science.  Kant,  in  the  preface  to  his  Metaphynachek  Anjangagrvjtinde^  der  NoJtur- 
toisaensch^ftt  has  said  that  in  every  department  of  physical  science  there  is  only  so 
much  science,  properly  so  called,  as  there  is  mathematics.  As  a  consequence,  he 
denied  to  chemistry  the  name  "  science".  But  there  were  no  "journals  of  physical 
chemistry  "  in  his  time  (1786). 

A 
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that  might  arise  is  rather  due  to  the  complicated  nature  of  the 
phenomena  alone.  Gomte  has  said  in  his  Philosophie  Positive, 
**  our  feeble  minds  can  no  longer  trace  the  logical  consequences  of 
the  laws  of  natural  phenomena  whenever  we  attempt  to  simul- 
taneously include  more  than  two  or  three  essential  factors".* 
In  consequence  it  is  generally  found  expedient  to  introduce 
**  simplifying  assumptions  "  into  the  mathematical  analysis.  For 
example,  in  the  theory  of  solutions  we  pretend  that  the  dissolved 
substance  behaves  as  if  it  were  an  indifferent  gas.  The  kinetic 
theory  of  gases,  thermodynamics,  and  other  branches  of  applied 
mathematics  are  full  of  such  assumptions. 

By  no  process  of  sound  reasoning  can  a  conclusion  drawn  from 
limited  data  have  more  than  a  limited  application.  Even  when 
the  comparison  between  the  observed  and  calculated  results  is 
considered  satisfactory,  the  errors  of  observation  may  quite  obscure 
the  imperfections  of  the  formula  based  on  incomplete  or  simplified 
premises.  Given  a  sufficient  number  of  *'  it's,*'  there  is  no  end  to 
%he  weaving  of  "  cobwebs  of  learning  admirable  for  the  fineness  of 
thread  and  work,  but  of  no  substance  or  profit"  (Bacon).  The 
only  safeguard  is  to  compare  the  deductions  of  mathematics  with 
•observation  and  experiment  ''  for  the  very  simple  reason  that  they 
are  only  deductions,  and  the  premises  from  which  they  are  made 
may  be  inaccurate  or  incomplete.  We  must  remember  that  we 
•cannot  get  more  out  of  the  mathematical  mill  than  we  put  into  it, 
though  we  may  get  it  in  a  form  infinitely  more  useful  for  our 
purpose  "  (John  Hopkinson's  James  Forrest  Lecture,  1894). 

The  first  clause  of  this  last  sentence  is  often  quoted  in  a 
parrot-like  way  as  an  objection  to  mathematics.  Nothing  but 
real  ignorance  as  to  the  nature  of  mathematical  reasoning  could 
give  rise  to  such  a  thought.  No  process  of  sound  reasoning 
can  establish  a  result  not  contained  in  the  premises.f      It  is 

*  I  believe  that  this  is  the  key  to  the  interpretation  of  Comte's  strange  remarks : 
"  Every  attempt  to  employ  mathematical  methods  in  the  study  of  chemical  questions 
must  be  considered  profoundly  irrational  and  contrary  to  the  spirit  of  chemistry.  .  .  . 
If  mathematical  analysis  should  ever  hold  a  prominent  place  in  chemistry— an  aber- 
ration which  is  happily  almost  impossible — it  would  occasion  a  rapid  and  a  widespread 
degeneration  of  that  science."  (Freely  translated  from  the  fourth  book  of  Auguste 
Comte's  Philosophie  Positive,  1830.) 

t  Inductive  reasoning  is,  of  course,  good  guessing,  not  sound  reasoning,  but  the 
finest  results  in  science  have  been  obtained  in  this  way.  Calling  the  guess  a  *'  working 
hypothesis,"  its  consequences  are  tested  by  experiment  in  every  conceivable  way.     For 
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admitted  on  all  sides  that  any  demonstration  is  vioious  if  it 
contains  in  the  conclusion  anything  more  than  was  assumed 
in  the  premises.  Why  then  is  mathematics  singled  out  and 
condemned  for  possessing  the  essential  attribute  of  all  sound 
reasoning? 

It  has  been  said  that  no  science  is  established  on  a  firm  basis 
unless  its  generalisations  can  be  expressed  in  terms  of  number,  and 
it  is  the  special  province  of  mathematics  to  assist  the  investigator 
in  finding  numerical  relations  between  phenomena.  After  experi- 
ment, then  mathematics.  While  a  science  is  in  the  experimental 
or  observational  stage,  there  is  little  scope  for  discerning  numerical 
relations.  It  is  only  after  the  different  workers  have  **  collected 
data  '*  that  the  mathematician  is  able  to  deduce  the  required 
generalisation.  Thus  a  Maxwell  followed  Faraday  and  a  Newton 
completed  Kepler. 

It  must  not  be  supposed,  however,  that  these  remarks  are 
intended  to  imply  that  a  law  of  Nature  has  ever  been  repre- 
sented by  a  mathematical  expression  with  perfect  exactness.  In 
the  best  of  generalisations,  hypothetical  conditions  invariably 
replace  the  complex  state  of  things  which  actually  obtains  in 
Nature. 

There  is  a  prevailing  impression  that  once  a  mathematical 
formula  has  been  theoretically  deduced,  the  law,  embodied  in 
the  formula,  has  been  sufficiently  demonstrated,  provided  the 
differences  between  the  "calculated"  and  the  "observed"  results 
fall  within  the  Umits  of  experimental  error.  The  important  point, 
already  emphasized,  is  quite  overlooked,  namely,  that  any  discrep- 
ancy between  theory  and  fact  is  masked  by  errors  of  observation. 
With  improved  instruments,  and  better  methods  of  measurement, 
more  accurate  data  are  from  time  to  time  available.  The  errors  of 
observation  being  thus  reduced,  the  approximate  nature  of  the 
formulae  becomes  more  and  more  apparent.  Ultimately,  the  dis- 
crepancy between  theory  and  fact  becomes  too  great  to  be  ignored. 
It  is  then  necessary  to  "go  over  the  fundamentals ".  New  formulae 
must  be  obtained  embodying  less  of  hypothesis,  more  of  fact.  Thus, 
from  the  first  bold  guess  of  an  original  mind,  succeeding  genera- 

L 

example,  the  briUiaut  work  of  Fresnel  was  the  sequel  of  Youug's  undulatory  theory 
of  light,  and  Hertz's  recent  work  was  suggested  by  Maxwell  s  electro-magnetic  theories. 
J.  Thomson's  remarkable  prediction  of  the  influence  of  pressure  on  the  melting  point 
of  ice  was  experimentally  verified  by  Lord  Kelyin.    See  also  pages  42,  156,  etc. 
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tions  progress  step  by  step  towards  a  comprehensive  and  a  complete 
formulation  of  the  several  laws  of  Nature.* 

I  shall  proceed  at  once  to  explain  the  nature  of  the  more  im- 
portant '*  tools  "  used  in  the  application  of  mathematical  processes 
to  natural  phenomena. 

§  2.  The  DifTerential  CoeflBoient. 

Higher  mathematics,  in  general,  deals  with  magnitudes  which 
vary  in  a  continuous  manner.  In  order  to  render  such  a  process 
susceptible  of  mathematical  treatment  the  magnitude  is  supposed 
to  change  during  a  series  of  very  short  intervals  of  time.  The 
shorter  the  interval  the  more  uniform  the  process.  This  conception 
is  of  fundamental  importance.  To  illustrate,  let  us  consider  the 
chemical  reaction  denoted  by  the  equation : 

H^      +     CZj     =  2HCI, 

{hydrogen)  (chlorine)  (hydrogen  chloride), 

and  suppose  that  the  product  of  the  action — hydrogen  chloride 
— is  removed  from  the  sphere  of  the  reaction  the  moment  it  is 
formed. f 

If  thirty  cubic  centimetres  of  hydrogen  chloride  are  formed  in 
one  minute  the  reaction  proceeds  with  a  velocity  of  30  c.c.  per 
minute.  This  statement  is  not  meant  to  imply  that  0*5  c.c.  of 
hydrogen  chloride  is  formed  during  every  second  of  the  time  of 
observation,  for  0*2  c.c.  may  have  been  formed  in  the  first  second 
and  0*8  c.c.  during  some  other  second  of  time.  The  fact  observed 
is  that  the  mean  rate  of  formation  of  hydrogen  chloride  is  thirty 
cubic  centimetres  per  minute. 

*  Most,  if  not  all,  the  formulae  of  physics  and  chemistry  are  in  the  earlier  stages 
of  such  a  process  of  evolution.  For  example,  some  exact  experiments  by  Forbes  and 
by  Tait  indicate  that  Fourier's  formula  (page  375)  for  the  conduction  of  heat  gives 
somewhat  discordant  results  on  account  of  the  inexact  simplifying  assumption :  "  the 
quantity  of  heat  passing  along  a  given  line  is  proportional  to  the  rate  of  change  of 
temperature  "  ;  Weber  has  pointed  out  that  Fick's  equation  (page  376)  for  the  diffusion 
of  salts  in  solution  must  be  modified  to  allow  for  the  decreasing  diffusivity  of  the  salt 
with  increasing  concentration ;  and  finally,  van  der  Waals,  Clausius,  Rankine,  Sarrau, 
etc. ,  have  attempted  to  correct  the  simple  gas  equation :  pv  =  RB,  by  making  certain 
assumptions  as  to  the  internal  structure  of  the  gas. 

t  According  to  Bunsen  and  Roscoe  these  conditions  are  approximately  realised 
when  a  mixture  of  hydrogen  and  chlorine  gases  is  confined  over  water  saturated  with 
the  two  gases,  and  exposed  to  a  constant  source  of  light.  The  water  absorbs  the  HCl 
as  fast  as  it  is  formed. 
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If  it  were  now  possible  to  measure  the  amount  formed  in  thirty 
seconds  of  time,  and  18  c.c.  of  hydrogen  chloride  were  obtained 
during  that  interval,  this  would  be  equivalent  to  a  velocity  of 
reaction  of  36  c.c.  per  minute.  In  this  case  the  calculated  velocity 
would  more  accurately  represent  the  actual  velocity  during  the 
time  of  observation,  because  there  would  be  less  time  for  the  rate 
of  formation  of  this  compound  to  vary  during  thirty  than  during 
sixty  seconds. 

Suppose  further  that  0*26  c.c.  of  hydrogen  chloride  were  pro- 
duced during  an  interval  of  one  second ^  the  observer  would  be 
perfectly  certain  that  he  had  determined  the  rate  of  formation  of 
this  acid  with  a  greater  accuracy  than  before,  because  there  would 
be  less  time  for  any  variation  to  take  place.  Following  out  the 
consequences  of  this  reasoning  we  are  quite  sure  that  if  an 
observation  could  be  made  of  the  amount  of  hydrogen  chloride 
formed  during  one-millionth  of  a  second,  the  rate  of  formation  of 
the  compound  at  this  moment  would  be  still  more  accurate. 

Using  the  symbol  hx  to  denote  the  amount  of  hydrogen  chloride 
formed  during  the  very  small  interval  of  time  U,  the  quotient  hxjU 
represents  the  velocity  of  the  chemical  reaction  during  this  interval 
of  time.  If  we  could  measure  the  amount  of  substance  formed 
during  an  infinitely  short  interval  of  time  the  true  velocity  (v)  of 
the  chemical  reaction  would  be  denoted  by  the  equation : 

dx 

Jt^^' ^^^ 

where  dx  is  a  symbol  used  by  mathematicians  to  represent  an 
infinitely  small  amount  of  something  (in  this  case  of  HCl),  and 
dt  a  correspondingly  short  interval  of  time.  Hence  it  follows 
that  neither  of  these  symbols  per  se  is  of  any  practical  value,  but 
their  quotient  stands  for  a  perfectly  definite  conception,  namely, 
the  rate  of  formation  of  hydrogen  chloride  during  an  interval  of 
time  so  small  that  all  possibility  of  error  due  to  variation  of  speed 
is  eliminated. 

The  quotient  dx/dt  is  known  as  the  difTerential  coeflScient  of 
X  with  respect  to  t.  The  value  of  x  obviously  depends  on  what 
value  is  assigned  to  t ;  for  this  reason  x  is  called  the  dependent 
variable,  t  the  independent  variable.  The  differential  coefficient 
of  X  with  respect  to  t  thus  measures  a  velocity. 

Just  as  the  idea  of  the  velocity  of  a  chemical  reaction  represents 
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the  amount  of  substance  formed  in  a  given  time,  so  the  velocity  of 
any  motion  can  be  expressed  in  terms  of  the  differential  coefficient 
of  a  distance  with  respect  to  time,  be  the  motion  that  of  a  train, 
tramcar,  bullet,  sound-wave,  water  in  a  pipe  or  an  electric  current. 
Again,  we  may  represent  the  differential  coefficient  of  the  volume 
of  a  gas,  the  length  of  a  rod,  or  the  electro-motive  force  of  a 
galvanic  element  with  respect  to  temperature  to  obtain  the  so- 
called  temperature  coefficient  or  coefficient  of  expansion  as  the  case 
might  be.  The  differential  coefficient  of  the  volume  of  a  gas  with 
respect  to  pressure  furnishes  the  so-called  coefficient  of  compression, 
which  measures  the  compressibility  of  a  gas. 

From  these  and  similar  illustrations  which  will  occur  to  the 
reader,  it  will  be  evident  that  the  conception  called  by  mathe- 
maticians the  differential  coefficient  is  not  new.  Every  one 
consciously  or  unconsciously  uses  it  whenever  a  **  rate,"  "  speed," 
or  a  ** velocity"  is  in  question. 

Note  on  Velocity. — In  elementary  dynamics,  velocity  (v)  is  defined  as 
rate  of  motion^  and  is  measured  in  terms  of  the  distance  (s)  traversed  in  the 
time  (t).    That  is  to  say, 

distancejrayersed  ^  ^^.^    .. ^  ^  s 
time  t 

It  is  specially  important  for  us  to  start  with  a  clear  idea  of  what  is  meaut 
by  the  terms  "  velocity,"  '♦  rate  of  motion,"  etc. 

A  train  is  observed  to  travel  a  distance  of  60  miles  in  one  hour.  We 
cannot  therefore  say  that  it  has  travelled  80  miles  during  the  last  half  hour, 
nor  yet  that  it  will  travel  30  miles  during  the  next  half  hour.  On  the  other 
hand,  if  the  train,  at  any  part  of  its  journey,  is  going  at  the  rate  of  a  mile  a 
minute,  we  can  say  that  the  velocity  at  that  particular  moment  is  60  miles 
an  hour. 

Strictly  speaking,  it  is  a  physical  impossibility  to  actually  measure  the 
*'veloolt7  at  aiiy  instant^"  we  must  therefore  understand  by  this  term,  the 
mean  or  ay«imff9  valoolty  during  a  very  small  interval  of  time,  with  tJie  jproviso 
that  we  can  get  cw  near  as  we  please  to  the  acttuU  "  velocity  at  any  instant,''  bij 
taking  the  interval  of  time  sufficiently  small. 

We  shall  soon  see  that  "  methods  of  differentiation  "  will  actually  enable 
us  to  find  the  velocity  or  rate  of  change  during  an  interval  of  time  so  small 
that  the  rate  of  motion  has  not  time  to  change.  The  differential  coefficient 
is  the  only  true  measure  of  the  velocity  at  any  instant  of  time. 

It  is  important  to  distinguish  between  the  average  velocity  during  any 
given  interval  of  time,  and  the  actual  velocity  at  any  instant. 

The  term  '*  velocity  "  not  only  includes  the  rate  of  motion,  but  also  the 
direction  of  the  motion.  If  we  agree  to  represent  the  velocity  of  a  train 
travelling  southwards  to  London,   positive,  a   train   going   northwards    to 
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Aberdeen  would  be  travelling  with  a  negative  velooity.  Again,  if  we  con- 
ventionally agree  to  consider  the  rate  of  formation  of  hydrogen  chloride  from 
hydrogen  and  chlorine  as  a  positive  velocity,  the  rate  of  decomposition  of 
hydrogen  chloride  into  chlorine  and  hydrogen  will  be  a  negative  velocity. 

It  is  not  necessary,  for  our  present  purpose,  to  enter  into  refined 
distinctions  between  rate,  speed,  and  velocity.  I  shall  use  these  terms 
synonymously. 

The  concept  velocity  need  not  be  associated  with  bodies.  Every  one  is 
familiar  with  the  terms  **  the  velocity  of  light,"  *•  the  velocity  of  sound,"  "  the 
rate  of  propagation  of  an  explosion  wave,"  etc.  The  chemical  student  will 
soon  adapt  the  idea  to  such  phrases  as,  '*  the  velocity  of  chemical  action,'* 
"  the  speed  of  catalysis,"  "  the  rate  of  dissociation,"  "  the  velocity  of  dif- 
fusion," "the  rate  of  evaporation,"  etc. 

It  requires  no  great  mental  effort  to  extend  the  notion  still  further.  If 
a  quantity  of  heat  is  added  to  a  substance  at  a  uniform  rate,  the  quantity  of 
heat  (Q)  added  per  degree  rise  of  temperature  {$)  corresponds  exactly  with 
the  idea  of  a  distance  traversed  per  second  of  time.  Specific  heat,  therefore, 
may  be  represented  by  the  differential  coefficient  dQjdB,  Similarly,  the  in- 
crease in  volume  ( V)  (or  length)  per  degree  rise  of  temperature  is  represented 
by  the  differential  coefficient  dVjdB'y  the  decrease  in  volume  (V)  per  gram  of 
pressure  (p),  is  represented  by  the  ratio  -  dVfdpy  where  the  negative  sign 
signifies  that  the  volume  decreases  with  increase  of  pressure. 

In  the  above  examples,  it  has  been  assumed  that  unit  mass  or  unit  volume 
of  substance  is  operated  upon,  and  therefore  the  differential  coefficients  re- 
spectively represent  specific  heat,  coefficient  of  expansion,  coefficient  of 
compressibility.  If  we  start  with  unit  mass  of  substance,  the  coefficient  of 
velocity  of  a  chemical  reaction  would  obviously  be  dxjdt.  (What  does  this 
measure?    The  rate  of  transformation  of  unit  mass  of  substance.) 

But  velocity  is  generally  changing.  The  velocity  of  a  falling  stone 
gradually  increases  during  its  descent,  while,  if  a  stone  is  projected  upwards, 
its  velocity  gradually  decreases  during  its  ascent.  Instead  of  using  the 
awkward  term  "the  velocity  of  a  velocity,"  the  word  "acceleration"  is 
employed.  If  the  velocity  is  increasing  at  a  uniform  rate,  the  acceleration, 
or  rate  of  change  of  velocity,  or  rate  of  change  of  motion,  is  evidently 

utcrease  of  velocUy  ^  ^^^tion  ;/  =  ">-  ii«. 
time  t 

where  Vg  and  t?i  respectively  denote  the  velocities  at  the  beginning  and  end 
of  the  interval  of  time  under  consideration. 

Mathematicians  have  agreed  to  represent  an  increasing  velocity  with  a 
positive  sign,  a  decreasing  velocity  with  a  negative  sign.  If  a  clock  gains  one 
second  an  hour,  the  acceleration  is  positive,  if  it  loses  one  second  an  hour,  the 
acceleration  is  negative.    This  discussion  is  resumed  in  §  7. 

§3.  Differentials. 

It  is  sometimes  conyenient  to  regard  dx  and  dt^  or  more  generally 
dx  and  d/yy  as  very  small  quantities  which  determine  the  course  of 
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any  particular  process  under  investigation.     These  small  magni- 
tudes are  caUed  differentials  or  infinitesimali*     Differentials  may  I 
be  treated  like  ordinary  algebraic  magnitudes.     The  quantity  of 
hydrogen  chloride  formed  in  the  time  dt  is  represented  by  the 
differential  dx.     Hence  from  (1),  if  dxldt  =  r,  we  may  write  in  the 

language  of  differentials 

dx  =  v.dt. 

§  i.  Orders  of  Magnitude. 

If  a  small  number  n  be  divided  into  a  million  parts,  each  part 

{n/Kfi)  is  so  very  small  that  it  may  for  all  practical  purposes  be 

neglected  in  comparison  with  n.     If  we  agree  to  call  n  a  magnitude 

of  the  first  order,  the  quantity  n/lQ^  is  a  magnitude  of  the  second 

order.     If  one  of  these  parts  be  again  subdivided  into  a  million 

parts,  each  part  (n/10^^)  is  extremely  small  when  compared  with 

n,  and  the  quantity  n/lO^^  ig  ^  magnitude  of  the  third  order.     We 

thus  obtain  a  series  of  magnitudes  of  the  first,  second,  and  higher 

orders, 

n,nx  10-«,  n  x  IQ-i^,  .  .  ., 

each  one  of  which  is  negHgibly  small  in  comparison  with  those 
which  precede  it,  and  very  large  relative  to  those  which  foUow.f 

This  idea  is  of  great  practical  use  in  the  reduction  of  intricate 
expressions  to  a  simpler  form  more  easily  manipulated.  It  is 
usual  to  reject  magnitudes  of  a  higher  order  than  those  under 
investigation  when  the  resulting  error  is  so  small  that  it  is  out- 
side the  limits  of  the  **  errors  of  observation  "  peculiar  to  that 
method  of  investigation.     (See  §§96  and  189.) 

In  order  to  prevent  any  misconception  it  might  be  pointed  out 
that  ''great"  and  ''small"  in  mathematics,  like  "hot"  and 
"cold"  in  physics,  are  purely  relative  terms.  The  astronomer 
in  calculating  interstellar  distances  comprising  millions  of  miles 
takes  no  notice  of  a  few  thousand  miles ;  while  the  physicist  dare 
not  neglect  distances  of  the  order  of  the  ten  thousandth  of  an  inch 
in  his  measurements  of  the  wave  length  of  light. 

A  term,  therefore,  is  not  to  be  rejected  simply  because  it  seems 


> 


*  Some  one  has  definad  differentiiUs  as  small  quantities  "  verging  on  nothing  ". 

fNote  108  =  unity  followed  by  eight  cyphers,  or  100,000,000.  10~'  is  a  decimal 
point  followed  by  seven  cyphers  and  unity,  or  10 -^  =  1/10»  =  0*00000001.  Tliis  nota- 
tion is  in  general  use. 
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small  in  an  absolute  sense,  but  only  when  it  appears  small  in 
comparison  with  a  much  larger  magnitude,  and  when  an  exaot 
determination  of  this  small  quantity  has  no  appreciable  effect  on 
the  magnitude  of  the  larger.  In  making  up  a  litre  of  normal 
oxalic  acid  solution,  the  weighing  of  the  63  grams  of  acid  required 
need  not  be  more  accurate  than  to  the  tenth  of  a  gram.  In  many 
forms  of  analytical  work,  however,  the  thousandth  of  a  gram  is  of 
fundamental  importance;  an  error  of  a  tenth  of  a  gram  would 
stultify  the  result. 

§  5.  Zero  and  Infinity. 

The  words  **  infinitely  small  '*  were  used  in  the  second  para- 
graph. It  is,  of  course,  impossible  to  conceive  of  an  infinitely  small 
or  of  an  infinitely  great  magnitude,  for  if  it  were,  possible  to  retain 
either  of  these  quantities  before  the  mind  for  a  moment,  it  would 
be  just  as  easy  to  think  of  a  smaller  or  a  greater  as  the  case  might 
be.  In  mathematical  thought  the  word  "infinity*'  (written  od) 
signifies  the  properties  possessed  by  a  magnitude  greater  than  any 
finite  magnitude  that  can  be  named.  For  instance,  the  greater 
we  make  the  radius  of  a  circle,  the  more  approximately  does  the 
circumference  approach  a  straight  line,  until,  when  the  radius  is 
made  infinitely  great,  the  circumference  may,  mthout  committing 
any  sensible  error,  be  taken  to  represent  a  straight  Une.  The  con- 
sequences of  the  above  definition  of  infinity  have  led  to  some  of 
the  most  important  results  of  higher  mathematics.  To  sum- 
marize, infinity  represents  neither  the  magnitude  nor  the  value 
of  any  particular  quantity.  The  term  **  infinity  "  is  simply  an 
abbreviation  for  the  property  of  growing  large  without  limit,  E,g,f 
''tan  90''  s=  00  "  means  that  as  an  angle  approaches  QO"*,  its  tan- 
gent grows  indefinitely  large.  Now  for  the  opposite  of  greatness — 
smallness. 

In  mathematics  two  meanings  are  given  to  the  word  **  zero  ". 
The  ordinary  meaning  of  the  word  implies  the  total  absence  of  mag- 
nitude (called  absolute  zero).  Nothing  remains  when  the  thing 
spoken  of  or  thought  about  is  taken  away.  If  four  units  be  taken 
from  four  units  absolutely  nothing  remains.  There  is,  however, 
another  meaning  to  be  attached  to  the  word  different  from  the 
destruction  of  the  thing  itself.  If  a  small  number  be  divided  by  a 
billion  we  get  a  small  fraction.  If  this  fraction  be  raised  to  the 
billionth  power  we  get  a  number  still  more  nearly  equal  to  absolute 
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zero.  By  continuing  this  process  as  long  as  we  please  we  con- 
tinually approach,  but  never  actually  reach,  the  absolute  zero.. 
In  this  relative  sense  zero — relative  zero — is  defined  as  "an 
infinitely  small "  or  **  a  vanishingly  small  number,"  or  **  a  number 
smaller  than  any  assignable  fraction  of  unity  ".  For  example,  we 
might  consider  a  point  as  an  infinitely  small  circle  or  an  in- 
finitely short  line.  To  put  these  ideas  tersely,  absolute  zero 
implies  that  the  thing  and  all  its  properties  are  absent ;  relative 
zero  implies  that  however  small  the  thing  may  be  its  property  of 
growing  small  without  limit  is  alone  retaiiud  in  the  mind.  This 
will  be  more  rigorously  demonstrated  in  the  next  paragraph. 

Examples. — After  the  reader  has  verified  the  following  results  he  will 
understand  the  special  meaning  to  be  attached  to  the  zero  and  infinity  of 
mathematical  reasoning.  Let  n  be  any  finite  number,  and  let  "  ?  "  denote- 
an  indeterminate  magnitude,  that  is,  one  whose  exact  value  cannot  be  de- 
termined : — 

(1)  00+00=00;  00-00  =  ?;  nxO  =  0;  0x0  =  ?;  nxoD=oo; 
0/0  -=  ? ;  n/O  =  00 ;  O/n  =  0 ;  oo/O  =  oo ;  O/oo  =  0 ;  n/  oo  =  0 ;  oo/n  =  oo ;  0»  -  0  ;• 
1/0"  =  00  ;  00  =  ?  ;  l/O^  =  ?  ;  «»  =  oo  ;  1/  oo«  =  0 ;  od«  =  ?  ;  1/  oo«  =  ?  ;  n*  =  oo 
when  n  >  1*,  and  w*  =  0  when  tt  <  1 ;  l/w*  =  0  when  n  >  1,  and  1/n*  =  oo 
when  n  <  1 ;  1*  =  ?;  1/1"=  ? ;  n®  =  1 ;  l/«®  =  1.  The  last  two  results  are- 
proved  in  **the  theory  of  indices"  of  any  algebraic  textbook. 

(2)  Let  y  =  1/(1  -  x)  and  put  jt  =  1,  then  y  =  oo  ;  if  a:  <  1,  y  is  positive, 
and  y  is  negative  when  a*  >  1.  Thus  a  variable  magnitude  may  change  its 
sign  when  it  becomes  infinite. 

(8)  log  1  =  0 ;  log  0  =  -   X  ;  log  00  =  00. 

§  6.  Limiting  Values. 

(i)  The  sum  of  an  infinite  miiriber  of  terms  may  have  a  finite- 
value.     Converting  |  into  a  decimal  fraction  we  obtain 

I  =  O'lllll  .  .  .  continued  to  infinity, 
or  J  =  tV  +  T^ff  +  roW  +  ...  to  infinity, 

that  is  to  say,  the  sum  of  an  infinite  number  of  terms  is  equal  to  ]^ 
— a  finite  term !  If  we  were  to  attempt  to  perform  this  summa- 
tion we  should  find  that  as  long  as  the  number  of  terms  is  finite 
we  could  never  actually  obtain  the  result  ^. 


♦The  signs  of  intqn^ity  are  as  follows:  '<=j="  denotes  "is  not  equal  to"; 
">,"  "is  greater  than";  "  >,"  "is  not  greater  thao";  *'<,"  "is  less  than"; 
and  "<t,"  "is  not  less  than".     See  p.  454. 

For  "  =  "  read  "is  equivalent  to"  or  "is  identical  with*'. 
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If  we  omit  all  terms  after  the  first,  the  result  is  ^  less  than  ^ ; 
if  we  omit  all  terms  after  the  third,  the  result  is  tt^  too  little ; 
and  if  we  omit  all  terms  after  the  sixth,  the  result  is  9.000.000 
less  than  ^,  that  is  to  say,  the  sum  of  these  terms  continually 
approaches  but  is  never  actually  equal  to  ^,  as  long  as  the  number 
of  terms  is  finite.  ^  is  then  said  to  be  the  limiting  value  of  the 
sum  of  this  series  of  terms. 

Again,  the  perimeter  of  a  polygon  inscribed  in  a  circle  is  less 
than  the  sum  of  the  arcs  of  the  circle,  i.e.,  less  than  the  circum- 
ference of  the  circle. 

In  figure  1,  let  the  arcs  AaB,  BbG  ...  be  bisected  at  a,  6  .  .  . 
Join  Aa,  aA,  Bh,  .  .  .  Although  the  perimeter  of  the  second  poly- 
gon is  greater  than  the  first,  it  is  still  less 
than  the  circumference  of  the  circle.  In  a 
similar  way,  if  the  arcs  of  this  second  poly- 
gon are  bisected,  we  get  a  third  polygon 
whose  perimeter  approaches  yet  nearer  to 
the  circumference  of  the  circle.  By  continu- 
ing this  process,  a  polygon  may  be  obtained 
as  nearly  equal  to  the  circumference  of  a 
circle  as  we  please.     The  circumference  of 

FlQ     1 

the  circle  is  thus  the  limiting  value  of  the 

perimeter  of  an  inscribed  polygon,  when  the  number  of  its  sides  is 

increased  indefinitely. 

In  general,  when  a  variable  magnitude  x  continically  approaches 
nearer  and  nearer  to  a  constant  valvs  n  so  that  x  can  be  made  to 
differ  from  n  by  a  qtuintity  less  than  any  assignable  magnittide,  n 
is  said  to  be  the  limiting  value  of  x. 

From  page  5,  it  follows  that  dxjdt  is  the  Hmiting  value  of 
hzlht,  when^s  made  less  than  any  finite  quantity,  however  small.   /  ^ 
This  is  written  for  brevity 

dx  _^  hx 

dt'^^'^'H'* 

in  words  **  dxjdt*  is  the  limiting  value  of  Sx/Bt  when_^  becomes 
zero  "  (relative  zero,  i.e.,  small  without  limit).  This  notation  is 
frequently  employed. 

*  Although  differential  quotients  are,  in  this  work,  written  in  the  form  **drfdt,'* 

iPx/df  .  .  .  ,  the  student  in  working  through  the  examples  and  demonstrations,  should 

dx    cPx 
write  -jT-,    -j^  .  .  .    The  former  method  is  used  to  economise  space. 


? 
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(ii)  The  value  of  a  limiting  ratio  depends  on  the  relation  be- 
tween the  two  variables.  Strictly  speaking,  the  limiting  value  of  the 
ratio  hxlht  has  the  form  ^,  and  as  such  is  indeterminate.*  But 
for  all  practical  purposes  the  differential  coefficient  dxjdt  is  to  be 
regarded  as  a  fraction  or  quotient  (hence  the  German  '*  Differential- 
quotient").  The  quotient  dxjdt  may  also  be  called  a  "rate- 
measurer,"  because  it  determines  the  velocity  or  rate  with  which 
one  quantity  varies  when  an  extremely  small  variation  is  given 
to  the  other.  The  actual  valvs  of  the  ratio  dxjdt  depends  on  the 
relation  existing  between  x  and  t. 

Consider  the  following  three  examples  (De  Morgan) : — 
(1)  If  the  point  P  move  on  the  circumference  of  the  circle  towards  a  fixed 
point  Q  (Fig.  2),  the  arc  x  will  diminish  at  the  same  time  as  the  chord  y.    By 
bringing  the  point  P  sufficiently  near  to  Q  we  obtain  an  arc  and  its  chord 


FiQ.  2. 


Fig.  3. 


Fig.  4. 


each  less  than  any  given  line,  that  is,  the  am  and  the  chord  continually 
approach  a  ratio  of  equality.  Or,  the  limiting  value  of  the  ratio  Zyl^x  is 
unity. 

"^^'  =  U~x-dx-^' 

(2)  If  ABC  (Fig.  8)  be  any  right-angled  triangle  such  that  AB  =  BC. 
By  Pythagoras'  theorem  or  Euclid,  i.,  47,  and  vi.,  4, 

AB'.AC  =  x:y  =  l:  ^/2. 

If  a  line  BC,  moving  towards  A,  remains  parallel  to  BC,  this  proportion  will 
remain  constant  even  though  each  side  of  the  triangle  ADE  is  made  less 
than  any  assignable  magnitude,  however  small.    That  is 

9x  _dx  _    1 


Lt^  =  0  r-  =  -r-  =  — i7>. 


*  Indeterminate,  because  ^  may  have  any  numerical  value  we  please, 
ditticult  to  see  this,  e.g,, 

^  =  0,  because  0x0  =  0;  ^  =  1,  because  0x1  =  0; 
g^  =  2,  because  0x2  =  0;  ^  =  16,  because  0  x  15  =  0; 
i  =  999,999,  because  0  x  999,999  =  0,  etc. 


It  is  not 
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(3)  Let  ABC  be  a  triangle  inscribed  in  a  circle  (Fig.  4).  Draw  AB  per- 
pendicular to  BC.    Then  by  Euclid,  vi.,  8 

BC:AC  =  ACiDC  =  x:y. 

If  A  approaches  C  until  the  chord  ^C  becomes  indefinitely  small,  DC  will 
also  become  indefinitely  small.  The  above  proportion,  however,  remains. 
When  the  ratio  BC  :  AC  becomes  infinitely  great,  the  ratio  of  ^C  to  DC  will 
also  become  infinitely  great,  or 

9x      dx 

It  therefore  follows  at  once  that  although  two  quantities  may 
become  infinitely  small  their  limiting  ratio  may  have  any  finite  or 
infinite  valine  whatever, 

§  7.  The  Differential  CoeflBcient  of  a  Differential  CoeflBcient. 

It  will  be  evident  from  §  2,  that  the  differential  coefficient  does 
not  necessarily  measure  the  absolute  rate  of  increase  during  the 
whole  process  of  formation  of  hydrogen  chloride,  but  rather  the 
rate  of  formation  of  that  compound  which  would  occur  if  the 
velocity  remained  during  the  whole  interval  the  same  as  it  was 
during  the  extremely  short  interval  of  time  dt. 

In  the  same  reaction,  if  the  hydrogen  chloride  had  been  allowed 
to  remain  mixed  with  the  other  reacting  gases,  the  velocity  of  the 
chemical  reaction  would  gradually  decrease  as  the  amount  of 
hydrogen  chloride  present  increased.  In  other  words,  the  velo- 
city of  the  reaction  would  be  retarded. 

If  we  consider  the  number  of  cubic  centimetres  of  hydrogen 
chloride  formed  per  second,  the  rate  of  change  of  the  velocity  of 
the  reaction  is  evidently  the  Hmit  of  the  ratio  hvjht.  A  retardation  * 
is  equivalent  to  a  negative  acceleration.  If/  denotes  the  acceler- 
ation, then  a  retardation  must  be  denoted  by  /  with  a  negative 

sign,  or, 

8t'  _      dv 

j^'^^'-nt^'Tt' 

But  from  (1)  §  2,  t;  is  equal  to  dxidt,  and  hence 


*  The  meaning  of  the  term  *'  acceleration  "  is  explained  in  elementary  dynamics. 
If  a  body  moves  with  an  increasing  velocity  its  motion  is  said  to  be  accelerated. 
Acceleration  means  the  rate  at  which  the  velocity  of  a  body  changes. 
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which  is  more  conveniently  written 

d^x  (  dx\ 

an  expression  denoting  the  momentary  rate  of  increase  in  the 
velocity  of  the  action  due  to  the  presence  of  increasing  amounts 
of  hydrogen  chloride. 

The  ratio  d^xldt^  is  called  the  seoond  differential  coeflScient 
of  X  with  respect  to  t. 

Just  as  the  first  differential  coefficient  of  x  with  respect  to  t 
signifies  a  "velocity,"  the  second  differential  coefficient  of  x  with 
respect  to  t  denotes  an  **  acceleration  ". 

In  order  to  fix  these  ideas  we  shall  consider  a  familiar  ex- 
periment, namely,  that  of  a  stone  falling  from  a  vertical  height. 
Observation  shows  that  the  velocity  qi  the  descending  stone  is 
changing  from  moment  to  moment.  The  above  reasoning  still 
holds  good.  We  first  find  the  distance  (ds)  traversed  during  any 
infinitely  short  interval  of  time  (dt),  that  is 

dsldt  =  V. 

We  next  consider  the  rate  at  which  the  velocity  changes  from  one 
moment  to  another  and  obtain 

dvldt  =  /. 
Substituting  for  Vy  we  obtain  the  second  differential  coefficient 

dV'  -  '' 

which  represents  the  rate  of  change  of  velocity  or  the  acceleration 
at  any  instant  of  time.  In  this  particular  example  the  acceleration 
is  due  to  the  earth's  gravitational  force,  and  g  is  usually  written 
instead  of/. 

In  a  similar  way  it  could  be  shown  that  the  third  differential 
coefficient  would  represent  the  rate  of  change  of  acceleration  from 
moment  to  moment,  and  so  on  for  the  higher  differential  coefficients 
^"ic/dr,  which  are  seldom,  if  ever,  used  in  practice.  A  few  words 
on  notation. 

^§  8.  Notation. 

strictly  speaking  the  symbols  Sj:,  8/  .  .  .  should  be  reserved  for  small 
finite  quantities ;  dxy  dt  .  ,  .,  have  no  meaning  per  se.  As  a  matter  of  fact  the 
symbols  dx,  dt  ,  ,  ,  are  constantly  used  in  place  of  Sx,  St,  .  ,  ,  It  is  perhaps 
needless  to  remark  that  S,  <i,  ef'  .  .  .  do  not  denote  algebraic  magnitudes. 
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In  the  ratio  ^'~^^  is  a  symbol  of  aa  operatton  performed  on  x,  as  much  as 

the  symbols  "  -i-  "  or  •*/*'  denote  the  operation  of  division.    In  the  present 

9x 
case  the  operation  has  been  to  find  the  limiting  valitt  of  the  ratio  -rr  when  lit  is 

made  smaller  and  smaller  without  limit ;  but  we  constantly  find  that  dxjdt  is 

used  when  ZxfZt  is  intended.    The  notation  we  are  using  is  due  to  Leibnitz. 

Newton,  the  discoverer  of  this  calculus,  superscribed  a  small  dot  over  the 

•dependent  variable  for  the  first  differential  coefficient,  two  dots  for  the  second, 

d 
thus  f,  X  ....  In  special  cases,  besides  dyfdx  and  y^  we  may  have  -jziy)^  dy^ 

dhf       /  d  Y 
^f .  Xj,  x'  .  .  .  for  the  first  differential  coefficient ;  ^,  y»  1  ^  j  Vi  ^2»  a^"  .  .  . 

for  the  second  differential  coefficient ;  and  so  on  for  the  higher  coefficients  or 
derivatives  as  they  are  sometimes  called.  The  operation  of  finding  the  value 
of  the  first  differential  coefficient  of  any  expression  is  called  differentiation. 
The  differential  calculus  is  that  branch  of  mathematics  which  deals  with 
these  operations. 

§  9.  Fanotions. 

If  the  pressure  to  which  a  gas  is  subject  be  altered,  it  is  known 
that  the  volume  of  the  gas  changes  in  a  proportional  way.  The 
two  magnitudes,  pressure  p  and  volume  v,  are  interdependent. 
Any  variation  of  the  one  is  followed  by  a  corresponding  variation 
of  the  other.  In  mathematical  language  this  idea  is  included  in 
the  word  **  function  "  ;  t?  is  said  to  be  a  function  of  p.  The  two 
related  magnitudes  are  called  variables.  Any  magnitude  which 
remains  invariable  during  a  given  operation  is  called  a  constant. 

In  expressing  Boyle's  law  for  perfect  gases  we  write  this  idea 

thus : 

{dependent  variable)  =  /  {independent  vai'iable)^ 

or  V  =  f{p), 

meaning  that  **  v  is  some  function  of  p  ".  There  is,  however,  no 
particular  reason  why  p  was  chosen  as  the  independent  variable. 
The  choice  of  the  dependent  variable  depends  on  the  conditions  of 
the  experiment  alone.     We  could  here  have  written 

p  =  f{v) 

just  as  correctly  as  v  =f{p).      In  actions  involving  time  it  is 
customary,  though  not  essential,  to  regard  the  latter  as  the  in- 
dependent variable,  since  time  changes  in  a  most  uniform  and 
independent  way.     Time  is  the  natural  independent  variable. 
In  the  same  way  the  area  of  a  circle  is  a  function  of  the  radius, 
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so  is  the  volume  of  a  sphere ;  the  pressure  of  a  gas  is  a  function 
of  the  density ;  the  volume  of  a  gas  is  a  function  of  the  tempera- 
ture ;  the  amount  of  suhstance  formed  in  a  chemical  reaction  is  a 
function  of  the  time ;  the  velocity  of  an  explosion  wave  is  a  func- 
tion of  the  density  of  the  medium ;  the  boiling  point  of  a  liquid  is 
a  function  of  the  atmospheric  pressure ;  the  resistance  of  a  wire  to 
the  passage  of  an  electric  current  is  a  function  of  the  thickness  of 
he  wire ;  the  solubility  of  a  salt  is  a  function  of  the  temperature, 
etc. 

The  independent  variable  may  be  denoted  by  x  when  writing 
in  general  terms,  and  the  dependent  variable  by  y.  The  relation 
between  these  variables  is  variously  denoted  by  the  symbols : 

y  =f(^)i  y  =  *(a?) ;  y  -  F{x) ;  y  =  ^|f(x) ;  y  -  f^{x)  .  .  .* 

Any  one  of  these  expressions  means  nothing  more  than  that  **y  is^ 
some  function  of  x*\ 

If  a?!,  ^1 ;  iCg,  ^2 »  ^3»  ^3*  •  •  •  ^^  corresponding  values  of  x  and 
y,  we  may  have 

y  =/(aj) ;  yi  =  /(^i) ;  y-i  =  /(«2)  •  •  • 

**  Let  y  —  f(x) "  means  "  take  any  equation  which  will  enable 
you  to  calculate  y  when  the  value  of  x  is  known." 

The  word  ''  function  "  in  mathematical  language  thus  implies 
that  for  every  value  of  x  there  is  a  determinate  value  of  y.  If  Vq, 
and  Pq  are  the  corresponding  values  of  the  pressure  and  volume  of 
a  gas  in  any  given  state,  v  and  p  their  respective  values  in  some 
other  state,  Boyle's  law  states  that 

pv  =  PqVq. 
Hence,  p  =  p^vjv ;  or,  t;  =  PqVJp, 

The  value  of  p  or  oi  v  can  therefore  be  determined  for  any 
assigned  value  of  t;  or  j?  as  the  case  might  be. 

A  similar  rule  applies  for  all  physical  changes  in  which  two 
magnitudes  simultaneously  change  their  values  according  to  some 
fixed-law.  It  is  quite  immaterial,  from  our  present  point  of  view,, 
whether  or  not  any  mathematical  expression  for  the  function  f{x) 
is  known.  For  instance,  although  the  pressure  of  the  aqueous 
vapour  in  any  vessel  containing  water  and  steam  is  a  function  of 
the  temperature,  the  actual  form  of  the  expression  or  function 


For  ".  .  ."  read  "etc."  or  "and  so  on". 
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showing  this  relation  is  not  known ;  but  the  laws  connecting  the 
volume  of  a  gas  with  its  temperature  and  pressure  are  known 
expressions — Boyle  and  Gay  Lussac's  laws.  The  concept  thus 
remains  even  though  it  is  impossible  to  assign  any  rule  for  cal- 
culating the  value  of  a  function.  In  such  cases  the  corresponding 
values  of  each  variable  can  only  be  determined  by  actual  obser- 
vation and  measurement.  In  other  words,  f{x)  is  a  convenient 
symbol  to  denote  any  mathematical  expression  containing  x. 
From  pages  5  and  13,  since 

y  =  /(«)» 
the  differential  coefficient  dy/dx  is  another  function  of  x,  say  f(x), 

dy/dx  -  f(x)f  or  df(x)ldx  =  f{x). 
Similarly  the  second  derivative,  d^y/dx'^,  is  another  function  of  x. 
Bay  r(x), 

df(x)ldx  =  fix) ;  d^ldx'^  =  fix) ;  d^f{x)ldx^  =  /'(x) ; 

and  so  on  for  the  higher  differential  functions. 

The  above  investigation  may  be  extended  to  functions  of  three 
or  more  variables.  Thus  the  volume  of  a  gas  is  a  function  of  the 
pressure  and  temperature.  We  have  tacitly  assumed  that  the 
temperature  was  constant  in  our  preceding  illustration.  -  If  the 
pressure  and  temperature  vary  simultaneously, 

V  =  f{p,  oy 

These  ideas  will  be  developed  later  on. 

It  might  be  pointed  out  that  the  methods  of  the  calculus  are 
usually  applied  to  changes  in  which  the  independent  variable 
varies  continuously,  or  is  a  continuous  function  of  the  dependent 
variable ;  discontinuous  functions  when  they  do  arise  only  occur 
for  special  values  of  x.  See  "  Continuity  and  Discontinuity/*' 
page  118. 

§  10.  Differentiation. 

Before  a  knowledge  of  the  instantaneous  rate  of  change,  dy/dx, 
can  be  of  any  practical  use,  it  is  necessary  to  know  the  actual 
relation,  "  law,"  or  **  form  "  of  the  function  connecting  the  varying 
quantities  one  with  another.     (§  69  may  now  be  read.) 

The  differential  calculus  is  not  directly  concerned  with  the 
establishment  of  any  relation  between  the  quantities  themselves, 
but  rather  with  the  inquiry  into  the  momentary  state  of  the  body. 

B 
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This  momentary  state  is  symbolised  by  the  differential  coefficient, 

which  thus  conveys  to  the  mind  a  perfectly  clear  and  definite 

conception  altogether  apart  from  any 
numerical  or  practical  application. 

The  mechanical  operations  of  finding 
the  differential  coefficient  of  one  variable 
with  respect  to  another  in  any  expres- 
sion are  no  more  difficult  than  ordinary 
algebraic  processes.  Before  describing 
the  practical  methods  of  differentiation 
it  will  be  instructive  to  study  a  geo- 
p      -  metrical  illustration  of  the  process. 

Let  X  (Fig.  5)  be  the  side  of  a  square, 

and  let  there  be  an  increment  in  the  area  of  the  square  due  to  an 

increase  of  h  in  the  variable  x. 

The  original  area  of  the  square  =  x'^ 

The  new  area  =  (x  +  h)* 

The  increment  in  the  area  =  (a:  +  hf  -  x*  =  2xh  +  7i'     .        (8) 

This  equation  is  true,  whatever  value  be  given  to  h.  The 
smaller  the  increment  h  the  less  does  the  value  of  h^  become. 
If  this  increment  h  ultimately  become  indefinitely  small,  then  h\ 
being  of  a  very  high  order  of  magnitude,  may  be  neglected.  For 
example,  if  when  rr  =  1, 

^  =  1,  increment  in  area  —  2  +  1 ; 
">  —  tV»        »i  »»        =  '2  +  xhv't 

If,  therefore,  dy  denotes  the  infinitely  small  increment  in  the 
area  (y)  of  the  square  corresponding  to  an  infinitely  small  incre- 
ment dx  in  two  adjoining  sides  {x),  then,  in  the  language  of 
differentials, 

increment  y  =  2xhf  becomes,  dy  =  2x.dx. 

(See  the  historical  note,  page  20.) 

The  same  result  can  be  deduced  by  means  of  limiting  ratios. 
For  instance,  consider  the  ratio  of  any  increment  in  the  area  (y) 
to  any  increment  in  the  length  of  a  side  of  the  square  (x). 

increment  y  _  {incr.  y)  _  ^  _  ^h  +  h^ 
h  ~  (wMjr.  x)  "  Sx  "        h       ' 
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and  when  the  value  of  h  is  zero 

Examples. — (1)  Show,  by  similar  reasoning  to  the  above,  that  if  the  three 

adjoining  sides  (x)  of  a  cube  receive  an  increment  h,  then  Lt^  =  o^  ==  3ic*. 

ox 

(2)  Prove  that  if  the  radius  (r)  of  a  circle  be  increased  by  an  amount  h, 

the  increment  in  the  area  of  the  circle  will  be  (2r/i  +  h^  «-.    Show  that  the 

limiting  ratio  (dyjdx)  in  this  case  is  2«r. 

The  former  method  of  differentiation  is  known  as  "  Leibnitz's 
method  of  differentials,"  the  latter,  '*  Newton's  method  of  limits". 
It  cannot  be  denied  that  while  Newton's  method  is  rigorous, 
exact,  and  satisfying,  Leibnitz's  at  once  raises  the  question  : 

§  11.  Is  Diiferentiation  a  Method  of  Approximation  only? 

The  method  of  differentiation  might  at  first  sight  be  regaxded 
as  a  method  of  approximation,  for  these  small  quantities  appear 
to  be  rejected  only  because  this  may  be  done  without  committing 
any  sensible  error.  For  this  reason,  in  its  early  days,  the  calculus 
was  subject  to  much  opposition  on  metaphysical  grounds.  Bishop 
Berkeley  called  these  limiting  ratios  "  the  ghosts  of  departed  quan- 
tities". A  little  consideration,  however,  will  show  that  these 
small  quantities  must  be  rejected  in  order  that  no  error  may  be 
committed  in  the  calculation.  The  process  of  elimination  is 
essential  to  the  operation. 

Assuming  that  the  quantities  under  investigation  are  con- 
tinuous, and  noting  that  the  smaller  the  differentials  the  closer 
the  approximation  to  absolute  accuracy,  our  reason  is  satisfied  to 
reject  the  differentials,  when  they  become  so  small  as  to  be  no 
longer  perceptible  to  our  senses.  The  psychological  process  that 
gives  rise  to  this  train  of  thought  leads  to  the  inevitable  conclusion 
that  this  mode  of  representing  the  process  is  the  true  one.  More- 
over, the  vahdity  of  the  reasoning  is  justified  by  its  results. 

The  following  remarks  on  this  question  are  freely  translated 
from  Camot's  BSflexions  sur  la  M6taphysiqtie  du  Calcul  In- 
finiUsvinal,  *'The  essential  merit,  the  sublimity,  one  may  say, 
of  the  infinitesimal  (or  differential)  method  lies  in  the  fact  that  it 
is  as  easily  performed  as  a  simple  method  of  approximation,  and 
as  accurate  as  the  results  of  an  ordinary  calculation.     This  im- 
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mense  advantage  would  be  lost,  or  at  any  rate  greatly  diminished, 
if,  under  the  pretence  of  obtaining  a  greater  degree  of  accuracy 
throughout  the  whole  process,  we  were  to  substitute  for  the 
simple  method  given  by  Leibnitz"^  one  less  convenient  and  less 
in  accord  with  the  probable  course  of  the  natural  event.  If  this 
method  is  accurate  in  its  results,  as  no  one  doubts  at  this  day ;  if 
we  always  have  recourse  to  it  in  difficult  questions,  what  need  is 
there  to  supplant  it  by  complicated  and  indirect  means?  Why 
content  ourselves  with  founding  it  on  inductions  and  analogies 
with  the  results  furnished  by  other  means  when  it  can  be  de- 
monstrated directly  and  generally,  more  easily,  perhaps,  than  any 
of  these  very  methods  ? 

*'  The  objections  which  have  been  raised  against  it  are  based 
on  the  false  supposition  that  the  errors  made  by  neglecting  in- 
finitesimally  small  quantities  during  the  actual  calculation  are 
still  to  be  found  in  the  result  of  the  calculation,  however  small 
they  may  be.  Now  this  is  not  the  case.  The  error  is  of  necessity 
removed  from  the  result  by  elimination.  It  is  indeed  a  strange 
thing  that  every  one  did  not  from  the  very  first  realise  the  true 
character  of  infinitesimal  quantities,  and  see  that  a  conclusive 
answer  to  all  objections  lies  in  this  indispensable  process  of 
elimination."     (Paris,  p.  216,  1813.) 

HiSTOBiCAL  Note. — The  beginner  will  have  noticed  that,  unlike  algebra 
and  arithmetic,  higher  mathematics  postulates  that  number  is  capable  of 
gradual  growth.  The  differential  calculus  is  concerned  with  the  rate  at  which 
quantities  increase  or  diminish.  There  arc  three  modes  of  viewing  this 
growth : — 

1.  Leibnitz^ 8  ** method  of  infinitesimals  or  differentials".  According  to 
this,  a  quiuitity  is  supposed  to  pass  from  one  degree  of  magnitude  to  another 
by  the  continual  addition  of  infinitely  small  parts,  called  infinitesimals  or 
differentials.  Infinitesimals  may  have  different  orders  of  magnitude.  Thus, 
the  product  dx.dy  is  an  infinitesimal  of  the  second  order,  infinitely  small  in 
comparison  with  the  product  y .  (2z,  or  x .  dy. 

In  the  preceding  section  (§  10,  see  also  Fig.  6,  §  12,  and  Fig.  8,  §  21)  it 
was  shown  that  when  each  of  two  sides  of  a  square  receives  a  small  increment 
hy  the  corresponding  increment  in  the  area  is  2xh  +  h^.  When  h  is  made 
indefinitely  small  and 'equal  to  say  dx^  then  (dx)*  is  vanishingly  small  in 
comparison  with  x .  dx.    Hence, 

dy  =  2x.  dx. 


*  Isaac  Newton  discovered  the  fundameDtal  process  of  the  "differential"  calculus 
in  1065-69.  Leibnitz  improved  the  notation  in  1677.  Leibnitz  is  also  said  to  have 
made  the  discovery  independently  of  Newton. 
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In  oeblculations  involving  quantities  which  are  ultimately  made  to  ap- 
proach the  limit  zero,  the  higher  orders  of  infinitesimals  may  be  rejected  at 
any  stage  of  the  process.  Only  the  lowest  orders  of  infinitesimals  are,  flbs  a 
rule,  retained.    See  (5),  page  528. 

2.  Newtoii's  **  tnetJtod  of  rates  or  fluxions  ".  Here,  the  velocity  or  rate 
with  which  the  quantity  is  generated  is  employed.  The  measure  of  this 
velocity  is  called  a  fluxion.  A  fluxion,  written  ^,  ^,  .  .  .  is  equivalent  to  our 
dxjdt,  dyjdt,  .  .  . 

These  two  methods  are  modifications  of  one  idea.  It  is  all  a  question  of 
notation  or  definition.  While  Leibnitz  referred  the  rate  of  change  of  a 
dependent  variable  y^  to  an  independent  variable  x^  Newton  referred  each 
variable  to  **  uniformly  flowing  '*  time.  Leibnitz  assumed  that  when  x  receives 
an  increment  dx,  y  is  increased  by  an  amount  dy.  Newton  conceived  these 
changes  to  occupy  a  certain  time  dt^  so  that  y  increases  with  a  velocity  ^,  as 
X  increases  with  a  velocity  ±,    This  relation  may  be  written  symbolically, 

if      dy 
dx  =  ±dt,  dy  =  ydtf  and  therefore,  l  =  T"* 

The  method  of  fluxions  is  not  in  general  use,  perhaps  because  of  its  more 
abstruse  character.     It  is  occasionally  employed  in  mechanics. 

8.  Newton's  ''method  of  limits".  This  has  been  set  forth  in  §§  2,  6,  et 
seq*  The  ultimate  limiting  ratio  is  considered  as  a  fixed  quantity  to  which 
the  ratio  of  the  two  variables  can  be  made  to  approximate  as  closely  as  we 
please. 

The  methods  of  limits  and  of  infinitesimals  are  employed  indiscriminately 
in  this  work,  according  as  the  one  or  t)ie  other  appeared  the  more  instructive 
or  convenient.  As  a  rule,  it  is  easier  to  represent  a  process  mathematically 
by  the  method  of  infinitesimals.  The  determination  of  the  limiting  ratio 
frequently  involves  more  complicated  operations  than  is  required  by  Leibnitz's 
method.     (Compare  §  85,  and  §  86.) 

**  The  limiting  ratio,"  says  Gamot  (Z.  c,  p.  210),  *'  is  neither  more  nor  less 
difiicult  to  define  than  an  infinitely  small  quantity.  ...  To  proceed  rigor- 
ously by  the  method  of  limits  it  is  necessary  to  lay  down  the  definition  of  a 
limiting  ratio.  But  this  is  the  definition,  or  rather,  this  ought  to  be  the 
definition,  of  an  infinitely  small  qufimtity."  It  follows,  therefore,  that  the 
psychological  process  of  reducing  quantities  down  to  their  limiting  ratios  is 
equivalent  to  the  rejection  of  terms  involving  the  higher  orders  of  infinitesi- 
mals.   These  operations  have  been  indicated  side  by  side  in  §  10. 

The  earlier  part  of  Professor  Williamson^s  article  on  the  "  Infinitesimal 
Calculus,"  in  the  Encyclopaedia  Britanmca  (9th  edit.),  contains  some  interest- 
ing  details  on  the  evolution  of  the  calculus. 

We  may  now  take  up  the  routine  processes  of  differentiation. 

*  The  method  of  limits  is  sometimes  said  to  have  been  suggested  by  d'Alembert. 
But  this  savant  has  stated  positively  in  the  Eticyclopedie  Math&matique  (1784-1789), 
I'artb  "  DilE^utiel,"  that  he  has  but  interpreted  the  later  views  of  Newton  set  forth  in 
The  Principia. 
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§  12.  The  Differentiation  of  Algebraic  Functions. 

An  algebraic  function  of  x  is  an  expression  containing  terms 
which  involve  only  the  operations  of  addition,  subtraction,  multi- 
plication, division,  evolution  (root  extraction)  or  involution.  For 
instance,  xh/  +  ^x  +  y*  -  ox  =  1  is  an  algebraic  function.  Func- 
tions that  cannot  be  so  expressed  are  termed  transcendental 
functions.  Thus,  sin  x  =  y,  log  a:  =  y,  ^  =  y  are  transcendental 
functions. 

On  page  18  a  method  was  described  for  finding  the  differential 
coefficient  of  y  =  x\  by  the  following  series  of  operations : — 

(1)  Give  an  arbitrary  increment  ^  to  a;  in  the  original  function ; 

(2)  subtract  the  original  function  x^  from  the  new  value  of 

{x  +  hf  found  in  (1) ; 

(3)  divide  the  result  of  (2)  by  h  the  increment  of  x ; 

(4)  find  the  limiting  value  of  this  ratio  when  ^  =  0. 

This  procedure  must  be  carefully  noted ;  it  lies  at  the  basis  of 
all  processes  of  differentiation.     In  this  way  it  can  be  shown  that 

if  y  =  x^t  dyldx  =  2a?, 
iiy  -  x^,  dyldx  =  Sa;*, 
if  y  =  re*,  dyldx  =  4aJ^,  etc. 

(1)  To  find  the  differential  coefficient  of  any  'power  of  a  variable. 

By  actual  multiplication  we  shall  find  that 

(x  +  Kf  =  (x-\-h)(x  +  h)  =  x*  +  2hx  +  /t« ; 

(x  +  /t)3  =(x  +  h)^x  +  h)  =  jr''  +  8;«2  +  Sh^x  +  k^; 

Continuing  this  process  as  far  as  we  please,  we  shall  find  that 

(x  +  h)n  =  x"  +  -x- - i/i  +  ^^^-  ^)xn-Vi^  +  .  .  .  +  -xh^ -^  +  h^.     (1) 
^  '  1  1.2  1 

This  result,  known  as  the  binoimial  theorem,  enables  us  to  raise  any  ex- 
pression of  the  type  x  +  ^  to  any  power  of  n  (where  n  is  positive  integer,  t.^., 
a  positive  whole  number,  not  a  fraction)  without  going  through  the  actual 
process  of  successive  multiplication.    Exactly  the  same  thing  holds  for  (x  -  h)*. 

To  find  the  differential  coefficient  of 

y  =  a?*. 
Let  each  side  of  this  expression  receive  a  small  increment  so  that 

{y  +  ^')  -  y  -  (incr.  y)  =  (a:  -f-  hy  -  a;" . 
From  the  binomial  theorem,  (1)  above 

{incr.  y)  ^^nx^^'^h  -f-  j^n{n  -  l)a;""2/i2  +  .  ,  , 
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Divide  by  increment  Xj  namely  h. 

(incr,  y)      (incr.  y)        ^-i.i/        i\n-QL. 
h  {vncr,  x) 

Hence  when  h  is  made  zero 

That  is  to  say 

$'  =  ^)  =  nar-».         ...        (2) 
ax        ax 

Hence  the  rule  :  to  find  the  differential  coefficient  of  any  power 
of  Xf  diminish  the  index  by  unity  and  multiply  the  power  of  x  so 
obtained  by  the  original  exponent  {or  vndex). 

Examples. — (1)  Ity  =s  jfi,  show  that  dy/dx  =  fiic*. 

(2)  liy  =  x»,  show  that  dyjdx  =  20xi». 

(3)  lty  =  a(x®),  show  that  dyjdx  =  a(6ar*)  =  5ax*. 

(4)  If  the  diameter  of  a  spherical  soap  bubble  increases  uniformly  at  the 
rate  of  0*1  centimetre  per  second,  show  that  the  capacity  is  increasing  at  the 
rate  of  0*2v  centimetre  per  second  when  the  diameter  becomes  2  centimetres. 
Note :  y  =  ^Z)»,  (28),  page  492 ; 

.\dyldD  =  iirD«,  .*.  dy  =  i  x  »  x  2*  x  0*1  =  0-2ir. 

(2)  To  find  the  differential  coefficient  of  the  sum  or  diff'erence  of 
any  number  of  functions.  Let  u,  v,  w  .  .  ,  he  functions  oi  x;  y 
their  sum.  Let  u^,  v^,  w^^  .  .  .  ,  ^j,  be  the  respective  values  of 
these  functions  when  x  is  changed  to  re  +  h,  then 

y  ^  u  +  V  -^  to  +  .  .  . ;  y^  =  Ui  +  Vi  +  w^  -^  .  .  . 
Hence     y^  -  y  —  {u^  -  u)  -^  {v^  -  v)  +  {w^  -  w)  -^  .  .  .  , 
that  is     {incr.  y)  =  {incr.  u)  +  {incr.  v)  +  {incr.  w)  +  .  .  .  , 
dividing  by  h 

{incr.  y)  ^  {incr.  u)      {incr.  v)      {incr.  w) 
h  h  h  h 

r .      {incr.  y)      dy      du      dv      dw  /o\ 

If  some  of  the  symbols  had  had  a  minus  instead  of  a  plus  sign, 
a  correi^ponding  result  would  have  been  obtained.     For  instance, 
if  y^^u-v-w-..., 

then  dy  ^  du      dv      dw  ,m\ 

dx"  dx      dx      dx 
The  differential  coefficient  of  the  sum  or  difference  of  any  num- 
ber of  functions  is,  therefore,  equal  to  the  sum  or  difference  of  the 
differential  coefficients  of  the  several  functions. 


k 
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(3)  To  differentiate  a  polynomial  *  raised  to  any  power.     Let 

y  =  {ax  +  x^)"- 

Regarding  the  expression  in  brackets  as  one  variable  raised  to  the 
power  of  n,  we  get 

dy  =  n  (ax  +  x^)"  ~^d(ax  +a?2). 

Differentiating  the  last  term, 

^  =  n(ax  +  a;2)"-i(a  + ar).         .         .         (6) 

Thus,  to  find  the  differential  coefficient  of  a  polynomial  raised 
to  any  power,  diminish  the  exponent  of  the  power  by  unity  and 
multiply  the  expression  so  obtained  by  the  differential  coefficient 
of  the  polynomial,  and  the  original  exponent. 

(4)  The  differential  coefficient  of  any  constant  term  is  zero. 
Since  a  constant  term  is  essentially  a  quantity  that  does  not  vary, 
\1  y  =  Cf  dy  must  be  absolute  zero.     Let 

y  «  aj"  +  c 
then  {incr.  y)  =  (x  +  hy  -h  c  -  {x*  +  c) 

n        , ,       n(n  -  1)        „ ,„ 

(incr.  y)      dy  ^ 

or  Lti,^^-. ^=^=nx»-i,         .         .         (6) 

*-^{mcr.  x)      dx  *  ^  ' 

where  the  constant  term  has  disappeared. 

(5)  To  find  the  differential  coefficient  of  the  product  of  a  variable 
and  a  constant  quantity.     Let 

y  =  005" ;  {incr,  y)  =  a{x  '\'  /i)"  -  oaf* ; 

an{n  -  1)        „^„ 
^anx^'-^h'^'     --^-gj — ^x^-^h^-^  .  .  . 

Therefore 

*  A  polynomial  is  an  expression  containing  two  or  more  terms  connected  by  plus 
or  minus  signs.  Thus,  a  +  6x ;  ox  +  &.v  +  s,  etc.  A  binomial  contains  two  such 
terms. 

t  Notel!  =  l;2!  =  lx2;3!=lx2x3;  ?i!  =  lx2x8x  .  .  .  x  (7t-2)  x(m  -  l)x  n. 
Strictly  speaking,  0!  has  no  meaning ;  mathematicians,  however,  find  it  convenient 
to  make  0!  =  1.     This  notation  is  due  to  Kramp.     "  «!  "  is  read  "  factorial  n  ". 
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The  differential  ooefficient  of  the  product  of  a  variable  quantity 
and  a  constant  is  thus  equal  to  the  constant  multiplied  by  the 
•differential  coefficient  of  the  variable. 

Examples. — Some  illustrations  of  this  process  have  been  given  in  pre- 
•ceding  examples. 

(1)  If  y  -  (1  -  x«)»,  show  that  dyjdx  =  -  6a;  (1  -  x^)'. 

(2)  lly  =  x  -  2x«,  show  that  dyjdx  =  1  -  4ar. 

(8)  Young*8  formula  for  the  relation  between  the  vapour  pressure  p  and 
the  temperature  $  of  isopentane  at  constant  volume  'iBy  p  ~  b$  -  a,  where  a 
and  b  are  empirical  constants.  Hence  show  that  the  ratio  of  the  change  of 
pressure  with  temperature  is  constant  and  equal  to  6. 

(4)  MendeUeff*8  formula  for  the  superficial  tension  «  of  a  perfect  liquid  at 
•any  temperature  $  is,  3  =  a  -  b9f  where  a  and  b  are  constants.  Hence  show 
that  rate  of  change  of  8  with  9  is  constant.     Ansr.  -  6. 

(5)  Callendar*8  formula  for  the  variation  of  the  electrical  resistance  R  of 
a  platinum  wire  with  temperature  $  iSt  It  =  Rq{1  +  oB  +  fifi),  where  a  and  $ 
■are  constant.  Find  the  increase  in  the  resistance  of  the  wire  for  a  small  rise 
of  temperature.    Ansr.  dR  =  i2o  («  +  2^)  d$. 

(6)  If  the  volume  of  a  gramme  of  water  varies  as  1  +  (0  -  4)*/144,000,  where 
^  denotes  the  temperature  (°G),  show  that  the  coefficient  of  cubical  expansion 
of  water  at  any  temperature  $  is  equal  to  '000013889  k  (0  -  4),  where  «  is  the 
constant  of  proportion  (2),  page  487. 

(7)  A  piston  slides  freely  in  a  circular  cylinder  (diameter  6  in.).  At  what 
rate  is  the  piston  moving  when  steam  is  admitted  into  the  cylinder  at  the 
rate  of  11  cubic  feet  per  second  ? 

Let  V  denote  the  volume,  x  the  height  of  the  piston  at  any  moment. 

From  (26),  page  492, 

V  =  ir(|)^;  .*.  dr  =  ir{{)^dx. 

But  we  require  the  value  of  dxjdt.  Divide  the  last  expression  through  with 
dU  let  »  =  V. 

(8)  If  the  quantity  of  heat  (Q)  necessary  to  raise  the  temperature  of  a  gram 
of  solid  from  Oq°  to  0°  is  represented  by 

^where  a,  6,  c,  are  constants),  what  is  the  specific  heat  of  the  substance  at  0°  ? 
Hint.  Compare  the  meaning  of  dQjdB  with  your  definition  of  specific  heat. 
Ansr.  a  +  260  +  3c0*. 

(6)  To  find  the  differential  coefficient  of  the  product  of  any 

number  of  functions.     Let 

y  ^  uv 

where  u  and  v  are  functions  of  x.     When  x  becomes  x  -k-  h^u^v 

and  y  become  Wj,  Vj,  y^^  or  u^  ^  u  +  h,  v^  —  v  •{-  h  .  .  .  Then 
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add  and  Bubtroot  uv,  from  the  second  member  of  this  last  equation^ 
and  traQBpose  the  terms  so  that 

y,  -  y  -  u(Vi  -  v)  +  i>i(a,  -  «), 
or  {incr.  y)  =  u{incr.  v)  +  {y  +  k)  {incr.  u). 

Divide  by  h  and  find  the  limit  when  h  =  0 

(incr.  y)        dv        du 

du      diuv)        dv        du 

In  the  language  of  differentials 

dy  =  d(uv)  =  uds  +  vdu.      ...         (9), 
Similarly,  by  taking  any  number  of  fanctions,  say 

y  =  uvw. 


M^o 


Put  cw  =  z  then 

y  =  m 

From  (B) 

dy        du 

H-'di 

di 
+  «&■ 

Divide  through  by 

yo 

r  its  equivalent  itz  and 
Idy      Idu      Idz 
'ydx~  udx*  !dt; 

Substituting  vw  for  z  we  get 

Idi        Idv 

~zdi-vdx* 

1  Jw 

% 

-  ""Si  *  " 

di> 

'di  *  •'• 

dw 

(10> 

and  so  on  for  the  products  of  a  greater  number  of  terms. 

To  find  the  diflferential  coefficient  of  any  number  of  terms, 
multiply  the  differential  coefficient  of  each  separate  function  by 
the  product  of  all  the  remaining  functions  and  add  up  all  the 
results. 

This  may  be  illustrated  by  a  geometrical  figure  similar  to  that 
of  page  18.  Id  the  rectangle 
(Fig.  6)  let  the  unequal  sides 
be  denoted  by  x  and  y.  Let 
X  and  y  be  increased  by  their 
differentials  dx  and  dy.  Then 
the  increment  of  the  area  will 
Flo.  8.  be  represented  by  the  shaded 

parts,  which  are  in  turn  represented  by  the  areas  of  the  parallelo- 
grams xdy  +  ydx  +  dxdy,  but  at  the  limit  dxdy  vanishes,  as 
previously  shown. 
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Examples. — (1)  Show  geometrically  that  the  differential  of  a  small  incre- 
ment in  the  capacity  of  a  rectangular  solid  figure  whose  unequal  sides  are 
Xf  y,  e  is  denoted  by  the  expression  xydz  +  yzdx  +  zxdy.  Hence,  show  that 
if  an  ingot  of  gold  expands  uniformly  in  its  linear  dimensions  at  the  rate  of 
0*001  units  per  second,  its  volume  (V)  is  increasing  at  the  rate  of  dVjdt  =  0*110 
unite  per  second,  when  the  dimensions  of  the  ingot  are  4  by  6  by  10  units. 

(2)  If  y  =  (ar  -  1)  («  -  2)  (x  -  3),  dyldx  =  3a?»  -  12x  -f  11. 

(3)  If  y  =  x*{l  +  ax^  (1  -  ax*),  dyjdx  =  2a:  -  6a«x». 

(7)  To  find  the  differential  coefficient  of  a  fraction  or  quotient. 

u 
Let  y  —  -' 

where  u  and  v  are  functions  of  x.  When  x  becomes  x  -^  h,  u  v 
and  y  become  respectively  u^  v^  and  y^,  such  that  u^  ^  u  '\'  h,  etc. 
Then  y  =  v^ii\  and 

y.  -'  y  = =  -^ ^ 

add  and  subtract  u!t\.     Then  divide  by  h  and 
{incr,  y)      (fh_zJi      ,/i  "  ^\  L  „ 

(incr,  y)      /  (incr,  u)        (incr,  v)\  L        , , 
[mcr,  X)       \  {incr,  x)         (tncr.  x)/J  ^  ' 

^  ^      (incr,  y)       (  du        dv\  I  . 

/u\        du        du 
^  ^  \v)  ^  ^^-^   .         .         .         («) 
^        dx    *  v^ 

In  words,  to  find  the  differential  coefficient  of  a  fraction  or  of  a 
quotient,  subtract  the  product  of  the  numerator  into  the  diflFer- 
ential  coefficient  of  the  denominator,  from  the  product  of  the 
denominator  into  the  differential  coefficient  of  the  numerator,  and 
divide  by  the  square  of  the  denominator. 

In  the  language  of  differentials  the  last  result  may  be  written 
in  the  more  useful  form : 

/u\      vdu  +  udv 

^"    Vv/" v^ •         '         •         ^^ 

Special  Casb. — If  the  numerator  of  the  fraction  be  constant, 

say  c,  then 

y  =  cjx. 

dy  =  (xdc  -  cdx)lx^  =  -  cdx/x^ ; 

dy c 

dx  ~      x^      '         '  *         ^     ^ 


or 
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X 

ExAMPUU.— (1)  liy  =  -s — -,  show  that  dy/dx  -  1/(1  -  x)\ 

(2)  If  y  =  (1  +  a?«)/(l  -  ««),  show  that  dyjdx  =  4x/(l  -  xy, 
(8)  liy  =  ajx^,  show  that  dyfdx  =  -  najx^  +  *. 

(4)  liy  =  x^l{a^  -  1)  -  x*l{x  -  1),  show  that  dyjdx  =  2xl(x*      1)«. 

(5)  The  refractive  index  (/u)  of  a  ray  of  light  of  wave-length  \  is,  according 
to  ChristoffeVa  dispersion  formula^ 

M  =  /«o  V2/{  s/l  +  Xo/A  +  >/l  -  Ao/a}. 
where   /i^  and  Aq  are  constants.     Find  the  change  in  the  refractive  index 
corresponding  to  a  small  change  in  the  wave-length  of  the  light.    Ansr. 
dfildK  =  -  /i«Ao*/{2aW  V(l  -  V/^*)}-    It  is  not  often  so  difficult  a  differentia- 
tion occurs  in  practice.    The  most  troublesome  part  of  the  work  is  to  reduce 

^  ^  .        N^/*oA«W  (1  +VA)  -_V(1j:  Ao/A)}/A« 

to  the  answer  given,  by  multiplying  the  numerator  and  denominator  of  the 
right  member  with  the  proper  factors  to  get  fi?.  Of  course  the  student  is  not 
using  this  abbreviated  symbol  of  division.    See  footnote,  page  11. 

(8)  To  find  the  differential  coefficient  of  a  function  affected  with 
arvy  exponent.  Since  the  biDomial  theorem  is  true  for  any  ex- 
ponent positive  or  negative,  fractional  or  integral,  formula  (2)  may 
be  regarded  as  quite  general.  To  illustrate  this  consider  the  three 
cases. 

Case  I.     When  n  is  a  positive  integer.    It  follows  directly 

d(ar) 

dx     ""^      ' 

Case  II.  When  n  is  a  positive  fraction.  Let  n  =  p/q,  where  p 
and  q  are  any  integers,  then 

y  =  a;v. 
Baising  each  term  to  the  gth  power 

By  differentiation,  using  the  notation  of  differentials 

qy*  ~^dy  =  px''  ~  ^dXf 

ax      a        ^ 


But  since  y  =  a:'. 


By  substituting  this  value  of  y^~^  in  the  preceding  result,  we 

obtain 

dy  _px^-^x^'^ 

dx  ^  q       x^      ' 
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or  simplified :  ^=.^xT-\        ....         (li) 

which  has  exactly  the  same  form  as  if  n  were  a  positive  integer. 

Case  III.  When  n  is  a  negative  integer  or  a  negative  fraction. 
Let 

^  =  a;  ~  *,  then  y  =  1/ic*. 

Differentiating  this  as  if  it  were  a  fraction,  (13)  above 

dy/dx  =  -  na;"  "  ^/x'^, 

dv      d(x  ~  ") 
or,  on  reduction,        ^  ==  '  £n     =  -  »w? "  "  "'^-         •         •        (Ifl) 

Thus  the  method  of  page  23  is  quite  general. 

Examples. — (1)  Matthiessen^s  formula  for  the  variation  of  the  electrical 
resistance  12  of  a  platinum  wire  with  temperature  9,  between  0°  and  100°  is 
R  =■  jRo(l  -  otf  +  h^  -  ^  Find  the  increase  in  the  resistance  of  the  wire  for 
a  smalJ  change  of  temperature.  Ansr.  dRjde  =  R^fl  -  2b$)IRQ,  Note  a  and*& 
are  constants. 

(2)  Siemens'  formula  for  the  relation  between  the  electrical  resistance  of 
a  metallic  wire  and  temperature  is,  R  =  Rq{1  +  o^  +  6  Vtf).  Hence  find  the 
rate  of  change  of  resistance  with  temperature.    Ansr.  RQ{a  +  ^be  ~  i). 

(9)  To  find  the  differential  coefficient  of  a  function  of  a  function. 

Let 

y  =  f(x)  and  u  =  <^(y). 

It  is  required  to  find  the  dififerential  coefficient  of  u  with  respect 
to  X.  Let  u  and  y  receive  small  increments  so  that  yi  =  y  -^  h 
and  u^  ^  u  -^  h  and  x^^  =  x  +  h.     Then 

u^  "  u  ^ji^  -  tc    yi  -  y       (incr,  u)  _  (incr,  u)     (incr,  y)   ' 
^1  "  ^  ""  ^1  "■  y  ^i  ~  ^'      (if^'f"'  ^)  ~  {incr,  y)  '  (incr.  x)' 

which  is  true,  however  small  the  increment  may  be.     At  the  limits 

therefore, 

dx'dy'dx    '        '        '  t^®> 

In  a  similar  way  if 

u  =  4i{w)  ;  w  =  ilf(y) ;  and  y  =/(ar), 

and  the  differential  coefficient  of  u  with  respect  to  x  is  required 
since 

du  ^  du    dw  dw      dw    dy 

dx  "  dw  '  dx*  dx      dy  '  dx 

,  dy_      dni    dw    dy 
'^dx^  dw'dy  '  dx        '        '        •        ^^'' 
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(10)  To  prove  that  T"  =  1  />F-    Si'^^^e  it  has  just  been  shown  that 

du  _  du    dy 
dx      dy  '  dx 
is  true  for  all  values  of  x,  we  may  assume  that  when  u  —  x 

—  .  ^  =  1-  or  —  =  l/— .  (18) 

dy  '  dx         '       dy        j  dx' 

Examples.— (1)  If  y  =  £^1(1  +  a:)",  show  that  dyldx  =  nx*  -V(l  +  ^Y  "•"  *• 

(2)  Ity  =  ll  V(l  -  x^),  show  that  dy/dx  --  xj  ^'(1^  a^\ 

(3)  If  y  =  a  +  1/  ^fx,  show  that  dyldx  -  -  J  \'x^ 

(4)  If  y  =  a  +  te/c,  show  that  dyjdx  =  hjc. 

The  use  of  formula  (16)  often  simplifies  the  actual  process  of  differentia- 
tion ;  for  instance,  it  is  required  to  differentiate  the  expression 

(6)  u  -  sJ(o^  -  a;').  Assume  y  =  a^  -  x'^.  Then  u  =  v^,  //  =  a'  -  or',  and 
dyjdx  =  -x{a*  -  x*)'^- 

This  is  an  easy  example  which  could  be  done  at  sight ;  it  is  given  here  to 
illustrate  the  method. 

Every  type  of  algebraic  expression  has  now  been  investigated, 
and  by  the  application  of  these  principles  any  algebraic  function  may 
be  differentiated.  Before  proceeding  to  transcendental  functions 
(that  is  to  say,  functions  which  contain  trignometrical,  logarithmic 
or  other  terms  not  algebraic),  it  seems  a  convenient  opportunity 
to  apply  our  knowledge  to  the  well-known  equations  of  Boyle  and 
van  der  Waals.  These  equations  will  also  be  discussed  from  other 
points  of  view  later  on. 

§  18.  The  Gas  Equations  of  Boyle  and  van  der  Waals. 

In  van  der  Waals'  equation,  at  a  constant  temperature, 

(p  +  a/v^)  (t;  -  6)  =  constant,  .         .         (1) 

where  6  is  a  constant  depending  on  the  volume  of  the  molecule,  a 
is  a  constant  depending  on  intermolecular  attraction.  Differenti- 
ating with  respect  to  p  and  v,  we  obtain,  as  on  pages  24  and  25, 

{v  -  b)d{p  +  alv^)  +  (p  +  alv'^)d{v  -  6)  =  0, 
and  therefore 

^  =  -(.-6)/(^-  -,  +  -j-).        .         .        (3) 

The  differential  coefficient  dv/dp  measures  the  compressibility  of 
the  gas  (page  7). 

If  the  gas  strictly  obeyed  Boyle's  law,  a  =  6  =  0,  and  we  should 
have 

dv/dp  =  -  v/p     ,        ,         .         .         (3) 


§  14.  THE  DIFFERENTIAL  CALCULUS.  31 

The  negative  sign  in  these  equations  means  that  the  volume  of 
the  gas  decreases  with  increase  of  pressure.  Any  gas,  therefore, 
vnll  be  more  or  less  sensitive  to  changes  of  pressure  than  Boyle's 
law  indicates,  according  as  the  differential  coefficient  of  (2)  is 
greater  or  less  than  that  of  (3),  that  is  according  as 

{v  -  b)l{p  -  a/v'^  +  2ab/v^)  S  v/p, 
or  as  pv  ~  pbZ  pv  -  a/v  +  2ab/v^, 

or  as  pb  <  a/v  -  2ab/v^, 

or  as  pv^  T •         •  •  W 

b       V  ^ 

If  Boyle's  law  were  strictly  obeyed 

pv  =!  constant,     ....         (5) 

but  if  the  gas  be  less  sensitive  to  pressure  than   Boyle's  law 

indicates,  so  that,  in  order  to  produce  a  small  contraction,  the 

pressure  has  to   be   increased  a    little   more   than   Boyle's   law^ 

demands, 

jyv  increases  with  increase  of  pressure ; 

while  if  the  gas  be  more  sensitive  to  pressure  than  Boyle*s  law 

provides  for, 

pv  decreases  with  increase  of  pressure. 

Some  valuable  deductions  as  to  interinolecular  action  have  been 

drawn  by  comparing  the  behaviour  of  gases  under  compression  in 

the  light  of  equations  similar  to  (4)  and  (5).     For  this  the  reader 

is  referred  to  the  proper  textbooks. 

But  this  is  not  all.     From  (5),  if  c  =  constant,  v  =  c/p,  which 

gives  on  differentiation 

dv/dp  =  -  c/p'^, 

or  the  ratio  of  the  decrease  in  volume  to  the  increase  of  pressure, 

is  inversely  as  the  square  of  the  pressure.     By  simple  substitution 

of  p  =  2,  3,  4,  ...  in  the  last  equation  we  obtain 

dv/dp  =  I,  ^,  ^  .  .  . 

when  c  =  unity.      In  other  words,  the  greater  the  pressure  to 

which  a  gas  is  subjected  the  less  the  corresponding  diminution  in 

volume  for  any  subsequent  increase  of  pressure. 

§  14.  The  Differentiation  of  Trignometrioal  Functions. 

A  trignometrical  function  is  any  expression  containing  trigno- 
metrical  ratios,  sines,  cosines,  etc.  The  elementary  definitions 
of  trignometry  are  discussed  on  page  493.     We  may  therefore 
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pass  at  onoe  in  medias  res.      There  is  no  new  principle  to  be 
learned. 

(1)  The' differential  coefficient  of  sin  x  is  cosx.     Let 

y  =  sin  X,  and  y,  =  sin  {x  +  h) ; 
•*.  ^1  -  y  =  sin  (a;  +  h)  -  sin  a?. 
By  the  formula  (36),  page  500, 

y^  -  y  =  2flin -cos^rc  +  A 
Divide  by  h  and 

But  the  limit  of  sin  010  is  unity  (page  499), 

(tncr  u\ 

.:f,^J^KcoBx        .        .        .        (1) 
ax         ax 

(2)  The  differential  coefficient  of  cos  x  is  -  sin  x.    Let 

y  =  cos  X,  and  y^  =  cos  {x  +  h); 
y^  -  y  —  cos  (x  +  /i)  -  cos  x. 

h  /  h\ 

From  page  499     y^  -  y  =  -  2  sin  ^  sin  (x  +  ^  V 

V,  -  V  sin^/i  •    /     .  ^\ 

and  at  the  Hmit  when  /i  =  0, 

(incr.  a;) 

.■.^  =  '^(?2i^)  =  -sinx       ...        (2) 
£»a7  Cvd/ 

The  meaning  of  the  negative  sign  can  readily  be  deduced  from 
the  definition  of  the  differential  coefficient.  d{cos  x)ldx  represents 
the  rate  at  which  cosx  increases  when  x  is  slightly  increased. 
The  negative  sign  shows  that  this  rate  of  increase  is  negative,  in 
other  words,  cos  x  diminishes  as  x  increases. 

(3)  The  differential  coefficient  of  tanx  is  sec^x.  Using  the  re- 
sults already  deduced  for  sin  x  and  cos  x, 

ax  \cosx/i 


{^(sina;)  (i(cosa:)1  /      « 

cosx-^-T — ^  -  sma;-^— = — ^V/cos*a?, 

=  (cos*a;  +  sin2a;)/cos2a;. 
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But  the  numerator  is  equal  to  unity  (formula  (17),  page  499).    Hence 

-^ — ^  =  — —  =  sec^ic.     ...        (3) 
ax  cos^a; 

In  the  same  way        d(Got  x)/dx  =  -  coseo^a;.      ...         (4) 

The  remaining  trignometrioal  functions  may  be  left  for  the 

reader  to  work  out  himself.     The  results  are  given  on  page  158. 

Examples. — (1)  It  y  =  co8«x,  dyjdx  =  -  nco8»-*x  .  sinaj. 
(2)  If  y  =  8in"x,  dyjdx  =  n  sin"  -  ^x  .  cos  x. 

(8)  If  a  particle  vibrates  8K:cording  to  the  equation  y  =  a  sin  {qt  -  t),  what 
is  its  velocity  at  any  instant  when  a,  q  and  c  are  constant  ? 

Ansr.  V  =  dy/dt  —  aq  cos  (qt  -  f). 
(4)  liy  =  8in^(nar  -  a),  dyjdx  =  2n8in (nx  -  a) cos (nx  -  a). 

§  15.  The  Differentiation  of  Inverse  Trignometrioal  Funotions. 

The  Differentiation  of  Angles. 

The  equation,  sin  x  ^  y,  means  that  x  is  an  angle  whose  sine  is 
y.     It  is  sometimes  convenient  to  write  this  another  way,  viz., 

sin~^  =  Xf 
meaning  that  sin  ~  ^y  is  an  angle  whose  sine  is  y.  Thus  if  sin  30°  =  |^ 
we  say  that  30°  or  sin"^^  is  an  angle  whose  sine  is  ^.  Trigno- 
metrioal ratios  written  in  this  reversed  way  are  called  inverse 
trignometrioal  fanotions.  The  superscript ''  -  1"  has  no  other 
signification  when  attached  to  the  trignometrioal  ratios.  Note,  if 
tan  46°  «=  1,  then  tan  "  U  =  45° ;  .-.  tan  (tan  "  4)  =  tan  45°. 

Their  differentiation  may  be  illustrated  by  proving  that  the 
differential  coefficient  of  sin  "  ^x  is  1/  J{1  -  x'^).  If  y  =  sin  ~  ^a;,, 
then  sin  y  =  x,  and 

dx/dy  =  cos  y ;  or  dyldx  =  1/cos  y. 
But  we  know  that 

cos^y  +  sin^y  =  1,  or  cos  y  =  +  ^(1  -  sin^y)  =  ±  J{1  -  a?*), 
for  by  hypothesis  sin  y  =  x.     Hence 

d(Qin  ~^x)  _  dy  __     1  1 


dx  dx      oosy      ~  VF- 


X 


8 


The  ambiguity  of  the  sign  means  that  if  any  assigned  value  of 
X  satisfies  the  equation  y  =  sin "  ^x,  so  does  ir  -  y,  S-jt  -  y  and  in 
general  nir  ±  y.  When  y  has  its  least  value  the  angle  whose  sine 
is  X  is  acute.  The  differential  coefficient  is  then  positive,  that  is 
to  say, 

d{sm-^x)  _         1  ... 

"dx       ~  V(l-aJ^)'      •         •        •        W 
c 
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Similarly  d(co& "  ^x)!dx  =  -  1/  Jl^T^^         .         .         (2) 

The  differential  coefficient  of  tan  ~  ^x  is  an  important  function, 
since  it  appears  very  frequently  in  practical  formulae. 

If  y  =  tan-^x,  x  =  tany,  dxidy  =  l/cos^y.  But  (page  499) 
cos2y  =  1/(1  +  tan2y)  =  1/(1  +  x^).     Hence 

dx        -  ^^^  -  1  -+-^2  •         •         •         (3) 

d{cot-^x)ldx  =  -  1/(1  +  rr«)  .        .  (4) 

The  remaining  inverse  trignometrical  functions  may  be  left  to  the 
reader.     Their  values  will  be  found  on  page  158. 

Examples.— (1)  Differentiate  y  =  sin  -  ^a-/  ^f(l  +  x^.  Put  sin  y = ar/  sJ-T^^ 
hence  co% ydy  =  drj j^/{l  +  x^.  But  cosy  =  V(l  "  sin^y)  =  ^1  -  Jr«/(1  +  jr»)]. 
Substituting  this  value  of  cosy  in  the  former  result  we  get,  on  reduction, 
dy/dx  =  1/(1  +  jc*)  -  the  answer  required. 

(2)  If ,/  =  .m  -  ■x«.  I  =  -j=.^. 

T        dy  1 

(3)  If  y  =  tan  -  >    ,^  -— ^.  ^  =     ^-— — ^.     See  formula  (19),  page  499. 

(4)  If  y  =  tan-ij  +  tan  -  i-,  ^^^  =  Q. 

X  dx 

(a)  If  y  =  sin  -  '(cob  x),  dyjdx  =  -  1. 

§  16.  Logarithms  and  their  Differentiation. 

It  is  proved  in  elementary  algebra  that  all  numbers  may  be 
represented  as  different  powers  of  one  fundamental  number.    E,g,, 
1  =  IQo,  2  =  10-3«i,  3  =  10*77,  4  =  l0-«02,  5  =  10•«»^  .  .  . 
The  power,  index  or  exponent  is  called  a  logarithm,  the  funda- 
mental number  is  called  the  base  of  the  system  of  logarithms. 

Thus  if 

a'  =  &, 

X  is  the  logarithm  of  the  number  b  to  the  base  a,  and  is  written 

X  =  log.6. 

For  convenience   in   numerical  calculations  tables  are  used  in 

which  all  numbers  are  represented  as  different  powers  of  10. 

The  logarithm  of  any  number  taken  from  the  table  thus  indicates 

what  power  of  10  the  selected  number  represents.     Thus  if 

10^  =  1000,  101  o*i-»«2^  =  11 ; 

then  3   =  log^olOOO,  1-0413927  =  logioH. 

Exactly  the  same  thing  is  true  if  the  base  10  be  replaced  by  any 

other  base.     Bead  ^  188. 
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Before  finding  the  relation  between  the  logarithms  of  a  number 
to  different  bases,  we  shall  proceed  to  deduce  the  differential  co- 
efficient of  a  logarithm.  A  logarithmic  function  is  any  expression 
containing  logarithmic  terms.     E.g.,  y  =  log  x  +  a^. 

(1)  To  determine  the  differential  coefficient  of  log  x.     Let 

y  =  logo;,  and  y^  =  log(a?  +  h). 
Then  Vi-y  ^  log(a;  +  h)  -  loga; . 

but  it  is  known  (page  37)  that  log  a  -  log  h  =  log  ^,  therefore 

0 

(incr,  y)  _^1      /x  +  h\ 
(incr.  x)  ~~  h    ^\    x    /' 

and  ^^Lt,^^hg(l+l).         .        .         (1) 

The  limiting  value  of  this  expression  cannot  be  determined  in  its 

present  form  by  the  processes  hitherto  used,  owing  to  the  nature 

of  the  terms  l/h  and  h/x.    The  calculation  must  therefore  be  made 

by  an  indirect  process.     See  §  103. 

,      ^      1   , 
Let  -  —  -  then 
x      u 

jlog(i  +  i)  -  J  •  »i«8(i  +  ;). 

As  h  decreases  u  increases,  and  the  limiting  value  of  u  when 
h  becomes  vanishingly  small,  is  infinity.     The  problem  now  is  to 

find  what  is  the  limiting  value  of  logf  1  +  -  )  when  u  is  infinitely 
great.     That  is  to  say, 

|  =  L*..4.1og(l+^)".        .        (2) 

According  to  the  binomial  theorem  (page  22) 


/^       1\"      ^       u    1       uiu  -  1)     1 
\        u/  1     u  2!  u^ 

dividing  out  the  u'%  in  each  term  we  get 

V       W   -  2  +  _gp-  + j^ 


•J 
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The  limiting  value  of  this  expression  when  u  is  infinitely  great  is 

evidently  equal  to  the  sum  of  the  infinite  series  of  terms 

.       1111  .  ^   . 

"^l''"2!"*"3T''"4r"'"'  --to  mfinity         .         (3) 

(see  page  230).  Let  the  sum  of  this  series  of  terms  be  denoted  by 
the  symbol  e.  By  taking  a  sufficient  number  of  these  terms  we 
can  approximate  as  close  as  ever  we  please  to  the  value  of  6.  If 
taken  to  the  ninth  decimal  place 

e  =  2-718281828  .  .  . 
This  number,  like  w  =  3-14159265  .  .  .,  plays  an  important  rdle  in 
mathematics.    Both  magnitudes  are  incommensurable  and  can  only 
be  evaluated  in  an  approximate  way  (see  page  454). 
Returning  now  to  (2),  it  is  obvious  that 

dy      d(losx)     1, 

1°-^-^°^'     ...        (4) 

This  formula  is  true  whatever  base  we  adopt  for  our  system  of 
logarithms.     If  we  use  10 

logi^fi  =  0-43429  .  .  .  =  (say)  M, 

and  dy^d(}og^^M 

ax  ax  X  ' 

Since  log^a  =  1  (page  480)  we  can  put  expression  (4)  in  a  much 
simpler  form  by  using  a  system  of  logarithms  to  the  base  e,  then 

dy  _  <^(log^)  _  1  ^ 

5S di         i  -        '        W 

Logarithms  to  the  base  e  are  called  natural  or  Napierian 
logarithms.  Logarithms  to  the  base  10  are  called  Briggsian 
or  common  logarithms. 

(2)  To  find  the  relation  between  the  logarithms  of  a  rmmher  to 
different  bases.     Let  fi  be  a  number  such  that 

a*  =  w,  or  a  =  log.n, 
and  /8*  =  n,  or  &  =  log^w. 

Hence  a"  «  ^. 

"  Taking  logs ''  to  the  base  a 

a  =  b  logo/? 
Substitute  for  a  and  b  and 

log.n  =  log^n .  logons,  or  \ogpn  =  log.n/log^    .  (7) 

In  words,  the  logarithm  of  a  number  to  the  base  fi  may  be  obtained 

from  the  logarithm  of  that  number  to  the  base  a  by  multiplying  it 

by  I      /J.     For  example,  suppose  a  =  10  and  P  =  e^ 

log  n  =  logiow/logiofi, 
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where  the  suhscript  in  log«n  is  omitted.     This  is  the  usual  practice. 
HoDce: — 

To  pass  from  natural  to  common  logarithms 

common  log  =  natural  log  x  0*4343^  ^-^v 

logio^  =  log.a  X  04343  j  '        *         ^  ' 

To  pass  from  common  to  natural  logarithms 

natural  log  =  common  log  x  2 '3026)  .-.. 

log.a  =  logi^a  X  2-3026  J  ^  ' 

The  number  0*4343  is  called  the  modal  as  of  the  Briggsian  or 
oonmoLon  system  of  logarithms.  When  required  it  is  written  M 
or  fi.* 

Examples. — (1)  If  ^  =  log  ax*,  show  that  dy/dx  —  ^jx. 
(2)  liy  =  X*  log  a:,  show  that  dyjdx  =  ar"  -  '(1  +  n  log  x), 
(8)  What  is  meant  by  the  expression,  2-71828"  x  «•«»  =  10"?     Ansr.     If 
n  is  a  common  logarithm,  then  n  x  2*3026  is  a  natural  logarithm.      Note, 

e  =  2-71828. 

• 

In  seeking  the  differential  coefficient  of  a  complex  function 
containing  products  and  powers  of  polynomials,  the  work  is  often 
facilitated  hy  taking  the  logarithm  of  each  member  separately 
before  differentiation.  The  compound  process  is  called  lo jarithmio 
differentiation. 

Examples. — (1)  Differentiate  y  =^  x»»/(l  +  jr)». 
Here  log  y  =  n  log  a:   -  n  log  (1  +  j),  or  dy/y  =  ndxlx{l  +  x).    Hence 
dyldx  =  yn/x(l  +  x)  =  nar»  -  V(l  +  j)"  +  *. 

(2)  Differentiate  x*(l  +  x)^l{x^  - 1). 

Ansr.  {(w  +  l)x*  -  x^  -  (n  +  4)x  -  4}j».(l  +  x)»  -  V(^  -  1)*- 

(3)  Establish  (12),  §  12,  by  log  differentiation.     In  the  same  way,  show  that 

d(xyB)  =  yzdx  +  zxdy  +  xyde. 

The  differential  coefficient  of  complex  transcendental  functions 
can  often  be  easily  obtained  in  this  way. 

Examples.  — The  following  standard  results  can  now  be  verified : — 

(1)  liy  =  log  sin  Xy  dyjdx  —  d(sin  a:)/sin  x  —  cot  x  ...        (10) 

(2)  liy  =  log  tan  ar,  dyjdx  =  2/8in  2a; (11) 


*  Note  :  the  logarWtin  of  the  prudud  ah  is  log  a  +  log  h. 

The  logarithm  of  th^  fraction  ajb  is  log  a  -  log  b. 

The  logarithm  of  a  pover,  say  a",  is  n  log  a,  and  so  on  (see  page  479).  The  use  of 
logarithms  is  explained  in  the  introductory  pages  of  the  table  books.  Chatnbera^a 
Mathematical  Tables  is  a  convenient  set  to  have  at  hand.  Less  cumbersome  and 
cheaper  tables  are,  however,  quite  as  useful  for  most  scientific  calculations.     See  pages 

484  and  520. 
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(8)  If  y 
(4)  If  y 

(6)  If  y 

(6)  If  y 

(7)  If  y 

(8)  If  y 

(9)  Ify 


log  COS  Xy  dy/dx  =  -  tan  x 
log  cot  a;,  dyjdx  =  -  2/sin  2x    . 
log  sin     ^ar,  cfg//^  =  -  a*/(l  -  a:*) 
log  cos  -  *x,  (2^/dj;  =  ^7(1  -  oj*) 
log  tan  -  ^x,  dyjdx  =  -  2jr/(l  +  x*) 
log  cot  -  ^x,  (2^/dr  =  2jr/(l  +  x*) 


(12) 
(13) 

(14) 
(16) 

(16) 

(17) 


§  17.  The  Differential  CoefBoient  of  Exponential  Functions. 

Exponential  functions  are  those  in  which  the  variable  quantity 
occurs  in  the  index.  Thus,  a*,  e*  and  (a  +  x)'  are  exponential 
functions.  A  few  words  on  the  transformation  of  logarithmic 
into  exponential  functions  may  be  needed. 

It  is  required  to  transform  log^  »  ax  into  an  exponential 
function.  Remembering  that  log  a  to  the  base  a  is  unity,  it 
makes  no  difference  to  any  magnitude  if  we  multiply  it  by 
Quch  expressions  as  log^a,  log^QlO,  log«6,  and  so  on.  Thus  since 
log.(««)  =  ax  log^,  if  logjy  =  ax, 

log^  =  Of  log^  =  log.e" ;  .-.  y  =  e", 

when  the  logarithms  are  removed.    In  future  "  log«"  will  generally 
be  written  "  log  ". 

Examples. — (1)  Show  that  if  log  y^  -  \ogy  =  kct,  y  =  y^fi-*^, 

(2)  If  log  /=  -  an,  7  =  e  -  «'«. 

(8)  If  e  =  &<•-«,  log  6  -  log  e  =  at. 

(4)  If  log«j-ri  =  0^.  logioj  _   J.  =  •4343atf. 

The  differentiation  of  exponential  functions  may  be  conveniently 
studied  in  three  sections  : 

(i)  Let  y  =  ^. 

Taking  logarithms  and  then  differentiating 

logy  =  x\oge\  —  =  dx,or^^^  C; 


y 

dy) 

dx 


=  e' 


(1) 


(ii)  Let 
As  before 


y  =  a'. 

dy 
log  2/  =  a;  log  a ;  ^^  =  2/  log  a  ; 

d(a') 
•••     dx    =«'log^-         • 


(2) 
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(iii)  Let  y  =  af, 

where  x  and  z  are  both  variable.     Taking  logarithms  and  differ- 
entiating 

dy  zdx 

logy  »  z  logx;  —  =  logxdz  +  --  ; 

.*.  dy  =a  of  logxdz  +  zaf^dx         ...         (3) 
If  x  and  z  are  functions  of  t 

diaf)      dy  ^       dz  ^dx  ... 

Examples. — (1)  If  y  =  a"*,  dy/dx  =  na**  log  a. 

(2)  If  y  =  (a*  +  a;)«,  dy/(ix  =  2{a^  +  x)  (a*  log  a  +  1). 

(8)  If  y  =  JC*,  dy/dr  =  x*{l  -  log  j)/j:«. 
(4)  If  y  =  c**,  dyjdx  =  e*  .  «*". 

(6)  If  y  =  r**,  dyldx  =  x**.  2T'{(log  jr)«  +  logx  +  l/x}. 

(6)  Magnus*  empirical  formula  for  the  relation  between  the  pressure  of 
aqueous  vapour  and  temperature  is 

where  a,  6,  y  are  constants.     Show  that  dpjdB  =  -. —     ^.^  .  by^^.      This 

formula  represents  the  increase  of  pressure  corresponding  to  a  small  rise  of 
temperature  from  (say)  ^  to  (0  +  1)°. 

(7)  Biot*s  empirical  formula  for  the   relation  between   the  pressure  of 

aqueous  vapour  (p)  and  the  temperature  {$)  is 

dj) 
logp  =  a  +  btfi  -  cfifi  \  hence  j;  =  pbtfi  log  a  —  pcpfi  log  /3. 

(8)  Required  the  velocity  of  a  point  which  moves  according  to  the  equation 

2/  =  a«  -  A'  cos  2ir(  7T  +  •  )•     Since  velocity  =  dyjdt 
dy 


di^-"^ 


-  ^M  A  COS  2ir(  ?['  +  *)+   f  sin  2»(  7'  +  «  )  f' 


§  18.  The  ''  Compound  Interest  Law "  in  Nature. 

I  cannot  pass  by  the  function  ^  without  indicating  its  great 

significance  in  physical  processes.     From  the  above  equations  it 

follows  that  if 

y  =  Gef" ;  then  dyldx  =  he"'  ...         (1) 

where  a,  b  and  G  are  constants,  hj  by  the  way,  being  equal  to 

aG  \ogjR,     G  is  the  value  of  y  when  a;  =  0.     (Why  ?)     It  will  be 

proved  later  on  that  this  may  be  reversed,  and  if 

^  =.  6e«,  then  y  =  Ge^,     ...         (2) 
where  a,  h  and  G  are  again  constant. 
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All  these  results  indicate  that  the  rate  of  increase  of  the  ex- 
ponential function  ^  is  ^  itself.  If^  therefore,  in  any  physical 
investigation  we  find  some  function,  say  <l>,  varying  at  a  rate 
proportional  to  itself  {with  or  without  some  constant  term)  we  guess 
at  once  that  we  are  dealing  with  an  exponential  function.     Thus  if 

d<l> 

-J-  =  i  a<^ ;  we  may  wnte  ^  =  C^',  or  Ce  ~  "*, 

according  as  the  function  is  increasing  or  decreasing  in  magnitude. 

Money  lent  at  compound  interest  increases  in  this  way,  and 
hence  the  above  property  has  been  happily  styled  by  Lord  Kelvin  * 
''  the  compound  interest  law  ".  A  great  many  natural  phenomena 
possess  this  property.     The  following  will  repay  study : — 

IiiLUSTRATiON  1. — Compound  interest.     If  £100  is  lent  out  at 

5  °/^  per  annmn,  at  the  end  of  the  first  year  £105  remains.     If 

this  be  the  principal  for  a  second  year,  the  interest  during  that 

time  will  be  charged  not  only  on  the  original  £100,  but  also  on  the 

additional  £5.     To  put  this  in  more  general  terms,  let  £pQ  be  lent 

at  r  °/^  per  annum,  at  the  end  of  the  first  year  the  interest  amounts 

r 
to  PoTrjfit  and  if  p^  be  the  principal  for  the  second  year,  we  have  at 

the  end  of  the  first  year 

Pi  =  Poi^  +  rIlOO) ; 
and  at  the  end  of  the  second  year, 

P2  =  Pi(^  +  rIlOO)  =  p^{l  +  r/lOOy. 
If  this  be  continued  year  after  year,  the  interest  charged  on  the 
increasing  capital  becomes  greater  and  greater  until  at  the  end  of 
t  years 

p  =  Poy-  +  loo)  •      •      •       •      (3) 

Instead  of  adding  the  interest  to  the  capital  every  twelve 
months,  we  could  do  this  monthly,  weekly,  daily,  hourly,  and  so 
on.  If  we  are  to  compare  this  process  with  natural  phenomena, 
we  must  imagine  the  interest  is  added  to  the  principal  continuously 
from  moment  to  moment.  Natura  non  fa^it  saltus.  In  this  way 
we  should  approximate  closely  to  what  actually  occurs  in  Nature. 

As  a  first  approximation,  suppose  the  interest  to  be  added  to 
the  principal  every  month.  It  can  be  shown  in  the  same  way  that 
the  principal  at  the  end  of  twelve  months,  is 

p  =  p^{l  +  r/12  .  100)12      ...         (4) 


Quoted  from  Perry's  Calculus  Jor  Krujineers  (E.  Arnold,  Loudon). 
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If  we  consider  now  the  interest  is  added  to  the  principal  every 
moment,  say  t,  we  may  replace  12  by  ^,  in  (4),  and 

P  ^  Po{^ -^  iW7t)'       ...       (5) 

r         1 
For  convenience  in  sabsequent  calculation,  let  us  put  tqqi  ==  ~>  so 

that  t  =  ur/100.     From  (5)  and  formula  (16),  page  483, 

r/lOO 

But  (1  +  l/uy  has  been  shown  in  (3),  page  36,  to  be  equivalent 
to  e  when  u  is  infinitely  great ;  hence,  writing  r/100  =  x, 

p^-PoS",  .  .  .  .  (6) 
which  shows  that  the  exponential  function  represents  the  rate  of 
increase  of  the  principal  with  time,  when  the  principal  is  reckoned 
from  moment  to  moment. 

We  could  deduce  this  result  in  a  simpler,  but  perhaps  less  in- 
structive way.  Note  that  log(l  +  r/100),  and  also  logp^y  are 
constant.     Put  the  former  equal  to  a.     From  (3) 

dp 

dt  =  «^- 

We  guess  at  once  that  we  are  dealing  with  an  exponential  func- 
tion.    Hence  we  may  put,  as  on  page  40, 

p  ==  Ce"'. 
To  find  the  value  of  (7,  note  that  when  t  =  0,  p  =  |?q,  and  therefore 

P  =  Pq(^'''. 
which  is  identical  with  (6),  when  we  put  x  =  at. 

Illustration  2. — Newton's  law  of  cooling.  Let  a  body  have  a 
uniform  temperature  ^^,  higher  than  its  surroundings,  it  is  required 
to  find  the  rate  at  which  the  body  cools.  Let  B^  denote  the  tem- 
perature of  the  medium  surrounding  the  body. 

In  consequence  of  the  exchange  of  heat,  the  temperature  of  the 
body  gradually  falls  from  6-^  to  0^,  Let  t  denote  the  time  required 
by  the  body  to  fall  from  6^  to  $.  The  temperature  of  the  body  is 
then  6  -  Oq  above  that  of  its  surroundings.  The  most  probable 
supposition  that  we  can  now  make  is  that  the  rate  at  which  the 
body  loses  heat  (  -  dQ)  is  proportional  to  the  difference  between 
its  temperature  and  that  of  its  surroundings.     Hence 

dQ 
-  di  =  ^(^  -  ^o), 
vrhere  A;  is  a  coefficient  depending  on  the  nature  of  the  substance. 
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From  the  defiinitioQ  of  specific  heat,  if  8  denotes  the  specific 
heat  of  unit  mass  of  suhstance 

or  dQ  =  sdO. 

Substitute  this  in  the  former  expression.     Since  k/s  =  constant  =• 
a  (say)  and  Oq  =  0**  C,  we  obtain, 

do 

'di^'^ (^> 

or,  in  words,  the  velocity  of  cooling  of  a  body  is  proportional  to 
the  difference  between  its  temperature  and  that  of  its  surroundings. 
This  is  Newton^s  well-known  law  of  cooling  (Preston's  Theory  of 
Heat,  p.  444). 

Since  the  rate  of  diminution  of  0  is  proportional  to  0  itself,  we 
guess  at  once  that  we  are  dealing  with  the  compound  interest  law,. 
and  from  a  comparison  with  (1)  and  (2)  above,  we  get 

e^be-'* (8) 

or  log  b  -  log  0  =  at.  .         .         (9) 

If  Bi  represents  the  temperature  at  the  time  t^,  and  0^  the 
temperature  at  the  time  t^,  we  have 

log  b  -  log  0^  =  aij,  and  log  b  -  log  $2  —  at^. 
By  subtraction 

a=^.Iog|.       .         .         .         (10) 

a  being  constant. 

The  validity  of  the  original  **  simplifying  assumption'^  as  to  the 
rate  at  which  heat  is  lost  by  the  body  must  be  tested  by  comparing 
the  result  expressed  in  equation  (10)  with  the  results  of  experiment. 
If  the  logical  consequence  of  the  assumption  agrees  with  facts, 
there  is  every  reason  to  suppose  that  the  working  hypothesis  is 
true.  For  the  purpose  of  comparison  we  may  use  Winkelmann*s 
data,  published  in  Wiedemann's  Annalen  iot  1891,  for  the  rate  of 
cooling  of  a  body  from  a  temperature  of  19*9°  C.  to  0°  C* 

Hence  if  6  denote  the  temperature  of  the  body  at  any  time 
^2  -  ^1,  and  ^2  =  19'9,  0^  =  B,  remembering  that  in  practical  work 
Briggsian  logarithms  are  used,  we  obtain,  from  (10),  the  expression 

1  .         ^2 


-. 7  .  logi(j-^  =  constant,  say  k, 

^2  "   ^1  " 


*  I  was  led  to  select  this  happy  illustration  of  Newton's  law  from  Winkelmann'a 
papers  (  H'mk/.  Ann.j  14,  177,  429,  1891)  after  reading  Nemst  and  Schuntiies'  Intro- 
diictwit  to  Uie  AfcUhematuxU  Treatment  nf  Science. 


§18. 


THE  DIFFERENTIAL  CALCULUS. 


43 


The  data  are  to  be  arranged  as  shown  in  the  following  table 
(after  Winkelmann) : — 


9. 

ta-ti. 

k. 

18*9 

3-45 

0006490 

16-9 

10-86 

0-006640 

14-9 

19-30 

0-006609 

12-9 

28-80 

0-006587 

10-9 

40-10 

0-006619 

8-9 

68-76 

0006602 

6-9 

70-95 

0-006483 

k  is  therefore  constant  within  the  limits  of  certain  small  irregular 
variations  due  to  experimental  error.  Thus  the  truth  of  Newton's 
supposition  is  established. 

This  is  a  typical  example  of  the  way  in  which  the  logical 
deductions  of  an  hypothesis  are  tested. 

This  can  be  done  another  way.  Dulong  and  Petit  (Ann.  de 
Chim,  et  de  Phys.,  [2],  7,  225,  337,  1817)  have  made  the  series  of 
exact  measurements  shown  in  columns  1  and  2  of  the  following 
table : — 


$t  excess  of 
temp,  of 

body  above 

that  of 

medium. 


220^ 
200° 
180* 
160° 
140° 
120° 
100° 


r,  velocity  of  cooling  -  ddldt. 

Calculated  by  the  formula  of 


Obflerved. 


Newton. 


8-81 
7-40 
610 
4-89 
3-88 
3-02 
2-30 


6-88 
6-20 
6-68 
4-96 
4-34 
8-72 
310 


Dulong  and 
Pet 


nga 
»tit 


8-89 
7-34 
6*08 
4-87 
3-89 
3-06 
2-33 


Stefan. 


8-92 
7-42 
609 
4-93 
3-92 
3-06 
2 '80 


If  we  knew  the  numerical  value  of  the  constant  a  in  formula 
(7),  this  formula  could  be  employed  to  calculate  the  value  of  d$ldt 
for  any  given  value  of  B.  To  evaluate  a,  substitute  the  observed 
values  of  v  and  0  in  (7)  and  take  the  mean  of  the  different  results 
so  obtained  (see  §  106).  Thus,  a  =  0*31.  Column  3  shows  the 
velocities  of  cooling  calculated  on  the  assumption  that  Newton's 
law  is  true.     The  agreement  between  the  experimental  and  theo- 
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retioal  results  is  very  poor.    Hence  it  is  necessary  to  seek  a  second 
approximation  to  the  true  law. 

With  this  object,  Dulong  and  Petit  have  proposed 

V  =  h{(^  -  1), 
as  a  second  approximation.  Here  h  =  2*037,  c  =  1'0077.  Column 
4  shows  the  velocity  of  cooling  calculated  from  Dulong  and  Petit's 
law.  The  agreement  between  theory  and  fact  is  now  very  close. 
This  formula,  however,  has  no  theoretical  basis.  It  is  the  result 
of  a  guess. 

Stefan's  guess  is  that 

V  =  a{(273  +  ey  -  (273)*}, 
where  a  =  10"^  x  16*72.     The  calculated  results  (column  5)  are 
quite  as  good  as  those  attending  the  use  of  Dulong  and  Petit's 
formula.     Oalitzine  has  pointed  out  that  Stefan's  formula  can  be 
estabhshed  on  theoretical  grounds. 

It  is  a  very  common  thing  to  find  different  formulae  agree,  so 
far  as  we  can  test  them,  equally  well  with  facts  The  reader  must, 
therefore,  guard  against  implicit  faith  in  this  criterion — the  agree- 
ment between  observed  and  calculated  results — as  an  infallible 
experimentum  crucis. 

A  little  consideration  will  show  that  it  is  quite  legitimate  to 
deduce  the  numerical  values  of  the  above  constants  from  the 
experiments  themselves.  For  example,  we  might  have  taken  the 
mean  of  the  values  of  k  in  Winkelmann's  table  above,  and  apphed 
the  test  by  comparing  the  calculated  with  the  observed  values  of 
either  t^  -  t^,  or  of  0. 

E^MPLE. — To  again  quote  from  Winkelmann's  paper,  if,  when  the  tem- 
perature of  the  surrounding  medium  is  99*74°,  the  body  cools  so  that  when 

e  =  119-97°,  117-97°.  115-97°,  113-97°,  111-97°,  109-97°; 

t=       0,  12-6,       26-7.       42-9,       612,       83-1. 

Do  you  think  that  Newton's  law  is  confirmed  by  these  measurements? 
Hint.  Instead  of  assuming  that  $q  ==  0,  it  will  be  found  necessary  to  retain 
Bq  in  the  above  discussion.  Do  this  and  show  that  t)ie  above  results  must  be 
tested  by  means  of  the  formula 

.  log^  ^g  "  ^'>  =  constant. 


/j  -  ti  $1  -  $Q 


To  return  to  the  compound  interest  law. 

Illustration  3. — The  variatum  of  atmospheric  pressure  with 
altitude  above  sea  level  can  be  shown  to  follow  the  compound 
interest  law.     Let  p^  be  the  pressure  in  centimetres  of  mercury  at 
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the  so-called  datum  line,  or  sea  levels  p  the  pressure  at  a  height  h 

above  this  level.    Let  po  be  the  density  of  air  at  sea  level  {Hg  =  1). 

Now  the  pressure  at  the  sea  level  is  produced  by  the  weight  of 

the  superincumbent  air,  that  is,  by  the  weight  of  a  column  of  air 

of  a  height  h  and  constant  density  po.    This  weight  is  equal  to  hp^ 

If  the  downward  pressure  of  the  air  were  constant,  the  barometric 

pressure  would  be  lowered  po  centimetres  for  every  centimetre  rise 

above  sea  level.     But  by  Boyle's  law  the  decrease  in  the  density 

of  air  is  proportional  to  the  pressure,  and  if  p  denote  the  density 

of  air  at  a  height  dh  above  sea  level,  the  pressure  dp  is  given  by 

the  expression 

dp  ^  —  pdh. 

If  we  consider  the  air  arranged  in  very  thin  strata,  we  may  regard 

the  density  of  the  air  in  each  strata  as  constant.     By  Boyle's  law 

PPo  =  PoPf  or  p  =  poplPo- 
Substituting  this  value  of  p  in  the  above  formula,  we  get 

dh" y,    '      '      •      •      ^^^^ 

The  negative  sign  indicates  that  the  pressure  decreases  vertically 
upwards.  This  equation  is  the  compound  interest  law  in  another 
guise.  The  variation  in  the  pressure,  as  we  ascend  or  descend,  is 
proportional  to  the  pressure  itself.  Since  pjpo  is  constant,  we 
have  on  applying  the  compound  interest  law  to  (11), 

p  ==  constant  x  e    ^^  , 

We  can  readily  find  the  value  of  the  constant  by  noting  that  at 
sea  level  ^  =  0,  and  p  ^  p^.  Substituting  these  values  in  the  last 
equation,  and  remembering  that  e^  =  1,  constant  =  p^, 

P^v/^'\-      ■      ■      ■      (12) 

a  relation  known  as  Halley's  law.     Continued  p.  213. 

IiiLUSTRATiON  4. — The  cbbsorption  of  actinic  energy  from  light 
parsing  through  an  absorbing  meditt/m.  A  beam  of  light  of  in- 
tensity I  is  changed  by  an  amount  dl  after  it  has  passed  through 
a  layer  of  absorbing  medium  dn  thick.     That  is  to  say 

dl  ^  -  dldnj 
where  a  is  a  constant  depending  on  the  nature  of  the  absorbing 
medium  and  on  the  wave  length  of  light.     The  rate  of  variation 
in  the  intensity  of  the  light  is  therefore  proportional  to  the  in- 
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tensity  of  the  light  itself,  in  other  words,  the  compound  interest 
law  a^aiii  appears.     Hence 

-^  =  -  al;  or  7  =  constant  x  e»'*. 
an 

If  Iq  denote  the  intensity  of  the  incident  light,  then  when 

n  =  0,  7  =  /^  =  constant. 

Hence  the  intensity  of  the  light  after  it  has  passed  through  a 

medium  of  thickness  n,  is 

I  =  I^e-^n      ....        (13) 

The  student  might  profitably  read  Bunsen  and  Boscoe's  work 
on  the  absorption  of  Ught  by  different  media,  in  the  Philosophical 
Transactions  of  the  Boyal  Society  for  1857. 

Illustration  5. — Wilhelmy*s  law  for  the  velocity  of  chemical 
reactions.  Wilhelmy  as  early  as  1850  published  the  law  of  mass 
action  in  a  form  which  will  be  recognised  as  still  another  example 
of  the  ubiquitous  law  of  compound  interest.  The  statement  of 
the  law  of  mass  action  put  forward  by  Harcourt  and  Esson  is. 
probably  the  simplest  possible.  It  is  **  the  amount  of  chemical 
change  in  a  given  time  is  directly  proportional  to  the  quantity  of 
reacting  substance  present  in  the  system  ".  (Wilhelmy,  Annalen 
der  Physik  und  Chemie,  81,  413,  499,  1850.     See  page,  197.) 

If  X  denote  the  quantity  of  changing  substance,  and  dx  the 
amount  of  substance  which  disappears  in  the  time  dt,  the  velocity 
of  the  chemical  reaction  is 

dx  ^       L. 

di^'^"^' 

where  k  is  a  constant  depending  on  the  nature  of  the  reacting 

substance.     It  has  been  called  the  coefficient  of  the  velocity  of  the 

reaction.      This  equation  is  probably  the  simplest  we  have  yet 

studied.      It  follows  directly,  since  the  rate  of  increase  of  x  is 

proportional  to  rr,  that 

X  =  be~  **, 

where  b  is  some  constant  to  be  determined.*     The  negative  sign 

indicates  that  the  velocity  of  the  action  diminishes  as  time  goes  on. 

Harcourt  and  Esson's  papers  in  the  Philosophical  Transactions 

for  1866,  1867  and  1895  might  be  read  with  advantage  and  profit. 

Examples.  —(1)  If  a  volume  v  of  mercury  be  heated  to  any  temperature  9, 
the  change  of  volume  di-  corresponding  to  a  small  increment  of  temperature 
de^  is  found  to  be  proportional  to  v,  hence 

dv  =  avd6. 

*How?    See  page  162. 
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Prove  Bosscha's  formula,  v  =  e<^t  for  the  volume  of  mercury  at  any  tempera- 
ture B.  Ansr.  v  =  be^^  where  a,  5,  a  are  constants.  If  5  =  1  we  have  the 
required  result. 

(2)  According  to  NordenskjOld'a  solubility  law,  in  the  absence  of  super- 
saturation,  for  a  small  change  in  the  temperature  (de),  there  is  a  change  in 
the  solubility  of  a  salt  (ds)  proportional  to  the  amount  of  salt  8  contained  in 
the  solution  at  the  temperature  $,  or 

ds  =■  aadS 
where  a  is  a  constant.     Show  that  the  equation  connecting  the  amount  of 
salt  dissolved  by  the  solution  with  the  temperature  is,  s  ~  bea^,  where  6  is  a 
constant. 

(3)  If  any  dielectric  (condenser)  be  subject  to  a  difference  of  potential,  the 
density  p  of  the  charge  constantly  diminishes  according  to  the  relation 

p  =  be-  "', 
where  b  is  an  empirical  constant  and  a  is  a  constant  equal  to  the  product  4ir 
into  the  coefficient  of  conductivity  (c)  of  the  dielectric  and  the  time  (/),  divided 
by  the  specific  inductive  capacity  (fi),  i.e.,  b  =  ^Tctjfi,  Hence  show  that  the 
gradual  discharge  of  a  condenser  follows  the  compound  interest  law.  Ansr. 
Show  dpjdt  a  p  X  a  negative  constant. 

(4)  One  form  of  Dalton's  emjnrical  law  for  the  pressure  of  saturated 
vapour  {p)  between  certain  limits  of  temperature  (B)  is, 

p  =  ae^. 

Show  that  this  is  an  example  of  the  compound  interest  law. 

(5)  The  relation  between  the  velocity  v  of  a  chemical  reaction  and  tem- 
perature, 0°,  is 

log  V  =  a  +  be, 

where  a  and  6  are  constants.  Show  that  we  are  dealing  with  the  Compound 
Interest  Law.  What  is  the  logical  consequence  of  this  law  with  reference  to 
reactions  which  (like  hydrogen  and  oxygen)  take  place  at  high  temperatures 
(say  500°),  but,  so  far  as  we  can  tell,  not  at  ordinary  temperatures  ?  Look  up 
•*  False  Equilibrium  "  in  your  Textbook  of  Physical  Chemistry, 

§  19.  Saooessive  Differentiation. 

The  differential  coefficient  derived  from  any  function  of  a 
variable  may  be  either  another  function  of  the  variable,  or  a  con- 
stant (page  17).  The  new  function  may  be  differentiated  again 
in  order  to  obtain  the  second  differential  coefficient.  In  the  same 
way  we  may  obtain  the  third  and  higher  derivatives. 

Example.— Let  y  =  o^\ 

the  first  derivative  is,       -^   =•  3.r* ; 

dx 

the  second  derivative  is,  --^  =  6x ; 

dx^ 

the  third  derivative  is,    ^  =  6 ; 

the  fourth  derivative  is,  _^  =  0. 

dx* 
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It  will  be  observed  that  each  dififerentiation  reduces  the  index 
of  the  power  by  unity.  If  n  is  a  positive  integer  the  number  of 
derivatives  is  finite. 

In  the  symbols  j-^v^)'  3p(y)  •  •  •»  *^®  superscripts  simply  de- 
note that  the  dififerentiation  has  been  repeated  2,  3  .  .  .  times. 
In  dififerential  notation  we  may  write  these  results 

d^  =-6x.dx^*;  dhj  ^  Mic^ * ;  .  .  . 
The  successive  dififerential  coefificients  of 

y  =  sina: 
are 

y^  =  cos  X ;  y"  =  -  sin  a; ;  y'"  =  -  cos  x\  y'^  =  sin  a; ;  .  .  . 
The  fourth  derivative  is  thus  a  repetition  of  the  original  function^ 
the  process  of  differentiation  may  thus  be  continued  without  end, 
every  fourth  derivative  resembUng  the  original  function. 

The  simplest  case  of  such  a  repetition  is 

where  y'  =  e* ;  y"  =  c* ;  y"'  =  c* ;  .  .  . 

The  dififerential  coefificients  are  all  equal  to  each  other  and  to  the 

original  function. 

Examples. — (1)  Show  that  every  fourth  derivative  in  the  suooessive 
difierentiation  oi  y  =  cosj:  repeats  itself. 

(2)  liy  =  log  X,  d*yldx*  =  -  6/jH. 

(3)  If  J/  =  X*,  d*yldx*  =  7i{n  -  l)(n  -  2)(n  -  3)x»  -  ■». 

(4)  If  J/  =  .c  -  2,  d^y/djc^  =  -  24x  -  *. 

(5)  If  J/  =  log  (x  +  1),  d^yjdx^  =  _  (a-  +  1)  -  2. 

Just  as  the  first  derivative  of  x  with  respect  to  t  measures  a 
velocity,  the  second  dififerential  coefl5cient  of  x  with  respect  to  t 
measures  an  acceleration.     See  page  13. 

Examples. — (1)  If  a  material  point  (P)t  move  in  a  straight  line  AB 
(Fig.  7)  so  that  its  distance  (s)  from  a  fixed  point  O  is  given  by  the  equation 

s  =  a  sin  ^ 
where  a  is  constant,  show  that  the  acceleration  due  to  the  force  acting  on  the- 
particle  is  proportional  to  its  distance  from  the  fixed  point. 


1 P 


0 
Pig.  7. 


*  Do  not  confuse  these  with  da^  =  2x.dx;  dsc^  —  Ha:',  rfx ;  .  .  . 

t  A  tnateriai  point  is  a  fiction  mnch  used  in  applied  mathematics  for  porposea 
of  calculation,  just  as  the  atom  is  in  chemistry.  An  atom  may  contain  an  infinite- 
number  of  "material  points "  or  particles. 


1 
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The  velocity  is  evidently 

V  —  dsjdt  =  a  coe  t ; 
and  tbe  acceleration  * 

dv       C^8 

the  negative  sign  shovnng  that  the  force  (/)  is  attractive,  tending  to  lessen 
the  distance  of  the  moving  point  from  O. 

To  get  some  idea  of  this  motion  find  a  set  of  corresponding  values  of  /, 
s  and  V  as  shown  in  the  following  table : — 


If     t    = 

then  V     = 

0 

0 

-a 

0 

2r  .  .  . 

a 

a  .  .  . 

and   8      = 

0 

a 

0 

-  a 

0  .  .  . 

and  /     = 

0 

-a 

0 

a 

0  .  .  . 

and    P  is  at 

0 

B 

0 

A 

Oetc. 

A  careful  study  of  these  facts  will  convince  the  reader  that  the  point  is 
oscillating  regularly  in  a  straight  line,  alternately  right  and  left  of  the  point  O. 

(2)  Another  illustration  of  the  second  derivative.  If  a  body  falls  from  a 
vertical  height  according  to  the  law 

s  =  iflr^, 
where  g  represents  the  acceleration  due  to  the  earth's  gravity,  show  that  g  is 
equal  to  the  second  differential  coefficient  of  s  with  respect  to  t 

(8)  If  the  distance  traversed  by  a  moving  point  in  the  time  t  be  denoted 

by  the  equation 

8  =  afi  +  bt  +  c 

(where  a,  b  and  c  are  arbitrary  constants),  show  that  the  acceleration  is  constant. 

The  geometrical  signification  of  the  second  differential  coefficient 
is  discussed  on  pages  133  to  135. 

§  20.  Leibnitz'  Theorem. 

To  find  the  nth  differential  coefficient  of  the  product  of  two  functions  of  x 
in  terms  of  the  differential  coefficients  of  each  function. 

On  page  26  the  differential  coefficient  of  the  product  of  two  variables  was 
shown  to  be 

dy  _d{uv)  __    du       dv 

dx       3i~  ~    dx        dx* 
where  u  and  v  are  functions  of  x.    By  successive  differentiation  and  analogy 
with  the  binomial  theorem  it  may  be  shown  that 


n-l 


^(ttv)  _    d^       dv    d 
doc:*    "~    dx**        dx  '  dx^ 


u 


+  u 


d*H) 
dx^ 


(1) 


This  formula,  due  to  Leibnitz,  will  be  found  very  convenient  in  Chapter 
VII.— "How  to  Solve  Differential  Equations".  The  reader  must  himself 
prove  the  formula,  as  an  exercise  on  §  19,  by  comparing  the  values  of 
eP{uv)lda^,  d^{uv)ldafiy  .  .  .,  with  the  developments  of  {x  +  h)\  (rr  +  fc)»,  .  .  ., 
of  page  22. 

D 
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ExAicPLBg.— (1)  If  y  =  x^ . ««,  find  the  value  of  d^^/dx^.     Substitute  se* 
and  e^  respectively  for  v  and  ti  in  (1).    Thus, 

V  =  x^;  .',  'dvldx  =  4a:»,  dh^lda^  =  12a;«,  d^hj/dar^  =  24a; ; 

u  =  e^;  .-.  dujdx  =  ae^,  dhildx'  =  aV»*,  dhijdx^  =  a»e«. 
Prom(l) 

d^         dhi  ,  ^,  dv    (Pw  ,   n(n  -  1)    d*i?    du  ,  ^  nlii  -  l)(n  -  2)    d^ 
dx^         dx^         dx    dx^  21  dx^    dx  31  dor^ ' 

=  ^(a»ic*  +  12a«jr3  +  SSoa:®  +  24x). 
If  we  pretend,  for  the  time  being,  that  the  symbols  of  operation — §  8 — 

-7->  (  j~)  *  (  j~ )  »  ^°  (^))  i^opresent  the  magnitudes  of  an  operation,  in  an 

algebraic  sense,  we  can  write 

-b^=^r  +  3:?j^' w 

instead  of  (2).    The  expression  (  ^  +  ^~  )    is  supposed  to  be  developed  by  the 
binomial  theorem,  page  22,  and  dv/dxj  d^jdx^^  .  .  .,  substituted  in  place  of 

(S/  '    (djc)  ^»  •  •  *»  **^  *'^®  result.    Equation  (3)  would  also  hold  good  if  8 

were  replaced  by  any  integer,  say  n.    This  result  is  known  as  the  synibolic 
form  of  Leibnitz*  theorem. 

(2)  If  y  =  log  X,  show  that  d^jjdjfi  =  -  5!/x*. 

§  21.  Partial  Differentiation. 

Up  to  the  present  time  we  have  been  principally  occupied  with 
functions  of  one  independent  variable  x,  such  that 

u  =  f(x) ; 
but  functions  of  two,  three  or  more  variables  may  occur,  say 

where  the  variables  x,  y,  z,  .  .  .  are  independent  of  each  other. 

Such  functions  are  common.   As 

^  = illustrations,  it  might  be  pointed 

out  that  the  area  of  a  triangle 
depends  on  its  base  and  altitude, 
C  the  volume  of  a  rectangular  box 
depends  on  its  three  dimensions, 
and  the  volume  of  a  gas  depends 
^^®  •  ^'  on  the  temperature  and  pressure . 

(1)  To  find  the  differential  of  a  ftmction  of  tivo  independent 
variables.     This  can  be  best  done  in  the  following  manner,  partly 
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graphio  and  partly  analytical.     In  figure  8,  the  area  u  of  the  rect- 
angle ABCDj  with  the  sides  x,  y,  is  given  by  the  function 

u  =  xy. 
Since  x  and  y  are  independent  of  each  other,  the  one  may  be  sup- 
posed to  vary,  while  the  other  remains  unchanged.     The  function, 
therefore,  ought  to  furnish  two  differential  coefficients,  the  one  re- 
sulting from  a  variation  in  x,  and  the  other  from  a  variation  in  y. 

First,  let  the  side  x  vary  while  y  remains  unchanged.  The 
area  is  then  a  function  of  x  alone,     y  remains  constant. 

.-.  {(lu)^  =  ydx,  ....  (1) 
where  {du\  represents  the  area  of  the  rectangle  BHCC".  The 
subscript  denoting  that  y  is  constant. 

Second,  in  the  same  way,  suppose  the  length  of  the  side  y 
changes,  while  x  remains  constant,  then 

{du)x  =  x&y,      ....         (2) 
where  {du)x  represents  the  area  of  the  rectangle  DD'CC. 

Instead  of  using  the  differential  form  of  these  variables,  we 
may  write  the  differential  coefficients 

where    —-    is  the  symbol  of  differentiation  when  all  the  variables, 
ox 

other  than  x,  are  constant.    Substituting  these  values  of  x  and  y  in 

(1)  and  (2),  we  obtain 

Lastly,  let  us  allow  x  and  y  to  vary  simultaneously,  the  total 
increment  in  the  area  of  the  rectangle  is  evidently  represented  by 
the  figure  UEBBCD. 

(incr.  u)  =  BRGC  +  DUCC  +  CC'C'E 
=  ydx  +  xdAf  +  dx .  dy. 
Neglecting  infinitely  small  magnitudes  of  the  second  order,  we  get 

du  =  ydx  +  xdy ;     ....         (3) 

or  du  -  ^dx  +  ^^dy,  ...(«) 

which* is  also  written  in  the  form 

the  former  for  preference. 
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In  equations  (3)  and  (4)  du  is  called  the  total  differential  of  the 
function ;  y^dx  the  partial  differential  of  u  with  respect  to  x  when 

y  is  constant ;  and  ^  d/y  the  partial  differential  of  u  with  respect 

to  y  when  x  is  constant.     Hence  the  rule  : 

The  toted  differential  of  two  (or  more)  independent  variables  is 
equal  to  the  sum  of  their  partial  differentials. 

The  physical  meaning  of  this  rule  is  that  the  total  force  acting 
on  a  body  at  any  instant  is  the  sum  of  every  separate  action. 
This  is  nothing  more  than  the  so-called  principle  of  superposition 
of  small  impulses,* 

"  According  to  this  principle,  the  total  force  acting  on  a  particle  at  any 
moment  is  the  sum  of  all  the  infinitely  small  individual  actions  to  which 
the  particle  is  subjected.  This,  in  reality,  means  nothing  more  than  that  the 
total  differential  represents  the  total  change  experienced  by  the  mathematical 
function.  For  instance,  if  a  gas  is  exposed  to  variable  conditions  of  tempera- 
ture and  pressure,  the  total  change  in  volume  is  the  sum  of  the  changes 
which  occur  at  a  constant  temperature  and  varying  pressure,  and  at  a  con- 
stant pressure  and  varying  temperature.  The  total  differential,  therefore,  is 
equal  to  the  sum  of  the  partial  differentials  corresponding  respectively  to  a 
changing  pressure  and  to  a  changing  temperature.  The  mathematical  process 
thus  corresponds  with  the  actual  physical  change."  (Freely  translated  from 
Nemst  and  Schonflies'  Einfuhrung  in  die  mathematische  Behandlung  der 
Naturwissenschaften^  p.  180,  1898.) 

In  other  words,  the  total  change  in  u  when  x  and  y  vary  is 
made  up  of  two  parts  :  (1)  the  change  which  would  occur  in  u  if 
X  alone  varied,  and  (2)  the  change  which  would  occur  in  tt  if  y 
alone  varied. 

Total  variation  =  variation  due  to  x  alone  +  variation  due  to  y  alone. 

Equation  (4)  may  he  written  in  a  more  general  manner  if  we 
put  u  =  f{x,y)y  thus 

du^-^^dx+  -^j-dy;  .         .         (6) 

or  du  =  f\x)dx  +  f\y)dy, 

where  the  meaning  of/^(a;)  &ndf\y)  is  obvious. 

*  Ostwald  calls  this  the  "principle  of  the  mutual  independence  of  different  pro- 
cesses," or  the  '*  principle  of  the  coexistence  of  different  reactions,"  meaning  that  if  a 
number  of  forces  act  upon  a  material  particle,  each  force  produces  its  own  motion 
independently  of  all  the  others.  (Ostwald ,  Orundriss  der  aU-gemeinen  Chemie,  Walker's 
translation,  p.  297.) 
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Examples. — (1)  ltu  =  x^  +  x'^  +  y^ 

.-.  du  =  (3jr«  +  2xy)dx  +  (ar«  +  Sy^dy, 
(2)  li  u  =  X  log  ^ ;  (22«  =  log  ydx  -t-  ar .  dyly. 
(8)  If  t<  =  cos  X .  sin  y  +  sin  x .  cos  ^, 

(2f«  =  (dx  +  £{^)  (cos  X .  cos  ^  -  sin  or  sin  y) 
=  (dx  +  dy)  {oo6{x  +  y)}. 

(4)  If  tt  =  ar*',  dtt  =  yx»  -  ^dx  +  x»  log  xdy, 

(5)  The  differentiation  of  a  function  of  three  independent  variables  may 
be  left  as  an  exercise  to  the  reader.  Neglecting  quantities  of  a  higher  order, 
if  f«  be  the  volume  of  a  rectangular  parallelepiped  having  the  three  dimensions 
Xf  y,  Zy  independently  variable,  then 

u  =  xygf 

3w         ^u         '^u 
and  du  =  ^dx  +  ^dy  +  ;^dz ;    ....        (6) 

or  an  infinitely  small  increment  in  the  volume  of  the  solid  is  the  sum  of  the 
infinitely  small  increments  resulting  when  each  variable  changes  independently 
of  the  others.    In  differential  notation  show  also  that 

du  =  yzdx  +  xzdy  +  xydz (7) 

(6)  If  the  relation  between  the  pressure  p,  and  volume  t?,  and  tempera- 
ture 9  of  a  gas  is  given  by  the  formula  pv  =  R(l  +  a9),  show  that  the  total 
change  in  volume  for  a  simultaneous  change  of  pressure  and  temperature  is 
dv  =  aR.delp  -  R(l  +  alB).dplp^. 

(7)  Cl(xiraut*8  formula  for  the  attraction  of  gravitation  {g)  at  different 

latitudes  (L)  on  the  earth's  surface,  and  at  different  altitudes  (H)  above  mean 

tide  level,  is 

g  =  980-6056  -  2-6028  cos  2L  -  OOOOOOSfT,  dynes. 

Discuss  the  changes  in  the  force  of  gravitation  and  in  the  weight  of  a  sub- 
stance with  change  of  locality.  Note,  "weight"  is  nothing  more  than  a 
measure  of  the  force  of  gravitation. 

(2)  To  find  the  differential  coefficient  of  a  function  of  two  inter- 
dependent variables.     If  the  meaoing  of  the  different  terms  in 

7iu  ()u 

is  carefully  noted,  it  will  be  found  that  the  equation  is  really  ex^ 
pressed  in  differential  notation^  not  differential  coefficients.      In 

the  partial  derivative  ^^dx,  ^u  represents  the  infinitely  small  change 
that  takes  place  in  u  when  x  is  increased  by  an  amount  dx,  y 

being  constant ;  similarly  ^u  in  Y~^y  ^^^^^^  ^or  the  infinitely  small 

change  which  occurs  when  y  is  increased  by  an  amount  dy,  x 
being  constant.      If  du  is  the  total  increment  in  a  function  of 
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the  variables  when  each  variable  is  individually  increased  by  an 
amount  {du\  and  {du)g,  then 

du  =  (du),  +  (du),. 
If  the  variables  x  and  y  are  both  functions  of  say  t,  we  have 

«  =  /(«»  y) ;  a;  =  <l>{t)  ;  y  =  i/r(<), 

and  du  =  ^-^dx  +  '^^2,. 

We  may  pass  directly  from   dififerentials   to  differential  co- 
efficients by  dividing  through  with  dt,  thus 

du  ^  <)/(x,  y)   dx  ^  l>f{x,  y)    dy 
dt  <ix       '  dt  ^y       '  df 

which  is  more  frequently  written 

du  ^'du  dx      'du   dy        du  ^  /du\dx     /du\dy 
It'^Si'Tt'^^'Tr  ^^~di'  \d^)di'^\dy)dt-  W 

When  there  is  likely  to  be  any  doubt  as  to  what  variables  have 
been  assumed  constant,  a  subscript  is  appended  to  the  lower 
comer  on  the  right  of  the  bracket.  The  brackets  in  the  second 
of  equations  (8)  may  be  omitted,  when  there  is  no  chance  of 
confusing  'du/'dx  .  .  .  with  differential  coefficients. 

The  most  general  form  of  (8)  for  any  number  of  variables  is 
obtained  as  follows :  If 

U  =  jyX^f  X^t    .    .    .   X^jf 

where  x^,  x^^  .  .  .  are  functions  of  x,  then 

du  _  'du     dx^       'du      dx^  du     dXn  -Q. 

dx  ~  dx^  '  dx      dx.2  '  dx       '  '  '      dx„  '  dx      '         '  ^ 
If,  at  the  same  time,  x^,  X2y  .  .  .  are  functions  of  y^ 

du  _  du     dx^      du     dx^  du     dXn  ^. 

dy  ""  t)a^  '  dy       tJajg  '  dy       '  '  '       dx^  '  dy     '         ^     ' 

Equation  (8)  leads  to  some  interesting  results. 

If  y  =  VA)y  where  u  and  v  are  functions  of  x,  then  dy/dv  —  u 

and  dyldu  =  v ;  substituting  these  values  in  (8),  and  making  the 

necessary  changes  in  the  letters,*  we  get  our  old  formula,  page  26, 

dy        dv        du  ,,,^ 

di  =  ""dx  +  "Ji  ■        •        •        ■        (") 
Ifuis  afu/nction  of  x,  such  that  u  —  x, 

dy  ^dy_^  dy     dv 
dx      dx       'dv  '  dx*       '         '         •         \     ) 

dy  dy 

since  dx/dx  is  unity.     Note  the  distinction  between  s—  and  -j-- 


*  Note  that  u,  x,  y,  t  of  (8)  are  now  to  be  replaced  by  y,  u,  v,  and  x  respectivelj. 
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Ifuis  constant, 

dy  _^y    dv 

di"^'  dx        •        •     .   •        •        '^^' 
A  formula  previously  obtained  in  a  dififerent  way. 

Many  illustrations  of  functions  with  properties  similar  to  those 
required  in  order  to  satisfy  the  conditions  of  equation  (8)  may 
occur  to  the  reader.     The  following  is  typical : — 

When  rhombic  crystals  are  heated  they  may  have  dififerent 
coefi&cients  of  expansion  in  different  directions.  A  cubical  portion 
of  one  of  these  crystals  at  one  temperature  is  not  necessarily 
cubical  at  another.  Suppose  a  rectangular  parallelepiped  is  cut 
from  such  a  crystal,  with  faces  parallel  to  the  three  axes  of 
dilation  (see  Preston's  Theory  of  Heat,  p.  199).  The  volume  of 
the  crystal  is 

7=  xyz, 
where  x,  y,  z  are  the  lengths  of  the  different  sides.     Hence 

^Vl^x  =  yz ;  ^Vj^by  =  xz ;  bVl^z  =  xy. 
Substitute  in  (6)  and  divide  by  d$,  where  d6  represents  a  slight 
rise  of  temperature,  then 

dV  dx  dy  dz 

where  dx/dO,  dy/dO,  dz/dO  represent  the  coefiQcients  of  expansion 
(page  7)  along  the  three  directions. 

The  coefficient  of  cubical  expansion  is  obtained  by  putting 
X  =  y  ^  z  ^  1,  when 

dx      dy      dz 
"^^  de'^dO^W 
where  dx'.dB  or  bxl^B,  etc.,  represent  the  linear  expansions  (X)  in 
each  direction.     For  isotropic  bodies 

dxjdO  =  AyjdB  =  dzjdO,  and  hence  a  =  3X. 

Examples. — (1)  Loschmidt  and  Obermeyer's  formula  for  the  coefficient  of 
diffusion  of  a  gas  at  9°  (absolute)  is 

5o/  760' 
where  ^g  is  the  coefficient  of  difhision  at  0°  G.  and  p  is  the  pressure  of  the  gas. 
Required  the  variation  in  the  coefficient  of  diffusion  of  the  gas  corresponding 
to  small  changes  of  temperature  and  pressure.    Note  k^  and  9q  are  constant. 

Put  a  =  kfjieoe^n ;  ^dB  =  apn9» -^  .dS'f  ^dp  =  oB^p.     But 

dk  =  ^^ji0  -r  ^  dp,  .*.  dk  =  aS^  -  ^npde  +  Bdp), 
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(2)  Biot  and  Arago's  formula  for  the  index  of  refraction  (fi)  of  a  gas  or 
vapour  at  0°  and  pressure  p  is 

^~  ^- I +  aB '760' 

where  fiQ  is  the  index  of  refraction  at  0°,  a  the  coefficient  of  expansion  of  the 

gas  with  temperature.    What  is  the  effect  of  small  variations  of  temperature 

and  pressure  on  the  index  of  refraction  ?    Ansr.    To  cause  it  to  vary  hy  an 

^   ,        ^  -  1/     dp  pade     \ 

amount  d^  =  -j^  \^j-^^  -  p^^p^* j- 


§  22.  Euler's  Theorem  on  Homogeneoas  Functions. 

The  following  discussion  is  convenient  for  reference  : 
To  ahow  that  if  u  is  an  homogeneous  functuni  *  of  tfie  nth  degree^  say  u  = 
lax^fi,i  where  a  +  3  =  w,  then. 

^g^  +  y^  =  ~^ <^*) 

By  differentiation  of  the  homogeneous  function, 

u  =  axoyfi  +  hxo^^yfi^  +  .  .  .  =  2flu:ay^, 

where  o  +  3  =  a*  +  i8*  =  •  •  .  =  n,  we  obtain 

3tt  3m 

^  =  looxft  -  ly^  ;  and  g--  =  2a0x^^yfi  -  K 

Hence 

3m       dM  ,         V      - 

x^  +  yg-  =  2a(a  +  0)x«yP  -  nXax^P  -  nu. 

The  theorem  may  be  extended  to  include  any  number  of  variables  (see  foot- 
note, page  340). 

3m       3w  "■     3m 
ExAicPLBS. — (1)   If  M  =  x^y  +Jicy'  +  3a;yar,  then  x^-^  ^3t/"^  ^3«  ^  ^**' 

Prove  this  result  by  actual  differentiation.    It  of  course  follows  directly  from 
Eoler's  theorem,  since  the  equation  is  homogeneous  and  of  the  third  degree. 
a^  +  aj'y  +  y^    3w  •"    3m 
(2)  If  M  =  -2  .,.  ^  ^  yB  ,  ^^  +  y'Sii  ~  ^'  ""^°®  '^®  equation  is  of  the  first 

degree  and  homogeneous. 

(8)  Put  Euler's  theorem  into  words.  Ansr.  In  any  homogeneous  function^ 
the  sum  of  the  products  of  each  variable  with  the  partial  differential  coefficients 
of  the  original  function  loith  respect  to  that  variable  is  equal  to  the  product  of 
the  original  function  with  its  degree. 


*  An  homogeneous  faction  is  one  in  which  all  the  terms  containing  the  variables 
have  the  same  degree.  Examples  :  x"^  +  b:ct/  +  a' ;  x*  +  xi/s^  +  .T^y  +  a^^  are  homo- 
geneous functions  of  the  second  and  fourth  degrees  respectively. 

t  The  sign  "  2"  is  to  be  read  "  the  sum  of  all  terms  of  the  same  type  as  .  .  .," 
or  here  **  the  sum  of  all  terms  containing  .r,  y  and  a  constant ".  The  symbol  "  n  "  is 
sometimes  used  in  the  same  way  for  ^'  the  product  of  all  terms  of  the  type  ". 
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§  28.  SuocessiTe  Partial  Differentiation. 

We  can  get  the  higher  partial  derivatives  by  successive  difPer- 
«ntiatiqiQ,  u^ng  processes  analogous  to  those  used  on  page  47. 

Thus  when  «  =  x«  +  y«  +«%». 

|^=2x+2y»x;  |^-2y  +  3xV;     .        .        (1) 
repeating  the  differentiation, 

5^  =  2(1  +  y3) .  _  «  2(1  +  3a:2y),    .         .         (2) 

If  we  had  differentiated  'bu/'bx  with  respect  to  y,  and  ^u/^y  with 
respect  to  x,  we  should  have  obtained  two  identical  results,  viz. : — 

5^  =  6y2^,  and  ^^5^  =  Gy^rc.        .        .        (3) 

This  rule  is  general. 

The  higher  partial  derivatives  are  independent  of  the  order  of 
differentiation.      By  differentiation  of  'bufdx  with  respect  to  y, 

assuming  re  to  be  constant,  we  get  H^jj/^y^  which  is  written 
c-^;  on  the  other  hand,  by  the  differentiation  of  <)w/<)y  with 
respect  to  x,  assuming  ^  to  be  constant,  we  obtain  ^-^ .     That  is 

— ---  =    _      -  (IL\ 

^y7>x      'dx^y'      '         '         '  ^  ' 

This  was  only  proved  in  (3)  for  a  special  case.  As  soon  as  the 
reader  has  got  familiar  with  the  idea  of  differentiation,  he  will  no 
doubt  be  able  to  deduce  the  general  proof  for  himself,  although  it 
is  given  in  the  regular  text  books.  The  result  stated  in  (4)  is  of 
great  importance. 

§  24.  Exaot  Differentials. 

To  find  the  condition  that  u  may  he  a  function  of  x  and  y  in 

the  equation  ^  =  Mdx  +  Ndy (6) 

where  M  and  N  are  ftmctions  of  x  and  y. 

We  have  just  seen  that  if  u  is  a  function  of  x  and  y 

^  =  5i^+D"/y'         ...         (6) 
that  is  to  say,  by  comparing  (5)  and  (6) 

^u  ^u 

<)a? '  ^y' 
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Differentiating  the  first  with  respect  to  y,  and  the  second  with 
respeet  to  Xy  we  have,  from  (4) 

^y  '^  ^x ^^^ 

In  the  chapter  on  differential  equations  this  condition  is  shown 
to  be  necessary  and  sufficient  in  order  that  certain  equations  may 
be  solved,  or  **  integrated  "  as  it  is  called.  Equation  (7)  is  therefore 
called  the  oriterion  of  integrability.  An  equation  that  satisfies 
this  condition  is  said  to  be  a  oomplete  or  an  exaot  differential. 
For  examples,  see  page  290. 

§  25.  Integrating  Factors. 

The  equation 

Mdx  +  Ndy  =  0  .         .        .         .        (8) 

can  always  he  made  exact  by  multiplying  through  with  soms  function 

of  Xy  called  an  integrating  factor,    {M  and  N  are  functions  of  x  and  y.y 

Since  M  and  N  are  functions  of  x  and  i/,  (8)  may  be  written 

dy  _      M  .Q. 

or  the  variation  of  y  with  respect  to  x  is  as  -  ilf  is  to  ^ ;  that  is 
to  say,  X  is  some  function  of  y,  say 

f{Xy  y)  =  a, 
then  from  (6),  page  52, 

V_^^  .  5fi>%  =  0,    .      .      .      ,10) 

By  a  transformation  of  (10),  and  a  comparison  of  the  result  with  (9), 

we  find  that 

dy^^  ^fjXyy)  I  y{Xyy)  ^  _  ^  my 

dx  ^x     j      'dy  N       '         ' 

Hence  ^^g-^^  -  ^If ;  and  ^g  ^J  =  ^,  .        .        (i2> 

where  /i  is  either  a  function  of  x  and  t/,  or  else  a  constant.  Multi- 
plying the  original  equation  by  the  integrating  factor  fjL,  and 
substituting  the  values  of  fi.¥,  fiN  so  obtained  in  (12),  we  obtain 

which  fulfils  the  condition  of  exactness. 

Example. — Show  that  the  equation  ydx  ~  xdy  =  0  becomes  exact  when 
multiplied  by  1/t/®. 

'by         J/*'  3^         y* 
Hence  dMj'dy  =  dNjdXy  the  condition  required  by  (7).    In  the  same  way  show 
that  llxy  and  Ijx*  are  also  integrating  factors. 
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§  26.  Illastrations  from  Thermodynamios. 

It  is  proved  in  the  theory  of  differential  equations  that  the 
number  of  integrating  faotors  for  any  equation,  Mdx  +  Ndy  =  0 
is  infinite.  Integrating  factors  are  very  much  used  in  solving 
certain  forms  of  differential  equations  (q.v.),  and  in  certain 
important  equations  which  arise  in  thermodynamics.  Several 
illustrations  of  partial  derivatives  will  be  found  in  subsequent 
parts  of  this  work. 

The  change  of  state  of  every  homogeneous  liquid,  or  gaseous 
substance  is  completely  defined  by  some  law  connecting  the 
pressure  (^),  volume  (v)  and  temperature  {$).  This  law,  caUed  the 
characteristic  equation^  or  the  equation  of  state  of  the  substance, 
has  the  form 

/(/>,  V,  6)  =  0. 
Any  change,  therefore,  is  completely  determined  when  any  two  of 
these  three  variables  are  known.     Thus,  we  may  have 

V  =  /i(^»  ^) ;  V  =  /2(P»  ^) ;  or  ^  =  f^{p,  y).  .  (1) 
Confining  our  attention  to  the  first,  we  obtain,  by  partial  differen- 
tiation, 

dp  ^^f^dv +  ^^de,  ...         (2) 

where  the  partial  derivative  'bpl^v  represents  the  coefficient  of 
elasticity  of  the  gas,  ^pf^B  is  nothing  but  the  so-called  coefficient 
of  increase  of  pressure  with  temperature  at  constant  volume.  If 
the  change  takes  place  at  constant  pressure,  dp  =  0,  and  (2)  may 
be  written 

The  subscript  is  added  to  show  which  factor  has  been  supposed 
constant  during  the  differentiation.  Note  the  change  of  dvld$  to 
'bvl^O  at  constant  pressure.  Equations  (3)  state  that  the  coefficient 
of  thermal  expansion  is  equal  to  the  ratio  of  the  coefficient  of  the 
increase  of  pressure  with  temperature  at  constant  volume,  and  the 
coefficient  of  elasticity  of  the  gas. 

Examples. — (1)  Show  that  a  pressure  of  120  atmospheres  is  required  to 
keep  unit  volume  of  mercury  at  coustaoit  volume  when  heated  2°  C.  (Coefficient 
of  expansion  of  JSg  =  000018,  of  compressibility  0-000008.)    (Planck.) 

(2)  J,  Tkomsen's  formula  for  the  amount  of  heat  Q  disengaged  when  one 
molecule  of  sulphuric  acid  (H^SO^)  is  mixed  with  n  molecules  of  water  (H2O)  is 

Q  =  17860  n/(l-798  +  n)  cals. 
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Put  a  =  17860  and  b  =  1-798,  for  the  sake  of  brevity.  If  x  of  E^SO^  be  mixed 
with  y  of  H^Ot  the  quantity  of  heat  disengaged  by  the  mixture  is  x  times  as 
great  as  when  one  molecule  of  H^SO^  unites  with  y/x  molecules  of  water. 
Substituting  ylx  =  n  in  Thomson's  formula 

Q  =  ayl{bx  +  y)  cals. 
If  dx  of  acid  is  now  mixed  with  x  of  H2SO4  and  y  of  H^Ot  show  that  the  amount 
of  heat  liberated  is 

3Q  <*y'  on* 

In  the  same  way  the  amount  of  heat  liberated  when  dy  of  water  is  added  to  a 
similar  mixture  is 

The  student  of  thermodynamics  is  not  likely  to  meet  with  anything  more 
difficult  than  the  seven  following  examples: — 

(8)  Apply  equation  (8)  to  the  ordinary  gas  equation 

pv  =  R$, (4) 

where  i2  is  a  constant,  p^  17,  and  $  have  their  usual  meaning.    Ansr. 

RIp  =  (- BMH- piv). 
What  does  this  mean  ? 

(4)  Verify  the  following  deductions :  Let  Q,  6,  |>,  v,  represent  any  four 
variable  magnitudes  whatever.    By  partial  differentiation, 

dQ  =  -^de  +  ^dv  =  ^de  +  ^dp  =  ^dp  +  ^dv,      .      (6) 

Equate  together  the  second  and  last  members  of  (5),  and  substitute  the  value 
of  dp  from  (2),  in  the  result.    Thus, 

Put  dv  =  0,  and  divide  by  de, 

\de)v='['^)v\de)v f^> 

Again,  by  partial  differentiation 
Substitute  this  value  of  d6  in  the  last  two  members  of  (5), 

(ad).*  *  (i-adv  ♦  (f  ).* = (f  ).*  *  (a- « 

Put  dp  =  0,  and  write  the  result 

(ad),=(a <■»' 

By  proceeding  in  this  way,  the  reader  can  deduce  a  great  number  of 
relations  between  Q,  9,  p^  v,  quite  apart  from  any  physical  meaning  the  letters 
might  possess. 

If  Q  denotes  the  quantity  of  heat  added  to  a  substance  during  any  small 
changes  of  state,  and  p,  v,  0,  the  pressure,  volume  and  absolute  temperature 
of  the  substance,  the  above  formulae  are  then  identical  with  corresponding 
formulae  in  thermodynamics.  Here,  however,  the  relations  have  been  de- 
duced without  any  reference  to  the  theory  of  heat. 


§  26.  THE  DIFFERENTIAL  CALCULUS.  61 

Under  these  ciicumstances,  {dQfdB)yd$  represents  the  quantity  of  heat 
required  for  a  small  rise  of  temperature  at  constant  volume ;  (dQrdO)t  is 
nothing  but  the  specific  heat  of  the  substance  at  constant  volume^  usually 
written  C* ;  similarly,  (dQfd9)p  is  the  specific  heat  at  constant  pressure,  written 
Cp ;  and  (dQfdv)9  and  (dQfdp)9  refer  to  the  two  latent  heats. 

These  results  may  be  applied  to  any  substance  for  which  the  relation  (4) 
holds  good.    In  this  case 

(^),=  ?'  ■  ■■'  *"*• '•">"*<»"• ''(i?)o=KlpX — 

(5)  A  little  ingenuity,  and  the  reader  should  be  able  to  deduce  the  so-called 
Reech^s  Theorem : 

r-'zt-mj{t\  ■  ■  •  ■  (»> 

employed  by  Clement  and  Desormes  for  evaluating  y.    See  any  text-book  on 
physics  for  experimental  detail. 

(6)  By  the  definition  of  adiabatio  and  isothermal  elasticities  (page  92), 

E^  =^  -  v(^fdv)^^  and  E^  =  -  v(dpfdv)$^  respectively. 
The  subscripts  ^  and  9  indicating,  in  the  former  case,  that  there  has  been 
neither  gain  nor  loss  of  heat,  in  other  words  that  Q  has  remained  constant, 
and  in  the  latter  case,  that  the  temperature  remained  constant  during  the 
process  'dpfdv.    Verify  the  following  reasoning : — 

From  the  first  and  last  members  of  (5),  when  Q  is  constant. 


r  'C^^\  '/('^^\  ('^\  -  C^\  C^-9\  ('^\  fC^^\  ('^\ 

-  ©./ ( 


From  (7),  (10)  and  (3), 


5ej,=  c.  =  ''' <"> 

An  important  result. 

(7)  According  to  the  second  law  of  thermodynamics^  '*  the  expression  dQji^ 
is  a  perfect  differential ".  It  is  usually  written  d^,  where  ^  is  called  the 
entropy  of  the  substance.     From  the  first  two  members  of  (5),  therefore, 

is  a  perfect  differential.     From  (7),  page  58,  therefore, 

dA\e"de)e'  de\$"dv)v'^^\'dv)B^\?ie)v~  e*     '     ^    ' 

where  C,  has  been  written  for  (3Q/3^),,  L  for  (dQfdv)^. 

According  to  the  first  law  of  thermodynamics,  when  a  quantity  of  heat  dQ 
is  added  to  a  substance,  part  of  the  heat  energy  dU  \^  spent  in  the  doing  of 
internal  work  among  the  molecules'  of  the  substance,  and  part  is  expended  in 
the  mechanical  work  of  expansion  (p.dv)  against  atmospheric  pressure  (see 
page  182).    To  put  this  symbolically, 

dQ=^dU -k-pdA);  ordXJ  =  dQ  -  pdv.      .        .        .      (16) 

Now  d(/  is  a  perfect  differential.  This  means  that  however  much  energy 
Uy  the  substance  absorbs,  all  will  be  given  back  again  when  the  substance 
returns  to  its  original  state.    In  other  words,  U"  is  a  function  of  the  state  of 
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the  substance  (see  page  295).    This  state  is  determined,  (2)  above,  when  any 
two  of  the  three  variables  p,  r,  $,  are  known. 

From  the  first  two  members  of  (5),  and  the  last  equation  of  (14),  therefore, 
dU  =  C^.de  -^  L.dv  -  pdv  =  Ci,,de  +  (L  -  p)dv,  .      (16) 

is  a  complete  differential.    In  consequence,  as  before, 

(m-®).-®. ("> 

From  (14)  and  (17), 

(I). = -m. <"' 

a  *'  law  "  which  has  formed  the  starting  point  of  some  of  the  finest  deductions 
in  physical  chemistry  (see  page  216). 

(8)  Establish  Mayer's  formula^ 

Cp-^  C,  =  R.        .        .        .        .        .      (19) 

for  a  perfect  gas. 

Hints:  (i.)  Since ^ju  =  R$,  {dp/dS)^  =  Rjv;  .-.  (dQIde),  =  BB/v  =  p.  (ii.) 
Evaluate  dv  as  in  (2),  and  substitute  the  result  in  the  second  and  third 
members  of  (6).  (iii.)  liquate  dv  to  zero.  Find  ^v/^0  from  the  gas  equation, 
etc.     Thus, 

/dQ\       f'dQ\/dv\    _/3g\      /3g\       {dQ\     R  _  (dQ\       . 

\?^^Jr  +  \^v  JeKdeJp  -  \d0  )p'  \d9  Jv  "^  V3r  Je'  p'  \d0  )v'     ""' 

(9)  Assuming  NewtotVs  fcntnula  that  the  square  of  the  velocity  of  pro- 
pagation (V')  of  a  compression  wave  («.^.,  of  sound)  in  a  gas  varies  directly  as 
the  adiabatic  elasticity  of  the  gas  (E^)  and  inversely  as  the  density  (p),  or 

F»QC  E^^lp;  show  that  T^x  yRe. 
Hints :  Since .  the  compression  wave  travels  so  rapidly,  the  changes  of 
pressure  and  volume  take  place  without  gain  or  loss  of  heat.  Therefore, 
instead  of  using  Boyle's  law,  pt^  =  constant,  we  must  employ  pv^  =  constant 
(page  212).  Hence  deduce  yp  =  v  ,  dpjdv  =  E^.  Note  that  the  volume  varies 
inversely  as  the  density  of  the  gas.     Hence,  if 

V^ai  E^lpcc  E^vcc  ypv  cc  yRe (20) 

Equations  (19)  and  (20)  can  be  employed  to  determine  the  two  specific  heats 
of  any  gas  in  which  the  velocity  of  sound  is  known.  Let  a  be  a  constant  to 
be  evaluated  from  the  known  values  of  i2,  $,  T^, 

.-.  C.  =  RI{1  -  rt),  and  Cp  =  aC^ 
Boynton  has  employed  van  der  Waals'  equation  in  place  of  Boyle's.     Per- 
haps the  reader  can  do  this  for  himself.    It  will  simplify  matters  to  neglect 
terms  containing  magnitudes  of  a  high  order  (see  Boynton,  Physical  Review j 
12,  363,  1901). 

(10)  II  y  =  eoJJ  +  ^^  +  y  is  to  satisfy  the  equation 

show  that  a^  =  AfiP  +  B0,  where  a,  fi,  y,  are  constants. 
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CHAPTER  II. 

COORDINATE  OR  ANALYTICAL  GEOMETRV. 

*'  Order  and  regularity  are  more  readily  and  clearly  recognised  when 
exhibited  to  the  eye  in  a  picture  than  they  are  when  presented 
to  the  mind  in  any  other  manner.'* — Dr.  Whkwbll. 


§  27.  Gaptesian  Coordinates. 

The  physical  properties  of  a  substanoe  may,  in  general,  be  con- 
cisely represented  by  a  geometrical  figure.  Such  a  figure  furnishes 
an  elegant  method  for  studying  certain  natural  conges,  because 
the  whole  history  of  the  process  is  thus  brought  vividly  before 
the  mind.  At  the  same  time  the  numerical  relations  between 
a  series  of  tabulated  numbers  can  be  exhibited  in  the  form  of  a 
picture  and  their  true  meaning  seen  at  a  glance. 

Let  xOoii  and  yOy'  (Fig.  9)  be  two  straight  lines  at  right  angles 
to  each  other,  and  intersecting  at  the  point  0,  so  as  to  divide  the 
plane  of  this  paper  into  four  quadrants  I,  II,  III  and  IV.  Let 
Pj  be  any  •  point  in  the  first  quadrant  yOx ;  draw  P^x  parallel 
to  Oy  and  FyN  parallel  to  Ox,  Then,  if  the  lengths  OM,^  and  B^^x 
are  known,  the  position  of  the  point  P  with  respect  to  these  lines 
ioUows  directly  from  the  properties  of  the  rectangle  NP^M^O 
(Euclid,  i.,  34).  For  example,  if  OM^  denotes  three  units,  PiMi 
four  units,  the  position  of  the  point  P,  is  found  by  marking  off 
three  units  along  Ox  to  the  right  and  four  units  along  Oy  vertically 
upwards.  Then  by  draw^ing  NP^  parallel  to  Ox,  and  Pj^i  parallel 
to  Oy,  the  position  of  the  given  point  is  at  P^,  since, 

P,  Jlfj  =  Oi»7  =  4  units ;  NP^  =  OM^  =  3  units. 
x'Ox,  yOy'  are  called  coordinate  axes.    If  the  angle  yOx  is  a 
right  angle  the  axes  are  said  to  be  rectangnlar.     Conditions  may 
arise  when  it  is  more  convenient  to  make  yOx  an  oblique  angle, 
the  axes  are  then  said  to  be  oblique.    xOx'  is  called  the  abscissa 


*  It  is  perhaps  needless  to  remark  that  what  is  true  of  any  point  is  true  qf'  all. 
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OP  X-axis,  yOy'  the  ordinate  or  y-axis.  The  point  0  is  called 
the  origin ;  OM^  the  absoissa  of  the  point  P,  and  P^M^  the  ordi- 
nate of  the  same  point.  In  referring  the  position  of  a  point  to  a 
pair  of  coordinate  axes,  the  ahscissa  is  always  mentioned  first,  P^ 
is  spoken  of  as  the  point  whose  coordinates  are  3  and  4 ;  it  is 
written  "the  point  P(3,  4)". 

In  memory  of  its  inventor,  Ben^  Descartes,  this  system  of 
notation  is  sometimes  styled  the  system  of  Cartesian  coordinates. 

The  usnal  conventions  of  trignometry  are  made  with  respect 
to  the  algebraic  sign  of  a  point  in  any  of  the  four  quadrants.    Any 
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Fio.  9. — Rectangular  Cartesian  Coordinates. 

abscissa  measured  from  the  origin  to  the  right  is  positive,  to  the 
left,  negative ;  ordinates  measured  vertically  upward  are  positive^ 
and  in  the  opposite  direction,  negative.  For  example,  if  a  and 
2»  be  auy  assigned  number  of  units  corresponding  respectively  to 
the  abscissa  and  ordinate  of  some  given  point,  then  the  Car- 
tesian coordinates  of  the  point  P^  are  represented  as  Pi{ay  b),  of 
Pa  as  P^{  -  a,  6),  of  P^  as  P^{  -  a,  -  b)  and  of  P^  as  P^{a,  -  b). 
Points  falling  in  quadrants  other  than  the  first  are  not  often  met 
with  in  practical  work. 

Thus,  any  point  in  a  plane  represents  two  things,  (1)  its  hori- 
zontal distance  along  some  standard  line  of  reference  (x-axis),  and 
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(2)  its  vertical  distance  along  some  other  standard  line  of  reference 
(y-axis). 

When  the  position  of  a  point  is  determined  by  two  variable  mag- 
nitudes (the  coordinates),  the  point  is  said  to  be  two  dimensional. 

We  are  always  making  use  of  coordinate  geometry  in  a 
rough  way.  Thus,  a  book  in  a  library  is  located  by  its  shelf  and 
number ;  the  position  of  a  town  in  a  map  is  fixed  by  its  latitude 
and  longitude ;  etc. 


§  28.  Oraphioal  Representatioii. 

Consider  any  straight  or  curved  line  OP  situate,  with  refer- 
ence to  a  pair  of  rectangular  co- 
ordinate axes,  as  shown  in  figure 
10.  Take  any  abscissae  OM^^, 
OM^,OM^,  .  .  .  O^,  and  through 
ilfj,  M^  .  ,  .  M  draw  the  ordi- 
nates  P^M^,  P^j,  .  ,  ,  PM 
parallel  to  the  ^-axis.  The  ordi- 
nates  all  have  a  definite  value 
dependent  on  the  slope  of  the 
line**  and  on  the  value  of  the 
abscissae.  If  a:  be  any  abscissa  "^  Mj  HjJ  R^ 
and  y  any  ordinate,  x  and  y  are  ^o-  10. 

connected  by  some  definite  law  called  the  equation  of  the  carve. 

It  is  required  to  find  the  equation  to  the  curve  OP.     In  the 

triangle  0PM 

PM  ^  OMiia,nPOM, 

or  y  =  a:  tan  a, (1) 

where  a  denotes  the  angle  POM.    But  if  OM  =  PM, 

PM 
.-.  tan  POM  =  ^2^  =  1  =  tan  45°. 

The  equation  of  the  line  OP  is,  therefore, 

y  =  ^ ;  .        .        .        .        (2) 

and  the  Une  is  inclined  at  an  angle  of  45°  to  the  rc-axis. 

It  follows  directly  that  both  the  abscissa  and  ordinate  of  a  point 
situate  at  the  origin  are  zero.     A  point  on  the  a;-axis  has  a  zero 


"curve'* 


*  Any  straight  or  curved  line  when  referred  to  its  coordinate  axes,  is  called  a 

E 
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ordinate ;  a  point  on  the  ^-axis  has  a  zero  abscissa.  Any  line 
parallel  to  the  o^axis  has  an  equation 

y^b;  .         (3) 

any  line  parallel  to  the  ^-axis  has  an  equation 

a:  =  a,  .  .  (4) 

where  a  and  b  denote  the  distances  between  the  two  lines  and  their 
respective  axes. 

§  29.  Praotioal  Illastrations  of  Graphical  Representatioii. 

Suppose,   in   an   investigation  on   the  relation   between   the 

pressure  (p)  and  the  weight  {w)   of  a  gas   dissolved    by  unit 

volume  of  a  solution,  we  obtained  the  following  successive  pairs 

of  observations, 

jj  =  ^,  2,  4,  8  .  .  .  =  a;. 

ty  =  J,  1,  2,  4  .  .  .  «  y. 

By  setting  off  on   millimetre,   coordinate  or  squared  paper 

(Fig.  11)  points  P,(l  i).  P,(2,  1) 

.  .  .  ,  and  drawing  a  line  to  pass 

through  all  these  points,  we  are 

said  to  plot  the  cuPTe.     This 

has  been  done  in  figure  11.     The 

only  difference  between  the  lines 

OP  of  figures  10  and  11  is  in  their 

slope  towards  the  two  axes. 

Pig.  ll.-Solution  of  Gases  in  liquids.         ^°'°  equation  (1)  we  can  put 

w  ^  p  tan  a,  or  tan  a  =  ^, 

that  is  to  say,  an  angle  whose  tangent  is  |.  This  can  be  found  by 
reference  to  a  table  of  natural  tangents.  It  is  26°  33'  (approxi- 
mately). 

Putting  tan  a  —  m,  we  may  write 

w  » mpy  ....         (6) 

where  m  is  a  constant  depending  on  the  nature  of  the  gas  and 
liquid  used  in  the  experiment. 

Equation  (5)  is  the  mathematical  expression  for  the  solubility 
of  a  gas  obeying  Henry's  law,  viz, :  **  At  constant  temperature, 
the  weight  of  a  gas  dissolved  by  unit  volume  of  a  liquid  is  propor- 
tional to  the  pressure '\  The  curve  OP  is  a  graphical  representation 
of  Henry's  law. 

To  take  one  more  illustration.      The  solubility  of  potassium 
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chloride  (X)  in  100  parts  of  water  at  temperatures  (0)  between  0** 

and  100°  is  approximately  as  follows  : 

e  =  0^        20%      40%      60%      80%       100"  =  a;, 
X  =  28-6,    39-7,     49-8,     592,     695,     79-5  =  y. 

By  plotting  these  numbers,  as  in  the  preceding  example,  we  obtain 

a  curve  PQ  (Fig.  12)  which,  instead  of  passing  through  the  origin 

at  0,  cuts  the  ^-axis  at  the  point  Q  such  that 

OQ  =  28-5  units  =  b  (say). 

If  OR  be  drawn  from  the  point  0  parallel  to  PQ,  then  the  equation 

for  this  line  is  obviously,  from  (5), 

but  since  the  line  under  consideration  cuts  the  ^-axis  at  Q, 

X^mO  +  b,      .  (6) 

where  b  =  OQ,     In  these  equations,  6,  X  and  0  are  known,  the 
value  of  m  is  therefore  obtained  by  a  simple  transposition  of  (6), 

7W  =  (X  -  b)ie. 
Substituting  the  values  of  b  and  m  in  (6),  we  can  find  the  ap- 
proximate solubility  of  potassium  chloride  at  any  temperature  {$) 
between  0**  and  100°  by  the  relation 

X  =  0-5128^  +  28-5. 
The  curve  QP  in  figure  12  is  a  graphical  representation  of  the 
variation  in  the  solubility  of 
KCl    in    water   at    different 
temperatures. 

Knowing  the  equation  to 
the  curve,  or  even  the  form 
of  the  curve  alone,  the  pro- 
bable solubility  of  KCl  for 
any  unobserved  temperature 
oan  be  deduced,  for  if  the 
solubility  had  been  deter- 
mined every  10°  (say)  instead 

t  oAo   ii.  J    Fig.  12.-~Solubility  Curve  for  XC/in  water. 

of  every  20  ,  the  correspond- 
ing ordinates  could  still  be  connected  in  an  unbroken  line.  The 
same  relation  holds  however  short  the  temperature  interval.  From 
this  point  of  view  the  solubility  curve  may  be  regarded  as  the  path 
of  a  point  moving  according  to  some  fixed  law.  This  law  is  defined 
by  the  equation  to  the  curve,  since  the  coordinates  of  every  point 
on  the  curve  satisfy  the  equation.  The  path  described  by  such  a 
point  is  called  the  piotare,  loons  or  graph  of  the  eqaation. 
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ExAMPLBS. — (1)  Let  the  reader  procure  some  '*  squared  "  paper  and  plot : 
y  =  ^  -  2;  2y  +  8x  =  12  .  .  . 

(2)  The  following  experimental  results  have  been  obtained : — 

When  JT  =     0,  1,  10,  20,  30,  .  .  . 

y  =  -  8,  1-66,  11-40,  25-80,  40-20,  .  .  . 

(a)  Plot  the  curve.  (6)  Show  (i.)  that  the  slope  of  the  curve  to  the  x-azis 
is  1*44  =  tan  a  =  tan  60^  (nearly),  (ii.)  that  the  equation  to  the  curve  is 
y  =  l-44a;  -  3.  (c)  Measure  off  5  and  15  units  along  the  x-axis,  and  show 
that  the  distance  of  these  points  from  the  curve,  measured  vertically  above 
the  x-azis,  represents  the  corresponding  ordinates.  (d)  Compare  the  values 
of  ^  so  obtained  with  those  deduced  by  substituting  x  =  6  and  x=  15  in  the 
above  equation. 

Note  the  laborious  and  roundabout  nature  of  process  (c)  when  contrasted 
with  {d).  The  graphic  process,  called  graphic  interpolation  (q.v,)^  is  seldom 
resorted  to  when  the  equation  connecting  the  two  variables  is  available,  but 
of  this  anon. 

(3)  Get  some  solubility  determinations  from  any  chemical  text-book  and 
plot  the  values  of  the  composition  of  the  solution  (C,  ordinate)  at  different 
temperatures  (0°,  abscissa),  cg.^  LoewePs  numbers  for  sodium  sulphate  are 

C  =  50,        19-4,        650,        46-7,        44-4,        43*1,        42-2; 
tf°  =  0%  20°,  84°,  60°,  70°,  90°,        103-6°. 

What  does  the  peculiar  bend  at  84°  mean  ? 

In  this  and  analogous  cases,  a  question  of  this  nature  has  to  be  decided  : 
What  is  the  best  way  to  represent  the  composition  of  a  solution?  Several 
methods  are  available.  The  right  choice  depends  entirely  on  the  judgment, 
or  rather  on  the  finesse^  of  the  investigator.  Most  chemists  (like  Loewel 
above)  follow  Gay  Lussac,  and  represent  the  composition  of  the  solution  as 
"parts  of  substance  which  would  dissolve  in  100  parts  of  the  solvent**. 
Etard  found  it  more  convenient  to  express  his  results  as  "  parts  of  substance 
dissolved  in  100  parts  of  saturated  solution  *'. 

The  right  choice,  at  this  day,  seems  to  be  to  express  the  results  in  mole- 
cular proportions.  This  allows  the  solubility  constant  to  be  easily  compared 
with  the  other  physical  constants.  In  this  way.  Gay  Lussac^s  method  be- 
comes *'  the  ratio  of  the  number  of  molecules  of  dissolved  substance  to  the 
number,  say  100,  molecules  of  solvent " ;  Etard's  "  the  ratio  of  the  number 
of  molecules  of  dissolved  substance  to  any  number,  say  100,  molecules  of 
solution  **. 

§  80.  General  Equations  of  the  Straight  Line. 

If  equations  (1)  and  (6)  be  expressed  in  general  terms,  using 
X  and  y  for  the  variables,  m  and  b  for  the  constants,  we  can 
deduce  the  following  properties  for  straight  lines  referred  to  a  pair 
of  coordinate  axes. 

(1)  A  straight  line  passing  throtigh  the  origin  of  a  pair  of 
rectangiUar  coordinate  axes,  is  represented  by  the  equation 

y  =  fnx (7) 
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where  m  »  tan  a  »  y/x,  a  constant  representing  the  slope  of  the 
curve.     The  equation  is  obtained  from  (5)  above. 

(2)  A  straight  line  which  cuts  one  of  the  rectangular  coordinate 
axes  at  a  distance  b  from  the  origin,  is  represented  by  the  equation 

y  =  mx  -^  b  (8) 

where  m  and  b  are  any  constants  whatever.  For  every  value  of 
m  there  is  an  angle  such  that  tan  a  =  m.  The  position  of  the 
line  is  therefore  determined  by  a  point  and  a  direction.  Equation 
(8)  follows  immediately  from  (6). 

(3)  A  straight  line  is  always  represented  by  an  equation  of  the 

first  degree, 

Ax-^-  By  +  G  ^0\  (9) 

wnd  con/versely,  any  equation  of  the  first  degree  between  two  variables 
represents  a  straight  line* 

This  conclusion  is  drawn  from  the  fact  that  any  equation 
containing  only  the  first  powers  of  x  and 
y,  represents  a  straight  line.  By  sub> 
stituting  m  ^  -  Ai'B  and  6  =  -  C/B  in 
(8),  and  reducing  the  equation  to  its 
simplest  form,  we  get  the  general  equa- 
tion of  the  first  degree  between  two  vari- 
ables: Ax  +  By-^-C^^O,  This  represents 
a  straight  line  inclined  to  the  positive 
direction  of  the  a;-axis  at  an  angle  whose 
tangent  is  -  A/B,  and  cutting  the  ^-axis 
at  a  point  ~  C/B  above  the  origin. 

(4)  A  straight  line  which  cuts  each  coordinate  axis  at  the  re- 
spective distances  a  and  b  from  the  origin,  is  represented  by  the 
equation 

M  =  i  ■    .    •    •    (10) 

Consider  the  straight  line  AB  (Fig.  18)  which  intercepts  the 
X'  and  y-axes  at  the  points  A  and  B  respectively.  Let  OA  =  a, 
OB  =  b.     From  equation  (9)  if 

y  =  0,  x  =  a;  i4a+C=0,a  =  -  CIA. 
Sunilarly  if        x  ^  0,  y  ^  b\  Bb  +  C  =  0,b  ^  -  GIB. 


*  If  the  reader  has  not  previously  met  with  the  idea  conveyed  by  a  "  general 
equation,"  he  must  pay  careful  attention  to  it  now.  By  assigning  suitable  values  to 
the  constants  A,  B,  C,  he  will  be  able  to  deduce  every  passible  equation  of  the  first 
degree  between  the  two  variables  x  and  y.     See  page  481 . 
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Substituting  these  values  of  a  and  b  in  (9),  i,e.,  in 

A        B  a;      « 

-  ^  -  ^y  =  1 ;  and  we  get  -  +  ^  =  1. 

There  are  several  proofs  of  this  useful  equation.  Formula  (10)  is 
called  the  intercept  form  of  the  equation  of  the  straight  line,  equa- 
tions (7)  and  (8)  the  tangent  forms. 

Many  equations  can  be  readily  transformed  into  the  intercept 
form  and  their  geometrical  interpretation  seen  at  a  glance.  For 
instance,  the  equation 

X  +  y  =  2  becomes  ia;  -f  ^y  =  1, 
which  represents  a  straight  line  cutting  each  axis  at  a  distance  of 
2  units  from  the  origin. 

One  way  of  stating  Gay  Lussaas  law  is  that  "the  pressure  of 
a  given  mass  of  gas  at  constant  volume  varies  directly  as  the  tem- 
perature ".  If,  under  these  conditions,  the  temperature  be  raised 
^,  the  pressure  increases  the  ^}^Ord  part  of  what  it  was  at  the 
original  temperature.*  Let  the  original  pressure,  at  0°  C,  be  unity ; 
the  final  pressure  p^,  then  at  ^ 

This  equation  resembles  the  intercept  form  of  the  equation  of  a 

straight  line  (10)  where  a  =  273  and  6  =  1. 
The  intercepts  a  and  b  may  be  found  by 
putting  X  and  y,  or  rather  their  equiva- 
lents, 0  and  p,  successively  equal  to  zero. 
If  ^  =  0,  p  =  1 ;  if  ^  =  0,  d  =  -  273,  the 
well-known  absolute  zero. 

If  possible  let  0  fall  below  -  273^  then 
Fio.  14  we  have  a  negative  value  of  p  in  the  above 

(6  much  exaggerated),      equation,  which  is  physically  impossible. 

The  physical  signification  of  this  is  that  temperatures  below  -  273*^ 
are  impossible,  if  the  gas  obeys  Gay  Lussac's  law  at  temperatures 
approaching  the  absolute  zero. 


*  Many  students,  and  even  some  of  the  textbooks,  appear  to  have  hazy  notions  on 
this  question.  According  to  Ga^/  Lussac's  law,  the  increase  in  the  volume  of  a  gas  at 
any  temperature  for  a  rise  of  temperature  of  1°,  is  a  constant  fraction  of  its  initial 
volume  at  0°C  ;  Dalton's  law,  on  the  other  liand,  supposes  the  increase  in  the  volume 
of  a  gas  at  any  temperature  for  a  rise  of  P,  is  a  constant  fmction  of  its  ndume  at  that 
temperature  (the  *'•  Compound  Interest  Law,"  in  fact).  The  former  appears  to  approxi- 
mate closer  to  the  truth  than  the  latter.  Gay  Lussac  says  that  \i%  got  Ihu  lUiia  fium* 
CharW,  hence  this  property  of  gases  is  sometimes  called  Charles'  law,  or  the  law  of 
CharleB  and  Gay  Lussac.  ^^  aAo  iV)  1^ '  ^^  *         - 
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Examples. — (1)  To  find  the  angle  between  the  point  of  intersection  of  two 
straight  lines  whose  equations  are  given.    Let  the  equations  be 

y  =  mx  +  6 ;  y'  =  m'x'  +  h'. 
Let  ^  be  the  angle  required  (see  Fig.  15),  m  =  tan  a,  m'  =  tan  a .   From  Euclid, 
i.,  32,  a'  -  a  =  ^,  .*.  tan  (a'  -  a)  =  tan  ^.     By  formula,  page  600, 

tan  a'  -  tan  a         m'  -  m 


^      1  +  tan  a  .  tan  a'       1  +  mm' 


(11) 


Pig.  16. 


N 
Fig.  16. 


T3r 


(2)  To  find  tJie  distance  between  two  points  in  terms  of  their  coordinates. 
In  Fig.  16,  let  P(j*i2/i)  and  Q(r^^  be  the  given  points.  Draw  QJf*  parallel  to 
NM.    OM  =  x„  PM=^y^;  ON^  «,,  QN  =  y^; 

WP  =  MP  ^  MyP  =  MP  -  NQ  =  yi   -  y,; 
QM^  =  MN  =  OM  ^  ON  ^  x^  -  x^. 
Since  QPM^  is  a  right-angled  triangle 

(0^)*  =  {QM^f  +  (M^Pf, 
.-.    QP  =  'J(x,-lt^^  +  (y,-~y^^        .        .        .        (12) 


§  31.  Differential  Coofflcient  of  a  Point  moving  on  a  Straight 

Line. 

If  the  amoant  of  gas  (v^)  consumed  in  a  burner  is  proportional 
to  the  time  (t^),  equal  amounts  of  gas  are  consumed  in  equal  times. 
Suppose  that  the  amount  of  gas  burnt  in  one  second  be  denoted 
by  V,  then  for  time  t^,  Vi  has  a  value  Vq,  and  the  gas  consumed 
in  ^  -  ^Q  seconds  amounts  to  V{tj^  -  t^).     Hence 

i?i  =  Vo  +  V(t,  -  g, 
whatever  be  the  values  of  v  and  t.    This  equation  can  be  written 

{v^  -  V,)  =  v{t,  -  g, 

which  resembles  the  equation  to  a  straight  Une  (7),  when  the 

ratio  of  the  increments  of  x  and  y  possesses  a  constant  value. 

Expressing  the  last  equation  in  general  symbols,  we  can  put 

a;,  —  Xf.       increfnent  x  .      . 

-^ 9  =  , —  »  constant, 

y    —  y         increment  y  ' 
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or,  at  the  limit,  the  velocity  of  gas  consumption  may  be  represented 

by 

dx 
F  =  3^  =  tana;  .         .         .         (13) 

that  is  to  say,  by  a  straight  hne  with  a  slope,  or  inclination  to  the 
2D-axis  equal  to  tan  a. 

Example. — Malard  aud  Le  Ghatelier  represent  the  relation  between  the 
molecular  specific  heat  (s)  of  carbon  dioxide  and  temperature  {$)  by  the  ex- 
pression 

s  =  6-3  +  0-00664«  -  0-000001,08fl2. 

Plot  the  eyds/dB-curve  from  e  =  0°  to  (?  =  2,000°  (abscissae).  Possibly  a  few 
trials  will  have  to  be  made  before  the  '* scale'*  of  each  coordinate  will  be 
properly  proportioned  to  give  the  most  satisfactory  graph.  The  student  must 
learn  to  do  this  sort  of  thing  for  himself.  What  is  the  difference  in  meaning 
between  this  curve  and  the  Sy$  -  curve  ? 

§  82.  Straight  Lines  Satisfying  Conditions. 

The  reader  should  work  through  the  following  examples  so  as 
to  familiarise  himself  with  the  conceptions  of  coordinate  geometry. 
Many  of  the  properties  here  developed  for  the  straight  line  can 
easily  be  extended  to  curved  lines. 

(1)  The  condition  that  a  straight  line  may  pass  through  a  given 

point.     This  evidently  requires  that  the  coordinates  of  the  point 

should  satisfy  the  equation  of  the  line.    Let  the  equation  be  in  the 

tangent  form 

y  B  mx  +  b. 

If  the  line  is  to  pass  through  the  point  {x^,  y^), 

y^^mx^-^h, 

and  by  subtraction    {y  -  y^  —  m{x  -  x^)  .         .         .         (14) 

which  is  an  equation  of  a  straight  line  satisfying  the  required 

conditions. 

(2)  The  condition  that  a  straight  line  may  pass  through  two 
given  points.  Continuing  the  preceding  discussion,  if  the  line  is 
to  pass  through  (Xg,  ^2),  substitute  X2,  y^t  in  (14) 

(2^2  -  Vi)  =  M^2  -  ^i)» 

•••  -^  =  (3^2  -  2/i)/(«2  -  ^i)- 
Substituting  this  value  of  m  in  (14),  we  get  the  equation, 

fof  a  straight  line  passing  through  two  given  points  (X|,  ^,)  and 
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(3)  To  find  the  coordinates  of  the  point  of  intersection  of  two 
^iven  straight  lifies.     Let  the  given  equations  be 

y  =  mx  +  b  and  y  »  m'x  +  b'. 
Now  each  equation  is  satisfied  by  an  infinite  number  of  pairs  of 
values  of  x  and  y.  These  pairs  of  values  are  generally  di£ferent 
in  the  two  equations,  but  there  can  be  one,  and  only  one  pair  of 
values  of  x  and  y  that  satisfy  the  two  equations,  that  is,  the 
coordinates  of  the  point  of  intersection.  The  coordinates  at  this 
point  must  satisfy  the  two  equations,  and  this  is  true  of  no  other 
jpoint. 

The  roots  of  these  two  equations,  obtained  by  a  simple  algebraic 
operation,  are  the  coordinates  of  the  point  required.  The  point 
whose  coordinates  are  {b'  -  b)i{m  -  m'),  (b'm  -  bm')l{m  -  w') 
satisfies  the  two  equations. 

(4)  To  find  the  condition  that  three  given  lines  ma/y  meet  at  a 
point.  The  roots  of  the  equations  of  two  of  the  lines  are  the  co- 
ordinates of  their  point  of  intersection,  and  in  order  that  this  point 
may  be  on  a  third  line  the  roots  of  the  equations  of  two  of  the 
lines  must  satisfy  the  equation  of  the  third. 

Example. — If  three  lines  are  represented  by  the  equations  5x  +  8^  =  7, 
^  -  4^  =  10,  and  x  +  2y  =  0,  show  that  they  will  all  intersect  at  a  point 
whose  coordinates  are  x  =  2  and  y  =  -  1.  Solving  the  last  two  equationp, 
we  get  X  =  2  and  ^  =  -  1,  but  these  values  of  x  and  y  satisfy  the  first  equation, 
henoe  these  three  lines  meet  at  the  point  (2,  -  1). 

(5)  To  find  the  condition  that  two  lines  ma/y  be  parallel  to  one 
another.  Since  the  lines  are  to  be  parallel  they  must  make  equal 
angles  with  the  a;-axis, 

.'.  angle  a!  =  angle  a,  or  tan  a  =  tan  a, 
or  w  =  w',      .         .         .         .         (16) 

that  is  to  say,  the  coefficient  of  x  in  the  two  equations  must  be 
equal. 

(6)  To  find  the  condition  that  tivo  lines  may  be  perpendicular  to 
one  another.     If  the  angle  between  the  lines  is 

^  =  90°  [see  (11)]  a'  -  a  =  90°, 
.*.  tana  =  tan(90  -  a)  =  -  cot  a  =  -  1/tana, 

•••  ^'^'  =-m»  •  •  •  •  (^7) 
or,  the  slope  of  the  one  line  to  the  2;-axis  must  be  equal  and 
opposite  in  sign  to  the  reciprocal  of  the  slope  of  the  other. 
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§  88.  Changing  the  Coordinate  Axes. 

In  plotting  the  graph  of  any  function,  the  axes  of  reference 
should  he  so  chosen  that  the  resulting  curve  is  represented  in  the 
most  convenient  position.  It  is  frequently  necessary  to  pass  from 
one  system  of  coordinate  axes  to  another.  In  order  to  do  this 
the  equation  of  the  given  line  referred  to  the  new  axes  must  he 
deduced  from  the  corresponding  equation  referred  to  the  old  set 
of  axes. 

(1)  To  transform  from  any  system  of  coordinate  axes  to  another 
set  parallel  to  the  former  hut  having  a  different  origin.  Let  Ox, 
Oy  (Fig.  17)  he  original  axes,  and  KO^x^^  ^^iVi  ^he  new  axes 
parallel  to  Ox  and  Oy.  Let  MM^P  he  the  ordinate  of  any  point  P 
parallel  to  the  axes  Oy  and  O^j.     Let  h,  h  be  the  ordinates  of  the 


0'  H  M 

Fig.  17. — Transformation 

of  Axes. 


Fig.  18. — Transformation  of  Axes. 


new  origin  Oj  referred  to  the  old  axes.  Let  (x,  y)  be  the  coordinates 
of  P  referred  to  the  old  axes  Ox,  Oy,  and  {x^y^  its  coordinates 
referred  to  the  new  axes.     Then  OH  —  h,  O^H  =  k, 

x^OM^OH-^  HM  =  OH  +  O^M^  =  /i  +  Xj ; 

y  =  MP  ^  MM^  +  M^P  =  O^H  +  M^P  =  ^-  +  y^ 
That  is  to  say  we  must  substitute 

X  ^  h  -\-  x^  and  y  =  ^  +  ^j,  (18) 

in  order  to  refer  a  curve  to  a  new  set  of  rectangular  axes.  The 
new  coordinates  of  the  point  P  being 

x^^  X  -  h  and  y^  ^  y  -  k.  .  (19) 

(2)  To  transform  from  07ie  set  of  axes  to  another  having  the  same 
origin  but  different  directions.  Let  the  two  straight  lines  x^O  and 
y^O,  passing  through  0  (Fig.  18),  be  taken  as  the  new  system  of 
coordinates.  Let  the  coordinates  of  the  point  P  (x,  y)  when  re- 
ferred to  the  new  axes  be  x^,  y^     Draw  PM  perpendicular  to 
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the  old  a;-axi8,  and  PM^  perpendicular  to  the  new  axes,  so  that 
the  angle  MPM^  =  ROM^  =  a, 

OM  =  X,  OMy^  =  Xp  PM  ^  y,  PM^  =  y^. 
Draw  M^R  perpendicular  and  QM^  parallel  to  the  x-axis.     Then 

x^OM  ^OR  -  MR^OR  -  QM^, 
=  OM^  cos  a  -  M^P  sin  a ; 
.-.  a;  =  ajjCosa  -  y^sina        ....         (20) 
Similarly  y  ^  MP  ^  MQ -^  QP  ^  RM^  +  QP, 

=  OM^  sin  a  +  M^P  cos  a, 
.*.  y  =  XjSina  +  y^cosa         ....         (21) 
Equations  (20)  and  (21)  enable  as  to  refer  the  coordinates  of  a 
point  P  from  one  set  of  axes  to  another.     Solving  equations  (20) 
and  (21)  simultaneously, 

x,  =  a;  cos  a  +  y  sin  a\  ,oq\ 

yi  =  y  cos  a  -  X  sin  aj 
(3)  To  transform  from  one  set  of  axes  to  another  set  having  a 
different  origin  and  different  directions.    Obviously  this  can  be  done 
by  making  the  two  preceding  transformations  one  after  another. 


§  34.  The  Circle  and  its  Equation. 

To  find  the  equation  of  a  circle  referred  to  its  centre  as  origin. 
Let  r  be  radius  of  the  circle  (Fig.  19)  whose  centre  is  the  origin  of 
the  rectangular  coordinate  axes 
xOaf  and  yOy\  Take  any  point 
P{x,  y)  on  the  circle.  Let  PM 
be  the  ordinate  of  P.  From  the 
definition  of  a  circle  OP  is  con- 
stant and  equal  to  r.  Then  by 
Euclid,  i.,  47. 

(OM)^  +  (MPy  =  {0P)\ 
or  ic=^  +  y^  =  r2,    .         (1) 

which  is  the  equation  required. 

In  connection  with  this  equa- 
tion it  must  be  remembered  that 
the  abscissae  and  ordinates  of 
some  points  have  negative 
values,  but,  since  the  square  of  a  negative  quantity  is  always 
positive,  the  rule  still  holds  good.  Equation  (1)  therefore  expresses 
the  geometrical  fact  that  all  points  on  the  circumference  are  at  an 
equal  distance  from  the  centre. 


Fig.  19.— The  Circle. 
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ExAMPLBS. — (1)  Required  the  locus  of  a  point  moving  in  a  path  according 
to  the  equations  y  =  a  cos  t^  x  =  a  sin  ^,  where  t  denotes  an  j  given  interval  of 
time.    Square  each  equation  and  add, 

ya  +  a?«  =  a^{oosH  +  smH), 
The  expression  in  brackets  is  unity  (formula  (17)  page  499),  and  hence  for  all 
values  of  t 

y«  +  X*  =  a*, 
i.e.,  the  point  moves  on  the  perimeter  of  a  circle  of  radius  a. 

(2)  To  find  the  equation  of  a  circle  whose  centre,  referred  to  a  pair  of 
rectangular  axes,  has  the  coordinates  h  and  k.    From  (19),  previous  paragraph, 

{x-h)^+(y-k)^  =  r^ (2) 

where  P{Xy  y)  is  any  point  on  the  circumference.  Note  the  product  xy  is 
absent.  The  coefficients  of  x'  and  y'^  are  equal  in  magnitude  and  sign. 
These  conditions  are  fulfilled  by  every  equation  to  a  circle.    Such  is 

3x«  +  8y*  +  7a:  -  12  =  0. 


The  general  equation  of  a  circle  is 


(3) 


§  3d.  The  Parabola  and  its  Equation. 

There  is  a  set  of  important  curves  whose  shape  can  be  obtained 

by  cutting  a  cone  at  different  angles. 
Hence  the  name  conic  sections.  They 
include  the  parabola,  h3rperbola  and 
ellipse,  of  which  the  circle  is  a  special 
case.  I  shall  very  briefly  describe 
their  chief  properties. 

A  parabola  is  a  curve  such  that 
any  point  on  the  curve  is  eqm-distant 
from  a  given  point  and  a  given  straight 
line. 

The  given  point  is  called  the 
focu^f  the  straight  line  the  directrix, 
the  distance  of  any  point  on  the 
curve  from  the  focus  is  called  the 
focal  radius.  0,  Fig.  20,  is  called 
AK  is  the  directrix ;  OF,  PF,  P^F  .  .  . 


Fig.  20.— The  Parabola. 


vertex  of  the  parabola, 
are  focal  radii ; 


K.P.  =  PoF,  KoPo  =  PoF,  KP  ==  PF,  AO  =  OF. 


2^  2 


The  reader  should  verify  all  these  equations  by  plotting  on  hia  "squared "  paper. 
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(1)  To  find  the  equation  of  the  parabola.  Take  vertex  as  origin  of  the 
coordinate  axes.    Let  OA  »  OF  =  a.    Take  any  point  P(a;,  y) 

FP  =  PK  :=  AM  =^  AO  +  OM  =  X  +  a; 
FM  =  OM  ^  OF  =x  -  a\ 

PM=y. 
In  right-angled  triangle  FPM 

{x  -  a)«  +  y^=  {X  +  a)«; 

.-.     y^  =  4aa;, (1) 

which  is  the  standard  equation  of  the  parabola.  The  abscissae  are  proportional 
to  the  squares  of  the  ordinates. 

(2)  To  find  the  shape  of  the  pa/rabola.     From  (1) 

y  =  ±2  J(kx. 

Ist.  Every  positiye  value  of  x  gives  two  equal  and  oppo- 
site values  of  y,  that  is  to  say,  there  are  two  points  at  equal 
distances  perpendicular  to  the  o^-axis.  This  being  true  for  all 
values  of  x,  the  part  of  the  curve  lying  on  one  side  of  the  o^-axis 
is  the  mirror  image  of  that  on  the  opposite  side  *  ;  in  this  case  the 
^K-axis  is  said  to  be  63rmmetrical  with  respect  to  the  parabola. 
Hence  any  line  perpendicular  to  the  ^-axis  cuts  the  curve  at  two 
points  equidistant  from  the  a;-axis. 

2nd.  When  x  =  0,  the  ^-axis  is  tangent  -f  to  the  curve. 

drd.  a  being  positive  when  x  is  negative,  there  is  no  real  value 
of  y,  for  no  real  number  is  known  whose  square  is  negative ;  in 
consequence,  the  parabola  lies  wholly  on  the  right  side  of  the  ^-axis. 

4th.  As  X  increases  without  limit,  y  approaches  infinity,  that  is 
io  say,  the  parabola  recedes  indefinitely  from  the  x  or  symmetrical* 
axis  on  both  sides. 

Examples. — (1)  By  a  transformation  of  coordinates  show  that  the  para- 
bola represented  by  equation  (1),  may  be  written  in  the  form 

X  =  a  +  by  +  cy^, (2) 

where  a,  6,  c  are  constants.  Let  x  become  X'^h\y=sy  +  k;a=j  where  h^  k 
and  j  are  constants.  Substitute  the  new  values  of  x  in  (1)  and  multiply  out. 
Collect  the  constants  together  and  equate  to  a,  5  and  c  as  the  case  might  be. 

(2)  In  the  general  equation  of  the  second  degree 

ax'^  +  bxy  +  cy*  ■\-  fx  +  gy  +  h  =  0,  .  .  .  (3) 
\i  b^  -  ^€tc  =  0,  the  equation  represents  a  parabola,  one  or  two  straight  lines 
or  an  impossible  curve.  Trace  the  curve  x*  -  2xy  +  y*  -  &c  +  16  =  0  and. 
show  that  the  curve  is  a  parabola,  6  =  2,  a  =  l,c  =  l.  What  relations  must 
exist  between  the  coefficients  in  order  that  (3)  may  represent  a  circle  ? 

*  The  student  of  stereo-chemistry  would  say  the  two  sides  were  "  enantiomorphic  ". 
fA  '* tangent"  is  a  straight  line  which  touches  but  does  not  cut  the  curve  (see 
pages  82  and  494). 
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§  36.  The  Ellipse  and  its  Equation. 

An  ellipse  is  a  curve  such  that  the  sum  of  the  distances  of  any 
'point  on  the  curve  from  two  given  points  is  always  the  sam^. 

In  Fig.  21  let  P  be  the  given  point  which  moves  on  the  curve 

PR  so  that  its  distance  from  the  two  fixed  points  F^^  F^,  called  the 

Jocif  has  a  constant  value  say  2a.     The  distance  of  P  from  either 

focus  is  called  the /ocaZ  radius  (or  radius  vector).     PF^  +  PFy  =  2a. 


Fig.  21.— The  Ellipse. 

(1)  Tofiiid  tJte  equation  of  the  ellipse.  This  is  rather  a  tedious  deduction. 
If  desired,  the  finaJ  equation  may  be  taken  without  proof.  In  the  same  figure, 
let  xOx'  and  yOy*  be  a  pair  of  coordinate  axes  such  that  the  centre  O  bisects 
the  line  F^j  on  the  x-axis.  Take  any  point  P(x,  y)  on  the  ellipse.  Complete 
Pig.  21.  Let  OF^  —  OF^  =  c  so  that  a  >  c,  otherwise  F^  and  Fi  fall  outside 
the  ellipse.  Let  J\P  =  r^,  F^P  =  r^  In  the  right-angled  triangles  P/^jlf  and 
F^PM 

(F^)^  =  (P^f)^  +  (F,M)2,  and  (F,P)«  =  (PM)^  +  (MF^)^ ; 


or 


S  —  ii2 


y^+  (x  -  c)\  and  r^^  -  y«  +  (x  +  c)«. 


(1) 


Add  and  also  subtract  equations  (1),  when 

r,«  +  ra«  =  2(y«  +  x«  +  c«)  ; (2) 

1*1*  -  rj^  =  icx ;  or  (r,  +  r,)  {r^  -  r^)  =  4cx.  .         (8) 

By  definition  of  the  ellipse  r,  +  r,  =  2a  and  substituting  this  value  of  r^  +  r, 
in  (8),  we  get 

r^  -  r^  =  ^Icxja (4) 

Adding  and  subtracting  r^  +  r,  =  2a  from  this  equation  we  obtain 

r,  =  o  +  cxja ;  r,  =  cxfa  -a (5) 

Squaring  equations  (5),  and  substituting  in  (2),  we  get 

a*  +  c«x«  =  a«(y«  +  x«  +  c«) ; 
or  x2(a»  -  c^  +  aV  =  «'(«*  -  c*)       •         •         •         •         (6) 

If  we  take  a  point  P^  on  the  ^-axis  such  that  P^F^  =  PjF^  =  a  and  let  OP^  =  6  ; 
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in  the  right-angled  triangles  P^OF^  and  PfiF^,  6^  +  c«  =  a«,  or  a*  -  c^  =  b^. 
Substituting  6*  for  a'  -  c^^  in  (6),  and  dividing  by  a'6^,  we  get 

js  +  ^  =  i (7) 

which  is  the  required  equation  of  the  ellipse. 

Obviously,  if  a  =  6,  this  equation  passes  into  that  of  a  circle  (page  75). 
The  circle  is  thus  a  special  case  of  the  ellipse. 

The  line  P^P^j  iii  Fig.  21,  is  called  the  major  axis,  PiP^  the 
minor  axiSf  their  respective  lengths  being  2a  and  2b  ;  the  magni- 
tudes a  and  b  are  the  semi-axes  ;  each  of  the  points  Pj,  Pg*  ^a*  ^4» 
is  a  vertex. 

(2)  To  find  the  ^hape  of  the  ellipse.  From  equation  (7)  it 
follows  that 

y  -^±b  Jl  -  a;2/a^  &nd  X  ^  ±  a  y/l  -  yW.     .         (8) 

1st.  Since  y^  must  be  positive,  x^ja-  >•  1,  that  is  to  say,  x 
cannot  be  numerically  greater  than  a.  Similarly  it  can  be  shown 
that  y  cannot  be  numerically  greater  than  b. 

2nd.  Every  positive  value  of  x  gives  two  equal  and  opposite 
values  of  y,  that  is  to  say,  there  are  two  points  at  equal  distances 
perpendicularly  above  and  below  the  j?-axis.  The  ellipse  is  there- 
fore symmetrical  with  respect  to  the  aj-axis.  In  the  same  way,  it 
can  be  shown  that  the  ellipse  is  symmetrical  with  respect  to  the 
^-axis. 

3rd.  If  the  value  of  x  increases  from  zero  until  x  ^  ±  a,  then 
^  =  0,  and  these  two  values  of  x  furnish  two  points  on  the  a;-axis. 
If  X  now  increases  until  x  >  a,  there  is  no  real  corresponding 
value  of  y^.  Hence  the  ellipse  lies  in  a  strip  bounded  by  the 
limits  X  =»  ±  a;  similarly  it  can  be  shown  that  the  ellipse  is 
bounded  by  the  limits  y  =  ±  b. 

The  ellipse  is  not  a  very  important  curve.  Its  chief  application 
will  be  discussed  later  on. 

ExAUPLBS. — (1)  Let  the  point  P(.r,  y)  move  on  a  curve  so  that  the  position 
of  the  point,  at  any  moment,  is  given  by  the  equations,  x  =  a  cos  /  and 
y  =  b  sin  t ;  required  the  path  described  by  the  moving  point. 

Square  and  add,  since  cos^^  +  sin'^  is  unity  (page  499), 

jr«/a"  +  y^lb^  =  1. 
The  point  therefore  moves  on  an  ellipse. 

(2)  The  general  equation  of  the  second  degree, 

OJ^  4-  bxy  ■\-  q/^  +  fx  +  gy  +  h  =  0, 
represents  an  ellipse  when  b*  -  iac  is  negative,  or  else  it  represents  a  circle, 
point,  or  an  imaginary  curve.     For  instance,  x^  -  2xy  +  2y^  -  x  +  y  +  2  =  0 
Here  6'  -  4ac  =  -  4.     Plot  the  curve  to  this  equation. 
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(8)  Find  the  relation  between  the  constants  a,  b,  tn,  c  in  the  equations 
•r'/a'  +  ^/6^  =  1  and  y  =  mx  +  c,  in  order  that  the  line  may  out  the  ellipse  in 
two,  one,  or  no  point.  For  the  first  ahn^  +  6'  -  c-  must  be  greater  than  zero, 
for  the  second,  equal  to  zero,  for  the  third,  less  than  zero. 

§  87.  The  Hyperbola  and  its  Equation. 

ITte  hyperbola  is  a  curve  such  that  the  difference  of  the  distance 
of  any  point  on  the  curve  from  two  fixed  points  is  always  the  same. 

Let  the  point  P{x,  y)  (Fig.  22)  move  so  that  the  difference  of 
its  distances  from  two  fixed  points  F,  F  (called  the  foci)  is  equal 
to  2a.     Then  PF  -  PF  =  2a. 

(1)  To  find  the  equation  of  the  hyperbola.  Let  xOx\  yOy*  be  rectangular 
axes  intersecting  at  a  point  midwaj  between  F'  and  F  so  that  OF  =  OF*  =  c,. 
and  let  FP  =  r,  F'P  =  r'.    In  the  right-angled  triangles  FP3f  and  F'PM, 

(FP)«  =  (PM)^  +  (AfF)a,  and  {F'P)*  =  (PAf)>  +  {F^Bi)*; 
or  T»  =  y*  +  {z  -  c)«,  and  r'»  =  y«+  (j:  +  c)«.     .        .        .         (1> 


Fig.  22.— The  Hyperbola. 

Adding  and  subtracting  equations  (1)  we  get 

r*  +  1^  =  2(y«  +  3^  +  6^ (2> 

1^  -  r^  =  icx,  or  (r'  -  r)  (r  -i-  r')  =  ^cx.   ...         (3) 

By  definition  of  the  hyperbola,  r'  -  r  =  2a.     Substituting  this  result  in  (8)  we 

get 

r  -i-  r'  =  2cxla (4) 

By  addition  and  subtraction  of  r'  -  r  =  2a,  from  (4), 

r^  =  a  '\'  cxja  \  r  =  -  a  +  cxja.  .        .         (6) 

Squaring  equations  (5),  and  substituting  in  (2),  we  get 

a*  +  cV  =  a«(2/«  +  jc^  +  c«) ; 
or  x«(a«  -  c«)  +  aV  =  a*(a'  -  ««).  .        .        .        (6> 

By  Euclid,  i.,  20  (Cor.),  the  difference  between  any  two  sides  of  a  triangle  is 
smaller  than  the  third  side,  and  therefore 

2a  <  2c,  or  a  <  c. 
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Let  •  (?  =  a^  ^-  62,  or  a«  -  c«  =  -  6^. 

Sabstituting  this  value  of  6^  in  (6)  and  dividing  out,  we  obtain  the  equation 

to  the  hyperbola  in  the  simple  form 


=  1 (7) 


The  a;0a?'-axi8  is  called  the  transverse  or  real  axes  of  the  hyper- 
bola ;  yOy'  the  conjugate  or  imaginary  axes ;  the  points  Aj  A'  are 
the  vertices  of  the  hyperbolas,  a  is  the  real  semi-axis,  b  the 
imaginary  semi-axis, 

(2)  To  find  the  shape  of  the  hyperbola.     From  (7) 

y  ^±'-  Jx^  -  a2,  andx  =  ±  I  Jy^~+TK        .        (8) 

1st.  Since  y^  must  be  positive,  x^  -<  a*,  or  a?  cannot  be  nu- 
merically less  than  a.  No  limit  with  respect  to  y  can  be  inferred 
from  equation  (8). 

2nd.  For  every  positive  value  of  x,  there  are  two  values  of  y 
differing  only  in  sign.  Hence  these  two  points  are  perpendicular 
above  and  below  the  ^-axis,  that  is  to  say,  the  hyperbola  is  sym- 
metrical with  respect  to  the  2;-axis.  There  are  also  two  equal  and 
opposite  values  of  x  for  all  values  of  y.  The  hyperbola  is  thus 
symmetrical  with  respect  to  the  y-axis. 

3rd.  If  the  value  of  x  changes  from  zero  until  a?  =  +  a,  theti 
y  =  0,  and  these  two  values  of  x  furnish  two  points  on  the  a?-axis. 
li  X  >  a,  there  are  two  equal  and  opposite  values  of  y.  Similarly 
for  every  value  of  y  there  are  two  equal  and  opposite  values  of  x. 
The  curve  is  thus  symmetrical  with  respect  to  both  axes,  and  liea 
beyond  the  limits  x  =  ±  a. 

Examples. — (1)  In  the  general  equation  of  the  second  degree, 

ax^  +  bxy  +  cy^  -i-  fx  +  gy  +  h  =  0, 
it  b^  -  ^ac  is  positive,  the  equation  either  represents  an  hyperbola  or  two 
intersecting  straight  lines.     E.g.^  x^  -  6xy  +  y^  +  2x'+  2y  +  2  =  0.     Plot 
this  curve. 

(2)  The  equation  to  the  hyperbola  whose  origin  is  at  its  vertex  is 

aV  =  2a6%c  +  b^x\ 
Substitute  x  +  a  f or  ar  in  the  regular  equation.     Note  that  y  does  not  change. 

Before  describing  the  properties  of  this  interesting  curve  I 
shall  discuss  some  fundamental  properties  of  curves  in  general. 


♦  With  A  or  ^'  as  centre,  and  radins  equal  to  OF  =  c,  describe  a  circle  cutting 
the  y-axis  at  the  points  5,  B\  Complete  Fig.  22.  Hence  <^  =  a*  +  6».  Note.— For 
greater  deameas  in  the  drawing,  F  and  F  have  been  removed  a  little  further  from 
the  curve  than  their  real  position. 

F 
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§  88.  A  Study  of  CuPTes. 

(1)  The  tangent  to  a  curve  (footnote,  page  77).    Let  OPQ  be  a 

curve  situated,  with  respect  to 
a  pair  of  coordinate  axes,  as 
shown  in  Fig.  23.  Let  P  and 
Q  be  two  points  on  the  curve, 
PM  and  QN  their  perpendicu- 
lars on  Ox.  Let  PR  be  drawn 
parallel  to  MN.  Join  PQ  and 
produce  QP  to  cut  Ox  pro- 
duced at  T.  If  Q  is  supposed 
to  travel  along  the  curve  until 
it  approaches  infinitely  near  to 
the  point  P,  the  chord  PQ  be- 
comes, at  the  limit,  the  tangent 

to  the  given  curve  at  P.     Hence  the  limit  of  the  ratio  RQ/PR  is 

«  tangent  to  the  given  curve.     Or 

RO 
Ltp^  =  Lt  tan  RPQ  =  Lt  tan  NTP  .         .         (1) 

Take  any  point  P{x,  y)  on  the  curve  POP"  represented  by  the 
•equation 

y^f{x) (2) 

Let  the  coordinates  of  P  be  increased  by  any  arbitrary  increments 
Sx  and  %,  so  that  the  particle  occupies  a  new  position, 

Q(x  +  &c,  y  +  8y). 
OM^x;  PR  ^  MN  =  &r ;  ON  =  x  +  ^ 
MP  ^y;  QB  -  5y ;  QN  ^  QR  +  RN  ^  QR  ^  PM  =  y  +  St/. 
Since  the  point  Q  also  lies  on  the  curve, 

y  +  %  =  /(a;  +  &c),       .  .        .        (3) 

and  Eg  =  Sy  =/(a;  -I-  &r)  -  f(x). 


Lt^^      Lt 

PR  "  ^  ^ 


f(x  -h  &r)  -  f(x) 


=  Ltij-  =  Oct:  ; 


«5 


{iiicr.  x)' 


(«) 


or  dyldx »  tan  a       .         .         .         . 

This  is  a  most  important  result.  In  words,  the  tangent  of  the 
angle  made  by  the  slope  of  any  part  of  the  curve  towards  the  x-axis 
is  the  first  differential  coefficient  of  the  ordinate  of  the  curve  with 
respect  to  the  abscissa.     This  rule  applies  to  any  curve. 
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Examples. — (1)  Find  the  tangent  of  the  angle  (a)  made  by  any  point 
P(a?,  y)  on  the  parabolic  curve.  In  other  words,  it  is  required  to  find  a 
straight  line  which  has  the  same  slope  as  the  curve  has  which  passes 
through  the  point  P(x,  y).    Since 

J/*  =  4cax ;  dyldx  =  2a/y  =  tan  a. 
If  the  tangent  of  the  angle  were  to  have  any  particular  value,  this  value  would 
have  to  be  substituted  in  place  of  d/yjdx.    For  instance,  let  the  tangent  to  the 
point  P(x,  y)  make  an  angle  of  45°.     Since  tan  45  =  unity, 

2a/y  =  tan  a  =  1,  .*.  y  =  2a. 
Substituting  in  the  original  equation  y"^  =  4aa;,  we  get 

X  =  ay 
that  is  to  say,  the  required  tangent  passes  through  the  extremity  of  the 
ordinate  perpendicular  on  the  focus.    If  the  tangent  had  to  be  parallel  to  the 
sc-axis,  tan  0  being  zero,  dyjdx  is  equated  to  zero ;  while  if  the  tangent  had  to 
be  perpendicular  to  the  ar-axis,  since  tan  90°  =  qd,  dyjdx  =  oo. 

(2)  Required  the  direction  of  motion  at  any  moment  of  a  point  moving 

according  to  the  equation,  y  =  a  cos  2wl  71  -*-  «  )•    The  tangent  at  any  time  t 

2»a  /  t         \ 

has  the  slope,  -    -m-  sin  2ir(  7?  +  •  )• 

(2)  Equation  of  the  tangent  line.  Let  TP  (Fig.  24)  be  a  tan- 
gent to  the  curve  at  the  point  P{x^j  ^j).  Let  OM  =  x^,  PM  =  y^ 
Let  y  s  mx,  be  the  equation  of  the  tangent  line,  and  ^^  »  f{Xj) 
the  equation  of  the  curve.  The  condition  that  a  straight  line  may 
pass  through  the  point  P(x^,  y^),  is  (equation  (14),  page  72)  that 

y  -Vi^  w(a;  -  ajj)  .         .  (6) 

where  m  is  the  tangent  of  the  angle  which  the  line  y  =  mx  makes 
with  the  a;-axis.  But  we  have  just  seen  that  this  angle  is  equal 
to  the  first  differential  coefficient  of  the  ordinate  of  the  curve ; 
hence  by  substitution 

y  -  2/1  =  ^iP^  -  ^i)»        ...         (6) 

which  is  the  required  equation  of  the  tangent  to  a  curve  at  a 
point  whose  coordinates  are  rr^  y^ 

ExAMPLB. — ^Required  the  equation  of  the  tangent  to  a  parabola.     Since 

y^  =  4aaJi,  dyjdx^  =  2a/y,. 
Substituting  in  (5)  and  rearranging  terms, 

Substituting  for  y^^  we  get 

yyy^  =  2a(.T  +  x^ 
as  the  equation  for  the  tangent  line  of  a  parabola.  If  x  =  0,  tan  a  =  00,  and 
the  tangent  is  perpendicular  to  the  x-axis  and  touches  the  ^-axis.  To  get  the 
point  of  intersection  of  the  tangent  with  the  x-axis  put  ^  =  0,  then  x  =  -  x,. 
The  vertex  of  the  parabola  therefore  bisects  the  x-axis  between  the  point  of 
'  intersection  of  the  tangent  and  of  the  ordinate  of  the  point  of  tangency. 
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(3)  Equation  of  the  normal  line.  A  normal  line  is  a  perpen- 
dicular to  the  tangent  at  a  given 
point  on  the  curve,  drawn  to  the 
X-axis. 

Let  NP  be  normal  to  the  curve 
(Fig.  24)  at  the  point  P{x^,  y^. 
Let  y  =»  mx^  be  the  equation  to 
the  normal  line,  y-^  =  f[x^,  the 
equation  to  the  curve.  The  con- 
dition that  any  line  may  be  per- 
pendicular to  the  tangent  line  TP^ 


Fig.  24. 


is  that  w'  =  -  1/m  (equation  (17),  page  73).     From  (5) 

m 


or 


(7) 


(4)  Equation  of  the  subnormal.  The  subnormal  of  any  curve 
is  that  part  of  the  a;-axis  lying  between  the  point  of  intersection  of 
the  normal  and  the  ordinate  drawn  from  the  same  point  on  the 
curve. 

Let  MN  be  the  subnormal  of  the  curve  shown  in  figure  24,  then 

MN  =  X  -  x^. 
The  corresponding  value  for  the  length  of  the  subnormal  is,  from  (7)» 

MN^x-x,~y,^^      ...        (8) 
the  normal  being  drawn  from  the  point  P{x^,  ^j). 

(5)  Eqttation  of  the  subtangent.  The  subtangent  of  any  curve 
is  that  part  of  the  x-axis  lying  between  the  points  of  intersection 
of  the  tangent  and  the  ordinate  drawn  from  the  given  point. 

Let  MT  (Fig.  24)  be  the  subtangent,  then 

x^-  x^  MT, 
Putting  ^  =  0  in  equation  (6),  the  corresponding  value  for  the 
length  of  the  subtangent  is 

MT  =  a?!  -  re  =  y^dxjdy^.  ...         (9) 


1 


(6)  The  length  of  the  tangent  and  of  the  normal.  The  length 
of  the  tangent  can  be  readily  found  by  substituting  the  values 
PM  and  TM  in  the  equation  for  the  hypotenuse  of  a  right-angled 
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triangle  TPM  (Euclid,  i.,  47) ;  and  in  the  same  way  the  length  of 
the  normal  is  obtained  from  the  known  values  of  MN  and  PM 
already  deduced. 

EzAMFLBS. — (1)  Find  the  length  of  the  subtangent  and  subnormal  lines 
in  the  parabola,  j/*  =  ^ax.     Since 

the  subtangent  is  2x,  the  subnormal  2a. 

(2)  Show  that  the  subtangent  of  the  curve  jrv  ^  constant,  is  equal  U>  -  p. 

§  39.  The  Parabola  {resumed). 

Returning  now  to  the  special  curves,  let  P(x,  y)  be  a  point  on  the  para- 
bolic curve  (Fig.  25)  referred  to  the  coordinate  axes  Ox,  Oy ;  PT  a  tangent  at 
the  point  P.  Let  F  be  the  focus  of  the  parabola  y^  ==  ^ax.  Join  PF.  Draw 
KP  parallel  to  Ox.  Join  KT.  Then  KPFT  is  a  rhombus  (Euclid,  i.,  34), 
for  it  has  been  shown  that  the  vertex  of  the  parabola  A  bisects  the  subtangent 
(Example  (1)  above).     Hence, 

TA  =  AM,  and,  by  definition,  OA  =  AF, 
.'.T0  =  FM,  and  KP  =  TF, 
.*.  the  sides  KT  and  PF  are  parallel,  and  by  definition  of  the  parabola, 
KP  =  PF, .'.  the  two  triangles  KPT  and  PTF  are  equal  in  all  respects,  and 
(Euclid,  1.,  5)  the  angle  KPT  =  angle 
TPF,  that  is  to  say,  the  tangent  to  tlie 
parabola  at  any  given  point  bisects  the 
angle  made  by  the  focal  radius  and 
the  perpendicular  dropped  on  to  the 
directrix  from  the  given  point. 

In  Fig.  26,  the  angle  TPF  =^ 
angle  TPiT  =  opposite  angle  RPT 
(Euclid,  i.,  15).  But,  by  construc- 
tion, the  angles  TPN  and  NPT  are 
right  angles;  take  away  the  equal 
angles  TPF  and  RPT  and  the  angle 
FPN  ia  equal  to  the  angle  NPR,  that 
is  to  say,  the  normal  at  any  point  on 


Fig.  26.~The  Focus  of  the  Parabola 
(after  Nemst  and  Schonflies). 


the  parabola,  bisects  the  angle  enclosed  by  the  focal  radius  and  a  line  drawn 
through  the  given  point,  parallel  to  the  x-axis. 

This  property  is  of  great  importance  in  physics.  All  light  rays  falling 
pcu*allel  to  the  principal  (or  x-)  axis  on  to  a  parabolic  mirror  are  reflected  at 
the  focus  F,  and  conversely  all  light  rays  proceeding  from  the  focus  are  re- 
flected parallel  to  the  x-axis.  Hence  the  employment  of  parabolic  mirrors 
for  illumination  and  other  purposes.  In  some  of  Marconi's  recent  experi* 
ments  on  wireless  telegraphy,  electrical  radiations  were  directed  by  means  of 
parabolic  reflectors.  Hertz,  in  his  classical  researches  on  the  identity  of  light 
and  electro-magnetic  waves,  employed  large  parabolic  mirrors,  in  the  focus  of 
which  a  '* generator,"  or  *' receiver'*  of  the  electrical  oscillations  was  placed. 
See  the  translation  of  Hertz's  Electric  Waves,  by  Jones  (1893),  page  172. 
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§  40.  The  Ellipse  (resumed). 


The  deduction  of  an  equation  for  the  tangent  at  any  point  on  the  ellipse  is 
a  simple  exercise  on  equation  (6),  page  83, 

(1) 


y-yi  =  ^(<^  -  aq)  • 


Differentiating  the  equation  of  the  ellipse,  x-fja^  +  y\l^  =  1,  we  obtain 

dx^         a*  y^ 
substituting  this  value  of  dyjjdx^  in  (1) 

y-yi  =  -  ^(^  -  ^i). 

Multiply  by  y^  and  divide  through  by  6',  rearrange  terms  and  combine  the 
result  with  the  equation  to  the  ellipse.  The  result  is  the  tangent  to  any  point 
on  the  ellipse, 

f-^'  =  x (S) 

where  x^,  yi  are  coordinates  of  any  point  on  the  curve  and  x,  y  the  coordi- 
nates of  the  tangent. 

Now  the  tangent  cuts  the  x-axis  at  a  point  where  |/  =  0.     Hence 

xiti  =  a',  or,  X  =  a^jxj (4) 

Ih  Fig.  26  let  PT  be  a  tangent  to  the  ellipse,  PN  the  normal.    From  (4) 

F^T  =  x  +  c  =  a^lxj  +  c,FT  =  x  -  c  =  a^jx^  -  c, 
and  F^T      a^^cx, ^5) 


FT 


a 


a  _ 


From  equations  (5),  page  78, 


CXj 


Pf\  _  rj  _  a«-f 


cx. 


PF 


a^  -  cXi 


(6) 


From  (6)  and  (6),  therefore, 


FiT:FT  =  FiP'.FP. 


Fig.  26.— The  Foci  of  the  Ellipse  (after  Nemst  and  Schonflies). 

By  Euclid,  vi.,  A :  "  If,  in  any  triangle,  the  segments  of  the  base  produced 
have  to  one  another  the  same  ratio  as  the  remaining  sides  of  the  triangle, 
the  straight  line  drawn  from  the  vertex  to  the  point  of  section  bisects  the 
external  angle  *'.     Hence  in  the  triangle  FPF^,  the  tangent  bisects  the  ex- 
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temal  angle  FPR,  and  the  normal  bisects  the  angle  FPF^.  That  is  to  say, 
the  normal  at  any  point  on  the  ellipse  bisects  the  angle  enclosed  by  the  focal 
radii;  and  the  tangent  at  any  point  on  the  ellipse  bisects  the  exterior  angle 
formed  by  the  focal  radii. 

This  property  accounts  for  the  fact  that  if  F^P  be  a  ray  of  light  emitted 
by  some  source  i^,,  the  tangent  at  P  represents  the  reflecting  surface  at  that 
point,  and  the  normal  to  the  tangent  is  therefore  normal  to  the  surface  of 
incidence.  From  a  well-known  optical  law,  **  the  angles  of  incidence  and  re- 
flection are  equal,"  and  since  F^PN  is  equal  to  NPF  when  PF  is  the  reflected 
ray,  all  rays  emitted  from  one  focus  of  the  ellipse  are  reflected  and  concen- 
trated at  the  other  focus.  This  well-known  physical  phenomena  applies  to 
light,  heat,  sound  and  electro-magnetic  waves. 

The  questions  raised  in  §§  39  and  40  are  treated  in  any  textbook  on 
physical  or  geometrical  optics. 


§  41.  The  Hyperbola  {resigned). 

(1)  The  equation  of  tlie  tangent  at  any  point  P(x^t  ^i)  on  the  hyperbolic 
curve,  is  obtained,  as  before,  by  substituting  the  first  differential  coefficient 
of  the  tangent  to  the  curve  in  the  equation 

yyi  =  Si<*  -  ^i) <*) 

By  differentiation  of  the  equation  x^ja^  -  y'^jb^  =  1,  we  get, 

dx.-a^y, ^^^ 

Multiply  this  equation  by  y,  divide  by  b^,  rearrange  the  terms  and  combine 
the  result  with  (2).  We  thus  find  that  the  tangent  to  any  point  on  the 
hyperbola  has  the  equation 

f«'-f  =  l (3) 

At  the  point  of  intersection  of  the  tangent  with  the  a; -axis,  ^  =  0  and  the 
corresponding  value  of  x  is 

x  =  a«/x, (4) 

the  same  as  for  the  ellipse. 

The  limiting  position  of  the  tangent  to  the  point  on  the  hyperbola  at  an 
infinite  distance  away  is  interesting.     Such  a  tangent  is  called  an  asymptote. 
From  (4)  if  Xj  is  infinitely  great,  x  =  0,  and  the  tangent  then  passes 
through  the  origin. 

(2)  To  find  the  angle  which  the  asymptote  makes  with  the  x-cucis  we  must 
determine  the  relative  value  of 


y\ 

6»" 

-  1. 

Multiply 

both  sides 

by  6>«, 

and 

62 

x«* 

88 


HIGHER  MATHEMATICS. 


§42. 


If  x  be  made  infinitely  great  the  desired  ratio  is 

ijix  =  00  -o  =  — «i  •  •  ■'-'Kr  =  00  -  =  - . 

X*     a*  X     a 

Substituting  this  in  equation  (2)  above  we  ge^i,  by  writing  x  for  Xj,  y  for  y^^ 

dy  a     b^      b 

^  =  tana(8ay)=^.   -,  =  ^    .        .        .        .        (5) 

If  we  now  construct  the  rectangle  RSS'R'  (Fig.  22,  page  80)  with  sides 
parallel  to  the  axis  and  cut  off  OA  =  OA'  =  a,  OB  =  OB'  =  6,  the  diagonal 
in  the  first  quadrant  and  the  asymptote,  having  the  same  relation  to  the  two 
axes,  are  identical.  Since  the  x-  and  ^-azes  are  synmietrical,  it  follows  that 
these  conditions  hold  for  every  quadrant.  See  page  187  for  a  further  dis- 
cussion on  the  properties  of  asymptotes. 

§  42.  The  Reotangular  of  Equilateral  Hyperbola. 

If  we  put  a  =»  6  in  the  standard  equation  to  the  hyperbola,  the 
result  is  a  special  case  of  the  hyperbola  for  which 

x^  -y^^a\      .  (6) 

and  from  equation  (2),  page  496, 

tan  a  =  1  =  tan  45°, 
that  is  to  say,  each  asymptote  makes  an  angle  of  45°  with  the  x-, 
or  ^-axes.     In  other  words,  the  asymptotes  bisect  the  coordinate 

axes.  This  special  form  of  the 
hyperbola  is  called  an  equilat- 
eral or  rectangular  hyperbola. 
It  follows  directly  that  the 
asymptotes  are  at  right  angles 
to  each  other.  The  asymptotes 
may,  therefore,  serve  as  a  pair 
of  rectangular  coordinate  axes. 
This  is  a  very  important  prop- 
erty of  the  rectangular  hyper- 
bola. 

To  find  the  equation  of  a 
rectangular  hyperbola  referred 
to  its  asymptotes  as  coordinate  axes.  This  problem  is  most  simply 
treated  as  one  of  transformation  of  coordinates  from  one  system 
(page  74)  to  another  inclined  at  an  angle  of  45°  to  the  old  set,  but 
having  the  same  origin. 

On  page  75  it  was  shown  that  if  the  coordinates  of  a  point 
P{x,  y)  referred  to  one  set  of  axes,  become  x^  and  y^  when  referred 
to  a  new  set,  the  equations  of  transformation  are 

X  ^  x^  cos  a  -  y^  sin  a ;  y  —  x^  sin  a  +  y^  cos  a    .         (7) 


Fig.  27. — The  Rectangular  Hyperbola. 
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As  shown  in  Fig.  27,  the  old  axes  yOx  have  to  be  rotated  through 
an  angle  of  -  45®.* 

But  sin  ( -  45°)  =  -  1  /  ^2  ;  cos  (  -  45°)  =  1/^2  (page  497). 
Hence  from  (7)  above 

x=^xJJ2'^yJJ2;y  =  -xJJ2  +  yJJ2     .         (8) 
By  addition  and  subtraction 

x^y  =  2xJ^2;x'\-y^2yJJ2     .         .         (9) 
If  P(Xy  y)  be  any  point  on  the  rectangular  hyperbola 

ic2  -  y2  «,  ^2^  or  (aj  -  y)  (a;  +  y)  =  a^. 

Substituting  these  values  of  {x  -  y)  and  {x  +  y)  in  (9),  we  get 

23?!^!  =  a^ 
or,  writing  the  constant  term  a^i2  =  x,  a?  for  a;^,  y  for  y^, 

0^  s=  constant  =  #c  .        (10) 

What  is  true  of  any  point  on  the  hyperbola  is  true  for  all  points, 
that  is  to  say,  equation  (10)  is  the  equation  for  a  rectangular 
hyperbola  referred  to  its  asymptotes  as  coordinate  axes. 

From  (10)  y  «  kIx,  and  it  follows  that  as  y  becomes  smaller,  x 
increases  in  magnitude.  When  ^  =  0,  a;  »  oo,  that  is  to  say,  the 
j;-axi8  touches  the  hyperbola  an  infinite  distance  away.  The 
same  thing  may  be  said  of  the  ^-axis. 

§  48.  Illustrations  of  Hyperbolie  Curves. 

(1)  The  graphical  representation  of  the  gas  equation^ 

pv  =  RO, 
furnishes  a  rectangular  hyperbola  when  0  is  fixed  or  constant. 
The  law  as  set  forth  in  the  above  equation  shows  that  the  volume 
of  a  gas  (t;)  varies  inversely  as  the  pressure  (p)  and  directly  as  the 
temperature  (0),  For  *any  assigned  value  of  6^  we  can  obtain  a 
series  of  values  of  p  and  v.  For  the  sake  of  simplicity,  let  the 
constant  E  =  1.     Then  if 

( p  ^    0-1,        0-5,        10,        50,        10-0,    .  .  . ; 
^  '   ^  \  v  =  10-0,        20,        10,       0-2,         01,    ... 
p  =    01,       0-5,        10,        50,        100,    .  .  . ; 
50,        10,       0-5,        01,         005, ...  etc. 
The  **  curves  "  of  constant  temperature  obtained  by  plotting 


»-H'' 


*  The  trignometrical  convention  with  regard  to  sign  is  that  if  a  point  rotates  in 
the  opposite  direction  to  the  hands  of  a  watch,  it  is  positive,  if  in  the  same  direction, 
negative. 
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these  numbers  are  called  iaothepmals.     Each  isothermal  (i.^.^ 

curve  at  constant  temperature)  is  a  rectangular  hyperbola  obtained 

from  the  equation 

pv  ^  RO  =  constant,      .        .         .         (11) 
similar  to  (10)  above. 

A  series  of  isothermal  curves,  obtained  by  putting  0  successively 

equal  to  0^,  0^,  0^  ,  .  .  and  plotting  the  corresponding  values  of 

p  and  V,  is  shown  in  Fig.  28. 


m 

V 

Fig.  28. — Isothermal  pr-curves. 

We  could  have  obtained  a  series  of  curves  from  the  variables  p 
and  0,  or  v  and  0,  according  as  we  assume  t;  or  p  to  be  constant. 
If  V  be  constant,  the  resulting  curves  are  called  iaometrio  lines, 
or  iaoohores ;  if  ^  be  constant  the  curves  are  iaopiestio  lines,  or 
isobars.     For  van  der  Waals'  equation,  see  page  398. 

(2)  Exposure  formula  for  a  thermometer  stem.  When  a  ther- 
mometer stem  is  not  exposed  to  the  same  temperature  as  the 
bulb,  the  mercury  in  the  exposed  stem  is  cooled,  and  a  small 
correction  must  be  made  for  the  consequent  contraction  of  the 
mercury  exposed  in  the  stem.  If  x  denotes  the  difference  between 
the  temperature  registered  by  the  thermometer  and  the  tempera- 
ture of  the  exposed  stem,  y  the  number  of  thermometer  divisions 
exposed  to  the  cooler  atmosphere,  then  the  correct  temperature  ^ 
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oan  be  obtained  by  the  so-called  exposure  formula  of  a  thermometer, 
namely, 

^  =  0-00016a:y (12) 

which  has  the  same  form  as  equation  (10).  By  assuming  a  series 
of  suitable  values  for  $  (say  01...)  and  plotting  the  result 
for  pairs  of  values  of  x  and  y,  curves  are  obtained  for  use  in  the 
laboratory.  These  curves  allow  the  required  correction  to  be  seen 
at  a  glance  (see  Bamsay,  Chemical  Theory,  1893,  11). 

(3)  Dissociation  isotherm.  Gaseous  molecules  under  certain 
conditions  dissociate  into  simpler  parts.  Nitrogen  peroxide,  for 
instance,  dissociates  into  simpler  molecules,  thus: 

Iodine  at  a  high  temperature  does  the  same  thing,  Lj  becoming  2i. 
In  solution  a  similar  series  of  phenomena  occur,  KGl  becoming 
K  +  01,  and  so  on.     Let  x  denote  the  number  of  molecules  of  an 
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Fio.  29. — Dissociation  Isotherm  (after  Nemst  and  Schonflies). 

acid  or  salt  which  dissociates  into  two  parts  called  ions,  (1  -  x) 
the  number  of  molecules  of  the  acid,  or  salt  resisting  dissociation, 
c  the  quantity  of  substance  contained  in  unit  volume,  that  is  the 
concentration  of  the  solution.  Nernst  has  shown  that  at  constant 
temperature 


K  =  CY^^     ....         (13) 

where  K  is  the  so-called  dissociation  constant  whose  meaning  is 
obtained  by  putting  x  —  0*5.     In  this  case  K  =^  ^c,  that  is  to  say, 
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K  is  equal  to  half  the  quantity  of  aoid  or  salt  in  solution  when 
half  of  the  aoid  or  salt  is  dissociated. 

Putting  Z^ «  1  we  can  obtain  a  series  of  corresponding  values 
of  c  and  x.     For  example,  if 

X  =   16,        0-25,        0-5,        0-75,        094     .  .  . ; 
then      c  =    32,  12,  2,        044,        007     .  .  . 

It  thus  appears  that  when  the  concentration  is  very  great,  the 
amount  of  dissociation  is  very  small,  and  vice  versd,  when  the 
concentration  is  small  the  amount  of  dissociation  is  very  great. 
Complete  dissociation  can  perhaps  never  be  obtained.  The  graphic 
curve  (Fig.  29),  called  the  dissociation  isothenn  (Nemst),  is 
asymptotic  towards  the  two  axes,  but  when  drawn  on  a  small 
scale  the  curve  appears  to  cut  the  ordinate  axis. 

(4)  The  volume  elasticity  of  a  substance  is  defined  as  the  ratio 

of  any  small  increase  of  pres- 
sure •to  the  diminution  of 
volume  per  unit  volume  of 
substance.  If  the  tempera- 
ture is  kept  constant  during 
the  change,  we  have  iso- 
thermal elasticity,  while 
if  the  change  takes  place 
without  gain  or  loss  of  heat, 
adiabatio  elasticity.  If  unit 
volume  of  ^as  (v)  changes 
by  an  amount  dv  for  an  in- 
crease of  pressure  dp,  the 
elasticity  (E)  is 


FiQ.  80.— jw-curves. 

E  -  -  dp/-  = 


=  -  -y 


dp 


dv  ■  ■  ■  (1*) 
A  similar  equation  is  obtained  by  differentiating  Boyle's  law  for 
an  isothermal  change  of  state, 

pv  =  constant,  ....         (15) 


or 


^-v'^. 


dv 


(16) 


an  equation  identical  with  that  deduced  for  the  definition  of  volume 
elasticity.  Equation  (16)  is  that  of  a  rectangular  h3rperbola  re- 
ferred to  its  asymptotes  as  axes. 

Let  P(p,  v)  (Fig.  30)  be  a  point  on  the  curve  pv  =  constant. 
From  the  construction  of  figure  30,  the  triangles  KNP  and  PMT 
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are  equal  and  similar  (Euclid,  i.,  26).  See  example  (2)  page  85, 
and  note  that  KN  is  the  vertical  subtangent  equivalent  to  -  p. 

KN^  -  NPtakUa  =  -  i?tanZP2^, 

that  is  to  say,  the  isothermal  elcLsticity  of  a  gas  in  any  assigned 
condition,  is  numerically  equal  to  the  vertical  subtangent  of  the 
curve  corresponding  to  the  substance  in  the  given  state. 

But  since  in  the  rectangular  hyperbola  KN  =  PjSf ,  the  iso- 
thermal elasticity  of  a  gas  is  equal  to  the  pressure  (16).  The 
adiabatic  elasticity  of  a  gas  may  be  obtained  by  a  similar  method 
to  that  used  for  equation  (14).  If  the  gas  be  subject  to  an  adia- 
batic change  of  pressure  and  volume  it  is  known  that 

pvy  =  constant  =  C  (say),  .  .        (17) 

or  logjp  +  ylog  V  «  log  C. 

Differentiating  and  arranging  terms 

^^*  =  -t;^  =  7P,      .         .         .         (18) 

in  other  words  the  adiabatic  elasticity  of  a  gas  is  y  times  the 
pressure.     A  similar  construction  for  the  adiabatic  curve  furnishes 

KNiMP^  KPiPT 

=  y:l, 
that  is  to  say,  the  tangent  to  an  adiabatic  curve  is  divided  at  the 

point  of  contact  in  the  ratio  7:1. 

§  U.  Polar  Coordinates. 

Instead  of  representing  the  position  of  a  point  in  a  plane  in 
terms  of  its  horizontal  and  vertical  distances  along  two  standard 
lines  of  reference,  it  is  sometimes  more  con- 
venient to  define  the  position  of  the  point 
by  a  length  and  a  direction.  For  example, 
in  Fig.  31  let  the  point  0  be  fixed,  and  Ox 
a  straight  line  through  0.  Then,  the  position 
of  any  other  point  P  will  be  completely  de-   q>^^  ^^ 

fined  if  (1)  the  length  OP  and  (2)  the  angle     Fig.  3l.--Polar  Co- 
OP  makes  with  Ox,  are  known.     These  are 
called  the  polar  coordinates  of  P,  the  first  is  called  the  radiuB 
vector,  the  latter  the  Yeotorial  angle.      The  radius  vector  is 

*  From  other  considerations,  Eq  is  usually  written  E^^ 
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generally  represented  by  the  symbol  r,  the  vectorial  angle  by  ^, 
and  P  is  called  the  point  P{r,  0)y  0  is  called  the  pole  and  Ox  the 
initial  line.  As  in  trignometry,  the  vectorial  angle  is  measured  by 
supposing  the  angle  $  has  been  swept  out  by  a  revolving  line 
moving  from  a  position  coincident  with  Ox  to  OP,  It  is  pos- 
itive if  the  direction  of  revolution  is  contrawise  to  the  motion  of 
the  hands  of  a  clock. 


Fig.  32. 


Fig.  88. 


To  change  from  polar  to  rectangular  coordinates  and  vice  versd. 
In  Fig.  32,  let  (r,  $)  be  the  polar  coordinates  of  the  point  P{x,  y). 
Let  the  angle  xVP  =  6, 

First,  to  pass  from  polar  to  Cartesian  coordinates. 


.    ^      MP      y  ^      OM      X 

smd=  Qp^  ^;  cos^  ^  Qp  =  ^ 


(1) 


y  =»  rsin^  and  ic  =  rcos^,    . 
which  determines  x  and  y,  when  r  and  6  are  known. 

Second,  to  pass  from  Cartesian  to  polar  coordinates.     In  the 
same  figure 

MP  _y 
OM^x' 


t&nO  = 


r2  =  (OPy  =  (OM)'^  +  (MPy  =  3-2  +  y2 . 

.-.  $  =  tan-i^;  r  =  ±  J'x'~+y'^     ...         (2) 

which  determines  $  and  r,  when  x  and  y  are  known.  The  sign 
of  r  is  ambiguous,  but,  by  taking  any  particular  solution  for  $, 
the  preceding  remarks  will  show  which  sign  is  to  be  taken. 
Just  as  in  Cartesian  coordinates  an  equation  between  r  and  0 
may  represent  one  or  more  curves.  The  graph  may  be  obtained 
by  assigning  convenient  values  to  $  (say  0°,  30'',  45°,  60°,  90°  .  .  .) 
and  determining  the  corresponding  value  of  r  from  the  equation. 
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Example. — Show  that  the  polar  equations  of  ^  the  hyperbola  and  ellipse 

.     ,     1      cos^      sin**      ,  1      cos^      sin^ 
«re  respectively  ^j  =  —^  -     ^    and  ^  =  ^    +  -gg-. 

NoTB. — The  parabola,  ellipse  and  hyperbola  are  sometimes  defined  as 
•curves  such  that  the  ratio  of  the  distance  of  any  point  on  the  ourve  from 
a  fixed  line  and  from  a  fixed  point,  is  constant.  The  ratio  is  called  the 
eccentricity^  and  is  denoted  by  the  letter  0,  the  fixed  point  is  called  the 
JociiSj  the  fixed  line,  the  directrix. 

In  Fig.  88  let  OAT  be  directrix,  F  the  focus,  AP  any  curve,  PK  is  a 

perpendicular  from  P  on  to  the  directrix,  PM  is  perpendicular  from  P  on  to 

OF  produced.    A  is  vertex  of  curve.     Then  if 

FP 
e  =  pj>  =  constant  =  1,  the  curve  is  parabolic, 

FP 
e  =  -pji-  =  constants!,  the  curve  is  elliptical, 

FP 
e  =  tms-  =  constants  1,  the  curve  is  hyperbolic. 

These  definitions  ultimately  furnish  equations  for  the  hyperbola,  ellipse  and 

parabola  similar  to  those  adopted  above.     Let  FP  =  r,  OF  =  Pt  then  from 

these  definitions 

PK  =  OF  +  FM  =  jp  +  r  COS0, 

r  ne 

*  "^  p  +  rcostf  ;   or  r  =  jf_  gcosa*         •        •         •        W 

vrhich  is  true  whether  curve  be  hyperbolic,  elliptical  or  parabolic. 

§  U.  Logarithmio  or  Equiangalar  Spiral. 

Equations  to  the  spiral  curves  are  considerably  simplified  by  the  use  of 
polar  coordinates.  For  instance,  the  curve  for  the  logarithmic  spiral,  though 
somewhat  complex  in  Cartesian  coordinates,  is  represented  in  .polar  coordi- 
nates by  the  simple  equation 

r=zcfi, 

virhere  a  may  have  any  constant  value.     Hence 

logr  =  9  log  a. 
Let  Ci,  C,c'  ,  .  ,  (Fig.  84)  be  a  series  of  points  on  the  spiral  corresponding 
to  the  angles  $1,  0,,  .  .  .,  then  r^,  r,,  .  .  .  will  represent  the  corresponding 
radii  vectores,  so  that 

logrj  r=  ^iloga;  logrj  =  0aloga  .  .  . 
Since  log  a  is  constant,  say  equal  to  /c, 

logp  =  («,  -  e^k, 

'9 

that  is,  the  logarithm  of  the  ratio  of  the  distance  of  any  two  points  on  the 
curve  from  the  pole  is  proportional  to  the  angle  between  them.  If  r^  and  r, 
lie  on  the  same  straight  line,  then 

«  -  «i  =  2w  =  860**, 
«■  being  the  symbol  used  in  trignometry  to  denote  180°, 
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Similftrly,  it  can  be  shown  that  if  r,,  r^  .  .  .  lie  on  the  same  straight 
Line,  the  logarithm  of  the  ratio  of  r^  to  r,,  r^  ...  is  given  by  ^kw,  Skv.  .  .  . 
This  is  true  for  any  straight  line  passing  through  O,  that  is  to  say,  the  spiral 
is  mc^e  up  of  an  infinite  number  of  turns  which  extend  inwards  and  outwarda 
without  limit. 

If  the  radii  vectores  OCj,  OD,  OE  .  .  .  OC^  02  ...  be  taken  to  repre- 
sent the  number  of  vibrations  of  a  sounding  body  in  a  given  time,  the  anglea 
CiODy  DOE  .  .  .  may  be  taken  as  a  measure  of  the  interval  between  the 


Fig.  34. — Logarithmic  Spiral  (after  Donkin). 

tones  produced  by  these  vibrations.  A  point  travelling  along  the  curve  will 
then  represent  a  tone  continuously  rising  in  pitch,  and  the  curve,  passing 
successively  through  the  same  line  produced,  represents  the  passage  of  the 
tone  through  successive  octaves.  The  geometrical  periodicity  of  the  cur%'e  is 
a  graphical  representation  of  the  periodicity  perceived  by  the  ear  when  a  tone 
continuously  rises  in  pitch. 

In  the  above  diagram  the  angles  C^OD,  DOE  .  .  .  represent  the  intervals 
in  the  diatonic  scale.    The  intervals 

C^to  D,  F  ix>  O,  A  to  B  ATQ  major  seconds,  each  61°  10'  22" ; 
D  to  Ef  O  to  A  are  minor  seconds,  each  54°  48'  16" ; 

J5;  to  F,  B  to  C  are  diatonic  semitones,  each  83°  31'  11" 

(Donkin's  Acoustics,  page  26). 
This  diagram  may  also  be  used  to  illustrate  the  Newlands-Mendeleef!  law 
of  octaves,  by  arranging  the  elements  along  the  curve  in  the  order  of  their 
atomic  weights. 

Examples. — (1)  Plot  Archimedes'  spiral,  r  =a$,  (4) 

(2)  Plot  the  hyperbolic  spiral,  r$  =  a,    .  (5) 
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Fig.  85. — Trilinear  Coordinates. 


§  W.  Trilinear  Coordinates  and  Triangular  Diagrams. 

Another  method  of  representing  the  position  of  a  point  in  a 
plane  is  to  refer  it  to  its  perpendictUar  distance  from  the  sides  of  a 
triangle  called  the  triangle  of  reference. 
The  perpendicular  distances  of  the 
point  from  the  sides  are  called  tri- 
linear coordinates.  In  the  equi- 
lateral triangle  ABC  (Fig.  36),  let  the 
perpendicular  distance  of  the  vertex  A 
from  the  base  BC  be  denoted  by  100 
units,  and  let  P  be  any  point  within  the 
triangle  whose  trilinear  coordinates  are 
Pa,  Pb,  Pc,  then 

Pa  +  Ph-^-  Pc=^  100. 
This  property  has  been  extensively  used  in  the  graphic  repre- 
sentation of  the  composition  of  certain  ternary  alloys,  and  mixtures 
of  salts.  Each  vertex  is  supposed  to  represent  one  constituent  of 
the  mixture.  Any  point  within  the  triangle  corresponds  to  that 
mixture  whose  percent-  CtfCOs 

age  composition  is  repre- 
sented by  the  trilinear 
coordinates  of  that  point. 
Any  point  on  a  side  of 
the  triangle  represents  a 
binary  mixture.  Fig. 
36  shows  the  melting 
points  of  ternary  mix- 
tures of  isomorphous 
carbonates    of    barium, 

strontium  and  calcium.       

Such  a  diagram  is  some-  B^COa  SrCOj 

times  called  a  surface  of  ^^-  36.— Surface  of  Fusibility. 

fusibility.  A  mixture  melting  at  670**  may  have  the  composition 
represented  by  any  point  on  the  isothermal  curve  marked  670°, 
and  so  on  for  the  other  isothermal  curves. 

In  a  similar  way  the  composition  of  quaternary  mixtures  has 

been  graphically  represented  by  the  perpendicular  distance  of  a 

point  from  the  four  sides  of  a  square. 

Boozeboom,  Bancroft  and  others  have  used  triangular  diagrams 

o 
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with  lines  ruled  parallel  to  each  side  as  shown  in  Fig.  37.  Suppose 
we  have  a  mixture  of  three  salts,  A,B,C,  such  that  the  three  vertices 
of  the  triangle  ABC  represent  phases  *  containing  100  7o  ^^  ^^^ 
component.  The  composition  of  any  binary  mixture  is  given  by  a 
point  on  the  boundary  lines  of  the  triangle,  while  the  composition  of 
any  ternary  mixture  is  represented  by  some  point  inside  the  triangle. 
The  position  of  any  point  inside  the  triangle  is  read  directly  from 
the  coordinates  parallel  to  the  sides  of  the  triangle.  For  instance, 
the  composition  of  a  mixture  represented  by  the  point  0  is  given 

B 


Fia.  87. — Concentration-Temperature  diagram  (after  Bancroft). 

by  drawing  lines  from  0,  parallel  to  the  three  sides  of  the  triangle 
OPy  OBf  OQ,  Then  start  from  one  comer  as  origin  and  measure 
along  the  two  sides,  AP  fixes  the  amount  of  C,  AQ  the  amount  of 
B,  and,  by  difference,  CB  determines  the  amount  of  A,  For  the 
point  chosen,  therefore  -4  =  40,  B  =  40,  C  =  20. 

(1)  Suppose  the  substance  A  melted  at  320^,  B  at  300°,  and  G 
at  305°,  and  that  the  point  D  represents  an  eutectic  alloy  f  melting 

*  A  phaM  IB  a  mass  of  uniform  concentration.  The  number  of  phases  in  a  system 
is  the  number  of  masses  of  different  concentration  present.  For  example,  at  the  tem- 
perature of  melting  ice  three  phases  may  be  present  in  the  //sO-system,  viz.,  solid  ice, 
liquid  water  and  steam  ;  if  a  salt  is  diasolved  in  water  there  is  a  solution  and  a  vapour 
j)hase,  if  solid  salt  separates  out,  another  phase  appears  in  the  system. 

t  An  eutectic  alloy  is  a  mixture  of  two  substances  in  such  proportions  that  the 
alloy  melts  at  a  lower  temperature  than  a  mixture  of  the  same  two  substances  in  any 
other  proportions.  The  numbers  chosen  are  based  on  Quthrie's  work  {Philosophical 
Magazine  [6],  17,  462,  1884)  on  the  nitrates  of  potassium  (.1),  lead  (^),  sodium  (C). 
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at  215'' ;  &t  E,  A  and  B  form  an  eutectic  aUoy  melting  at  207'' ;  at 
F,  B  and  C  form  an  eutectic  alloy  melting  at  268°. 

(2)  Along  the  line  DO,  the  system  A  and  G  has  a  solid  phase ; 
along  EOy  A  and  B  have  a  solid  phase ;  and  along  FO,  B  and  C 
have  a  solid  phase. 

(3)  At  the  triple  point  0,  the  system  A ,  B  and  G  exists  in  the 
three  solid,  solution  and  vapour  phases  at  a  temperature  of  ld>&  (say). 

(4)  Any  point  in  the  area  ADOE  represents  a  system  com- 
prising solid,  solution  and  vapour  of  A, — in  the  solution,  the  two 
components  B  and  G  are  dissolved  in  A,  Any  point  in  the  area 
GDOF  represents  a  system  comprising  solid,  solution  and  vapour 
of  C, — in  the  solution,  A  and  B  are  dissolved  in  C.  Any  point  in 
the  area  BEOF  represents  a  system  comprising  solid  solution  and 
vapour  of  B, — in  the  solution,  A  and  G  are  dissolved  in  B, 

Each  apex  of  the  triangle  not  only  represents  100  7o  of  a 
substance,  but  also  the  temperature  at  which  the  respective 
substances  ^1,  ^,  or  G  melt ;  D,  E,  F  also  represent  temperatures 
at  which  the  respective  eutectic  alloys  melt.  It  follows,  therefore, 
that  the  temperature  at  D  is  lower  than  at  either  A  or  G.  Simi- 
larly the  temperature  at  E  is  lower  than  at  A  or  B,  and  at  jP 
lower  than  at  either  B  or  G.  The  temperature,  therefore,  rises 
as  we  pass  from  one  of  the  points  D,  E,  F  to  an  apex  on  either  side. 

For  full  details  the  reader  is  referred  to  Bancroft's  The  Phase 
Bide,  1897,  p.  147. 

§  47.  Orders  of  CurYes. 

The  order  of  a  curve  corresponds  with  the  degree  of  its  equa- 
tion. The  degree  of  any  term  may  be  regarded  as  the  sum  of  the 
exponents  of  the  variables  it  contains ;  the  degree  of  an  equation 
is  that  of  the  highest  term  in  it.  For  example,  the  equation 
Qcy  -{■  X  -{■  b^  —  0,  is  of  the  second  degree  if  6  is  constant ;  the 
equation  ir^  +  ajy  =  0,  is  of  the  third  degree ;  xh/z^  +  oo;  =  0,  is  of 
the  sixth  degree,  and  so  on. 

1st.  A  line  of  the  first  order  is  represented  by  the  general 
equation  of  the  first  degree 

aa  -^  by  +  c  -  0  ,        .        .        .        (1) 
This  equation  is  that  of  a  straight  line  only. 

2nd.  A  line  of  the  second  order  is  represented  by  the  general 
equation  of  the  second  degree  between  two  variables,  namely,  *  - ; 

aa^  +  2hxy  +  by^  -^  2gx  +  2fy  +  c  ^  0 ,  (2). 
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This  equation  includes,  as  particular  cases,  every  possible  form  of 
equation  in  which  no  term  contains  x  and  y  as  factors  more  than 
twice.  The  term  2hxy  can  be  made  to  disappear  by  changing  the 
direction  of  the  rectangular  axes,  and  the  terms  containing  2gx 
and  2fy  can  be  made  to  disappear  by  changing  the  origin  of  the 
coordinate  axes.  Every  equation  of  the  second  degree  can  be 
made  to  assume  one  of  the  forms 

ax^  +  by^  =  q (3) 

or  y^  =  px (4) 

The  first  can  be  made  to  represent  a  circle*  ellipse,  or  hyperbola ; 
the  second  a  parabola.  Hence  every  equation  of  the  second  degree 
between  two  variables  includes  four  species  of  cwrves — circle,  ellipse, 
pa/rahola  and  hyperbola. 

It  must  be  here  pointed  out  that  if  two  equations  of  the  first 
degree  with  all  their  terms  collected  on  one  side  be  multiplied 
together  we  obtain  an  equation  of  the  second  degree  which  is 
satisfied  by  a  quantity  which  satisfies  either  of  the  two  original 
equations.  An  equation  of  the  second  degree  may  thus  represent 
two  straight  lines,  as  well  as  one  of  the  above  species  of  curves. 
The  same  thing  apphes  for  equations  of  the  third  and  higher 
degrees. 

The  condition  that  the  general  eqtuition  of  the  second  degree  may  represent 
two  straight  lines.  Rearranging  the  terms  of  equation  (2)  in  descending 
powers  of  y,  we  obtain 

by^  +  2(hx  +  f)y  +  aar«  +  2^x  +  c  =  0. 
This  may  be  solved  like  a  quadratic  in  y  with  the  result  that 

y=±  '^W  -  «^)«'  +  2(fc/  -  bg)x  +  (/«  -  bc))lb  ~  (hx  +  f)lb         (6) 
an  expression  analogous  to  the  tangent  form  of  the  equation  to  a  straight  line, 

y  =  mx  +  6. 
The  two  solutions  in  equation  (6)  can  only  represent  straight  lines  if  the 
quantity  under  the  root  sign  can  be  extracted  as  a  simple  rational  expression 
in  X,  that  is  to  say,  if 

(fc«  -  ab)x^  +  2(hf  -  bg)x  +  (p  -  be)  ' 

is  a  perfect  square  (see  page  388).     This  condition  is  satisfied  when 

(hf  -  bg)^  =  (h^  -  ab)  (p  -  be),  ' 

Multiplying  out  and  dividing  by  b  (when  b  is  not  zero) 

abc  +  2fgh  -  ap  -  bf  -  ch^  =  Q.        .        .        .        (6) 
If  6  =  0  and  a  is  not  zero,  we  obtain  the  same  result  by  solving  for  x. 
If  a  =  6  =  0,  resolve  the  original  expression  into  factors  and 

{^  +  m  (y  +  glh)  =  0, 

provided  c/2fe  =  fgjh*,  or  2fgh  -  ch^  =  0.    This  agrees  with  equation  (6).    Under  } 

r-* 

*^  •  *  The  circle  may  be  regarded  as  an  ellipse  with  major  and  minor  axes  equaL  i 
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these  ciroumstances  equation  (2)  represents  two  straight  lines  respectively 
parallel  to  the  two  axes. 

The  general  eqtuition  of  the  second  degree  may  represent  a  parabola^  ellipse^ 
or  hyperbola,  according  as  K*  -  ah,  is  zero,  negative ,  or  positive. 

Example. — Show  that  the  equation 

3i2  -  3x2/  -  32/«  +  50-  +  4y  +  4  =  0, 
represents  two  straight  lines  as  well  as  an  ellipse. 

3rd.  A  line  of  the  third  order  is  represented  by  the  general 
equation  of  the  third  degree  between  two  variables 

ay^  +  by^x  +  cyx^  +  /r^  +  .  .  .  +  w  =  0  .  (7) 
Sir  Isaac  Newton  has  shown  that  some  eighty  species  of  lines  are 
included  in  this  equation ;  these  may  be  reduced  to  one  of  the 
following  four  classes : 

aa^  +  bx^  -^  ex  +f  =^  xy^  ■{■  gy       .         .         .        (8) 
aafi  ■{■  ha^  ■{■  ex  -\'  f  ^  xy  ,         .         .         (9) 

aa?  +  hx^  -¥  ex  ^-f  =^  y^         .         .         .         .       (10) 
aofi  -k-  hx^  -{■  ex  -k-  f  ^y  .        .         .         .       (11) 

The  last  (equation  11)  includes  the  cubiccU  parabola  y^  =  ax. 

EXA.MPLE8. — The  student  wiU  gain  more  information  by  plotting  all  these 
curves  on  squared  paper,  than  by  reading  pages  of  descriptive  matter.  Use 
table  of  cubes,  page  517. 

4th.  A  line  of  the  fourth  order  is  represented  by  the  general 
equation  of  the  fourth  degree  between  two  variables,  viz.^ 

ay*  +  by^x  +  cy^x^  +  fyo^  +  .  .  .  +  ^  =  0  .  (12) 
Euler  divided  these  into  some  200  species  which  reduce  to  146 
classes.  At  the  present  time  the  number  of  species  is  said  to 
exceed  5,000. 

A  fliunily  of  corveB  is  an  assemblage  of  curves  defined  by  one  equation  of 
an  indeterminate  degree.  For  example,  the  number  of  parabolas  whose  abscis- 
sae are  proportional  to  any  power  of  the  ordinates  is  infinite.    Their  equation  is 

y"  =  ax. 
For  the  common  or  quadratic  parabola  n  =  2,  for  the  cubic  parabola  n  =  8, 
and  for  the  biqnc^ratic  parabola  n  =  4. 

The  study  of  curves  of  higher  orders  than  the  third  is  perhaps 
more  interesting  than  useful,  at  least  so  far  as  practical  work  is 
concerned. 

§  48.  Coordinate  Geometry  in  Three  Dimensions. — Geometry 

in  Spaoe. 

(1)  The  graphic  representation  of  functions  of  three  variables. 
Methods  have  been  described  for  representing  changes  in  the  state 
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of  &  system  involving  two  variable  magnitadeB,  by  the  locus  of  a 
point  moving  in  a  plane  according  to  a  fixed  law  defined  by  the 
equation  of  the  ourve.  Such  was  tbe  pv-diagram  described  on 
page  90,  There,  a  series  of  isothermal  curves  were  obtained, 
when  0  was  niade  constant  during  a  set  of  corresponding  changes 
of  p  and  V  in  the  equation 

pv  a=  E6, 

where  E  is  constant. 

When  any  three  magnitudes,  x,  y,  z,  are  made  to  vary  together, 
we  can,  by  assigning  arbitrary  values  to  two  of  the  variables,  find 
corresponding  values  for  the  third,  and  refer  the  results  so  ob- 
tained to  three  fixed  and  intersecting  planes  called  the  ooordinatfi 
planes.      The   lines   of   inter-seotion   of   these   planes   are   the 
ooordinato  axes.     Of  the  re- 
sulting  eight   quadrants,  four 
of  which  are  shown  in  Fig.  38, 
only  the  first  is  utilised  to  any 
great  extent  in  mathematical 
physics.    This  mode  of  graphic 
representation  is  called  g&yme- 
try  in  space,  or   geometry  in 
three  dimensions. 

If  we  get  a  series  of  sets  of 
corresponding  values  of  x,  y,  z 
in  the  equation 

X  -It  y  =2, 
and  refer  them  to  coordinate 
axes  in  three  dimensions,  as  described  below,  tbe  result  is  a  plane 
or  swrface.  If  one  of  the  variables  remains  constant,  the  result- 
ing figure  is  a  liiie.  A  surface  may,  therefore,  be  considered  to  be 
the  locus  of  a  line  moving  in  space. 

The  position  of  the  point  P  with  reference  to  the  three  co- 
ordinate planes  xOy,  xOz,  tjOz  (Fig.  38}  is  obtained  by  dropping 
perpendiculars  PL,  PM,  PN  from  the  given  point  on  to  the  three 
planes.  Complete  the  parallelopiped,  as  shown  in  Fig.  38.  Let 
OP  be  a  diagonal.     Then  LP  •^  OA,  NP  =  OB,  MP  =  OC. 

To  find  the  point  whose  coordinates  OA,  OB,  OC  are  given. 
Draw  three  planes  through  A,  B,  C  parallel  respectively  to  the 
coordinate  planes ;  the  point  of  intersection  of  the  three  planes, 
namely  P,  will  be  the  required  point. 
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If  the  coordinates  of  P,  parallel  to  Ox^  Oy,  Oz,  are  respectively 
Xj  y  and  z,  then  P  is  said  to  be  the  point  x,  y,  z.  A  similar 
convention  with  regard  to  the 
sign  is  used  as  in  analytical  geo- 
metry of  two  dimensions,  with 
the  additional  convention  that  y 
is  positive  when  in  front  of  0 ; 
negative,  when  behind.  It  is 
necessary  that  the  reader  shall 
have  a  clear  idea  of  spatial  geo- 
metry in  working  many  physical 
problems. 

(2)  To  find  the  distance  of  a  ^' 
'point  from  ike  origin  in  terms  of 
the  rectangular  coordinates  of  that  point  In  Fig,  39,  let  Ox,  Oy,  Oz 
be  three  rectangular  axes,  P{x,  y,  z)  the  given  point  such  that 
PM  =  Zy  MA  =  y,  OA  =  x.  It  is  required  to  find  the  distance 
OP  =  r,  say.     From  the  construction  (rectangular  coordinates) 

OP^  =  OM^  +  Pilf  2,  or  r2  =  OM^  +  z^, 
but  OJlf  2  =  MA^  +  OA^  =  ic2  +  yK 

Let  the  angle  POx  =  a ;  POy  =  ^ ;  POz  =  y,  then 

X  =  r  cos  a;  y  =  r  cos  fi\  z  ^  r  cos y  .  .  (2) 
These  equations  are  true  wherever  the  point  P  may  he,  and 
therefore  the  signs  of  x,  y,  z  are  always  the  same  as  those  of  cos  a, 
cos  ^,  cos  y  respectively.  Substituting  these  values  in  (1),  and 
dividing  through  by  r^,  we  get  the 
following  relation  between  the  three 
angles : 

COs2a  +  C0S2^  +  C0s2y  =1.        (3) 

These  cosines  are  called  the  direc- 
tion cosines,  and  are  usually  sym- 
bohsed  by  the  letters  l,  m,  n.  Thus 
(3)  becomes 

P  +  m^  +  7i^^l     .         (4) 

(3)  To  find  the  distance  between 
two  points   in    terms  of  their  rect-  Fig.  40. 

angular  coordinates.  Let  Pi{Xi,  y^,  z^),  P^{x.^,  y^,  z^)  be  the  given 
points,  it  is  required  to  find  the  distance  P^P^  in  terms  of, the 
coordinates  of  the  points  Pj  and  P.^.     Draw  planes  through  P^ 
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and  Pg  parallel  to  the  coordinate  planes  so  as  to  form  the  parallelo- 
piped  ABODE,  By  the  construction  (Fig.  40),  the  angle  PiEP^ 
is  a  right  angle.     Hence 

P^P^^  -  P^E^  +  P^^  -  Pi^  +  DE^  +  PgD^. 
But  P^E  is  evidently  the  difference  of  the  distance  of  the  foot  of 
the  perpendiculars  from  P^  and  Pg  on  the  a;-axis,  or  P^E  —  x^-x^, 
Similarly  DE  —  y^  -  ^j,  P^  =  ^2  ~  ^v    Hence 

r2  ^  {x^  -  x,f  +  (y^  -  y,f  +  (z^  -  ^,)'  •         •         (5) 

(4)  To  find  the  angle  between  two  straight  lines  whose  direction 

cosines  are  given.     In  the  preceding  diagram  (Fig.  40)  join  OP^ 

and  OP^     Let  i/r  be  the  angle  between  these  two  lines.    In  the 

triangle  PfiP^  (formula  47,  page  600)  if  OP^  =  rj,  OP^  =  rg,  P^P^  =  r, 

r2  =:  r^  +  rj2  -  ^r^r^  cos  i/f. 
Bearranging  terms  and  substituting 

we  get 

cos  l/f  =  (iCiaJg  +  ^1^2  +  ^l'2^2)/^1^2- 

Substituting,  as  in  (2), 

a?!  =  rj  cos  aj ;  iC2  ~  ^2  ^^^  ^ »  ^2  ~  ^a  ^^®  i^2  •  •  • 
cos  i/f  =  cos  ttj .  cos  og  +  cos  )3i .  cos  jSg  +  cos  71 .  cos  72       (8) 
or,  from  (4), 

cos  j/r  =  l^^  +  ^^2  +  ^^2»    •  •  •  (^) 

which  represents  the  angle  between  two  straight  lines  whose 
direction  cosines  are  known. 

If  the  Hues  are  perpendicular,  cos  i/r  =  cos  90°  =  0.     Hence 
cos  a^ .  cos  oj  +  cos  ^1 .  cos  ^2  +  <509  Vi  •  ©OS  72  =  ^  (®) 

ZjZj  +  Wjmg  +  n^n^  =  0       .         .         .         (9) 
If  the  vectors  r^  r^  (page  93)  are  known,  multiply  (6)  by  r^r^, 
and,  remembering  that 

Tj  cos aj  =  a?! ;  rg  cos  a^  ^  x^]  ^2  ^^^ y2  ~  ^^2*  ®tc., 
we  may  write  a  preceding  result : 

r{r^  cos  i/r  =  ajjajg  +  yiV^  +  2^i^2»       •         •         (1^) 
and  when  the  lines  are  perpendicular, 

^1^2  +  2/12/2  +  ^1-2^2  =  0      .         .         .         (11) 
(6)  Projection,     If  a  perpendicular  be  dropped  from  a  given 

point  upon  a  given  plane  the  point  where  the  perpendicular  touches 

the  plane  is  the  projection  of  the  point  P  upon  that  plane.     For 

instance,  in  Fig.  38,  the  projection  of  the  point  P  on  the  plane 

xOy  is  M,  on  the  plane  xOz  is  N^  and  on  the  plane  yOz  is  L. 

Similarly,  the  projection  of  the  point  P  upon  the  lines  Ox,  Oy,  Oz 

is  at  i4,  P  and  C  respectively. 
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In  the  same  way  the  projection  of  any  curve  on  a  given  plane 
is  obtained  hy  projecting  every  point  in  the  cnrre  on  to  (be  plane. 
The  plane,  which  contains  all  the  perpendiculare  drawn  from  the 


different  points  of  the  given  ourve,  is  called  the  projecting  plane. 
In  Fig.  41,  CD  is  the  projection  of  AB  on  the  plane  EFG ;  ABCD 
is  the  projecting  plane. 

BzAMPi,BS.— (1)  The  pro- 
jection of  aoy  given  liae  on 
an  intersecting  line  is  aqoal 
to  the  product  of  the  length  of 
the  given  line  into  the  cosine 
of  the  KDgle  of  intersection. 
In  Fig.  4S,  the  projection  ol 
AB  on  CD  is  AE.  bat  AB  = 
ABcoat. 

(2)  In  Fig.  43,  show  that 
the  projection  of  OP  on  OQ 
is  the  aJgebniio  sum  of  the    -^' 
projections  ot  OA,  AM,  ifP, 
taken  in  this  order,  on  OQ.     Hence,  if  OA 
and  OP  =  r,  from  (6) 

(6)  To  jind  the  equa- 
tion of  a  plane  mrface  in 
rectangidar  coordinates. 
I«t  ABC  (Fig.  44)  be  the 
given  plane  whose  equa- 
tion is  to  be  determined. 
Let  the  given  plane  cut 
the  coordinate  ases  at 
points  A,  B,  C,  such  that 
OA  =  a,OB  ^  b.  OC  =  c. 
From  any  point  P{x,  y,  z) 
drop    the    perpendicular  '*^ 


■  x.OB^  AM^  y.  OC  =  PM  = 
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PM  on  to  the  yOx  plane.     Then  OA'  =  x,  MA'  =  y  and  PM  =  z. 
It  is  required  to  find  an  equation  connecting  the  coordinates  with 
the  intercepts  a,  6,  c.     From  the  similar  triangles  AOB,  AA'B', 
OA\OB^  A' A  :  A'B ;  or  a  :  b  =^  a  -  x  :  A'E, 

ox                                                      hx 
.'.  A'B'  =  6 ;  similarly,  MB'  ^  h  -  y . 

Again,  from  the  simUar  triangles  COB,  CA'B,  PME, 


CO  :  OB  ^  PM  :  MB ;  or  c  :  b  ==  z  :  b  -  y  - 


bx 


a 


.'.  bz  ^  cb  -  cy  - 


bcx 

a  ' 


Divide  through  by  be  and  rearrange  for  the  required  : 


a      b      c        ' 


(13) 


an  equation  very  similar  in  form  to  that  developed  on  page  69. 

We  may  write  this  equation  in  its  most  general  form, 

Ax  +  By  -^  Cz-^  D  ^0,  .  .  .  (14> 
which  is  the  most  general  equation  of  the  first  degree  between 
three  variables.  Equation  (14)  is  the  gener&l  equation  of  a 
plane  surface.  It  is  easily  converted  into  (13)  by  substituting 
Aa  +  D  =  0,  Bb  +  D  =  0,  Cc  -^  D  =  0. 

If  OQ  =  r  (Fig.  44)  be  a  perpendicular  on  the  plane  ABC,  the 

projection  of  OP  on  OQ  is  equal  to  the  sum  of  the  projections  of 

OM,  PM,  MA'  on  OQ  (see  example  (2),  page  105).     Hence 

X  cos  a  +  y  COS  fi  +  z  cos  y  =  r      .         .         (15) 
from  (14) 

cos^a  :  cos^^  :  cos^y  =^A'^:B^:  C^ ; 
componendo,* 

(cos2a  +  cos2^  +  cos^y)  :  cos'-^a  =-  A'^  +  B^  +  C^  ',  AK 

But  by  (3),  the  term  in  brackets  is  unity, 

A  B 

>s/WT~B^'~TC' ;  COS  ^  _  ^1^-^  B^C^ ' 

C 


COS  a  = 


T4    ' 


COS  y  =     / . 

^       JA^  +  B^  4-  C- 


(16) 


*  If  a,  6,  c  and  d  are  proportionals, 
a  :  b  =z  c:  d 
b  :  a  =  d  :  c   . 
a  :  c  —  b  :  d  . 
a  +  b:b  =  c  +  d:d 
a  —  b:b  =  c-d:d 
a  ra  -  b  =  c  :  c  -  d 
a±b:a'^b  =  c±d:c:fd 


{vHvertendo) 
(cUternandi)) 
{componendo) 
{dividetido) 
(convertendo) 

(amipon^ndo  tt  divulendo) 
(See  any  elementary  text-book  on  algebra. ) 
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Dividing  equation   (14)   through   with    >JA^  +  jB^  +  0*^,  we  get^ 
from  (16), 

D 

icoosa  +  y  cos/3  +  z  cosy  =  -  -j===^==,         (17) 

where  -  D  /  J{A^  +  5^  +  0^)  represents  the  distance  of  the  plane 
from  the  origin. 

If  ABC  (Fig.  44)  represents  the  face,  or  plane  of  a  crystal,  the  intercepts 

a,  6,  c  on  the  x*,  y-  and  z-axes  are  called  the  parameters  of  that  plane.    The 

parameters  in  crystallography  are  usually  expressed  in  terms  of  certain  axial 

lengths  assumed  unity.    If  OA  =  a,  OB  =  6,  OC  =  c,  any  other  plane,  whose 

intercepts  on  the  x-,  y-  and  2:-axes  are  respectively  p,  q  and  r,  is  defined  hy 

the  ratios 

a    b    c 

■  • 

p     q     r 
These  quotients  are  called  the  parameters  of  the  new  plane.     The  reciprocals 

of  the  parameters  are  the  indices  of  a  crystal  face.    The  several  systems  of 

crystallographic  notation  which  determine  the  position  of  the  faces  of  a 

crystal  with  reference  to  the  axes  of  the  crystal  %re  based  on  the  use  of 

parameters  and  indices. 

(7)  To  find  the  equation  of  a  straight  line  in  rectangular  co- 
ordinates,     A  line  in  space  is   represented   in   mathematics   by 
two  equations.      If  we  consider  a 
straight  line  in  space  to  be  formed 
by  the  intersection  of  two  projecting 
planes,  formed,  in  turn,  by  the  pro- 
jection of  the   given  line  on  two 
coordinate  planes,  the  equation  to 
the  straight  line  evidently  consists  of 
two  parts.    Let  ab^  a'h'  be  the  projec- 
tion of  the  given  line  AB  on  the  xOz,    y 
and  the  yOz  planes,  then  (Fig.  45) 

X  ^  mz  +  c\  y  =  m'z  +  c'.  (18) 
Here  m  represents  the  tangent  of 
the  angle  which  the  projection  of 
the  given  line  on  the  xOz  plane  makes  with  the  :z;-axis ;  m'  the  tan- 
gent of  the  angle  made  by  the  line  projected  on  the  yOz  plane 
with  the  ^-axis ;  c  is  the  distance  intercepted  by  the  projection  of 
the  given  line  on  the  :r-axis ;  c\  a  similar  intersection  on  the  ^-axis. 

If  we  ehminate  z  from  equation  (18), 


Fig.  45. 


m 


2^-c'  =  ^(x-c) 
represents  the  projection  of  the  given  line  on  the  xOy  plane. 


(19) 
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(8)  Surfaces  of  revolution.  A  surface  is  assumed  to  have  been 
generated  by  the  motion  of  a  line  in  space.  If  the  line  rotates 
round  a  fixed  axis,  the  rotating  surface  is  called  a  surface  of  revo- 
lution. Thus,  a  sphere  may  be  formed  by  the  rotation  of  a  circle 
about  a  diameter ;  a  cylinder  may  be  formed  by  the  rotation  of  a 
rectangle  about  one  of  its  sides  as  axis ;  a  cone  may  be  generated 

by  the  revolution  of  a  triangle  about  its 
axis ;  an  ellipsoid  of  revolution,  by  the 
rotation  of  an  ellipse  about  its  major  or 
minor  axes ;  a  paraboloid,  by  the  rotation 
of  a  parabola  about  its  axis.  If  an  hyper- 
bola rotates  about  its  transverse  axis, 
two  hyperboloids  will  be  formed  by  the 
revolution  of  both  branches  of  the  hyper* 
bola.  On  the  other  hand,  only  one 
hyperboloid  is  formed  by  rotating  the 
jc  hyperbolas  about  their  conjugate  axes. 
In  the  former  case,  the  hyperboloid  is 
said  to  be  of  two  sheets,  in  the  latter,  of 
one  sheet, 
^y  (9)  To  find  the  equation  of  the  surface 

Fig.  46.  ^j  ^  right  cylinder.     Let  one  side  of  a 

rectangle  rotate  about  Oz  as  axis.  Any  point  on  the  outer  edge 
will  describe  the  circumference  of  a  circle.  If  P(a;,  y,  z)  (Fig.  46) 
be  any  point  on  the  surface,  r  the  radius  of  the  cylinder,  then  the 
required  equation  is 

(20) 


r2  ^  /r2 


2 


r^  =  a;^  +  y 

The  equation  to  a  right  cylinder  is  thus  independent  of  z.     This 
means  that  z  may  have  any  value  whatever  assigned  to  it. 

Examples. — (1)  Show  that  the  equation  of  arightconeiax^+y®-  ^*tan'^=0, 
where  ^  represents  half  the  angle  at  the  apex  of  the  cone.  (Origin  of  axes  is 
at  apex  of  cone.) 

(2)  The  equation  of  a  sphere  is  x*  +  y*  +  «'  =  r®.     Prove  this. 

(10)  To  find  the  equation  of  the  tangent  plane  *  at  any  point  of 
a  surface.     Let  P(xi,  y^,  z^)  be  any  point  on  the  curved  surface, 

^  -  M  y) (21) 

The  tangent  plane  through  the  point  P(x^,  y^,  z^)  will  be  determined 


*  llie  tangent  plane  of  a  surface  is  a  plane  which  touches  the  surface  at  a  poiut,  or 
A  line. 
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when  two  linear  tangents  through  this  point  have  been  determined. 
For  the  sake  of  simplicity,  consider  the  linear  tangents  parallel  to- 
the  X2-  and  the  2r^-planes.  As  an  exercise  after  (6),  page  83, 
the  reader  will  be  able  to  show  that  these  two  tangent  lines  have 
equations, 

z  -  Zi=^  j^{x  -  X,);  y^y^;  .         .         (22) 


dz-. 


(23) 


where  the  partial  derivatives,  dzjdx^,  dzjdy^y  obviously  represent 
the  trignometrical  tangents  of  the  lines  of  intersection  of  the  tan- 
gent plane  with  the  coordinate  planes  xz  and  zy  respectively. 
Hence,  the  equation  to  this  plane  is, 

dzj  dz-i 


18 


ExAMPUs. — Prove  that  the  tangent  plane  to  the  surface 

«*  =  /(aJ,  y,  «)  =  0, 
du  du  du 


(26> 


(11)  Polar  coordinates.  Instead  of  referring  the  point  to  ita 
Cartesian  coordinates  in  three  dimen- 
sions, we  may  use  polar  coordinates. 
In  Fig.  47,  let  P  be  the  given  point 
whose  rectangular  coordinates  are  x^  y, 
z ;  and  whose  polar  coordinates  are  r, 
Of  ifi,  a-s  shown  in  the  figure. 

(i)   To   pa>8S  from    rectangular    to 
pola/r  coordinates. 
x=OA^  OM  cos  <^  =  r  sin  d .  cos  <^] 
y=:ilM=0Jlfsin<^  =  r8in^.8in<^[-  (26) 

z^PM^roo^e.  ) 

/;n   rr^  -^««„   /»...-«.  ^^Tr,^  *r.  ^^^*^^^^.    Fig.  47. — Polar  Coordinates  in 
(u)  To  pass  from  polar  to  rectangu^  r^^^  Dimensions. 

lar  coordinates. 


r  =  J{x^  +  2/2  +  ^2) 

z 

-1? 


0  ^  tan 

fft  ^  tan 


x 


(27) 
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S 19.  Orders  of  SarftuiM. 

Just  as  an  equatioD  of  the  first  degree  between  two  variablea 
repreaeats  a  straight  line  of  the  first  order,  so  does  ati  equation  of 
the  first  degree  between  three  variables  represent  a  sorfaoe  of  the 
tint  order.     Such  an  equation  in  its  most  general  form  is 

Ax  +  By  +  Cz  +  D  =  0, 
the  equation  to  a  plane. 

An  equation  of  the  second  degree  between  three  variables  re- 
presents a  BOPfaoe  of  the  seoond  order.  The  most  general 
equation  of  the  seoond  degree  between  three  variables  is 

Aafi  +  By^  +  C«*  +  Dxy  +  Eyz  +  Fzx  +  .  ,  ,  +  W  =  0. 
All  plane  sections  of  surfaces  of  the  second  order  are  either  circular, 
parabolic  hyperbohc,  or  elliptical,  and  comprised  under  the  generic 
word  conicaids,  of  which  spheroids,  paraboloida,  hyperboloids  and 
ellipsoids  are  special  cases. 

A  surface  of  the  second  degree  may  be  formed  by  plotting  from 
the  gas  equation 

f{p,  t;$)  =  0:  or  pv^BB, 
by  causing  p,  v  and  6  to  vary  simultaneously.     The  surface  pabv 
{Fig.  iS)  was  developed  in  this  way. 


Fia.  43.— pv0-aarfaoe. 

Since  any  section  cut  perpendicular  to  the  tf-axis  is  a  rect- 
angular hyperbola,  the  surface  is  an  hyperboloid.  The  isothermals 
0,  6^,  0^,  .  .  .  (Fig.  28.  page  90)  may  be  looked  upon  as  plane 
sections  cut  perpendicular  to  the  0-axis  at  points  corresponding  to 
0^,  $.f,  .  .  .  ,  and  then  projected  upon  the  jw-plane.  In  Fig.  49, 
the  curves  corresponding  to  pv  and  ab  have  been  so  projected. 
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If  a  sufficient  number  of  such  projections  were  available,  the 
charsLCteristio  equation,  /(p,  v,  0)  =  0,  would  be  solved  completely. 

As  a  general  rule,  the  surface  generated  by  three  variables  is 
not  so  simple  as  the  one  represented  by  a  gas  obeying  the  simple 
laws  of  Boyle  and  Gay  Lussac. 

van  der  Waals  "f  surfaces  are  developed  by  using  the 
variables  ij/,  x^  v,  where  i/r  denotes  the  thermodynamic  potential  at 
constant  volume  {U  -  0<fii) ;  x  the  composition  of  the  substance ;  v 
the  volume  of  the  system  under  investigation.  The  **  j/r "  surface 
is  analogous  to,  but  not  identical  with,  pabv  in  the  above  figure. 
Full  particulars  are  given  in  van  der  Waals*  classic,  Die  Continuitdt 
des  gasformigen  undfliissigen  ZtLstandes,  Theil  II. 

The  so-called  thermodynamio  surfaces  of  Oibbs  are  obtained 
in  the  same  way  from  the  variables  v,  (7,  <^  (or  volume,  internal 
energy  and  entropy)  of  a  given  system.  They  are  described  with 
some  detail  in  Preston's  Theory  of  Heaty  page  685,  or  better  still, 
Le  Chatelier's  EquUihre  des  sysUmes  chimiqties  par  J.  Willard 
Gibbs,  p.  98  (see  also  page  343). 


§  50.  Periodic  of  Harmonic  Motion. 

Let  P  (Fig.  50)  be  a  point  which  starts  to  move  from  a  position 
of  rest  with  a  uniform  velocity  on  the  perimeter  of  a  circle.  Let 
xOx',  yOy'  be  coordinate 
axes  about  the  centre  0. 
Let  Pj,  Pjj  .  .  .  be  positions 
occupied  by  the  point  after 
the  elapse  of  intervals  of 
time  ip  ^2  •  •  •  From  P^ 
drop  the  perpendicular 
M^P^  on  to  the  rc-axis. 
Remembering  that  if  the 
direction  of  M^P^,  M^P^ 
...  be  positive,  that  of 
ilfgPg,  M^P^  is  negative,  and 
the  motion  of  OP  as  P 
revolves  about  the  centre 
0  in  the  opposite  direction 
to  the  hands  of  a  clock  is  conventionally  reckoned  positive, 
then 


Fig.  50. — Harmonic  or  Periodic  Motion. 
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+  M^P^     .  +M2P2     .  -M^P^     .  -M,P, 

e"i«i  -  ^^0P^'  ^^^'^^  ^TOP^  '  «^^^  =  +"0^'  «^^***  =  rOP;' 
Or,  if  the  circle  have  unit  radius  r  »=  1, 

sinaj  =  +  M^P^;  sinog  =  +  ^2^2^  sinog  =  -  M^P^;  sina^  =  -  Jlf4P4. 
If  the  point  continues  in  motion  after  the  first  revolution,  this  series 
of  changes  is  repeated  again  and  again. 

During  the  first  revolution,  if  we  put  v  —  180°,  and  let  0^,  O^y 
.  .  .  represent  certain  angles  described  in  the  respective  quadrants, 

^1  =  ttj  ;   $2  ^  tr  —  CL2\   ^3  =  ir  +  ttg ;   ^4  =  2ir  —  a^. 

During  the  second  revolution, 

^1  =  2^  +  aj  ;   ^2  =  2ir  +  (ir  -  02)  ;   ^3  =  2ir  +  (ir  +  Oj),  etc. 

We  may  now  plot  the  curve 

y  =  sin  a  .  .  .  .  (1) 
by  giving  a  series  of  values  0,  ^,  Jtt  .  .  .  to  a  and  finding  the 
corresponding  values  of  y.     Thus  if 


a?  =  a  =  0,  ^,         IT, 

y  =  sin  0,    sin  ^ir,  sin  tt, 


sin  f  TT, 


2ir, 
sin  2ir, 


•  » 


sm  ^TT, 


=  sin  0°,  sin  90°,  sin  180°,  sin  270°,  sin  360°,  sin  90°,  .  .  . ; 
=  1,         0,  -  1,         0,  1,  0,  .  .  . 

Intermediate  values  are  sin  J7r  =  sin45°=707,  sin|ir  =  -'707  .  .  . 
The  curve  so  obtained  has  the  wavy  or  undulatory  appearance 

shown  in  Fig.  51.     It 
y  is  called  the  oupve  of 

sines   or   the   har- 
monio  cuPYe. 

A  function  whose 
value  recurs  at  fixed 
intervals  when  the 
variable  uniformly  in- 
creases in  magnitude 
is  said  to  be  a  peri- 


PiQ.  51. — Curve  of  Sines,  or  Hannonic  Curve. 


odic  funotion.     Its  mathematical  expression  is 

f{t)^f(t  +  nt)  .  .  .  .  (2> 
where  n  may  be  any  positive  or  negative  integer.  In  the  present  case 
n  =s  2ir.  The  motion  of  the  point  P  is  said  to  be  a  simple  harmonic 
motion.     Equation  (1)  thus  represents  a  simple  harmonic  motion. 

If  we  are  given  a  particular  value  of  a  periodic  function  of, 
say,  t,  we  can  find  an  unlimited  number  of  different  values  of  t 
which  satisfy  the  original  function.  Thus  2^,  3^,  4^,  .  .  .,  all 
satisfy  equation  (2). 
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ExAMPiiBS.— (1)  Show  that  the  graph  of  ^  =  cos  a  has  the  same  form  as 
the  sine  curve  and  would  be  identical  with  it  if  the  ^-axis  of  the  sine  curve 
were  shifted  a  distance  of  ^  to  the  right.  [Proof :  sin  (^t  +  x)  =  cos  x,  etc.] 
The  physical  meaning  of  this  is  that  a  point  moving  round  the  perimeter  of 
the  circle  according  to  the  equation  y  —  cos  a  is  just  ^t,  or  90°  in  advance  of 
one  moving  according  to  y  =  sin  a. 

(2)  Illustrate  graphically  the  periodicity  of  the  function  y  =  tan  a.  (Note 
the  passage  through  ±  oo.) 

Instead  of  taking  a  circle  of  unit  radius,  let  r  denote  the  mag- 
nitude of  the  radius,  then 

y  =  r  sin  CL 

Since  sin  a  can  never  exceed  the  limits  +  1,  the  greatest  and  least 
values  y  can  assume  are  -  r  and  +  r ;  r  is  called  the  amplitude  of 
the  curve.  The  velocity  of  the  motion  of  P  determines  the  rate  at 
which  the  angle  a  is  described  by  OP  (called  the  angular  velocity). 
Let  t  denote  the  time,  id  the  angular  velocity, 

da 

~Tf  ^  ^>  or  a  =  wi, 

and  the  time  required  for  a  complete  revolution  is 

t  =  2Wcu, 
which  is  called  the  periodic  value  of  a,  or  period  of  oscillation,  or 
periodic  time ;  2ir  is  the  wave  length.  If  E  (Fig.  50)  denotes  some 
arbitrary  fixed  point  such  that  the  periodic  time  is  counted  from 
the  instant  P  passes  through  E,  the  angle  xOE  =  c,  is  called  the 
epoch  J  and  the  angle  described 
by  OP  in  the  time  t  ^  tat  +  € 
=  a,  or 


y  =  r  sin  {U  +  c)    .         (3)^ 
Electrical  engineers  call  c  the 
lead  or,  if  negative,  the  lag  of     ^ 
the  electric  current 

Example.  —  Show  that  the 
graph  of  equation  (3)  may  be  re- 
presented by  a  curve  of  the  form 
shown  in  Fig.  52.  Pig.  62. 

The  motion  of  M  (Fig.  50),  that  is  to  say,  the  projection  of  the 
moving  point  on  the  diameter  of  the  circle  xOx'  is  a  good  illustra- 
tion of  periodic  motion,  already  discussed,  page  48.  The  motion 
of  an  oscillating  pendulum,  of  a  galvanometer  needle,  of  a  tuning 
fork,  the  up  and  down  motion  of  a  water  wave,  the  alternating 

electric  current,  sound,  light,  and  electromagnetic  waves  are  all 

H 
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periodic  motions.  Many  of  the  properties  of  the  chemical  ele- 
ments are  periodic  functions  of  their  atomic  weights  {Newlands- 
MendeUeff  latv).  Some  interesting  phenomena  have  recently  come 
to  light  which  indicate  that  chemical  action  may  assume  a  periodic 
character.*    The  evolution  of  hydrogen  gas,  when  hydrochloric  acid 

acts  on  one  of  the  allo- 
tropic  forms  of  chromi- 
um, has  recently  been 
studied  by  W.  Ost- 
wald.f  He  found  that 
if  the  volume  of  gas 
evolved  during  the 
action  be  plotted  as 
Fio.  58. — Ostwald's  Curve  of  Chemical  Action,     ordinate     asainst    the 

time  as  abscissa,  a  curve  is  obtained  which  shows  regularly  alter- 
nating periods  of  slow  and  rapid  evolution  of  hydrogen.  The 
particular  form  of  these  **  waves  "  varies  with  the  conditions  of  the 
experiment.     One  of  Ostwald*s  curves  is  shown  in  Fig.  53. 

Composition  of  harmonic  motions.  It  is  important  to  remember 
that  two  or  more  simple  harmonic  motions  may  be  compounded 
into  one.     Thus  it  can  be  shown  that 

a  sin  (qt  +  e)  +  b  cos  {qt  +  e)  —  A  sin  {qt  +  Cj)  .  (4) 
where  q  has  the  same  meaning  as  a>  above.  Expand  the  left-hand 
side  of  (4)  according  to  formulae  (21)  and  (22),  page  499 ;  re- 
arrange terms  to  obtain 

=  sin  qt{a  cos  €  -  b  sin  c)  +  cos  qt(b  cos  €  -i-  a  sin  c) ; 

=  A  sin  {qt  +  €,), 
provided 

A  cos  cj  =  a  cos  c  -  6  sin  € ;  A  sin  Cj  =  6  cos  c  +  a  sin  c.     (5) 

Square  equations  (5)  and  add 

A^  =  a'-i  +  5*-^ (6) 


•  Abney  has  noticed  that  if  a  pliotographic  film  be  "exposed"  for  a  much 
longer  period  than  is  required  it  will  after  a  certain  interval  return  to  a  sensitive 
condition.  Troost  and  Hautefeuille  state  that  silicon  hexachloride  (SfiaC/e)  is  stable 
above  1,000=' and  below  850^;  hydrazine  hydrate  (NiH^.H^O):  ozone  (O3),  hydrogen 
selenide  {HiSe);  cyanogen  (C^N^);  acetylene  (CsH^) ;  and  nitrogen  peroxide  {A\04) 
are  said  to  exhibit  similar  phenomena  ;  the  action  of  chlorine  on  platinum,  of  oxygen 
on  copper  and  on  phosphorus  is  also  said  to  be  similar.  Many  of  these  statements, 
no  doubt,  arise  from  a  faulty  interpretation  of  experimental  work.  But  the  subject 
certainly  merits  a  closer  investigation. 

t  W.  Ostwald,  ZeUschrift  fur  2^hysik<tHsch^  Chemie,  SB,  38,  204,  1900  ;  Brauner, 
iA.,  88,441,  1901. 
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Divide  equations  (5),  rearrange  terms  and  show  that 

tan  (c  -  6i)  =  -  6/a,     .         .         .         .     (7) 
from  formulae  (21)  and  (22),  page  499.     When  c  =  0°, 

tan  €i  =  hia (8) 

Equations    (6)    and   (7)    are   the  necessary   conditions   that  (4) 
may  hold  good.     Give  a  geometrical  inter-       y 
pretation  to  (4),  (6)  and   (8),   by  means    of 
figure  54.  N 

Examples.— (1)    Dr&w  the  graphs  of   the  two    ^ 
curves, 

^  =s  a  sin  (qt  +  c)  and  i/i  =  Oi  sin  (qt  +  ^i). 
Gompckre  the  result  with  the  graph  of 

y,  =  a  sin  (qt  +  e)  +  Oj  sin  (qt  +  €i). 
(2)  Draw  the  graphs  of 

iji  —  sin  ar,  ^a  =  i  sin  ic,  y^  =  i  sin  Sj*,  y  =  sin  j*  +  ^  sin  %x  +  \  sin  bx 
(see  page  363  for  this  and  other  examples). 


§  51.  Oeneralised  Foroes  and  Coordinates. 


When  a  mass  of  any  substance  is  subject  to  some  physical 
change,  certain  properties  (mass,  chemical  composition)  remain 
fixed  and  invariable,  while  other  properties  (temperature,  pressure, 
volume)  vary.  When  the  value  these  variables  assume  in  any 
given  condition  of  the  substance  is  known,  we  are  said  to  have  a 
complete  knowledge  of  the  state  of  the  system.  These  variable 
properties  are  not  necessarily  independent  of  one  another.  We 
have  just  seen,  for  instance,  that  if  two  of  the  three  variables 
defining  the  state  of  a  perfect  gas  are  known,  the  third  variable 
can  be  determined  from  the  equation 

jtv  =  BO, 
where  i^  is  a  constant.  In  such  a  case  as  this,  the  third 
variable  is  said  to  be  a  dependent  variable^  the  other  two,  in- 
dependent variables.  When  the  state  of  any  material  system 
can  be  defined  in  terms  of  n  independent  variables,  the  system 
is  said  to  possess  n  decrees  of  freedom,  and  the  n  independent 
variables  are  called  generalised  coordinates.  For  the  system 
just  considered  w  =  2,  and  the  system  possesses  two  degrees  of 
freedom. 

Again,  in  order  that  we  may  possess  a  knowledge  of  some 
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systems,  say  gaseous  nitrogen  peroxide,  not  only  must  the  vari- 
ables given  by  the  gas  equation 

be  known,  but  also  the  mass  of  the  N.2^^  *^^  ^^  *^®  ^^^2  pJ'esent. 
If  these  masses  be  respectively  m^  and  m.^,  there  are  five  variables 
to  be  considered,  namely, 

ft>i(p,  V,  0,  Wj,  W2)  =  0, 
but  these  are  not  all  independent.     The  pressure,  for  instance,  may 
be  fixed  by  assigning  values  ix)  v^  $,  m^,  m,^]  p  is  thus  a  dependent 
variable,  r,  0,  m^,  m^  are  independent  variables.     Thus 

P  =  f{i',  Oy  7Wi,  W2). 
We  know  that  the  dissociation  of  ^^2^4  ^^^  ^^0^  depends  on  the 
volume,  temperature  and  amount  of  NO2  present  in  the  system 
under  consideration.     At  ordinary  temperatures 

and  the  number  of  independent  variables  is  reduced  to  three.  In 
this  case  the  system  is  said  to  possess  three  degrees  of  freedom.* 
At  temperatures  over  135° — 138"*  the  system  contains  NO2  alone, 
and  behaves  as  a  perfect  gas  with  two  degrees  of  freedom. 

In  general,  if  a  system  contains  m  dependent  and  n  independent 
variables,  say 

•^1»   '^2*   *^3»     •     •     •     '^n  +  m 

variables,  the  state  of  the  system  can  be  determined  by  m  +  7i 
equations.  As  in  the  familiar  condition  for  the  solution  of  simul- 
taneous equations  in  algebra,  n  independent  equations  are  required 
for  finding  the  value  of  n  unknown  quantities.  But  the  state  of 
the  system  is  defined  by  the  vi  dependent  variables ;  the  remaining 
n  independent  variables  can  therefore  be  determined  from  71  inde- 
pendent equations. 

Let  a  given  system  with  71  degrees  of  freedom  be  subject  to 
external  forces 

-^l»  -^2*  "^3»    •    •    •    '^Hi 

SO  that  no  energy  enters  or  leaves  the  system  except  in  the  form 
of  heat  or  work,  and  such  that  the  n  independent  variables  are 
displaced  by  amounts 

dx,  dx^j  dx^,  .  .  .  dx„. 
Since  the  amount  of  work  done  on  or  by  a  system  is  measured  by 
the  product  of  the  force  and  the  displacement  (page  182),  these 

*  If  a  .system  contains  more  than  three  degrees  of  freedom  its  state  cannot  be 
represented  on  a  single  diagram. 
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external  forces  X^X.^  .  .  .  perform  a  quantity  of  work  dW  which 
depends  on  the  nature  of  the  transformation.     Hence 

dW  =  X-^^dx^  +  Xjdajg  +  .  .  .  Xjdx^ 
where  the  coefficients  X^,  X^,  Z3  .  .  .  are  called  the  generaliaed 
foroes  acting  on  the  system.  Duhem  in  his  great  work,  Traits 
El&mentaire  de  M&canique  Ghimique  fondle  sur  la  Thermo- 
dynamique,  4  vols.,  1897-99,  makes  considerable  use  of  generalised 
forces  and  generalised  coordinates. 
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CHAPTER  III. 
FUNCTIONS  WITH  SINGULAR  PROPERTIES. 

t 

§  52.  GontinaouB  and  Disoontinuous  FunotionB. 

"Although  a  physical  law  may  never  admit  of  a  perfectly  abrupt 
change,  there  is  no  limit  to  the  approach  which  it  may  make 
to  abruptness." — W.  Stanley  Jevons. 

The  law  of  continuity  affirms  that  no  change  can  take  place 
abruptly.  The  conception  involved  will  have  been  familiar  to  the 
reader  from  the  second  section  of  this  work.  It  was  there 
shown  that  the  amount  of  substance  (x)  formed  in  a  given  time 
becomes  smaller  as  the  interval  of  time  (t)  during  which  the 
change  occurs  is  diminished,  until  finally,  when  the  interval  of 
time  approaches  zero,  the  amount  of  substance  formed  also  ap- 
proaches zero.  In  such  a  case  x  is  not  only  a  function  of  t,  but 
it  is  a  oontinuouB  function  of  t. 

The  course  of  such  a  reaction  may  be  represented  by  the  motion 
of  a  point  along  the  curve 

x==f(t). 
According  to  the  principle  of  continuity,  in  order  that  the  moving 
point  may  pass  from  one  end  (a)  of  the  curve  to  the  other  (b), 
it  must  successively  assume  all  values  intermediate  between 
a  and  6,  and  never  move  off  the  curve.  This  is  a  characteristic 
property  of  continuous  functions.  Several  examples  have  been 
considered  in  preceding  chapters.  Most  natural  processes  can  be 
represented  by  continuous  functions.  Hence  the  old  empiricism  : 
Natura  non  agit  per  scUtum, 

The  law  of  continuity,  though  tacitly  implied  up  to  the  present, 
is  by  no  means  always  true.  Even  in  some  of  the  simplest  phe- 
nomena exceptions  may  arise.  In  a  general  way,  we  can  divide 
discontinuous  functions  into  two  classes :  first,  those  in  which  the 
graph  of  the  function  suddenly  stops  to  reappear  in  some  other 
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part  of  the  plane,  in  other  words  a  "  break "  occurs ;  second, 
those  in  which  the  graph  suddenly  changes  its  direction  without 
exhibiting  a  break.*  Other  kinds  of  discontinuity  may  occur,  but 
do  not  commonly  arise  in  physical  work.  For  example,  a  function 
is  said  to  be  discontinuous  when  the  value  of  the  function  y  =  f(x) 
becomes  infinite  for  some  particular  value  of  x.  Such  a  dis- 
continuity occurs  when  a?  =  0  in  the  expression  y  =  I'lx,  The 
differential  coefficient  of  this  expression, 

dx  J^^' 

is  also  discontinuous  for  x  —  0.  Other  examples  which  may  be 
verified  by  the  reader  are  log  a?,  when  jj  =  0,  tan  x,  when  x  —  ^ir,  .  .  . 
The  graph  for  Boyle's  equation,  jpv  =  constant,  is  also  discontinuous 
at  an  infinite  distance  along  either  axis. 

§  53.  Disoontinaity  accompanied  by  '*  Breaks  ^\ 

The  specific  heat — that  is  to  say,  the  amount  of  heat  required  to 
raise  the  temperature  of  one  gram  of  a  solid  substance  one  degree — 
may  be  a  known  function  of  the  tempei  ature  of  the  solid.  As  soon 
as  the  substance  begins  to  melt,  it  absorbs  a  great  amount  of  heat 
(latent  heat),  unaccompanied  by  any  rise  of  temperature.  When 
the  substance  has  assumed  the  fluid  state  of  aggregation  the  specific 
heat  is  again  a  function  of  the  temperature  until,  at  the  boiling 
point,  similar  pheno- 
mena recur.  Heat  is  ab- 
sorbed unaccompanied 
by  any  rise  of  tempera- 
ture (latent  heat  of 
vaporisation)  until  the 
liquid  is  completely 
vaporised. 

If    the    quantity   of  ^,.fi' 

heat    (Q)    supplied    be 

regarded  as  a  function 

of  the  temperature  (B)y  the  curve  (Fig.  55),  represented  by  the 

equation 

y  =  4,{x) ;  or,  Q  =  <^(^), 


V  meitirtf point 


Fig.  55. 


*  Sometimes  the  word  "break"  is  used  indiscriminately  for  both  kinds  of  dis- 
continoity.     It  is,  indeed,  questionable  if  ever  the  "  break  "  is  real. 
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is  said  to  be  discontinuous  between  the  values  Q  »  AB  and  CD, 

and  breaks  are  said  to  occur  in  these  positions.    f{6)  is  therefore 

a  disoontinaous  fiinction,  for,  if  a  small  quantity  of  heat  be  now 

added  to  the  substance,  the  temperature  does  not  change  in  a 

corresponding  way. 

The  geometrical  signification  of  these  phenomena  is  as  follows : 

For  the  points  A  and  B,  corresponding  to  one  abscissa,  there  are 

two,  generally  diiferent,  tangents  to  the  curve,  namely,  tan  a  and 

tan  a.     In  other  words  (see  page  82), 

dO 

^-r  =  ^'(0)  =  tan  a  =  tan  angle  OB  A  ; 

and  -^  =  Kf>XO)  =  tan  a  =  tan  angle  OB' A, 

that  is  to  say,  a  function  is  discontinuous  when  the  differential 
coefficient  has  two  distinct  values  determined  by  the  slope  of  the 
tangent  to  each  curve  at  the  point  where  the  discontinuity  occurs. 

The  physical  meaning  of  the  discontinuity  in  this,  example,  is 
that  the  substance  may  have  two  values  for  its  specific  heat  at  the 
melting  point,  the  one  corresponding  to  the  solid  and  the  other  to 
the  liquid  state  of  aggregation.  The  tangent  of  the  angle  repre- 
sented by  the  ratio  dQidO  obviously 
D  represents  the  specific  heat  of  the  sub- 
stance. An  analogous  set  of  changes 
occurs  at  the  boiling  point. 

Fig.  56  shows  the  result  of  plot- 
ting the  variations  in  the  volume  of 
phosphorus  with  temperatures  in  the 
neighbourhood  of  its  melting  point. 
AB  represents  the  expansion  curve 
of  the  solid,  CD  that  of  the  liquid. 
FiQ.  66.  ^   break   occurs   between  B  and  0. 

Phosphorus  at  its  melting  point  may  thus  have  two  distinct 
coefficients  of  expansion,  the  one  corresponding  to  the  solid  and 
the  other  to  the  liquid  state  of  aggregation. 

§  N.  The  Existence  of  HydrateB  in  Solution. 

The  fact  (page  100)  that  an  equation  of  the  second  (or  nth) 
degree  may  include  not  only  a  single  curve  of  the  second  (or  nth) 
order,  but  also  two  (or  n)  straight  lines,  has  been  used  in  an  in- 


^54. 


FUNCTIONS  WITH  SINGULAR  PROPERTIES. 


121 


genious  way  to  indicate  the  probable  existence  of  certain  chemical 
•compounds  in  solution.  The  following  data  are  quoted  at  some 
length  in  order  to  explain  an  important  application  of  mathematical 
methods  for  bringing  these  obscured  lines  into  prominence : 

If  p  denotes  the  percentage  compositions  of  various  aqueous 
solutions  of  ethyl  alcohol  and  s  the  corresponding  specific  gravities 
in  vacuo  at  16°  (sp.  gr.  H^O  at  15**  =  9991*6),  we  have  the  follow- 
ing table  compiled  by  Mendel^eff : — 


p 

8 

P 

8 

1 

p  ! 

8 

P 

8 

5 

9904-1 

90 

9570-2 

55 

9067-4 

80  ! 

8479-8 

10 

98dl-2 

85 

9484-5 

60 

8958-8 

85  1 

8854-8 

15 

9768-4 

40 

9389-6 

65  , 

8888-6 

90 

8225-0 

ao 

9707-9 

45 

9287-8 

70  1 

8714-5 

95 

8086-9 

25 

9644-8 

50 

91790 

75  ' 

r 
1 

8601-4 

100 

7986-6 

1 

It  is  found  empirically  that  the  experimental  results  are  fairly 
well  represented  by  the  equation 

5  =  a  +  6j[?  +  cp^,  .  .  .  (1) 
which  is  the  general  expression  for  a  parabolic  curve,  a,  b  and  c 
being  constants  (page  77).  By  plotting  the  experimental  data  the 
curve  shown  in  Fig.  57  is  obtained. 
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Fig.  57.  * 
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It  is  urged  that  just  as  compounds  may  be  formed  and  decom- 
posed at  temperatures  higher  than  that  at  which  their  dissociation 
commences,  and  that  for  any  given  temperature  a  definite  relation 
exists  between  the  relative  amounts  of  the  original  compound 
and  of  the  products  of  its  dissociation,  so  may  solutions  contain 
definite  but  unstable  hydrates  at  a  temperature  above  their  dis- 
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Bociation  temperature.  If  the  dissolved  substance  really  enters 
into  combination  with  the  solvent  to  form  different  compounds 
according  to  the  nature  of  the  solution,  many  of  the  physical 
properties  of  the  solution  (density,  thermal  conductivity  and  such 
like)  will  naturally  depend  on  the  amount  and  nature  of  these 
compounds,  because  chemical  combination  is  usually  accompanied 
by  volume,  density,  thermal  and  other  changes.  Assuming  that 
the  amount  of  such  a  definite  compound  is  proportional  to  the, 
concentration  of  the  solution,  the  rate  of  change  of,  say,  the 
density  with  change  of  concentration  will  be  a  linear  function 
of  p,  that  is  to  say,  from  the  differentiation  of  (1) 

ds 


dp  =  *  +  2cp. 


(2) 


where  ds  is  the  difference  in  the  density  of  two  experimental 
values  corresponding  to  the  difference  in  the  percentage  com- 
position of  two  solutions  of  the  same  substance.* 

The  second  member  of  (2)  corresponds  with  the  equation  of  a 
straight  line  (page  69).  On  treating  the  experimental  data  by 
this  method,  Mendel^eff  f  found  that  ds/dp  was  discontinuous,  and 

that    breaks 

f-^l^"'"!       i       I       \       r^        !      were      obuined 

by  plotting  dsfdp 
as  ordinates 
against  abscissa 
p  for  concen- 
trations corres- 
ponding to  17*56^ 
Fio.  68  (after  Mendeleeff).  4600  and  8846 

per  cent,  of  ethyl  alcohol.  These  concentrations  coincide  with 
chemical  compounds  having  the  composition  C^HfiH .  12H.fi ^ 
C^HfiH  .  SHfi  and  SC^HfiH  .  Hfi  as  shown  in  Fig.  58. 

This  procedure  has  been  extensively  used  by  Pickering  +  in  the 
treatment  of  an  elaborate  and  painstaking  series  of  determinations 
of  the  physical  properties  of  solutions. 

Grompton  found  that  if  the  electrical  conductivity  of  a  solution 


/flr/ 


*  See  page  247  for  the  method  of  finding  dy/dx  from  a  set  of  tabulated  measure- 
ments. 

f  Mendeldeff,  Journal  of  the  London,  Chemical  StKiety^  51,  778,  1887. 

X  Pickering,  JowmaZ  Londan  ChemiaU  Society  and  Philosophical  Magaxinef  al)0ut 
1890.     Crompton,  Journal  CliemiaU  Society^  68, 116,  1888. 
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is  regarded  as  a  function  of  its  percentage  composition,  such  that 

K  =  a-\-bp  +  cf  ^ff,  ...  (3) 
the  first  differential  coefficient  gives  a  parabolic  curve  of  the  type 
of  (1)  above,  while  the  second  differential  coefficient,  instead  of 
being  a  continuous  function  of  p, 

■^  =  A-^  Bp (4) 

was  found  to  consist  of  a  series  of  straight  lines,  the  position  of  the 
breaks  being  identical  with  those  obtained  by  Mendel^eff  for  the 
first  differential  coefficient  dsldp.  The  values  of  the  constants  A 
and  B  are  obvious. 

The  mathematical  argument  is  that  the  differential  coefficient 
of  a  continuous  curve  will  differentiate  into  a  straight  line  or 
another  continuous  curve ;  while  if  a  curve  is  really  discontinuous, 
or  made  up  of  a  number  of  different  curves,  it  will  yield  a  series  of 
straight  lines.  Each  line  represents  the  rate  of  change  of  the 
particular  physical  property  under  investigation  with  the  amount 
of  hypothetical  unstable  compound  existing  in  solution  at  that 
concentration.  An  abrupt  change  in  the  direction  of  the  curve 
leads  to  a  breaking  up  of  the  first  differential  coefficient  of  that 
curve  into  two  curves  which  do  not  meet.  For  the  jo,  5-curve, 
ds/dp  is  discontinuous ;  for  the  ds/dp,  p-curve,  d^sjdp^  is  dis- 
continuous. 

It  must  be  pointed  out  that  the  differentiation  of  experimental 
results  very  often  furnishes  quantities  of  the  same  order  of 
magnitude  as  the  experimental  errors  themselves.*  This  is  a 
very  serious  objection.  Pickering  has  proposed  to  eliminate  the 
experimental  errors  to  some  extent  by  differentiating  the  results 
obtained  by  ''smoothing"  the  curve  obtained  by  plotting  the 
experimental  results.f     On  the  face  of  it  this  "  smoothing  "  +  of 

*  This  will  appear  after  reading  Chapter  V.,  §  104. 

fSee  Horstmann  (Liebig's  AnnaUriy  Suppl.,  8,  125,  1872)  for  finding  dpjdB  by 
drawing  tangents  to  the  graph  of  the  experimental  data ;  and  Berichte,  S,  137,  1869, 
for  finding  dpfdS  by  the  differentiation  of  an  empirical  equation.    See  §  104. 

X  The  results  of  the  observation  of  a  series  of  corresponding  changes  in  two 
variables  are  plotted  as  abscissae  and  ordioates  by  light  dots  on  a  sheet  of  squared 
paper,  and  a  curve  is  drawn  to  pass  as  nearly  as  possible  through  all  these  points. 
The  resulting  curve  is  assumed  to  be  a  graphic  representation  of  the  general  formula 
(known  or  unknown)  connecting  the  results  of  experiment.  Points  deviating  from  the 
curve  are  assumed  to  be  due  to  errors  of  observation.  As  a  general  rule  the  curve 
with  the  least  curvature  is  chosen  to  pass  through  or  within  a  short  distance  of  the 
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experimental  results  is  a  dangerous  operation  even  in  the  hands  of 
the  most  experienced  workers.  Indeed,  it  is  supposed  that  that 
prince  of  experimenters,  Begnault,  overlooked  an  important  pheno- 
menon in  applying  this  very  smoothing  process  to  his  observations 
on  the  vapour  pressure  of  saturated  steam.  Begnault  supposed 
that  the  curve  showed  no  singular  point  when  water  passed  from 
the  liquid  to  the  solid  state  at  O"".  It  was  reserved  for  J.  Thomson 
to  prove  that  the  ice-steam  curve  is  really  different  from  the  water- 
steam  curve  (see  page  127). 

§  65.  Disoontinuity  aooompanied  by  Change  of  Direction. 

The  vapour  pressure  of  a  solid  increases  continuously  with 
rising  temperature,  until  at  its  melting  point  the  vapour  pressure 
suddenly  changes.  This  is  shown  graphically  in  Fig.  59.  The 
point  P  marks  the  melting  point  of  the  substance.     The  curve 

does  not  exhibit  a  hteak  because  the  vapour 
pressure  is  the  same  at  this  point  whether 
the  substance  be  solid  or  liquid. 

It  is,  however,  quite  clear  that  the  tan- 
gents of  the  two  curves  differ  from  each 
other  at  the  transition  point  P,  because 


^r^        ;F^  tan  a  =  f{0)  =  J  and,  tan  a'  =  /(O)  =  f^- 

F^o-  59-  If  the  equations  to  the  two  curves  were 

ax  -\-  by  ^  1  and  bx-{-ay  =  l,  the  roots  of  the  equations  x=ll{a-{-b) 
and  y  =  li(a-\-b)  would  represent  the  coordinates  of  the  point  of 
intersection  (see  page  73). 

To  illustrate  this  kind  of  discontinuity  we  shall  examine  the 
following  phenomena : — 

(1)  Critical  temperature.  Cailletet  and  Collardeau  have  an 
ingenious  method  for  finding  the  critical  temperature  of  a 
substance  without  seeing  the  liquid.*     By  plotting  temperatures 


greatest  number  of  dots,  so  that  an  equal  number  of  these  dots  (representing  ex- 
perimental observations)  lies  on  each  side  of  the  curre.  Such  a  curve  is  said  to  be  a 
unoothed  eurve.  The  choice  of  the  proper  curve  is  more  or  less  arbitrary.  Pickering 
used  a  bent  spring  or  steel  lath  held  near  its  ends.  Such  a  lath  is  shown  in  statical 
works  to  give  a  line  of  constant  curvature.  JS,g.t  Minchin's  A  Treatise  on  Statics,  S, 
§  806,  1886. 

•Cailletet  and  Collardeau,  Ann.  tie  Chim.  et  lU  Phys.  [6],  SB,  522,  1891.  Note 
that  the  critical  temperature  is  the  temperature  above  which  a  substance  cannot  exist 
other  than  in  the  gaseous  state. 
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Fig.  60. 


as  abscissae  against  the  vapour  pressures  of  dififerent  weights  of 
the  same  substance  heated  at  constant  volume,  a  series  of  curves 
are  obtained  which  are  coincident  as  long  as  part  of  the  substance 
is  liquid,  for  "the  pressure  exerted  by  a 
saturated  vapour  depends  on  temperature 
only  and  is  independent  of  the  quantity  o^ 
liquid  with  which  it  is  in  contact  ".  Above 
the  critical  temperature  the  different  masses 
of  the  substance  occupying  the  same  vol- 
ume give  different  pressures.  From  this 
point  upwards  the  pressure-temperature 
curves  are  no  longer  superposable.  A 
series  of  curves  are  thus  obtained  which 
coincide  at  a  certain  point  P  (Fig.  60),  the  abscissa  oi  which 
denotes  the  critical  temperature.  As  before,  the  tangent  of  each 
curve  Pa,  P6  .  .  .  is  different  from  that  of  OP, 

(2)  Coexistence  of  the  different  states  of  aggregation. 

Another  example  which  is  also  a  good  illustration  of  the  beauty 
and  comprehensive  nature  of  the  graphic  method  of  representing 
natural  processes  may  be  given  here. 

(a)  When  water,  partly  liquid,  partly  vapour,  is  enclosed  in  a 
vessel,  the  relation  between  the  pressure  and  the  temperature  can 
be  represented  by  a  curve  PQ  (Fig.  61j, 
which  gives  the  pressure  corresponding 
to  any  given  temperature  when  the  liquid 
and  vapour  are  in  contact  and  in  equi- 
librium. This  curve  is  called  the  steam 
line. 

{b)  In  the  same  way  if  the  enclosure 
were  filled  with  solid  (ice)  and  liquid 
water  the  pressure  of  the  mixture  would  ^" 
be  completely  determined  by  the  tem-       Fig.  61.— Triple  Point, 
perature.      The  relation   between  pressure   and   temperature  is 
represented  by  the  curve  JVP,  called  the  ioe  line. 

(c)  Ice  may  be  in  stable  equilibrium  with  its  vapour,  and  we 
can  plot  the  variation  of  the  vapour  pressure  of  ice  with  its  tem- 
perature. The  curve  PM  so  obtained  represents  the  variation  of 
the  vapour  pressure  of  ice  with  temperature.     It  is  called  the  hoar 

fi*08tline.  * 

The  plane  of  the  paper  is  thus  divided  into  three  parts  bounded 


^    Lt^tttd 
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by  the  three  curves  PM,  PN,  PQ.  If  a  point  falls  within  one  of 
these  three  parts  of  the  plane,  it  represents  some  state  in  which 
the  water  may  exist  in  the  form  of  ice,  Hquid  or  steam  as  the  case 
might  be.*  If  the  point  falls  on  a  boundary  line  it  corresponds  to 
the  coexistence  of  two  states  of  aggregation.  Finally,  at  the  point 
P,  and  only  at  this  point,  the  three  states  of  aggregation,  ice,  water 
and  steam  may  coexist  together.  This  point  is  called  the  triple 
point.    For  water  the  coordinates  of  the  triple  point  are 

p  =  4-57  mm.,  0  =  0-00747°  C. 
The  two  formulae, 

dQ  =  ed4>;  (dQl^v)e  =  (9(:);)/:)^)„ 
were  discussed  in  one  of  the  examples  appended  to  J^  26.     Di\dde 
the  former  by  dv  and  substitute  the  result  in  the  latter.     We  thus 
obtain, 

Ct),-ai). a) 

which  states  that  the  change  of  entropy  (<^)  per  unit  change  of 
volume  (t;),  at  constant  temperature  {ff"  absolute),  is  equal  to  the 
change  of  pressure  per  unit  change  of  temperature  at  constant 
volume. 

If  a  small  amount  of  heat  (dQ)  be  added  to  a  substance  existing 
partly  in  one  state,  1,  and  partly  in  another  state,  2,  a  propoi*tional 
quantity  (dm)  of  the  mass  changes  its  state,  such  that 

dQ  =  L^^m, 
where  L^^  ^^  ^  constant  representing  the  latent  heat  of  the  change 
from  state  1  to  state  2.     By  definition  of  entropy  (^), 

dQ  =  ed4> ;  hence  fZ</>  =  -^^dm        .         .         (2) 

If  r^  ^2  be  the  specific  volumes  of  the  substance  in  the  first 
and  second  states  respectively 

dv  =  i\^m  -  i\dm  =  (7\2  -  v^dm. 
From  (2)  and  (1) 

•  •  \^v)e    %2  -  ^1) '  v^'^/r  e{v^  -  i\) '      •      w 

This  last  equation  tells  us  at  once  how  a  change  of  pressure 
will  change  the  temperature  at  which  two  states  of  a  substance 
can  coexist  provided  that  we  know  i\,  Vg,  B  and  L^.^- 


*  Certain  imstable  conditions  {metastable  states)  are  known  in  which  a  liqnid  may 
be  found  in  the  solid  region.  A  supercooled  liquid,  for  instance,  may  continue  the  QP 
curve  along  to  .S  instead  of  changing  its  direction  along  PM. 
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Examples. — (1)  If  the  specific  volume  of  ice  is  1*087,  and  that  of  water 
unity,  find  the  lowering  of  the  freezing  point  of  water  when  the  pressure 
increases  one  atmosphere  (latent  heat  of  ice  =  80  cal.).  Here  v,  -  t^  =  0*87, 
e  =  273,  dp  =  76  cm.  mercury.  The  specific  gravity  of  mercury  is  13*6,  and 
the  weight  of  a  colimin  of  mercury  of  one  square  cm.  cross  section  is 
76  X  13-5  =  1,033  grams.  Hence  dj)  =  1,083  grams,  X^,  =  80  cal.  =  80  x  47,600 
C.G.S.  or  dynamical  units.    From  (3),  de  =  0*0072°  G.  per  atmosphere. 

(2)  For  naphthalene  0  =  362*2,  r,  -  t?i  =  0*146;  X^  =  35*46  cal.  Find 
the  change  of  melting  point  per  atmosphere  increase  of  pressure.    d$  =  0*035. 

Let  L^2f  L^y  L.^^  be  the  latent  heats  of  conversioD  of  a  substance 
from  states  1  to  2,  2  to  3,  3  to  1  respectively ;  Vj,  v^,  v^  the  re- 
spective volumes  of  the  substance  in  states  1,  2,  3  respectively ; 
let  B  denote  the  absolute  temperature  at  the  triple  point.  Then 
dp'dO  is  the  slope  of  the  tangent  to  these  curves  at  the  triple 
point,  and 

V  Wu  "  ^(^2  -  ^'l)  '    \  ^^L  ~  %8  -  ^'2)  '    V  W,i  ~  0{V,  -  V,)        ^^) 

The  specific  volumes  and  the  latent  heats  are  generally  quite 
different  for  the  three  changes  of  state,  and  therefore  the  slopes  of 
the  three  curves  at  the  triple  point  are  also  different. 

The  difference  in  the  slopes  of  the  tangents  of  the  solid- vapour 
(hoar  fi'ost  line)  and  liquid-vapour  (steam  line)  curves  of  water 
(Fig.  59)  is 

fM        {M     ^y    ^n     __:^23_\  ,.^ 

At  the  triple  point  L^^  =  L^.^  +  L.2^,  and  (1*3  -  vj  =  (v^  -  Vj)  +  (v^  -  Vg), 

Example. — As  a  general  rule,  the  change  of  volume  on  melting,  {v^  -  Vj), 
is  very  small  compared  with  the  change  in  volume  on  evaporation,  {v^  -  t?,), 
or  sublimation,  (r^  -  r,) ;  hence  r.j  -  t\  may  be  neglected  in  comparison  with 
the  other  volume  changes.    Then, 


(i)„-(*^-^ 


12 


Hence  calculate  the  difference  in  the  slope  of  the  hoar  frost  and  steam  lines 
for  water  at  the  triple  point.  Latent  heat  of  water  =  80  ;  L^,  =  80  x  42,700 ; 
$  =.  273,  V3  -  V,  =  209,400  c.c.  Substitute  these  values  on  the  right-hand  side 
of  the  last  equation.     Ansr.  0*059. 

The  abdve  deductions  have  been  tested  experimentally  in  the 
case  of  water,  sulphur  and  phosphorus;  the  results  are  in  close 
agreement  with  theory.  A  full  discussion  of  the  properties  of 
sulphur,  water  and  phosphorus,  etc.,  in  relation  to  the  triple  point, 
are   given   by   Duhem   in   his  Traits  EUmentaire  de  M^canique 
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Chimique  fondie  sttr  la  Thermodynamiqv^,  2,  93  ;  an  outline 
sketch  will  also  be  found  in  Preston's  Theory  of  Heat  (1894)^ 
pp.  677-8. 

(S)  Cooling  curYes.  If  the  temperature  of  cooling  of  pure 
liquid  bismuth  be  plotted  against  time,  the  resulting  curve  will 
be  continuous  (ab,  Fig.  62),  but  the  moment  a  part  of  the  met^ 
solidifies,  the  curve  will  take  ^another  direction  be,  and  continue 

so  until  all  the  metal  is  solidified, 
when  the  direction  of  the  curve 
again  changes,  and  then  continues 
quite  regular  along  cd.  For  bis- 
muth the  point  b  is  at  268''. 

If  the  cooling  curve  of  an  alloy 
of  bismuth,  lead  and  tin  (Bi,  21 ; 
Pb,  5'6  ;  SUf  75*6)  is  similarly  plot- 
ted, the  first  change  of  direction  is 
Aw^  observed  at  176°,  when  solid  bis- 
muth is  deposited ;  at  125°  the  curve 
Fig.  62.-0ooling  Curves.  ^^^^  ^^^^^^^  j^^  direction,  with  a 

simultaneous  deposition  of  solid  bismuth  and  tin ;  and  finally  at 
96°  another  change  occurs  corresponding  to  the  solidification  of 
the  eutectic  alloy  of  these  three  metals. 

These  cooling  curves  are  of  great  importance  in  investigations 
on  the  constitution  of  metals  and  alloys.  The  cooling  curve  of 
iron  from  a  white  heat  is  particularly  interesting,  and  has  given 

rise  to  much  discussion.      The 
^  curve  shows  changes  of  direction 

at  about  1,130°,  at  about  850° 
(called  Ar^  critical  point),  at 
about  770°  (called  Ar^  critical 
point),  at  about  500°  (called  the 
Ar^  critical  point),  at  about  450° 
—500°  C,  and  at  about  400°  C. 
(below  redness).  The  magnitude 
Zl^^  of  these  changes  varies  according 
Fig.  68.— Portion  of  Cooling  Curve  of  to  the  purity  of  the  iron.     Some 

^^^'  are  very  marked  even  with  the 

purest  iron.  This  sudden  evolution  of  heat  (recalescence)  at 
different  points  of  the  cooling  curve  has  led  many  to  believe 
that  iron  exists  in  some  allotropic  state  in  the  neighbourhood  of 
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these  temperatures.*    Fig.  63  shows  part  of  a  cooling  curve  of 
irnn   in   the  most  interesting  region,  namely,  the  Ar^  and  Ar^ 


uron  m 
critical  points. 


I 


§  66.  Maximum  and  Minimum  Values  of  a  Function. 

If  a  mixture  of  hydrogen  and  chlorine  gases  is  exposed  to  a 
ray  of  light,  the  amount  of  chemical  action  which  takes  place  in 
a  given  time  depends  on  the  wave  length  of  the  light,  that  is  to 
say,  if  y  denotes  the  amount  of  hydrogen  chloride  formed  in  unit 
time,  and  x  the  wave  length  of  hght,  y  =  f{x).  Experiment  shows 
that  as  X  changes  from  one  value  to  another,  y  changes  in  such  a 
way  that  it  is  sometimes  increasing  and  sometimes  decreasing. 
In  consequence,  there  must  be  certain  values  of  the  function  for 
which  y,  which  had 
previously  been  in- 
creasing, begins  to 
decrease,  that  is  to 
^y»  y  is  greater  for 
th  is  particular  value 
of  X  than  for  any  J 
adjacent  value;  in  v^ 
this  case  y  is  said  n 
to  have  a  maxi-  | 
mum  Talue.  Con-  ^ 
versely,  there  must 
be  certain  values  of 
f{x)  for  which  y, 
having  been  de-  *^^  l9y^  a/kcAn/c  m^s  referred  foFhaimAo/irs  Ones. 
creasing,  begins  to  ^®-  ^  Piagrammatic). 

increase.  When  the  value  of  y,  for  some  particular  value  of  x,  is 
less  than  for  any  adjacent  value  of  a;,  y  is  said  to  be  a  minimum 
Yalue. 

Fig.  64  is  a  geometrical  illustration  of  the  action  of  light  rays 
of  di£ferent  wave  length  on  a  mixture  of  hydrogen  and  chlorine. 
Imagine  the  variable  ordinate  of  the  curve  to  move  perpendicularly 
along  Ox,  gradually  increasing  imtil  it  arrives  at  the  position  PM, 


*  Roberts- Austen's  papers  in  the  Proceedings  of  the  Society  of  Mechanical  Er^- 
gineers  for  1891,  643 ;  1898, 102  ;  1895,  238 ;  1897,  31 ;  1899,  35,  may  be  consultea  for 
fuller  details. 
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and  afterwards  gradiially  decreasing.  The  ordinate  at  PM  is  said 
to  have  a  maximum  value.  The  decreasing  ordinate,  continuing  its 
motion,  arrives  at  the  position  QN^  and  after  that  gradually  in- 
creases. In  this  case  the  ordinate  at  QN  is  said  to  have  a  minimum 
value. 

The  terms  "  maximum  "  and  "  minimimi "  do  not  necessarily 
denote  the  greatest  and  least  possible  values  which  the  function 
can  assume,  for  the  same  function  may  have  several  maximum  and 
several  minimum  values,  any  particular  one  of  which  may  be  greater 
or  less  than  another  value  of  the  same  function. 

ExA.MPi«B. — If  the  ^-axis  represents  the  amount  of  hydrogen  chloride 
formed  in  unit  time ;  the  a;-axis,  the  wave  length  of  the  ray  of  light  impinging 
on  a  mixture  of  hydrogen  and  chlorine  gases,  interpret  the  curve  shown  in 
Fig.  64. 

The  mathematical  form  of  the  function  employed  in  the  above 
illustration  is  unknown,  the  curve  is  an  approximate  representation 
of  corresponding  values  of  the  two  variables  determined  by  actual 
measurements.    (Bunsen  and  Boscoe,  PhiL  Trans,,  148, 879, 1859.) 

ExAMPLB. — Plot  the  curve  represented  by  the  equation 

y  =  sin  X. 
Give  X  a  series  of  values  ^,  ir,  fir,  2ir,  and  so  on. 

Maximum  values  of  y  occur  for  x  =  ^,  fr,  fr,  .  .  . 
Minimum  values  of  y  occur  f or  a;  =  -  ^,  |ir,  }«-,  .  .  . 
The  resulting  curve  is  an  harmonic  or  sine  curve  (see  Fig.  51,  page  112). 

One  of  the  most  useful  applications  of  the  differential  calculus  is 
the  determination  of  maximum  and  minimum  values  of  a  function. 
Many  of  the  following  examples  can  be  solved  by  special  algebraic 
or  geometric  devices.  The  calculus,  however,  offers  a  sure  and 
easy  method  for  the  solution  of  these  problems. 


§  67.  How  to  find  Maximum  and  Minimum  Values  of  a 

Fanotion. 

Let  us  trace  the  different  values  which  the  tangent  to  the 
curve  shown  in  Fig.  65  may  assume.  Firstly,  when  x  is  increasing, 
y  is  approaching  a  maximum  value  and  the  tangent  to  the  curve 
nlakes  an  acute  angle  with  the  rr-axis.     In  this  case,  Table  XIII., 

tan  a  and  .'•  j    is  positive ; 


» • 
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at  P  the  tangent  is  parallel  to  the  a;-axis,  that  is  to  say, 

dy 
tan  a  and  also  ^  are  zero     ...        (1) 

Secondly,  immediately  after  passing  P,  the  tangent  to  the  cur\''e 
makes  an  obtuse  angle  with  the  :r-axis,  that  is  to  say, 

tan  a  and  i-  are  negative  .         .  •       (2) 

Finally,  as  the  tangent  to  the  curve  approaches  the  minimum  value 
QN,  dy/dx  remains  negative ;  at  Q  the  tangent  is  again  parallel  to 
X-axis,  and 


dy 
tan  a',  as  well  as  -v-,  is  zero.  . 


(8) 


After  passing  Q,  dy/dx  again  becomes  positive. 

There  are  some  curves  which  have  maximum  and  minimum 
values  very  much  resembling  P'  and  Q'  (Fig.  66).  These  curves 
are  said  to  have  cusps  at  P  and  Q'. 


Fig.  65. — Maximum  and  Minimum. 


Fio.  66. — Maximum  and 
Minimum  Cusps. 


It  will  be  here  observed  that  x  increases  and  y  approaches  a 
maximum  value  while  the  tangent  P'M'  makes  an  acute  angle  with 
the  a;-axis,  that  is  to  say,  dy/dx  is  positive.  At  P'  the  tangent 
becomes  perpendicular  to  the  a;-axis,  and,  in  consequence  the  ratio 
dy/dx  becomes  infinite.  After  passing  P',  dy/dx  is  negative.  In 
the  same  way  it  can  be  shown  that  as  the  tangent  approaches  Q'N', 
dy/dx  is  negative,  at  Q',  dy/dx  becomes  infinite,  and  after  passing 
Q',  dy/dx  is  positive. 

We  thus  deduce  the  following  rules : 

(1)  When  the  first  differential  coefficient  changes  its  sign  from  a 
positive  to  a  negative  value  the  function  has  a  maximum  value,  and 
when  the  first  differential  coefficient  changes  its  sign  from  a  negative 
to  a  positive  vahte  the  function  has  a  minimum  value. 
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(2)  Since  a  function  can  only  chamge  its  sign  by  becoming  zero 
or  infinity,  it  is  necessa/ry  for  the  first  differential  coefficient  of  the 
f miction  to  assume  either  of  these  values  in  order  that  it  may  have 
a  maximum  or  a  minim/um  valus. 

(3)  In  order  to  find  all  the  values  of  x  for  which  y  possesses  a 
maxvm/u/m  or  a  minimv/m  valti£,  the  first  differential  coefficient  must 
be  eqvMed  to  zero  or  infinity  and  the  value  of  x  which  satisfies  these 
conditions  determine. 

Examples. — (1)  Consider  the  equation  y  =  x^  -  8x, 

.-.  J^  =  2x  -  8. 
ax 

Equating  the  first  differential  coefficient  to  zero,  we  have 

2a:-8  =  0;oric  =  4. 

Add  ±  1  to  this  root  and  substitute  for  x  in  the  original  equation, 

when  ic  =  3, 2/  =    9  -  24  =  -  16 ; 

a;  =  4,  y  =  16  -  32  =  -  16; 

a;  =  6,  y  =  25  -  40  =  -  16. 
y  is  therefore  a  minimum  when  a;  =  4,  since  a  slightly  greater  or  a  slightly 
less  value  of  x  makes  y  assume  a  greater  value.  If  the  values  of  y  had  been 
less  for  a;  =  8  and  x  =  5,  than  for  a;  =  4,  then,  a:  =  4  would  have  made  y  a 
maximum.  If  one  had  been  greater,  and  the  other  less  than  for  a;  =  4,  this 
root  would  have  been  neither  a  maximum  nor  a  minimum. 

The  addition  of  ±  1  to  the  root  gives  only  a  first  approximation,  as  will 
be  shown  later  on  (page  392).  The  minimum  value  of  the  function  might,  for 
all  we  can  tell  to  the  contrary,  lie  between  3  and  4  or  4  and  6.  The  approxi- 
mation may  be  carried  as  close  as  we  please  by  using  less  and  less  numerical 
values  in  the  above  substitution.    Suppose  we  substitute  in  place  of  +1,  +  <a:, 

then 

when  X  =  4^  -  fix,  y  =  ix^  -  16 ; 

a;  =  4  ,!/=         -16; 

a;  =  4  +  «x,  y  =  «a;2  -  16. 

Therefore,  however  small  ^x  may  be,  the  corresponding  value  of  y  is  greater 

than  -  16.    That  is  to  say,  x  =  4  makes  the  function  a  minimum. 

(2)  Show  that  t/  =  1  +  8x  -  2a;^,  has  a  maximum  value  for  x  =  2. 

§  68.  Points  of  Inflection. 

Continuing  the  discussion  in  the  preceding  paragraph,  to  equate 

^^0    or  ^  =  00 
dx'^    ^        dx         ' 

is  not  a  sufficient  condition  to  estabHsh  the  existence  of  maximum 

and  minimum  values  of  a  function,  although  it  is  a  rough  practical 

test.     Some  of  the  values  thus  obtained  do  not  necessarily  make 

the  function  a  maximum  or  a  minimum,  since  a  variable  may 
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become  zero  or  infinite  without  changing  its  sign.    This  is  obvious 
from  a  simple  inspection  of  Fig.  67,  where 

dy 


dx 


=  0,  or  (30,  resp., 


for  the  points  R  and  S,  Yet  neither  maximum  nor  minimum  values 
of  the  function  exist.  A  further  test  is  therefore  required  in  order 
to  decide  whether  individual  values  of  x  correspond  to  maximum  or 
minimum  values  of  the  function.  This  is  all  the  more  essential  in 
practical  work  where  the  function,  not  the  curve,  is  to  be  operated 
upon. 


Fig.  67. — Points  of  Inflection.  Fig.  68. — Concavity  and  Convexity. 

By  reference  to  Figs.  67  and  68  it  will  be  noticed  that  the 
tangent  crosses  the  curve  at  the  points  R  and  S,  Such  a  point  is 
called  a  point  of  inflection.  The  point  of  inflection  (or  inflexion) 
marks  the  spot  where  the  curve  passes  from  a  convex  to  a  con- 
cave, or  from  a  concave  to  a  convex  configuration  with  regard  to 
one  of  the  coordinate  axes.  The  terms  concave  and  convex  have 
here  their  ordinary  meaning. 

§  69.  How  to  flnd  whether  a  CuFTe  is  Conoave  or  ConYex 

with  respect  to  the  x-Axis. 

Referring  to  Fig,  68,  along  the  convex  part  from  A  to  B,  the 
numerical  value  of  tan  a,  regularly  decreases  to  zero.  At  B  the 
lowest  point  of  the  curve  tan  a  =  0 ;  from  this  point  to  R  the 
tangent  to  the  angle  continually  increases,  for  tan  a  has  now  an 
increasing  positive  value. 

The  differential  coefficient  of  tana  with  respect  to  x  for  the 
convex  curve  ABR  is 


d(tan_a)_d^ 
don      '^  dx^'^     ' 


(1) 
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beoause,  if  a  function j  y  =  f{x),  increases  with  increasing  values  of 
X,  dyldx  is  positive ;  while  if  the  function,  y  =  f(x),  decreases  with 
increasing  values  of  Xy  dy/dx  is  negative.  Along  the  concave  part 
of  the  curve  BCS,  tan  a  regularly  decreases  in  value ;  from  R  to  0, 
tan  a  has  a  decreasing  positive  value.  At  the  point  (7,  tan  a  =  0, 
and  from  C  to  S,  tan  a  has  a  continually  increasing  negative 
value. 

The  differential  coefficient  of  tan  a  with  respect  to  the  concave 
curve  BCS  is 

d(t8kn  a)  __  d^ 

~d^  "■  as2  <  ^-      •      •      •      (2) 

Hence  a  curve  is  concave  or  convex  with  respect  to  the  upper  side 
of  the  X-axis f  according  as  the  second  differential  coefficient  is 
positive  or  negative. 

I  have  assumed  that  the  curve  is  on  the  positive  side  of  the  x-axis ;  when 

the  curve  lies  on  the  negative  side,  assume  the  ar-axis  to  be  displaced  paraUel 

vnth  itself  until  the  above  condition  is  attained.     A  more  general  rule,  which 

evades  the  above  limitation,  is  proved  in  the  regular  text -books.    The  proof  is 

of  little  importance  for  our  purpose.    The  rule  is  to  the  effect  that  "  a  curve  is 

concave  or  convex  with  respect  to  the  x-axis  according  as  the  product  of  the 

ordinate  of  the  curve  and  the  second  differential  coefficient,  i.e.,  according 

cPy 
as  y^^  is  positive  or  negative  ". 

Examples. — (1)  Show  that  the  curves  ^  =  logx  and  y  =  xlogx  are  re- 
spectively concave  and  convex  towards  the  x-axis. 

(2)  Show  that  the  parabola  is  concave  upwards  below  the  x-axis  (where  y 
is  negative)  and  convex  upwards  above  the  x-axis. 

§  60.  How  to  find  Points  of  Infiection. 

From  the  above  principles  of  curvature  and  points  of  inflection, 

it  is  clearly  necessary,  in  order  to  locate  a  point  of  inflection,  to 

find  a  value  of  Xf  for  which  tan  a  assumes  a  maximum  or  a  minimum 

value.     But 

dy 

.  ^(tano)  _d^      ^  ,^. 

"  dx  "  dx^-^  '  •  •  ^^' 
Hence  the  rule :  In  order  to  find  a  point  of  inflection  at  which 
the  second  differential  coefficient  changes  sign,  we  must  equate  the 
second  differential  coefficient  of  the  function  to  zero  and  find  tJie 
value  of  X  satisfying  these  conditions. 
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ExAMPLBB. — (1)  Show  that  the  curve 

y  =  a  +  {x  -  b)* 
has  a  point  of  inflection  at  the  point  y  =  a^  x  —  h.  Differentiating  twice  we 
get  ePyjda^  =  6(x  -  6).  Equating  this  to  zero  we  get  x  —  b,  and  hence  sub- 
stituting in  the  original  equation  y  =  a.  When  x  <  6  the  second  differential 
coefficient  is  negative,  when  x  >  6  the  second  differential  coefficient  is  posi- 
tive. Hence  there  is  an  inflection  at  the  point  (6,  a), 
(2)  For  the  special  case  of  the  harmonic  curve 

€Py 

y  =  "°«»dii  =  -  "J^-^  =  -  y» 

that  is  to  say,  at  the  i>oint  of  inflection  the  ordinate  y  changes  sign.  This 
occurs  when  the  curve  crosses  the  x-axis,  and  there  are  an  infinite  number  of 
points  of  inflection  for  which  ^  =  0. 

(8)  Show  that  the  probability  curve,  y  —  /cc -*'**,  has  a  point  of  inflection 
fora;  =  ±  \\h'>!^. 

§  61.  Multiple  Points. 

A  multiple  point  is  one  through  which  two  or  more  branches  of  a  curve 
meet  or  intersect.     There  are  two  species : 

(1)  Two  or  more  branches  of  the  curve  intersect. 

(2)  Two  or  more  branches  of  the  curve  meet  but  do  not  intersect  (point  of 
osculation). 

An  algebraic  equation  of  the  nth  degree  has  n  roots  corresponding  to  the 
different  values  of  one  of  the  variables.  When  two  or  more  branches  of  a 
curve  touch  each  other,  the  different  values  of  ^,  corresponding  to  x,  become 
equal  to  each  other,  while  for  slightly  less  values  of  x,  the  corresponding  values 
of  y  are  not  equal. 

¥mi  species  of  multiple  point.  If  the  first  differential  coefficient  has  two 
or  more  real  values,  the  curve  has  more  than  one  tangent,  that  is  to  say,  the 
curves  intersect.  The  number  of  intersecting  branches  is  denoted'  by  the 
number  of  real  roots  of  the  first  differential  coefficient. 

Example. — In  the  lemniscate  curve,  familiar  to  students  of  crystallography, 

y«  =  a^x*  -  X* ;  y  =  ±  xVa«  -  x\ 
Here  y  has  two  values  of  opposite  sign  for  every  value  of  x  between  +  a ;  the 
curve  is  therefore  symmetrical  with  respect  to  the  x-axis.  When  x  =  +  a, 
these  two  values  of  y  become  zero ;  but  these  are  not  multiple  points  since 
the  curve  does  not  extend  beyond  these  limits,  and  therefore  cannot  satisfy 
the  above  conditions.  When  x  =  0  the  two  values  of  y  become  zero,  and 
since  there  are  two  values  of  y  one  on  each  side  of  the  point  x  =  0,  ^  =  0,  this 
is  a  multiple  point.     Since 

dy  _       gg  -  2x» 

dx~  -  Vo"  -  x« 
becomes  +  a  when  x  =  0,  it  follows  that  there  are  two  tangents  to  the  curve 
at  this  point,  such  that 

tan  a  =±  a. 
Fig.  69  shows  this  curve. 
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Second  species  of  nttUtiple  point — point  of  osculation.    If  the  first  differ- 
ential coefficient  of  a  multiple  point  has  two  or  more  real  and  equal  roots, . 
the  different  branches  of  the  curve  have  a  common  tangent,  and  the  point  of 
contact  is  called  a  point  of  osculation. 

y 


Fio.  69.— Multiple  Point  (O). 


Fig.  70. — Point  of  Osculation  (P). 


Example.— In  the  curve  y  =  {x  -  1)  (x  -2)  {x  -  3),  for  values  of  x  other 
ihan  0  and  -  1  there  are  at  least  two  values  of  y ;  dyjdx  =  Sx^  -  12a;  +  11 
vanishes  when  x  =  2  ±  l/x/3;  hence  the  two  branches  of  the  curve  are 
tangents  to  each  other  at  this  point,  which  is  therefore  a  point  of  osculation. 
The  curve  is  shown  in  Fig.  70. 


§  62.  Cusps. 

A  cusp  is  a  point  where  two  branches  of  a  curve  have  a  common  tangent 
and  stop  at  that  point.     There  are  two  species : 

(1)  The  two  branches  lie  on  opposite  sides  of  the  common  tangent. 

(2)  The  two  branches  lie  on  the  same  side  of  the  common  tangent. 

The  cusp  is  therefore  a  special  case  of  the  point  of  osculation,  where  the 
branches  terminate  at  the  point  of  contact  instead  of  passing  beyond.  Hence 
the  values  of  y  on  one  side  of  the  point  are  real  and  on  the  other,  imaginary.* 

To  distinguish  cusps  from  points  of  osculation :  compare  the  ordinate  of 
the  curve  for  that  point  with  the  ordinates  of  the  curve  on  each  side.  For  a 
cusp,  y  and  the  first  differential  coefficient  have  only  one  real  value. 

First,  cusps  of  tJie  first  species  (or  *'  keratoid  ctisps  ")  have  two  values  for 
the  second  differential  coefficient  differing  only  in  sign.  The  meaning  of  this 
will  be  clear  from  pages  138  to  134. 

Example. — In  the  cissoid  curve,  j/  =  6  +  v  (x^  -  a')^,  y  is  imaginary  for 
all  values  of  x  between  +  a.    When  ^  =  ±  a,  z/  has  one  value ;  for  any  point  to 

right  of  a;=  +a  or  to  the  left  of  3:=  -  a,  j/  has  two  values  dyldx=  ±%x{x'*  -  a') 
vanishes  when  x  =  a.     The  two  branches  of  the  curve  have  therefore  a  com- 
mon tangent  parallel  to  the  x-axis  and  there  is  a  cusp.    Next  determine 


d^yjdx'^  =  ±  f  (x»  -  a«) 


-4 


*  For  imaginary  quantities  read  footnote,  page  175. 
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and  substitute  some  value  for  a,  say  a  +  h.    We  then  find  that  the  cusp  is 

of  the  first  species  with  the  upper  branch  +  f  (2a/i  +  /i")  "  ,  convex  towards 

the  a;-azis ;  and  the  lower  branch  -  f  (2a/i  +  h^  ~  ,  concave  towards  the  x-azis. 
The  curve  is  shown  in  Fig.  71. 

Second,  cusps  of  the  second  species  (or  **rhamphoid  cttsps")  have  two 
different  values  for  the  second  differential  coefficient  of  the  same  sign. 


-a 


*a 


0 

Fro.  71. — Cusps  of  the  First  Species. 


Fig.  72. — Cusp  of  the 
Second  Species. 


Example. — Show  that  the  curve  (y  ~  x^^  =  x^  has  a  cusp  of  the  second 
species  at  the  origin.  The  lower  curve  also  has  a  maximum  when  x  =  ^. 
The  general  form  of  the  curve  is  that  shown  in  Fig.  72. 

It  will  perhaps  amuse  the  reader  to  investigate  the  properties  of  the 

following  curves : 

r  =  a  sin  29 ;  r  •=  a  sin  66 ; 

1^  =  (^  cos  *\9 ;  r*  =  a^  cos  *|6. 

§  63.  Coi^ugate  op  Isolated  Point. 

A  conjugate  point,  or  acnode^  is  one  whose  coordinates  satisfy  the  equation 
to  the  curve,  and  yet  is  itself  detached  from  the  curve. 

If  a  point  is  isolated  from  every  part  of  the  curve,  it  follows  that  on  each 
side  of  this  point  real  values  of  one  coordinate  must  give  a  pair  of  imaginary 
values  of  the  other.  This  may  be  determined  by  successive  substitution  of 
X  +  3x,  X  -  8j,  etc. 

Example. — Show  that  the  origin  in  the  graph  of  ay^  =  x'(x  -  6)  is  a 
conjugate  point. 

When  one  branch  of  a  curve  suddenly  stops  we  have  a  point  d'arrSt  or 
terminal  point  (see  Fig.  120). 

Example.  —The  origin  in  the  two  transcendental  curves  y  =  aV«,  where 
■a  is  greater  than  unity  and  y  =  x  log  a. 


§  64.  Asymptotes. 

As  explained  on  page  87,  an  asymptote  is  a  straight  line  which  approaches 
closer  and  closer  to  a  given  curve,  as  x  or  ^  increases  without  limit.  It  is  often 
defined  as  the  limiting  position  of  a  tangent  to  a  curve  when  the  point  of 
contact  moves  an  infinite  distance  away  (see  the  lines  OF^  OVj  Fig.  28;  OCy 
Fig.  29 ;  Op,  Fig.  125,  etc.). 
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Let  OPS  (Fig.  78)  be  a  plane  curve,  BP  a  tangent  to  the  curve  at  the 

point  P(xif  yi).    If  BP  intersects  the  ^-axis  at  the  point  (0,  y),  and  the  x-axia 

at  the  point  (x,  0),  then  (6),  §  38, 

dyi 

If,  we  put  ^  =  0,  the  intercept  of  the  tangent  with  the  ar-axis  is 

x  =  OS  =  x,-yq^^ (2> 

and  if  x  =  0  we  get  the  intercept  of  the  tangent  with  the  ^-axis, 

y=Oe  =  y,-  x,^^ 

If,  when  x^  or  y^  becomes  infinite,  either  x  or  y  is  finite,  the  curve  will  have 

one  or  more  asymptotes  which  can  be  de- 
termined. The  following  deductions  may 
be  made : 

(1)  If  when  a;  =  C30,  y  is   finite,   the 
asymptote  is  parallel  to  the  a;-axis. 

(2)  If   when  x  is  finite,   2/  =  c3o,  the 
asymptote  is  parallel  to  the  ^-axis. 

(3)  If  X  and  y  are   both  finite,   the 
asymptote  passes  through  (0,  y)  and  (x,  0). 

(4)  If  X  and  y  are  both  zero,  the  asymp- 
Fig.  78.                        ^^e  passes   through  the   origin,  and  its 

direction  is  determined  by  the  value  of  yfx  when  a;  or  ^  is  infinite. 

(5)  If  X  and  y  are  both  infinite,  the  tangent  is  at  an  infinite  distance  from, 
the  origin,  and  cannot  be  constructed  since  it  is  indeterminate. 

Examples.  —(1)  Determine  whether  the  h3rperboIa  has  a^symptotes.  The 
hyperbola 

has  two  real  values  of  y^  however  great  x  may  be,  and  hence  the  curve  has  two 
infinite  branches  to  the  right.     Differentiating  the  above  equation 


dx 

X 

0(0,  y) 

•- 

a2 

dy 
0)  . 

X 

» 

if  X  is  infinite,  OB  =  a2/jj  =  0;  and  if  y  is  infinite  0(0,  y)  =  -  br^/yi  =  0, 
that  is  to  say,  the  hyperbola  has  two  asymptotes  passing  through  the  origin  as 
(4)  above.     The  direction  of  the  asymptotes  is  obtained  by  putting 

dy  _  62.C  _  bx 

dx  ~  ahj  ~  -  a  v^(x-2  -  ^)' 
when  X  =  +  C30,  dyjdx  =  ±  bja.    Hence  the  asymptotes  are  the  produced  diagonals 
of  a  rectangle  described  on  the  axes.    If  x  =  -  ao,  there  is  another  pair  of 
infinite  branches  having  the  same  lines  through  the  origin  as  asymptotes. 

(2)  Has  the  parabola  y^  =  iax  an  asymptote  ?  No.  0{Xj  0)  =  -  x, 
0(0,  y)  =  Jy.  When  x  is  infinite,  0(x,  0)  =  -  od,  and  when  y  is  infinite 
^(Of  y)  =  +  ^'    Hence  the  parabola  has  no  asymptotes  as  in  (5)  above. 

(8)  Show  that  the  logarithmic  curve  x  =  log  y  (and  also  y  =  e')  has  an 
asymptote  coincident  with  the  abscissa  axis,  and  a  branch  of  the  curve  ex- 
tending to  the  right,  not  asymptotic  (case  (5)  above). 
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§  68.  Summary. 

(1)  Equating  the  first  differential  coefficient  of  a  function  to  zero  gives  a 

dy 
maximum  or  minimum  value.  If  the  sign  of  ^  -  changes  from  +  to  -  when  x  is 

sabstituted,  ^  is  a  maximum ;  if  the  sign  changes  from  -  to  + ,  ^  is  a  minimum  ; 

dhf 
also,  if  ji,  is  positive,  2/  is  a  maximum,  if  negative,  a  minimum  (see  §  102). 

(2)  If  j^  is  positive,  the  curve  is  concave  towards  the  x-axis,  if  negative 

convex. 

du 

(3)  If  V   =  0,  but  does  not  change  sign  when  x  is  substituted,  we  have  a 

point  of  inflection  for  which  -5-^  =  0. 

dy 

(4)  If  XT  =  <z>  and  changes  its  sign,  there  is  a  cusp,  which  is  a  maximum  or 

a  minimum  according  to  its  sign. 

(5)  I^  ^  =  ®  fi'ii^  y  =  <x>  without  changing  sign,  y  is  an  asymptote. 

dy 

(6)  If  -7-  =  00  and  ?/  =  00  with  a  change  of  sign,  y  has  an  infinite  maxi- 
mum value. 

dy 

(7)  If   V'  has  two  or  more  unequal  values,  a  multiple  point  occurs. 

dy 

(8)  If  ^  has  two  or  more  equal  values,  a  point  of  osculation  occurs. 

du 

(9)  If  ^  and  y  have  one  real  value,  and  the  value  of  y  on  one  side  of  the 

,   d^y , 
point  is  imaginary,  we  have  a  cusp  :  of  1st  species,  if  t-^  has  two  values,  differing 

dh/ 
only  in  sign  ;  of  2nd  species,  if  ^  'g  has  two  different  values,  of  the  same  sign. 

dy 

(10)  If  t|  and  higher  differential  coefficients  have  impossible  values,  we 

have  a  conjugate  point. 

§  66.  CuPYature. 

The  curvature  at  any  point  of  a  plane  curve  is  the  rate  at 
which  the  curve  is  bending.      Of  two  curves  AC,  AD,  that  has 

the  greater  curvature  which  departs  the  ^ ^a    

more  rapidly  from  its  tabgent  AB  (Fig.  y^^^^  ^  ^ 
74).     The  angle  between  the  tangents  at    ^  /  ^0 

the  ends  of  an  arc  of  the  curve  is  called  Fig.  74. 

the  total  OUFYature  of  the  arc.  lu  passing  from  any  point  P 
(Fig.  75)  to  another  neighbouring  point  P^  along  any  arc  8s  of 
the  plane  curve  AB,  the  tangent  at  P  turns  through  the  angle  Sa 
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where  a  is  the  angle  made  by  the  mtersection  of  the  tangent  at  P 
with  the  aj-axis.     The  angle  8a  is  the  total  curvature  of  the  arc 
under  consideration,  and  the  ratio 
(total  cwrvature)      8a 

The  curve  turns  through  the  angle  8a  in  the  length  U,  and  therefore 
the  total  curvature  is  the  limiting  value  of 

LtSal^  =  da/ (Is  =  (rate  of  bendimj  of  curve)       .         (1) 

The  curvature  of  the  circumference  of  all  circles  of  equal  radius 

is  the  same  at  all  points y  and  varies  inversely  as  the  radius.     This 

is  established  in  the  following  way :  In  the  circle  (Fig.  76),  0  is 

the  centre,  r,  r  are  radii.     From  elementary  geometry,  the  angle 


Fig.  76.  Fig.  76. 

RSQ  =  angle  POQ,      The  angle  POQ  is   measured  in  circular 

measure  (page  494)  by  the  ratio  of  the  arc  PQ  to  the  radius,  i.e., 

angle  POQ  =  arc  PQIr,  or  ^Ihs  =  1/r, 

da      1 
.'.  {cv/rvature  of  circle)  =  ^  =  -        .         .         (2) 

This  is  Newton's  definition  of  curvature. 

Just  as  a  straight  line  touching  a  curve,  may  be  regarded  as 
a  line  drawn  through  two  points  of  the  curve  infinitely  close  to 
each  other  (definition  of  tangent),  so  a  circle  in  contact  with  a 
curve  may  be  considered  to  pass  through  three  consecutive  points 
of  the  curve  infinitely  near  each  other.  Such  a  circle  is  called  an 
osculatory  circle  or  a  circle  of  curvature.  The  osculatory  circle 
of  a  curve  has  the  same  curvature  as  the  curve  itself  at  the  point 
of  contact.  The  curvature  of  different  parts  of  a  curve  may  be 
compared  by  drawing  osculatory  circles  through  these  points.     If 
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r  be  the  radius  of  an  osculatory  circle  at  P  (Fig.  77)  and  r^  that  at 
Pj,  then 

curvature  at  P  :  curvature  at  P^  =  -  :  —  (3) 

r     r^ 

In  other  words,  the  cv/rvatv/re  at  any  two  points  on  a  curve  va/ries 
inversely  as  the  raditts  of  the 
osculatory  circles  at  these  points. 
The  radius  of  the  osculatory 
circle  at  different  points  of  a 
curve  is  called  the  radium  of  cur- 
vature at  that  point.  The  centre 
of  the  osculatory  circle  is  the 
centre  of  cti/rvatv/re.  Pig.  77. 

To  find  the  radius  of  curvature  of  a  curve.  Let  the  coordinates 
of  the  centre  of  the  circle  be  a  and  6,  B  the  radius,  then  the 
equation  of  the  circle  is  (page  76) 

(x  -  ay  +  (y  -by  =  R^,         .         .         (4) 
Differentiating  this  equation  and  dividing  by  2, 

{x-a)  +  (y-b)^^0     .        .        ,        (5) 
Again  differentiating, 

Let  u  =  dyldx  and  v  =  d'^ldx^,  for  the  sake  of  ease  in  manipulation^ 
then  (6)  becomes 

1  4-  1*2 

y-h^-  —^  ....         (7) 
Substituting  this  value  of  ^  -  6  in  (5), 

1  -^u' 
x-a ^j^v  ....         (8) 

Uy  Vf  X  and  y  at  any  point  of  the  curve  are  the  same  for  the 
osculating  circle  at  that  point,  and  therefore  a,  6  *  and  r  can  be 
determined  from  x,  y,  «,  v.     Substituting  (7)  and  (8)  in  (4), 

1  ^ u_ 

B"  J(\+  v^f'  ....         (9) 

*The  determinatioii  of  a  and  6  is  of  little  use  in  practical  work.     They  give 

equations  to  the  evolute  of  the  cuire  under  consideration.     The  evolute  is  the  curve 

drawn  through  the  centres  of  the  osculatory  circles  at  every  part  of  the  curve,  the 

curve  itself  is  called  the  involtUe.    Example :  the  osculatory  circle  has  the  equation 

(x  -  of  -ir  (y  -h^  =  R.    a  and  h  may  be  determined  from  equations  (4),  (7)  and  (8). 

2 
The  evolute  of  the  parabola  y'  =  mx  is  6*  =  ^fHp^  "  *^^' 
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which  is  the  standard  equation.     From  (1), 

'.-^-Wh  of " « -  {•  ^  ®f /s-  <••) 

Examples. — (1)  Find  the  radius  of  curvature  at  any  point  on  the  ellipse 

At  the  point  r  =  a,  y  =  0^  R  =  hf^/a.    Hint.  The  steps  for  cPyjcbc^  are : 

^   y  -  x.dyjdx  _  _  ^   ?V±_^'  _      ^   «'^ 

(2)  The  radius  of  curvature  of  xy  =  a,  is  (x*  +  y*)  ■/2a. 

When  the  curve  is  but  slightly  inclined  to  the  a;-axis,  dyjdx 
is  practically  zero,  and  the  radius  of  curvature  is  given  by  the 
expression 

B  =  l/g     ....        (11) 

a  result  frequently  used  in  physical  calculations  involving  capil- 
larity, superficial  tension,  theory  of  lenses,  etc. 

The  direction  of  curvature  has  been  discussed  in  §  59.  It  was 
there  shown  that  a  curve  is  concave  or  convex  at  a  point  (a;,  y) 
according  as  dh^jdx^  >  or  <  0.     See  also  §  100. 


§  67.  Envelopes. 

The  equation  y  =  —  +  ax, 

a 

represents  a  family  of  curves,  since  for  each  value  of  a  we  get 

a  distinct  curve.      If  a  varies  continuously  it  will  determine  a 

succession  of  curves,  each  of  which  is  a  member  of  the  family 

denoted  by  the  above  equation,     a  is  said  to  be  the  variable 

parameter  of  the  family,  since  the  different  members  of  the 

family  are  obtained  by  assigning  arbitrary  values  for  a.     Let  the 

equations 

yi  =  -  +  ax (1) 

m 
y«°^'8a+(""''^)^       •        •        •        (2) 

m 
2'*=a~T28a  +  (*  +  ^^)''   ...        (3) 


§67. 
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be  three  suocessive  membere  of  the  family.     As  a  general  rule  two 

distinct  curves  in  the  same  family  will  have  a  point  of  intersection. 

Let  P  (Fig.  78)  be  the  point  of 

interaeotioD  of  curves  (1)  and  (2) ; 

Pj  the  point   of  intersection   of 

curves  (2)  and  (3),   then,   since 

Pi  and  Pj  are  both  situated  on 

the  curve  (2),  PP^  is  part  of  the 

locus  of  a  curve  whose  arc  PP^ 

coincideB  with  an  equal  part  of  _ 

the  curve  (2).     It  can  be  proved, 

in  fact,  that  the  curve  P  P-^  .  .  . 

touches    the     whole    family    of 

curves  represented  by  the  original 

equation.    Such  a  curve  is  said  to 

be  an  envelope  of  the  family. 

To  find  the  equation  to  the 
envelope,  bring  all  the  terms  of  the  original  equation  to  odo  side, 

y iw;  =  0. 

Then  differentiate  -with  respect  to  the  variable  parameter,  and  put 

Eliminate  a  between  these  equations, 

y~  VSr^-x^  =  0,  ory-  2^^3  =  0. 
.-.  y*  =  Amx. 

EiXAUPLBS. — (I)  Find  the  envelope  of  the  lamil?  of  circles 
jx  -  a)'  +  »•  =  r-, 
wherea  IB  the  variable  parameter.    Differentiate  with  respect  toauidz-a=0; 
eliminating  n,   we   get   ^=+11, 
which  is  the   required   envelope. 
The  envelope  y  =  ±a  represonta 

two  straight  lines  parallel  to  the  '*''' 

z-axis  and  at  a  dietance  +  a  and 
-  a  from  it.     Shown  Fig.  79.  * 

(2)  Show  that  the  envelope  of 
the  famil;  of  curves  (:c  -  m  -  o)'  +  "* 

y*  =  ima,  ie  a  parabola  ^  =  imx. 

See  Sg  126  and  138.  i 

Fio.  79.— Double  Envelope. 
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g  68.  Six  Problems  in  Maxima  and  Minima. 

It  is  first  requisile,  in  solving  pmblems  in  maxima  and  minima, 
to  espresB  the  relation  between  tlie  variables  in  the  form  of  an 
algebraic  equation,  and  then  to  proceed 
as  directed  on  page  130. 

In  tbe  majority  of  cases  occurring 
in  practice,  it  only  requires  a  little 
common-sense  reasoning  on  tbe  nature 
of  the  problem,  to  determine  whether  a 
particular  value  of  x  corresponds  to  a 
maximum  or  to  a  minimum. 

(1)  Divide  a  line  into  any  two  parU 
such  that  Ike  rectangle  having  these  two 
parts  as  adjoining  sides  'may  have  the 
greatest  possible  area. 

If  a  be  the  length  of  the  line,  x  the 
length  of  one  part,  a  ~  x  k  the  length  of  tbe  other.  The  area  of 
the  rectangle  will  be 

y~{a-  x)x. 
dy 
Differentiate  and  j-  =  a  -  2x. 

Equate  to  zero,  and  x  =  la,  that  is  to  say,  the  line  a  must  be 
divided  into  two  equal  parts,  and  the  greatest  possible  rectangle 
is  a  square. 

(2)  Find  the  greatest  possible  rectangle  that  can  be  inscribed  in 
a  given  triangle. 

In  Fig.  80.  let  b  denote  the  length  of  the  base  of  the  triangle 
ABC,  h  its  altitude,  x  tbe  altitude  of  tbe  inscribed  rectangle.  We 
must  first  find  the  relation  between  the  area  of  the  rectangle  and 
of  the  triangle.     By  similar  triangles,  page  490, 

AH:AK  =  BC:DE;  h:h  -  x  =  b: DE, 
but  the  area  is  obviously  y  —  DE  x  KH,  and 

DE  -  ^(k  -  x),KH  =  x;  .:  y  =  ^-(fti  -  x^). 
Now  bih  is  constant,  and  it  is  the  rule,  when  seeking  maxima  and 
minima,  to  abbreviate  the  process  by  omitting  constant  factors,  since, 
whatever  makes  the  variable  hx  -  3^  &  maximum  will  also  make 

r(Aa;  -  3^)  Bt  maximum.    This  is  easily  proved,  for  let 

s  -  'A'). 
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where  c  has  any  arbitrary  conBtant  value.     For  a  masitnum  or 
mmimum  value 

dyldi;  =  cf{x)  -  0, 
and  this  can  only  occur  where 

/(«)  -  0. 
Mow  differentiate  the  expression  obtained  above,  for  the  area  of  the 
rectangle,  and  equate  the  result  to  zero. 
dv 
j^=-  k  -  2x~0;  OT  X  ^  Ih. 

That  ia  to  say,  the  height  of  the  rectangle  must  be  half  the  altitude 
of  the  triangle. 

(3)  To  citt  a  sector  from  a  ciTcular  sheet  of  metal  so  that  the 
Te/mainder    can    be   formed    into    a,    conical- 
shaped  vessel  of  maxtmum  capacity. 

Let  ACB  (Fig.  81)  be  a  circular  pbte  of 
unit  radius,  it  is  required  to  cut  out  a  portion 
AOB  saoh  that  the  conical  vessel  formed 
by  joining  OA  and  OB  together  may  hold 
the  greatest  possible  amount  of  fluid.  We 
must  again  find  a  relation  between  the 
dimensions  of  the  plate  and  the  volume  of 
..  ^  Fio.  81. 

the  cone. 

Obviously  ACB  will  be  the  circumference  of  the  circular  base 
of  the  cone.  Let  r  denote  the  radius  of  this  base,  and  y  the 
perimeter  of  the  circular  base. 

y  =  2wr.         .        .  .        (1) 

If  h  denotes  the  height  of  the  cone  its  volume  V  will  be  formula 
(26),  page  492, 

V  =  Jjrr'A.       .-        .        .        .        (2) 
But  h  and  r  form  a  right-angled  triangle  with  hypotenuse 

OB  =  0A  =  1, 
and  whose  base  is  r. 

h  =  Vr^^^ ;  from  (1)  h  =  s/l  -  yVi^\  .         (8) 

from  (2)  and  (3)  V  ~  y^  ^{1  -  y^liir^)/!^.    ...         (4) 

The  problem  therefore  is  to  find  y  such  that  F  is  a  maximum. 
As  before,  omitting  the  constant  term  l/12ir, 

where  V  x  l/127r  =  V.     Multiply  through  with  Vl  -  yViii^, 
.-.  2y(l  -y«/4^)-yV4>r2=0; 
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divide  through  by  y,  since  y  is  not  zero, 

2  -  32/V47r2  =  0 ;  ov'y  =  %r  Jm        .         .         (5) 
But,  by  Euclid  vi.,  33, 

perimeter  of  sector  AGB :  whole  perimeter  of  the  original  circle 

=  angle  ic° :  360". 
Since  the  original  circle  had  unit  radius 

y:27r  =  x:  360. 
Substituting  this  value  of  y  in  (5), 

X  =  360  Vf  =  294°  (approx.). 
The  angle  of  the  removed  sector  is  then  about  66°.    The  application 
to  the  folding  of  filter  papers  is  obvious. 

(4)  At  what  height  shovld  a  light  be  placed  above  my  toriting  tahU 
in  order  that  a  small  portion  of  the  surface  of  the  table,  at  a  given 

horizontal  distance  away  from  the  foot 
of  the  perpendicular  dropped  from  the 
light  on  to  the  table,  may  receive  the 
greatest  illumination  possible  ? 

Let   S  (Fig.   82)   be   the   source  of 
illumination   whose  distance    from    the 
^g  table  x  is  to  be  determined  in  such  a 
way  that  B  may  receive   the  greatest 
^^'  ®^'  illumination.      Let  AB  =  a,  and  a  the 

angle  made  by  the  incident  rays  SB  =  r  on  the  surface  B, 

It  is  known  that  the  intensity  of  illumination  varies  inversely 
as  the  square  of  the  distance  of  B,  and  directly  as  the  sine  of  the 
angle  of  incidence. 

Since        r^  ^  a^  +  x^,  sin  a  =  x/r  =  xj  J(a^  4-  x^). 
In  order  that  the  illumination  may  be  a  maximum, 

.'.y^xlr^  J(a^  +  x^)  =  xl  J{a^  +  x^f 
must  be  a  maximum.     Hence 

dy       a^  —  2a:2        ^  /t 

i  =  i(S^T^)  =  ^'--^  =  '*^*- 

The  interpretation  is  obvious.* 

(6)  To  a/rrange  a  number  of  voltaic  cells  to  furnish  a  maximu/m 
cu/rrent  against  a  known  external  resistance. 

Let  the  electromotive  force  of  each  cell  be  E,  and  its  internal 
resistance  r.  Let  R  be  the  external  resistance,  n  the  total  number 
of  cells. 

*  Note :  Negative  and  imaginary  roots  have  no  physical  meaning  in  this  problem. 
See  page  894. 
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Assume  that  x  cells  are  orraDged  in  Beries  and  n/x  Id  parallel. 
The  electromotive  force  of  the  battery  is  xE,  Its  internal  resist- 
ance xh^ln.    The  current  C  is  given  by 

Equate  dCidx  to  zero  and  simplify, 

.■.   B  =  T3?ln. 
That  is  to  say,  the  battery  must  be  bo  arranged  that  its  internal 
resistance  shall  be  as  nearly  as  possible  equal    to  the  external 
resistance. 

(6)  Snail's  Law  of  Rafraotioii  of  Light— Index  of  Refraction. 

Let  SP  (Fig,  83}  be  a  ray  of  light  incident  at  P  on  the  surface 
of  separation  of  the  media  M  and  M' ;  let  PR  be  the  refracted 
ray  in  the  same  plane  as  the  incident 
ray.  If  PN\%  normal  (perpendicular) 
to  the  surface  of  incidence,  then 
SPN  —  i  is  the  angle  of  incidence, 
WPfi  =  r  the  angle  of  refraction,  ' 
Drop  perpendiculars  from  S  and  B 
on  to  J  and  B,  so  that  SA  =  a, 
RB  =  b.  Now  the  light  will  travel 
from  S  to  if  in  the  shortest  possible 
time,  with  a  uniform  velocity  different 
in  the  different  media  .V  and  M'.  At 
the  point  P,  the  ray  passes  through 
the  surface  separating  the  two  media, 
let  AP  ~x.  BP  =  p  -  X.      Let  the 

velocity  of  propagation  of  the  ray  of  light  in  the  two  media  be 
respectively  v  and  v'  per  second.  The  ray  therefore  travels  from 
S  to  P  in  SPIv  seconds,  and  from  P  to  /t  in  BPIv'  seconds,  and 
the  total  time  occupied  in  transit  from  S  to  il  is 

(  =  SPiv  +  RPIv' ,         .  .         .         (I) 

In  the  triangles  SAP  and  BBP 

SP  =  x/^Tx^ ;  BP  =  .Jb'  +  (p  -  x)» .         .         (2) 


"Thii  formula  ia  ideaticul  with  the  one  givsn  in  aoy  teit-book  on  electricity. 
Note  :  CJat,  maximnm  when  its  reciprocal  ia  a  minimum.  This  and  all  the  preceding 
resolts  ahould  be  tested  lor  maiima  and  minima  by  means  of  the  aceond  diOerential 
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Substituting  these  values  in  (1)  and  differentiating  in  the  usual 

way  we  get 

di  X  p  -'  X 


dx      V  Ja^  +  x^      v'  Jh^  +  (p  -  xf 


=  0.         .         (3) 


But  sin  %  =    /  ^  ;  sin  r  = 


From  (2) 


Ja^  +  a;2  ^  Jl^  +  {p  ^  xf 

sin  %      V 


sinr     v'' 


This  result  shows  that  the  signs  of  the  angles  of  incidence  and 
refraction  must  be  proportional  to  the  velocity  of  the  light  in  the 
different  media,  in  order  that  the  light  may  pass  from  one  point 
to  another  in  the  shortest  possible  interval  of  time. 

The  ratio,  sin  i/sin  r,  therefore,  is  constant  for  the  same  two 
media.  This  constant  is  usually  denoted  by  the  symbol  fi,  and 
called  the  index  of  refraction.  It  is  obvious  that  for  the  same  two 
media  the  index  of  refraction  is  constant  for  light  of  the  same 
wave-length. 

ExAMPiiBS. — (1)  The  velocity  of  motion  of  a  wave  in  deep  water  is 

V  =  ^/(X/a  +  a/x) 
where  x  denotes  the  length  of  the  wave,  a  is  a  constant.    Required  the  length 
of  the  wave  when  the  velocity  is  a  minimum.    (N.  Z.  Exam.  Papers.)    Ansr. 
X  =  a. 

(2)  The  contact  difference  of  potential  {E)  between  two  metals  is  a  function 
of  the  temperature  {$)  such  that 

E  =  a  +  bB  -h  c(^. 
How  high  must  the  temperature  of  one  of  the  metals  be  raised  in  order  that 
the  difference  of  potential  may  be  a  maximum  or  a  minimum,    a,  6,  c  are 
constants.    Ansr.  $  =  -  6/2c. 

(8)  Show  that  the  greatest  rectangle  that  can  be  inscribed  in  the  circle 
x^  -h  y*  =  r'  is  a  square.    Hint.  Area  =  4ary,  etc. 

(4)  If  t7Q  be  the  volume  of  water  at  0°C.,  v  the  volume  at  0°G.,  then, 
according  to  the  *'  Hdllstr&nVs  "  formula  for  temperatures  between  0"  and  30°, 

V  =  t?o(l  -  0-000067,577a  +  0000007,6601^  -  0-000000,03609fl«). 
Show  that  the  volume  is  least  and  the  density  greatest  when  B  =  3*92. 

(5)  Kopp's  formiUa  for  the  volume  of  water  at  any  temperature  between 
0°  and  26°  is 

V  =  Vq(1  -  0-000061,046«  -I-  0-000007,7183^  -  0-000000,03734fl»). 
Show  that  the  temperature  of  maximum  density  is  4*08°. 

(6)  An  electric  current  flowing  round  a  coil  of  radius  r  exerts  a  force  F  on 
a  small  magnet  whose  axis  is  at  some  point  on  a  line  drawn  through  the 
centre  and  perpendicular  to  the  plane  of  the  coil.  If  x  is  the  distance  of  the 
magnet  from  the  pletne  of  the  coil, 

F  =  xl{r^  +  a;")*- 
Show  that  the  force  is  a  maximum  when  x  =  ^r. 
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(7)  Draw  an  ellipee  whose  area  for  a  given  perimeter  shall  be  a  maximum. 
Although  the  perimeter  of  an  ellipse  can  only  be  represented  with  perfect 

accuracy  by  an  infinite  series  (page  188),  yet  for  all  practical  purposes  the 
perimeter  may  be  taken  to  be  x(x  +  y)  where  x  and  y  are  the  major  and 
minor  axes.  The  area  of  the  ellipse  is  z  =  rxy.  Since  the  perimeter  is  to 
be  constant,  a  =  t{x  +  y)  or  y  —  aJT  -  x.  Substitute  this  value  of  y  in  the 
former  expression  and  z  =  ax  -  irx^.  Hence,  x  =  al%e  when  0  is  a  maximum. 
Substitute  this  value  of  a;  ip  ^  =  a/ir  -  ic,  and  y  =  aj^Ty  that  is  to  say, 
X  =  y  =  a/Sir,  or  of  ail  ellipses  the  circle  has  the  greatest  area. 

Boys'  leaden  water-pipes  designed  not  to  burst  at  freezing  temperatures, 
are  based  on  this  principle.  The  cross  section  of  the  pipe  is  elliptical.  If  the 
contained  water  freezes,  the  resulting  expansion  makes  the  tube  tend  to  become 
circular  in  cross  section.  The  increased  capacity  allows  the  ice  to  have  more 
room  without  putting  a  strain  on  the  pipe. 

(8)  If  At  B  be  two  sources  of  heat,  find  the  position  of  a  point  O  on  the 
line  AB  =  a,  such  that  it  is  heated  the  least  possible.  Assume  that  the  in- 
tensity of  the  heat  rays  is  proportional  to  the  square  of  the  distance  from  the 
source  of  heat.  Let  AO  =  Xy  BO  =  a  -  x.  The  intensity  of  each  source  of 
heat  at  unit  distance  away  is  a  and  /9.     The  total  intensity  of  the  heat  which 

reaches  0  is 

a  0 

X*      (a  -  x)*' 
Find  dlldx  and  cPIjdx^.    This  equation  is  a  minimum  when 

x  =  fJa,al(Ua  +  l/fi). 
Since  AO :  B0=  ^a :  l/fi  show  that  when  J  is  a  minimum,  its  actual  (numerical) 
value  may  be  found  from  I{min.)  =  ( ^/o  +  *//3)'/a*.     If  o  =  3  then  a;  =  ^a,  and 
the  numerical  value  of  I{min.)  =  8a/a^. 

(9)  Rapp's  equation  for  Die  specific  lieat  of  water  between  0°  and  100°  is 

<r  =  1-089936  -  0-007068e  +  0-00021266««  -  0-00000164^3, 
where  the  mean  specific  heat  between  0°  and  100°  is  unity.    Hence  show  that 
there  is  a  minimum  between  0  =  20°  and  30°,  and  a  maximum  about  70°. 
Volten*s  equation  for  the  same  property  is 

a  =  l  -  0-0014625612a  +  00000237981^  -  0-000000107160'. 
Hence  show  that  there  is  a  minimum  between  40°  and  50°,  and  a  maximum 
about  100°. 

In  the  working  of  the  above  examples,  it  will  be  found  simplest  to  use 
a,  6,  c  .  .  .  for  the  numerical  coefiicients,  differentiate,  etc.,  for  the  final  re- 
sult, restore  the  numerical  values  of  a,  6,  c  ...  ,  and  simplify.  Probably  the 
reader  has  already  done  this. 
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CHAPTER  IV. 

THE  INTEGRAL  CALCULUS. 

The  experimental  verification  of  a  theory  concerning  any   natural 
phenomenon  generally  rests  on  the  result  of  an  integration. 

§  69.  Integration. 

In  the  first  chapter,  methods  were  described  for  finding  the  mo- 
mentary rate  of  progress  of  any  uniform  or  continuous  change  in 
terms  of  a  limiting  ratio,  the  so-called  *'  differential  coefficient " 
between  two  variable  magnitudes.  The  fundamental  relation 
between  the  variables  must  be  accurately  known  before  one  can 
form  a  quantitative  conception  of  the  process  taking  place  at  any 
moment  of  time.  When  this  relation  or  law  is  expressed  in  the 
form  of  a  mathematical  equation,  the  "  methods  of  differentiation  " 
enable  us  to  determine  the  character  of  any  continuous  physical 
change  at  any  instant  of  time.  These  methods  have  been 
described. 

Another  problem  is  even  more  frequently  presented  to  the 
investigator.  Knowing  the  momentary  character  of  any  natural 
process,  it  is  asked :  ''  What  is  the  fundamental  relation  between 
the  variables?"  "What  law  governs  the  whole  coarse  of  the 
physical  change?" 

In  order  to  fix  this  idea,  let  us  study  an  example.  The  con- 
version of  cane  sugar  into  invert  sugar  in  the  presence  of  dilute 
acids,  takes  place  in  accordance  with  the  reaction : 

^12^22^11   +   ^fi  —   2C^6^12^6 

(cane  sugar),  (invert  sugar). 

Let  X  denote  the  amount  of  invert  sugar  formed  in  the  time  t ; 
the  amount  of  sugar  remaining  in  the  solution  will  then  be  1  -  x, 
provided  the  solution  originally  contained  one  gram  of  cane  sugar. 
The  amount  of  invert  sugar  formed  in  the  time  dt^  will  be  dx.  By 
Wilhelmy's  law  (page  46),  the  velocity  of  the  chemical  reaction 
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at  (my  moment  will  be  proportional  to  the  amount  of  oane  sugeur 
actually  present  in  the  solution.     That  is  to  say, 

^-^  =  *(i  -  X).  .      .      .      .      (1) 

where  k  is  the  ''  constant  of  proportion  "  (page  487).    The  meaning 

of  k  is  obtained  by  putting  x  ^  0.     Thus,  dx/dt  —  k,  or,  k  denotes 

the  rate  of  transformation  of  unit  mass  of  sugar. 

Prom  (1),  page  5, 

V  =  dxidt,        ....         (2) 

where  v  denotes  the  velocity  of  the  reaction.     This  relation  is 

strictly  true  only  when  we  make  the  interval  of  time  so  short 

that  the  velocity  has  not  had  time  to  vary  during  the  process. 

But  the  velocity  is  not  really  constant  during  any  finite  interval 

of  time,  because  the  amount  of.  cane  sugar  remaining  to  be  acted 

upon  by  the  dilute  acid  is  continually  decreasing.     For  the  sake 

of  simplicity,  let  k  =  y^^,  and  assume  that  the  action  takes  place 

in  a  series  of  successive  stages,  so  that  dx  and  dt  have  finite 

values,  say  hx  and  U  respectively.     Then, 

_  {amount  of  cane  sv^ar  transformed)  _  Sx  .„v 

""  (interval  of  time)  St' 

Let  St  be  one  second  of  time.  Let  ^j^  of  the  cane  sugar  present 
be  transformed  into  invert  sugar  in  each  interval  of  time,  at  the 
same  uniform  rate  that  it  possessed  at  the  beginning  of  the  interval. 

At  the  commencement  of  the  first  interval,  when  the  reaction 
hagf  just  started,  the  velocity  will  be  at  the  rate  of  O'lOO  grams  of 
invert  sugar  per  second.  This  rate  will  be  maintained  until  the 
commencement  of  the  second  interval,  when  the  velocity  suddenly 
slackens  down,  because  only  0*900  grams  of  cane  sugar  are  then 
present  in  the  solution. 

During  the  second  interval,  the  rate  of  formation  of  invert 
sugar  will  be  ^  of  the  0*900  grams  actually  present  at  the  be- 
ginning. Or,  0090  grams  of  invert  sugar  are  formed  during  the 
second  interval. 

At  the  beginning  of  the  third  interval,  the  velocity  of  the  re- 
action is  again  suddenly  retarded,  and  this  is  repeated  every 
second  for  say  five  seconds. 

Now  let  Sajj,  Sx^,  .  .  .  denote  the  amounts  of  invert  sugar 
formed  in  the  solution  during  each  second  (St).  Assume,  for  the 
sake  of  simplicity,  that  one  gram  of  cane  sugar  yields  one  gram 
of  invert  sugar. 
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{Cane  sugar  transformed.) 

During  the  Ist  seoond,  82^  =  0*100 

„    2nd      „       »X5j  =  0-090 

„    3rd      „       «x,  =  0081 

„    4th      „       ix^  =  0-073 

„         „    5th      „       Jj-g  =  0-066 


Total,        0-410 

This  means  that  if  the  chemical  reaction  proceeds  during 
each  successive  interval  with  a  uniform  velocity  equal  to  that 
which  it  possessed  at  the  commencement  of  that  interval,  then, 
0*410  gram  of  invert  sugar  would  be  formed  at  the  end  of  tive 
seconds.     As  a  matter  of  fact,  0-3935  gram  is  formed. 

But  0*410  gram  is  evidently  too  great,  because  the  retardation 
is  a  uniform,  not  a  jerky  process.  We  have  resolved  it  into  a 
series  of  elementary  stages  and  pretended  that  the  rate  of  forma- 
tion of  invert  sugar  remained  uniform  during  each  elementary 
stage.  We  have  ignored  the  retardation  which  takes  place  from 
moment  to  moment.  If  we  shorten  the  interval  and  determine 
the  amounts  of  invert  sugar  formed  during  intervals  of  say  half  a 
second,  we  shall  have  ten  instead  of  five  separate  stages  to  sum 
up,  thus : 

{Cane  sugar  transformed.) 
During  the  1st  half  second,  ixi  =  0*0500 


i>  It 

»>  >» 

)>  t« 

>i  >» 

i»  »» 

»»  »» 


2nd 

JiTa  =  0*0476 

3rd 

»a-3  =  0-0451 

4th 

Bx^  =  0-0429 

6th 

8^5  =  0-0407 

6th 

ix^  =  0*0887 

7th 

ix^  =  00367 

8th 

Jxy  =  00349 

9th 

Bx^  =  0-0332 

10th 

8X10  =  00315 

Total,        0-401 

The  quantity  of  invert  sugar  calculated  on  the  supposition 
that  the  velocity  is  retarded  every  half  second  instead  of  every 
second,  corresponds  more  closely  with  the  actual  change.  The 
smaller  we  make  the  interval  of  time  the  more  accurate  the  result. 
Finally,  by  making  St  infinitely  small,  although  we  should  have 
an  infinite  number  of  equations  to  add  up,  the  actual  summation 
would  give  a  perfectly  accurate  result.  To  add  up  an  infinite 
number  of  equations  is,  of  course,  an  arithmetical  impossibility, 
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bat,  by  the  "  methods  of  integration"  we  can  aotoally  perform 
this  operation. 

X  —  {sum  of  all  the  terms  v  .  dt,  between,  t  =  0  and  t)  =  5, 
=  V  .dt  -t-  V  .dt  +  v.dt  +  .  .  .  to  infinity. 

This  is  more  conveniently  written, 
x  =  ll(v.dt), 
or,  better  still,  x  =  I  v  .dt. 

The  signs  "S"  and  "J"  are  abbreviations  for  "the  sum  of 
all  the  terms  containing  .  .  .  " ;  the  subscripts  and  superscripts 
denote  the  limits  between  which  the  time  has  been  reckoned. 
The  second  number  of  the  last  equation  is  called  an  integral. 
"  S/(^)  ■  '^^  "  is  "^"^  "  'ti®  integral  of  f{x) .  dx  ". 

When  the  hmits  between  which  the  integration  (evidently 
another  word  for  "  summation  ")  is  to  be  performed,  are  stated,  the 
integral  is  said  to  be  definite;  when  the  limits  are  omitted,  the 
integral  is  said  to  be  indefinite.  The  superscript  to  the  symbol 
"J"  is  called  the  upper  or  saperior  limit;  the  subscript,  the 

lower  OF  inferioF  limit.  For  example,  I  j) .  i^v  denotes  the  sum 
of  an  infinite  number  of  terms  p .  dv,  when  v  is  taken  between  the 
limits  r^  and  v^. 

To  prevent  any  misunderstanding,  I  will  now  give  a  graphic 
representation  of  the  ?' 
above  process.  Take 
Ot  and  Ov  as  coordin- 
ate axes  (Figs.  64  and 
85).  Mark  off,  along 
the  abscissa  axis,  in- 
tervals 1,  2,  3,  ...  , 
corresponding  to  the 
intervals  of  time  St. 
Let  the  ordinate  axis 
represent  the  veloci- 
ties of  the  reaction 
during  these  different  ' 

intervals  of  time.   Let  ^"*-  ^■ 

the  ourve  vbdfk  .  .  .  represent  the  actual  velocity  of  the  trans- 
formation on  the  supposition  that  the  rate  of  formation  of  invert 
sugar  is  a  uniform  and  continuous  process  of  retardation.      This 


IH  HIGHER  MATHEMATICS.  §69. 

is  the  real  nature  of  the  change.  But  we  have  pretended  that 
the  velocity  remains  oouBtant  during  a  short  but  finite  interral  of 
time  say  &  =  1  second.  The  amount  of  cane  sugar  inverted  dur- 
ing the  first  second  is,  therefore,  represented  by  the  area  valO 
(Fig.  64) ;  during  the  second  interval  by  the  area  bc2J,  and  so  on. 

At  the  end  of  the  first  interval  the  velocity  at  a  is  supposed 
to  suddenly  fall  to  b,  whereas,  in  reality,  the  decrease  should  be 
represented  by  the  gradual  slope  of  the  curve  vb. 

The  error  resulting  from  the  inexact  nature  of  this  "simphfjriug 
assumption"  is  graphically  represented  hy  the  blackened  area  vab; 
for  succeeding  intervals  the  error  is  similarly  represented  by  bed, 
def,  ...     In  Fig.  85,  by  halving  the  interval,  we  have  consider- 


ably reduced  the  magnitude  of  the  error.  This  is  shown  by 
the  diminished  area  of  the  blackened  portions  for  the  first  and 
succeeding  seconds  of  tiroe.  The  smaller  u-e  make  the  interval,  the 
less  the  error,  unlU,  at  tfte  limit,  when  the  interval  is  made  infinitely 
small,  the  result  is  absolutely  correct.  The  amount  of  invert  sugar 
formed  during  the  first  five  seconds  is  then  represented  by  the 
area  vbdf  .  .  .  50. 

The  above  reasoning  will  repay  careful  study ;  once  mastered, 
the  •'  methods  of  integration  "  are,  in  (general,  mere  routine  work. 

The  operation  denoted  by  the  symbol  ■'  j "  •  is  called  integra- 
tion.   When  this  sign  is  placed  before  a  differential  function,  say 


S  69.  THE  INTEGRAL  CALCULUS.  165 

dx,  it  means  that  the  function  is  to  be  integrated  with  respect  to 
dx.  Integration  is  essentially  a  method  for  obtaining  the  sum  of 
an  infinite  number  of  infinitely  small  quantities. 

Not  only  can  the  amount  of  substance  formed  in  a  chemical 
reaction  daring  any  given  interval  of  time  l>e  expressed  in  this 
manner,  but  all  sorts  of  varying  magnitudes  can  be  subject  to  a 
similar  operation. 

The  distance  passed  over  by  a  train  travelling  with  a  known 
velocity,  can  be  represented  in  terms  of  a  definite  integral.  The 
quantity  of  heat  necessary  to  raise  the  temperature  (0)  of  a  given 
mass  (m)  of  a  substance  from  ^^  to  ff*^^  is  given  by  the  integral 

I  ma .  d$,  where  o-  denotes  the  specific  heat  of  the  substance. 
The  work  done  by  a  variable  force  (F)  when  a  body  changes  its 

position  from  $^  to  s^  is  I  ^F  ,ds.    This  is  called  a  space  inte^al. 

The  impulse  (magnitude  of  impressed  force)  due  to  a  variable  force 

F,  acting  during  the  interval  of  time  t^  -  t^,  is  given  by  the  time 

ft, 
integral  I  F.dt.  By  Newton^s  second  law,  the  change  of  mo- 
mentum of  any  mass  (m),  is  proportional  to  the  impressed  force 
(impulse).  Momentum  is  defined  as  the  product  of  the  mass  into 
the  velocity.  If,  when  t  is  t^,  v  =  v^  and  when  t  is  t^,  v  —  v.^* 
Newton's  law  may  be  written 

I  *m,dv  =  I  ^F ,dt, 

hi  J'l 

The  quantity  of  heat  developed  in  a  conductor  during  the 
passage  of  an  electric  current  of  intensity  i,  for  a  short  interval 
of  time  dt  is  given  by  the  expression  ki .  dt  (Joule's  law)^  where  k 
is  a  constant  depending  on  the  nature  of  the  circuit.  If  the  current 
remains  constant  during  any  short  interval  of  time,  the  amount  of 
heat  generated  by  the  current  during  the  interval  of  time  t^  -  t^^ 

is  given  by  the  integral  |  ki .  dt. 

The  quantity  of  gas  {q)  consumed  in  a  building  during  any 
interval  of  time  t^  -  t^,  may  be  represented  as  a  definite  integral, 

q  =  I  %.c^^ 

where  v  denotes  the  velocity  of  efflux  of  the  gas  from  the  burners. 
The  value  of  q  can  be  read  off  on  the  dial  of  the  gas  meter  at  any 
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time.      The   gas   meter  performs  the  integratioa  automatically.. 

fa 
The  cyclometer  of  a  bicycle  can  be  made  to  integrate,  ^  =  I   v  .  dt 

(v  ==  velocity,  t  =  time,  s  =  distance  traversed). 

Differentiation  and  integration  are  reciprocal  operations  in  the 
same  sense  that  multiplication  is  the  inverse  of  division,  addition, 
of  subtraction.     Thus, 

axb-7-b=^a;  a  -^  b  -  b  =  a. 
d^a .dx  =  a.dx\  \dx  =  x. 

The  differentiation  of  an  integral,  or  the  integration  of  a 
differential  always  gives  the  original  function.  The  signs  of 
differentiation  and  of  integration  mutually  cancel  each  other. 
The  integral,  \f\£)dxy  is  sometimes  called  an  anti-differenticU, 
Integration  reverses  the  operation  of  differentiation  and  restores 
the  differentiated  function  to  its  original  value,  but  with  certain 
limitations  to  be  indicated  later  on. 

While  any  mathematical  function  can  be  differentiated  without 

any  particular  difficulty,  the  reverse  operation  of  integration  is  not 

always  so  easy,  in  some  cases,  it  cannot  be  done  at  all.     For  in- 

f   2  f       dx 

stance,  the  integrals  le'.dx&nd  I  ~//^  rri"\  have  not  yet  been 

evaluated. 

If,  however,  the  function  from  which  the  differential  has  been 
derived,  is  known,  the  integration  can  always  be  performed.  Know- 
ing that  dflogx)  ==  x~^. dx,  it  follows  at  once  that  ^x'^.dx  ^  logo;. 

In  many  cases,  we  have  to  compare  the  integral  with  a  tabu- 
lated list  of  the  results  of  the  differentiation  of  known  functions. 
The  reader  will  find  it  an  advantage  to  keep  such  a  list  of  known 
integrals  at  hand.  A  set  of  standard  types  is  given  in  the  next 
section,  but  this  list  should  be  extended. 

The  Nature  of  Mathematical  Eeasoning  may  now  be  defined 
with  greater  precision  than  was  possible  in  g  1.  There,  stress 
was  laid  upon  the  search  for  constant  relations  between  observed 
facts.  But  the  best  results  in  science  have  been  won  by  antici- 
pating Nature  by  means  of  the  so-called  working  hypothesis.  The 
investigator  first  endeavours  to  reproduce  his  ideas  in  the  form  of 
a  mathematical  equation  representing  the  momentary  state  of  the 
phenomenon.*    Thus  Wilhelmy's  law  (1850)  is  nothing  more  than 

*  Mathematical  equations  coiitainiug  ditferentials  or  differential  coefticients,  are 
called  differential  equations. 
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the  mathematician's  way  of  stating  an  old,  previously  unverified^ 
speculation  of  Berthollet  (1779) ;  while  Quldberg  and  Waage*8  law 
(1864-69)  is  stiU  another  way  of  expressing  the  same  thing. 

To  test  the  consequences  of  Berthollet's  hypothesis,  it  is  clearly 
necessary  to  find  the  amount  of  chemical  action  taking  place  during 
intervals  of  time  accessible  to  experimental  measurement.  It  is 
obvious  that  Wilhelmy's  equation  in  its  present  form  will  not  do> 
but  by  **  methods  of  integration  "  it  is  easy  to  show  that  if 

=  A:(l  -  x)  then  A;  =  - .  log 


dt         ^  '  ^       ^  1  -  0?' 

where  x  denotes  the  amount  of  substance  transformed  during  the 
time  t.  X  is  measurable,  t  is  measurable.  We  are  now  in  a  posi> 
tion  to  compare  the  fundamental  assumption  with  observed  facts. 

If  BerthoUet's  guess  is  a  good  one,  -  .  log must  have  a  con- 

t  1  —  X 

stant  value.     But  this  is  work  for  the  laboratory,  not  the  study, 

as  indicated  in  connection  with  Newton's  law  of  cooling,  §  18. 

Integration,  therefore,  bridges  the  gap  between  theory  and  fact 
by  reproducing  the  hypothesis  in  a  form  suitable  for  experimental 
verification,  and,  at  the  same  time,  furnishes  a  direct  answer  to  the 
two  questions  raised  at  the  beginning  of  this  section.  We  shall 
return  to  the  above  physical  process  after  we  have  gone  through  a 
drilling  in  the  methods  to  be  employed  for  the  integration  of  ex- 
pressions in  which  the  variables  are  so  related  that  all  the  x*s  and 
dx'&  can  be  collected  to  one  side  of  the  equation,  all  the  ^'s  and 
dy^s  to  the  other.  In  Chapter  VII.,  we  shall  have  to  study  the  in- 
tegration of  equations  representing  more  complex  natural  processes. 

If  the  mathematical  expression  of  our  ideas  leads  to  equations 
which  cannot  be  integrated,  the  working  hypothesis  will  either 
have  to  be  verified  some  other  way,*  or  else  relegated  to  the  great 
repository  of  unverified  speculations. 

§  70.  Table  of  Standard  Integrals. 

Every  differentiation  in  the  differential  calculus,  corresponds 
with  an  integration  in  the  integral  calculus.  Sets  of  corresponding 
functions  are  called  **  Tables  of  Integrals  ". 


*  Say,  by  slipping  in  another  "simplifying  assumption".  Clairaut  expressed  hia 
ideas  of  the  moon's  motion  in  the  form  of  a  set  of  complicated  differential  equations, 
bat  left  them  in  this  incomplete  stage  with  the  invitation,  "  Now  integrate  them  who 
can  ".    But  see  §§  107,  108,  and  144. 
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sn. 


The  following  are  the  more  important;  handy  for  reference, 
better  still  for  memorising: — 


Table  I.— Standard  Integrals. 


Function. 


u  = 
u  = 
u  = 
u  = 


a', 
e*. 

log«a?. 

U  =  logeX. 

u  =  Bin  X. 

U  =  COS  X, 

u  =  tan  X. 
u  =  cot  X. 
u  =  sec  X. 
u  =  cosec  X. 


u  =  sin  -  ^x. 


u  =  cos  -  ^x. 


u  — 
u  = 

u  = 
u  = 


tan  -  ^x. 
cot  -  ^x. 


sec  -  ^x. 


cosec  -  ^j*. 


u  =  vers  -  ^x. 


u  =  covers  -  ^x. 


Differential  Caicalns. 


_    -    _    ugrtl 


T-      =    ^. 


du 

dx 
du 

dx 
du 

dx 
du 

dx 
du 

di 
du 

dx 
du 

dx 
du 

dx 
du 

dx 
du 

dx 
du 

dx 
du 

du 

dx 
du 

dx 
du 

dx 
du 

d^ 
du 

dx 
du 

dx 
du 


- 1 


=  a  log  a. 


^  log,!?. 

ilog^. 


-  =  cos  X. 


1 

X 


-T-  =  -  sin  Jr. 
=      sec'a". 

=  -  cosec^j:. 

sin  X 

"      cos*ar* 
_      cos  X 

~      sin*a:' 
1 

=  1  +  x«- ) 
"  1  +  x^'  i 

du^_      1       r 

dx~      X  V(x«  -  1)'  ) 


\f(2x-'j^'  ^ 
1 

dx  ~      '^f(2x  -  x^' 


Integral  Calculus. 


Ix^^dx 
la'dx 


{(f'dx 
dx 

X 


f 


Jcos  xdx 

Jsin  xdx 

Jsec^<ia* 

JcosecV 
/'sin  x 


cos'a* 


dx 


cosx 


sin^x 


dx 


_. 

n  +  1 

_    a' 
~  log«a* 

=  log  X,  or  I 

logaO-  [• 

loga^'  ' 

=  sin  X. 

=  -  cosx.     . 

:=  tanx. 

=  -  cotx.     . 

=  -  cosec  X. 


'  dx         r  =  ti 


sin  -  *x.    . 


-  cos  -  *x. 


=  tan  -  ^x.   . 
cot  -  ^x. 


d  /  =  »« 

Jfv(^-i-)\^_ 


=  gee  -  'x. 


cosec  -'j 


r  =  vers  —  'i.  . 


(1) 
(2) 
(3) 

(4) 

(6) 
(6) 
(7) 
(8) 
(9) 
10) 

11) 
12) 
13) 
14) 
18) 
16) 
17) 
18) 


§  71:  The  Simpler  Methods  of  Integration. 

(1)  Integration  of  the  product  of  a  constant  term  and  a  differ- 
ential.    On  page  24,  it  was  pointed  out  that  "  the  differential  of 
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the  product  of  a  variable  and  a  constant,  is  equal  to  the  constant 
multiplied  by  the  dififerential  of  the  variable  ".  It  follows  directly 
that  the  integral  of  the  product  of  a  constant  and  a  differential,  is 
equal  to  the  constant  multiplied  by  the  integral  of  the  differential. 
E.g., 

Ja .  dx  =■  a\dx  =  ax. 

Jlog  a.dx  =  log  a^dx  =  x .  log  a. 
On  the  other  hand,  the  value  of  an  integral  is  altered  if  a  term 
containing  one  of  the  variables  is  placed  outside  the  integral  sign. 
For  instance,  the  reader  will  see  very  shortly  that  while 

^x^dx  =  Ja^ ;  x^xdx  =  ^a^. 

(2)  A  constant  term  must  he  added  to  every  integral.  It  has 
been  shown  that  a  constant  term  always  disappears  from  an 
expression  during  differentiation,  thus, 

d{x  +  C)  =  dx. 

This  is  equivalent  to  stating  that  there  is  an  infinite  number 
of  expressions,  differing  only  in  the  value  of  the  constant  term, 
which,  when  differentiated,  produce  the  same  differential.  In 
stating  the  result  of  any  integration,  therefore,  we  must  provide 
for  any  possible  constant  term,  by  adding  on  an  undetermined, 
''empirical,"  or  "arbitrary"  constant,  called  the  oonBtant  of 
integration,  and  usually  represented  by  the  letter  C.     Thus, 

\du  =  u  +  C. 
If  dy  =  dx, 

\dy  +  Cj  =  \dx  +  a, ; 
1/  +  Cj  =  iT  -f  Cg ;  or,  1/  =  j:  +  C, 
where  C  =  C^  -  C^. 

The  geometrical  signification  of  this  constant  is  analogous  to 
that  of  ''5"  in  the  tangent  form  of  the  equation  of  the  straight 
line,  formula  (8),  page  69 ;  thus,  the  equation 

y  =  mx  +  6, 
represents  an  infinite  number  of  straight  lines,  each  one  of  which 
has  a  slope  m  to  the  a;-axis  and  cuts  the  ^-axis  at  some  point  b. 
An  infinite  number  of  values  may  be  assigned  to  b.     Similarly, 
an  infinite  number  of  values  may  be  assigned  to  C  in  J  ...  62a;  +  C 

According  to  Table  I., 
f      dx  f      dx 

etc.     This  means  that  sin  -  ^x,  cos  ~  ^x ;  or  tan  -  ^x,  cot  ~  ^a;,  .  .  . 
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only  differ  by  a  constant  term.  This  agrees  with  the  trigno- 
metrical  properties  of  these  functions  illustrated  in  example  (1), 
page  113.  See  also  §  106.  The  following  remarks  are  worth 
thinking  over : 

"  Fourier^s  theorem  is  a  most  valuable  tool  of  science,  practical  and  theo- 
retical, but  it  necessitates  adaptation  to  any  particular  case  by  the  provision  of 
exact  data,  the  use,  that  is,  of  definite  figures  which  mathematicians  humorously 
call  *  constants,*  because  they  vary  with  every  change  of  condition.  A  simple 
formula  is  n  +  n  =:  2n,  so  also  n  x  7i  =  n^.  In  the  concrete,  these  come  to  the 
familiar  statement  that  2  and  2  equals  4.  So  in  the  abstract,  40  +  40  =s  80, 
but  in  the  concrete  two  40  ft.  ladders  will  in  no  way  correspond  to  one  80  ft. 
ladder.  They  would  require  something  else  to  join  them  end  to  end  and  to 
strengthen  them.  That  something  would  correspond  to  a  *  constant '  in  the 
formula.  But  even  then  we  could  not  climb  80  ft.  into  the  air  unless  there 
was  something  to  secure  the  joined  ladder.  We  could  not  descend  80  ft.  into 
the  earth  unless  there  was  an  opening,  nor  could  we  cross  an  80  ft.  gap.  For 
each  of  these  uses  we  need  something  which  is  a  '  constant '  for  the  special 
case.  It  is  in  this  way  that  all  mathematical  demonstrations  and  assertions 
need  to  be  examined.  They  mislead  people  by  their  very  definiteness  and 
apparent  exactness.  .  .  ." — J.  T.  Sprague. 

(3)  Integration  of  a  sum  atid  of  a  difference.     Since 

d{x  +  y-f2?4-  .  .  .  )  =^  dx  '\-  dy  -\-  dz  ■\'  .  .  .  , 

it  follows  that 

]{dx  -\-  dy  -\-  dz  +  ,  .  .  )  =^  ^dx  -\-  ^dy  +  ^dz  +  .  .  .  , 

=  X  +  y  +  z  +  .  .  .  , 

plus  the  arbitrary  constant  of  integration. 

It  is  customary  to  append  the  integration  constant  to  the  final 

result,  not  to  the  intermediate  stages  of  the  integration. 

Similarly, 

l(dx  -  dy  -  dz  -  .  ,  .  )  -  ^dx  -  ^dy  -  [dz  -  ,  .  , 

=  X  -  y  -  z  -  .  .  .  +  C. 

Examples. — (1)  Show 
J{log  (a  -f  bx)  (1  +  2x)}dx  =  J  log  (a  +  bj:)dx  +  J  log  (1  +  2x)dx  +  C. 

f      a  +  bx  . 

(2)  Show  /  log^  Z'^x^^  ^  J^^^  '^  "'"  M^  -  i^^S  (1  +  2x)dx  +  C. 

(4)  Integration  of  a?",  dx  (see  page  22).     Since 

d(a;''+i)  =  (n  +  l)jf*dx;  x'^.dx  =^  dx''-^^l{n  +  1); 

.-.  ajaj".  daj  =  a  — ;— f  +  0.     .  .         (1) 

n  T  A 

To  integrate  any  expression  of  the  form  ax"^,  dx,  it  is,  therefore, 

necessary  to  increase  the  index  of  the  variable  by  unity,  multiply 
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by  any  constant  term  that  may  be  present,  and  divide  the  prodttct 

by  the  new  index. 

An  apparent  exception  occurs  when  n  =  -  1,  for  then 

.   _,    .        ir-i  +  i      1 

5^   \  ax  =  I  _  I  ^  d  ^  ^* 

See  page  224.     We  have  seen,  page  36,  (6),  that 

dx 
d(\ogx)  =  —  =  x~^,dx, 

,'.  Ix-'^.dx  =  loga?  +  C.  .        •        .        (2) 

If,  therefore,  the  numerator  of  a  fraction  can  be  obtained  by 
the  differentiation  of  its  denominator,  the  integral  is  the  natural 
loganthm  of  the  denominator. 

It  is  worth  remembering  that  instead  of  writing  log  rr  +  C,  we 
may  put 

logic  +  logc  =  log  oo;, 
for  log  c  is  an  arbitrary  constant  as  well  as  C, 

ExAKFiiBS.— (1)  Show  \a .  dxjhx  —  (a .  \ogx) lb  +  C. 


(2)  Show 
(8)  Show 
(4)  Show 


26a; .  dxl{a  -  ba^)  =  -  log(a  -  tx*)  +  C. 
aa^ .  dx  =  i<KP*  +  C. 
^ax-^'^.dx  =  5aaj*'*  +  C. 

(5)  One  of  the  commonest  equations  in  physical  chemistry  is, 

dx  =  k{a  -  x) .  dt, 

f  dx 
Beanranging  terms,  kt  =  j  , 

.'.  kt  =  -  log  {a  -  x), 
but  log  1=0, 

.-.  kt  =  log  1  -  log(a  -  x),  or,  k  =  ^log^-r^  +  C, 

(6)  WUheVmy^s  equation^ 

ji  =  -  oVi  niay  he  written  /  —  =  -  o^. 

Remembering  that  logtf  =  1,  we  have 

logy  =  log 6  -  oMoge;  or,  logy  =  loge-««  +  log 6, 
where  log  b  is  the  integration  constant,  hence, 

log6«-"*  =  logy;  y  =  be-^. 
The  meaning  of  these  constants  will  be  deduced  in  the  next  section. 

(7)  By  a  similar  method  to  that  employed  for  evaluating  Jsc*^,  jx    ^dx, 
show 

Ja^dx==  j;^  + C;  /««da;==e*+ C;  /<J-«da;  ==--6-«.        .      (3) 

In  the  same  way  verify  the  results  in  Table  I. 

fdx         1  1 

(8)  Prove  -  j^  =  ^ITi-^^^nn  +  C (4) 

by  difierentiating  the  right-hand  side.    Keep  your  result  for  use  later  on. 

L 
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(9)  Evaluate  Jsin^x  .  cos  x  .  dx.  Note  that  cos  xix  =  d(sin  a;),  and  that 
sin'*a;  is  the  mathematician's  way  of  writing  (sin  a;)^.* 

.-.  fsin'*a5 .  COS  x  .dx  ^  \\  sin^x .  d(sin  x)  =  |  sin^ar .  +  C. 

(10)  What  is  wrong  with  this  problem :  "  Evaluate  the  integral  jx'  **  ? 
Hint,  the  symbol  "  J  "  has  no  meaning  apart  from  the  accompanying  "  Ax  ". 
For  brevity,  we  call  '*  J  "  the  symbol  of  integration,  but  the  integral  must  be 
rvritteii^  /  •  •  •  ^'^• 

(5)  Integration  of  the  prodiict  of  a  polynomial  and  its  differ- 
ential. Bead  (3),  page  24.  This  is  a  simple  extension  of  the 
preceding.     I^ince 

d(a3r  +  6)"  =  niax""  +  ft)*"!.  ama?"*~^.dic, 
where  ama^^'^.dx  has  been  obtained  by  differentiating  the  ex- 
pression within  the  brackets, 

.-.  nKax""  +  b)*'-^amx'*'-^,dx  =  (aa;~  +  6)"  +  0.    .         (6) 
To  integrate  the  product  of  a  polynomial  with  its  differential, 
increase  the  index  of  the  poljniomial  by  unity  and  divide  the  result 
by  the  new  exponent. 

Examples.— (1)  Show  J(3aa^  +  l)*9ax2 .  dx  =  i(Saa^  +  1)»  +  C. 
<2)  Show  f{x  +  !)-««. <ia;  =  8(x  +  lyi^  +  C. 

(6)  Integration  of  expressions  of  the  type : 

(a  +  te  +  ca;2  +  .  .  .  Yxdx,  ...  (6) 
where  m  is  a  positive  integer.  Multiply  out  and  integrate  each 
term  separately. 

Examples.— (1)  Show  J(l  +  xyh^dx  =  (^  +  fa;  +  ^x'^)x*'  +  C. 
(2)  /(a  +  x^x^dx  =  (!«'  +  x^  +  ix)x^  +  C. 

The  favourite  methods  for  integration  are  by  processes  known 
as  ''the  substitution  of  a  new  variable,"  ''integration  by  parts"  and 
by  "  resolution  into  partial  fractions  ".  The  student  is  advised  to 
pay  particular  attention  to  these  operations.  Before  proceeding 
to  the  description  of  these  methods,  we  shall  return  once  more  to 
the  integration  constant. 

{  72.  How  to  find  a  Value  for  the  Integration  Constant. 

It  is  perhaps  unnecessary  to  remind  the  reader  that  integration 
constants  must  not  be  confused  with  the  constants  belonging  to  the 


*  But  we  must  not  write  sin    '«  for  (sin  »)  ~  *,  nor  (sin  «)  ~  *  for  sin  ~  'aj.    Sin 
cos  ~ ',  tan  ~ ',  .  .  .  have  the  special  meaning  pointed  out  in  §  15. 


t 
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original  equation.  For  instance,  in  the  law  of  descent  of  a  falling 
body 

dvldt  =  g ;  ^dv  =  gldt,  or,  v  —  gt  -h  C.  .  .  (1) 
Here  (/  is  a  constant  representing  the  increase  of  velocity  due 
to  the  earth's  attraction,  C  is  the  constant  of  integration.  The 
student  will  find  some  instructive  remarks  in  §  118. 

There  are  two  methods  in  general  use  for  the  evaluation  of  the 
integration  constant. 

First  Method. — Eeturning  to  the  faUing  body  and  to  its 
equation  of  motion, 

V  =^  gt  +  C. 

On  attempting  to  apply  this  equation  to  an  actual  experiment, 
we  should  find  that,  at  the  moment  we  began  to  calculate  the 
velocity,  the  body  might  be  moving  upwards  or  downwards,  or 
starting  from  a  position  of  rest.  All  these  possibilities  are  included 
in  the  integration  constant  C.  Let  Vq  denote  the  initial  velocity 
of  the  body.     The  computation  begins  when  ^  =  0,  hence 

t?^  =  ^  X  0  +  0,  or,  C  =  Vq. 

If  the  body  starts  to  fall  from  a  position  of  rest,  Vq  =  C  =  0, 
and 

Idv  =  gty  or,  v  =  gt. 

This  suggests  a  method  for  evaluating  the  constant  whenever 
the  nature  of  the  problem  permits  us  to  deduce  the  value  of  the 
function  for  particular  values  of  the  variable. 

If  possible,  therefore,  substitute  particular  values  of  the  vari- 
ables in  the  equation  containing  the  integration  constant  and  solve 
the  resulting  expression  for  0. 

Example. — Find  the  value  of  C  in  the  equation 

'  =  £l°«a---i  +  C (2) 

which  is  a  standard  "  velocity  equation  "  of  physical  chemistry,  t  represents 
the  time  required  for  the  formation  of  an  amount  of  substance  x.  When  the 
reaction  is  just  beginning,  x  =  0  and  t  =  0,  Substitute  these  values  of  x  and 
/  in  (2). 

;^log-+C  =  0,or,C  =  -^log-. 
Substitute  this  value  of  C  in  the  given  equation  and  we  get 


^  ^  li^^'^A^  -  ^""n)  '^h'^a^ 


Segokd  Method. — Another  way  is  to  find  the  values  of  x 
corresponding  to  two  different  values  of  t.     Substitute  the  two 


164  HIGHER  MATHEMATICS.  §  73. 

sets  of  results  in  the  given  equation.     The  constant  can  then  be 
made  to  disappear  by  subtraction. 

Example. — In  the  above  equation,  (2),  assume  that  when  t  —  ti^x  =^  x^, 
and  when  t  =  t^  x  =^  x^;  where  x„  x^,  ti  and  ^2  o,re  numerical  measurements. 
Substitute  these  results  in  (2). 

By  subtraction  and  rearrangement  of  terms 

,       ,        1,      a  -  x^ 

The  result  of  this  method  is  to  eliminate,  not  evaluate  the  constant. 

Numerous  examples  of  both  methods  will  occur  in  the  course 
of  this  work.  Some  have  already  been  given  in  the  discussion  on 
the  "Compound  Interest  Law  in  Nature". 


§  78.  Inte^ation  by  the  Substitatioii  of  a  New  Variable. 

When  a  function  can  neither  be  integrated  by  reference  to  Table 
I.,  nor  by  the  methods  of  §  71,  a  suitable  change  of  variable  may 
cause  the  function  to  assume  a  less  refractory  form.  The  new 
variable  is,  of  course,  a  known  function  of  the  old. 

This  method  of  integration  is,  perhaps,  best  explained  by  the 
study  of  a  few  typical  examples. 

(1)  Evaluate  \{a  +  xydx.    Put  a  +  a;  =  y,  therefore,  dx  =  dy  and 

J(a  +  xydx  =  \y*dy. 
Prom  (1),  page  158, 

Jr%  =  y"'^V(n+  1)  +  C. 
Substitute  for  y, 

\{a  +  xYdx  =  (a  +  x)-+V(w  +  1)  +  0.  .         .         (1) 

EzAMPLBS. — Integrate  the  following  expressions : — 

(1)  l(a  -  bx)*dx.     Ansr.  -  (a  -  bx)**  +  y(n  +  1)  +  C. 

(2)  j(a^  +  x*)  -  ^i^xdx.    Ansr.  V(«*  +  a^)  +  C. 

(3)  j(a  +  x)-  *^dx.     Ansr.   -  l/(m  -  1)  (a  +  «)"•  -  *  +  C.     Keep  this  result 

for  future  reference. 

dx 

Ansr.  log(loga:)  +  C. 


<*>  k 


logic 

When  the  student  has  become  familiar  with  integration  he  will  find  no 
particular  difficulty  in  doing  these  examples  mentally. 

(2)  Integrate  (1  -  ax)"*x*dx.    Put  y  =  1  -  oo;,  therefore, 

ic  =  (1  -  y)/a  and  dx  —  -  dy/a. 
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Substitute  these  values  of  x  and  dx  in  the  original  equation. 

J(l  -  ax^x-dx  =  -  ^imJ(l  -  vYy^dy, 

which  is  the  type  of  (6),  page  162.    The  rest  of  the  work  is  obvious. 
Method  (6),  §  71. 

(3)  TrignometriccU  functions  can  often  be  integrated  by  these 

methods.     For  example,  required  the  value  of  Jtan  ocdx. 

{  Tsin  X 

I  tan  xdx  =  I   — dx, 
J  JoosiT 

Let  cos  a?  =r  w,    -  sin  xdx  =  du.     Since  -  ^du/u  =  -  log  w,  and 
log  1  =  0. 


I 


ta.uxdx  =  log-—  =  log  sec  x  +  C. 


cosx 


ExAMPLBS.— Show  that  (1)  /sin x,coBX,dx  =  Isin^a;  +  C. 

(2)  J(l  +  xyi^^^  ^  ^(1  +  x)^i^(5x  -  4a;  +  f)  +  C. 

(3)  Joot  xdx  s=  log  sin  a;  +  C. 

(4)  Jsin  x .  dxicoahc  =  sec  x  +  C. 

(5)  JcoB  x .  dx/sin^  =  -  cosec  x  +  C. 

(6)  Evaluate  je  -  '^xdx.    Multiply  and  divide  by  -  2 

fe-''a;(iic  =  - ifii-«'d(-ar«)  =-^-''+ C.        .        .        (2) 

dx 
(4)  Integrate  ~jn^Z~iiY      ^^*  V  "  ^^^»  .'.  a:  =  ay,  da?  =  flkiy, 

a; 
See  page  166. 

Example. — Integrate  '^^^^ »^i  by  substituting  -r  =  ^• 

Ansr.  -  V(«'  -  a?')"  •  /3«'  +  C"- 


(6)  Some  expressions  require  a  little  ** humouring".     Facility 
in  this  art  can  only  be  acquired  by  practice.     A  glance  over  the 
collection  of  formulae  in  Chapter  XII.  will  often  give  a  clue.     In 
this  way,  we  find  that  sin  a;  »  2  sin  ^  a; .  cos  \x.     Hence  integrate 
[  dx      ,     ^  dx  f sec  \x .  dx 

J  sin  a;*    '  j2sinia;.cos.Va;       J   2sinij; 
Divide  the  numerator  and  denominator   by  cos^^a;,  then,  since 
l/cos*Ja?  =  seo'^Ja:  and  d(ta,nx)  =  sec^a^.c^a;,  page  32,  (3), 

f  dx    _  fsec^^a; .  d{ix)  __  fcg(tan  jx) 
' '  Jsin  aj  ~  J       tan  ^x        "J   tan  Ix 
=  log  tan  \x  +  C. 
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Examples. — (1)  Bemembering  that  cob  x  =■  sin  {^w  +  a:),  (8),  page  499,  show 
that  jdxicos  x  »  log  tan  (^  +  \x)  +  C. 

C       dx 
(2)  Integrate  j aipa;.coBg'    ^^""^^  ^^  <^'^)'  P*«®  *^- 

/co8*x  +  sin^ ,         /'cos  X ,         /'sin  a; ,        ,      ^  ^ 

— : dx  =  /  -.—--  dx  +  /  — — .oz  =  logtan  x  +  C. 
Bin  X  cos  a;  jsinx      ^Joosx  ® 

Here  are  a  few  useful  though  simple  "  tips  "  for  special  notice : 

1.  Any  constant  term  may  be  added  to  the  numerator  of  a  fraction  pro- 
vided the  differential  sign  is  placed  before  it.  The  object  of  this  is  usually 
to  show  that  the  numerator  of  the  given  integral  has  been  obtained  by  the 
differentiation  of  the  denominator.  If  successful  the  integral  reduces  to  the 
logarithm  of  the  denominator.    E.g,^ 

2.  Jsin  nx .  dx  may  be  made  to  depend  on  the  known  integral  Jsin  nx .  d(nx^ 
by  multiplying  and  dividing  by  n.     E.g,^ 

fcos  nx .  dx  =     foos  nx .  dhix)  =  —sin  nx  '\-  C, 
J  fij  ^     '      n 

3.  Add  and  subtract  the  same  quantity.    E.g,y 

fx.dx  _  fix  +  i)-  i        en     1       1    \       .^ 

4.  Note  the  addition  of  log  1  makes  no  difference  to  the  value  of  an  ex- 
pression, because  log  1  =  0;  similarly,  multiplication  by  log«e  makes  no 
difference  to  the  value  of  any  term,  because  log^tf  ==  1. 

(6)  It  very  frequently  happens  that  an  expression  involving  the 
square  root  of  a  quadratic  binomial  can  be  readily  solved  by  the 
aid  of  a  lucky  trignometrical  substitution.  The  form  of  the  in- 
verse trignometrical  functions  (Table  I.)  will  sometimes  guide  us 
in  the  right  choice.     If  the  binomial  has  the  forms: 

v^l  -  x^,  or  JcC^  -  x^,  try  x  =  sin  d,  or  a  sin  d,  or  cos  $ ; 

>Jx^  -  1,  or  Jx^  -  (jC\  try  x  —  sec  d,  or  a  sec  d,  or  cosec  0 ; 

Jx^  -I- 1,  or  s/x^  +  a'^f  try  x  —  tan  6y  or  a  tan  0,  or  cot  6, 
(Lamb's  Infinitesimal   Calculus,  p.   184 ;    Williamson's   Integral 
Calculus,  p.  73.) 

Examples. — (1)  Find  the  value  of  J  ^/(a*  -  x")<ix.  In  accordance  with  the 
above  rule,  put  x  =  a  sin  0,  .*.  dx  =  a  cos  0  .  de. 

,'.  j^f{a^  -  a^dx  =  a^jcosHde; 
and  since  2  cos^  =  1  +  cos  20,  (28),  page  500,  we  may  continue, 

=  ia«/(l  +  cos  2e)d$, 
=  ia^e  +  \  sin  20) ; 
but  X  =  a  sin  9,  9  =  sin  ~  ^x/a,  and 

^  sin  29  =  sin  0 .  cos  0  =s  sin  0  ^/(l  -  sin^9), 

=  \  V  -  x' .  x/a' 
.-.  J^/(rt«  -  x^)dx  =  J««  sin  -  ^xja  +  Jx  sla^  -  x»  +  C. 
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(2)  Show   / ,  ^,- .  «  \/ i-i^  +  C.    Put  X  =  COB  $. 

J  (1  -  «)  Vl  -  x*       \  1  -  a; 

If  the  beginner  has  forgotten  his  "  trig."  he  had  better  verify  these  steps 

from  the  collection  of  trignometrical  formulae  in  Chapter  XII.    See  also  (8), 

§70. 

f  sm 0d9 f      de  If   d$  f         J9      f$\ 

~"i(l  -  cose)Vi  .cosae""Jl  -  costf-"  2jBin^$'-'J''^^^2'^\2)* 

'        smia       V28in«j0       \1  -  costf       \1  -  a; 

/dx  1 

u^  ^  ^v  =  log(»  +  Vaj«  +  1)  +  C.      Put  a;  =  tan  «.     Note 

that  tan  (^  +  |e)  =  tan  0-^-  seo0^x  +  »J(x^  +  1) ;  sec  9dtf  =  log  (tan  B  +  sec  0). 

r        ^  

(4)  Show   /  — Ty-j v\  =  log  (a;  +  %/«■  -  1)  +  C.    Put  x  =  sec  (>. 

(7)  !Z%«  integration  of  ar-\a  +  60*)" .  dx,     (See  §  76,  below.) 
(i.)  If  p  is  a  'positive  integer.     Expand  the  binomial  and  treat 
as  on  page  162. 

(ii.)  If  p  is  fractionalf  say  ^  =  r/s  ; 

(a)  Let  min  be  a  positive  integer.  Substitute  a  new  variable 
with  an  index  equal  to  the  denominator  of  the  fractional  index  p, 
so  as  to  make  a  +  bx'*  =  z*.     Then  proceed  as  follows : — 

ExAJf  PUB.~Evaluate  Ja:*(l  +  x^^I*dx.     Here  w  =  6;n  =  2;|)  =  J.     Put 

1  +  a:>  =  a',  then,  x*  =  z*  -  1 ; 

.*.  z  s=  sjl  +  x^ ;  x,dx  =  z.dg. 
Substitute  these  values  as  required  in  the  original  expression, 

Jar»(l  +  a^)^'*dx  =  /(^  -  l)Vd«, 

=  /(«•-  2r*  +  z^)dz, 

=  Tb(l  +  a:a)"'{15(l  +  a;^)'  +  42(1  +  a^  +  86}  +  C. 

(b)  Let  mi'n  be  a  negative  integer. 

Example.— Evaluate  jx  -  *(1  +  x*)  "  ^'^dx.  Here w  =  8;  n  =  2;2>  =  4. 
Put 

1  +  a:»  =  j^a;  .•.x-«  =  ««-  l;.-.x-*  =  (22-  l)«;.-.a;  =  (««-  !)-»'«; 

dx  =  -'  (z»-  l)-*i*zdz;  (1  + ««)  ~  * '^  =  l/«x  =  V(«' -  !)/«• 
Hence,       jx  -  *(1  +  x«) "  ^''da;  «  -  /(««  -  l)dj ; 

=  -  2«/3  +  «  =  (2xs  -  1)  (1  +  ar")*''/8a^  +  C. 

(c)  m/n  +  p  is  integral.  The  last  example  comes  under  this 
head. 
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§  74.  Integration  by  Parts. 

On  page  26,  it  was  shown  that 

d{v/v)  =  vdu  H-  udv. 
Now  integrate  both  sides 

uv  =  Ivdu  +  Ivdv. 
Henoe,  ^udv  —  va)  -  \vdu  +  0,      .         .        .         (1) 

that  is  to  say,  the  integral  of  udv  oan  be  obtained  provided  vd/ii 
can  be  integrated.     This  is  called  integration  by  parts. 

Examples. — Evaluate  the  following  expressions : — 

(1)  \z\ogxdx.    Put 

u  s  log z, I c2v  =  x.dx\ 

du  =  dxjXf  I    V  =s  Jaj*. 
Substitute  in  (1) 

ju.dv  =:  jx  log x.dx  =  uv  -  jv. dtt, 

=  Jaj*  log  x  -  Jjx .  dx  =  Jx'  log  X  -  Jx', 
=  Jx«(logx  -  i)  +  C. 

(2)  jx  cos  nx .  ^    Put 

u  =s  X,    I  dv  =  {cos  nx .  d{nx)}ln ; 

du  =  dXt  I   v  =:  (sin  nx)ln. 
From  (1),  Jx  cos nx.dx  ^  (x  sin nx)/n  -  /(sin  nx . ^)/n ;  etc. 
(8)  Show  by  "  integration  by  parts  "  that 

Jx'  sin  X .  dx  ^  (2  -  xP)  cos  x  +  2x  sin  x  +  C. 
In  this  example  there  are  two  integrations  to  be  performed,  first  x'  cos  x  .  dx, 
and  then  x  cos  x .  dx. 

(4)  Solve  the  equation, 

dv  —  a{vQ  -  2v) .  dt/  ^p, 
where  Vq,  a,  p  are  constant  and  t?  =  0  when  ^  =  0.    Ansr. 

4  log  Vo  -  4  log  (^0  -  2v)  =  atj^p, 
(6)  jx^dx  =  (x  -  1)«*  +  C.    Prove  this. 

The  selection  of  the  proper  values  of  u  and  v  is  to  be  determined  by  trial. 
A  little  practice  will  enable  one  to  make  the  right  selection  instinctively. 
The  rule  is  that  the  integral  jv .  du  must  be  more  easily  integrated  than  the 
given  expression.  In  this  example  if  we  take  u  =  6*^  dv  =  xdx^  jv .  du  becomes 
JfxVdx,  a  more  complex  integral  than  the  one  to  be  reduced.  The  right 
choice  is  t4  =  X,  dv  =  e*dx. 

(6)  Show  JxVdx  =  (x'  +  2x  -  2)e'  +  C. 

(7)  Evaluate  by  "  integration  by  parts,"  f  ^(a'  -  x')dx.     Put 

u  =  ,J(a^  -  x'),  I  dv  =  dx ; 

du^  x.dxj ^(a^  -  x'), |   t?  =  x. 

, r      x'dx 

JV(»'  -  ^^dx  =  a:Va«  -  x'  +  j  ;y(^2  _^i^' 

a'  -  («'^  a;^a; 
V(«*  -  arT    ' 


=  xVa'  -  x'  + 


/ f  (l^dX  ,        ,,     „  a.     . 


=  xva*  -  X 
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Transpose  the  last  term  to  the  left-hand  side ; 

2J  \/o*  -  7^  .dx=iX  N^a*  -  ar*  +  o  sin  -  >x/a  (page  158), 
.-.  J  V(a'  -  a^dx  =  Ja«  sin-  ^a/a  +  ixj(a^  -  x^  i-  C. 

§  75.  Integration  by  Suooessive  Reduotion. 

A  complex  integral  can  often  be  reduced  to  one  of  the  standard 
forms  by  the  "method  of  integration  by  parts".  By  a  repeated 
application  of  this  method,  complicated  expressions  may  often  be 
integrated,  or  else,  if  the  expression  cannot  be  integrated,  the  non- 
integrable  part  may  be  reduced  to  its  simplest  form.  See  examples 
(3)  and  (6),  §  74. 

Examples.— (1)  Evaluate  |a;'cosnx<2x.    Put 

t*  =  x",      idv  =  {oos  nx .  d{nx)}ln ; 

du  :=  2xdXj  \  V  =  (sin  nx)ln. 
Hence,  from  (1), 

/a;Hin  nx     2  f 
a;"cos  nxdx  =  — / «  sin  nxdx.     ...        (1) 

Now  put  u  =  Xj   I ^v  =  sin nx.dx; 

du  =s  dxJl   V  =  -  (oos  nx)ln. 

Henoe,  jx  sin  nx.dx  ^  -  {x  cos  nx)ln  -  J(  -  cos  nx .  da;)/n, 

=  ( -  ar  oos  fix)ln  +  (sin  nx)ln\      ...        (2) 

Now  suhetitute  (2)  in  (1)  and  we  get, 

.  „            _        ir'sin .  tix      2x  oos  nx      2  sin  nx       _ 
jx^ooBnxdx  =    -^ +        ^a        +       n*      "*"  ^' 

In  this  example,  we  have  made  the  integral  Jx'oos  nx .  dx  depend  on  that 
of  X  sin  nx  .  dx^  and  this,  in  turn,  on  that  of  -  cos  nx  .  d{nx)f  which  is  a 
known  standard  form. 

(2)  Evaluate  Ja?^cos  a; .  (2x.    Put 

M  =  ar*,       I  di;  =  cos  xdx ; 
du  =  ^jfidxj  I   r  =  sin  x, 
.'.  Jar*co8  xdx  =  ar*sin  x  -  4jx''8in  xdx. 
In  the  same  way, 

4J  ar'sin  xdx  =  4x®co8  x  -  3 .  4jaj'cos  xdx. 
Similarly, 

3  .  4ja^  cos  xdx  =  8.4.x'  sin  x  +  2 . 3 .  4jx  sin  xdx, 
and  finally, 

2.8.  4jx  sin  xdx  =:  2 . 3 .  4x  cos  x  +  1 .  2 .  3 . 4  sin  x. 
All  these  values  must  be  collected  together,  as  in  the  first  example.  In 
this  way,  the  integral  is  reduced,  by  successive  steps,  to  one  of  simpler  form. 
The  integral  jx*  cos  xdx  was  made  to  depend  on  that  of  x^  sin  xdx,  this,  in 
turn,  on  that  of  x^  cos  xdx,  and  so  on  until  we  finally  got  Jcos  xdx,  a  well-known 
standard  form. 

It  is  an  advantage  to  have  two  separate  sheets  of  paper  in  working  through 
these  examples  ;  on  one  work  as  in  the  preceding  examples  and  on  the  other 
enter  the  results  as  in  the  next  example. 
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(8)  Integrate  ja^e^dx, 

jx^e'dx  =  x^e*  -  Sjx^e'dXf 

=  x»«*  -  8(ajV--  2jx^dx), 

=  (ir»  -  8a;«  +  6a;  -  6)<!«  +  C. 
(4)  Integrate  co6*^2; ;  sin'*z(2x  and  sin«*j; .  cos^xdx  (see  page  184). 


§  76.  Reduotion  Formalae  {for  reference). 

In  §  74,  we  found  it  convenient  to  refer  certain  integrals  to 
a  "  standard  formula ".  In  §  75,  we  reduced  a  complex  integral 
to  simpler  terms  by  a  repeated  application  of  the  same  formula. 
Such  a  formula  is  called  a  reduction  formula. 

The  following  standard  reduction  formulae  are  convenient  for 
reference,  others  will  be  found  in  §  79  and  elsewhere. 

A.  The  integral  jx"^(a  +  bx")^ .  dx^  may  be  made  to  depend  on  that  of 
Jx"»  -  «(a  +  bx!^)p  + ' .  dx,  through  the  reduction  formula ; 

M                          x^-*^  +  ^(a  +  bx)p+^  -  a(m  -  n  +  l){x!^-^{a  +  bai^)''.dx   ... 
a+bx*')p.dx=       — ,->—- .     zr-i-^T^ ^ 1  (A) 
'                                                 b(m  -{■  np  +  1)  '  \   /- 

where  mis  a  positive  integer.     This  formula  may  be  applied  succeBsively  until 

the  factor  outside  the  brackets,  under  the  integral  sign,  is  less  than  n.    Then 

proceed  as  on  page  162. 

B.  In  A,  m  must  be  positive,  otherwise  the  index  will  increase,  instead  of 
diminish,  by  a  repeated  application  of  the  formula.  Therefore,  when  m  is 
negative,  transpose  A  and  divide  by  a(m  -  n  +  1).    Thus, 

where  m  is  negative, 

C.  Another  useful  formula  diminishes  the  exponent  of  the  bracketed  term 
in  the  following  manner : — 

where  p  is  positive. 

D.  If  pis  negative, 

,     ,       .     ,    ,          x"*  +  Ha+bx")p  +  ^  +  {np  +  m  +  n-i'l)\x)^la+bx**)p  +  ^dx      ,^, 
jx»^{a  +  bj^)pdx=- ^„(jo  ^  1)       ^ .     (D> 

Formulae  A,  B,  C,  D  have  been  deduced  by  the  method  of  integration  by 
parts.     Perhaps  the  reader  can  do  this  for  himself. 

Note. — Formula  A  decreases  (algebraically)  the  exponent  of  the  monomial 
factor  while  B  increases  the  exponent  of  the  same  factor.  Formula  C  decreases 
the  exponent  of  the  binomial  factor  while  D  increases  the  exponent  of  the 
binomial  factor. 
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Examples. — Evaluate  the  following  integrals : — 

(1)  J  J(a  +  Qi^)dx,    Hints,  use  C.     Put  m  =  0,  6  =  1,  n  =  2,  ^  =  J.    Ansr. 
VL^^(a  ■\-  7?)  +  a  \og{x  +  ^l(a  +  jr«)}]  +  C. 

(2)  jx*dal^/(a^  -  a;").    Hints,  put  m  =  4,  6  =  1,  n  =  2,p  =  J.    Use  A 
twice.    Ansr.  ^{Sa*  sin  xja  -  x{2(k^  +  3a«)  ^(a»  ^  a:^  +  C, 

(8)  /a^^Za:  /  ^(1  -  x*).    Hint,  use  A.     Ansr.  -  \{a^  +  2)  ^/(l  -  «»)  +  C.  . 
(4)  jjia  +  6a:*)  •  'da;.    Ansr.  x{a  +  6a;)  -  ^i^ja  +  C.     Use  D. 

^5)j——====^^i,eJx'%-a*  +  aP)-^dx,   Hint,  use B.    w  =  -  8,  6  =  1, 

tjx^  —  a'        1  X 

n  =  2,i>=-J.     Ansr.   ^-^^s^  +  2-i  sec- 1^. 


§  77.  Inte^ation  by  Resolution  into  Partial  Fractions. 

Fraotions  containing  higher  powers  of  x  in  the  numerator  than 
in  the  denominator,  may  be  reduced  to  a  whole  number  and  a 
fractional  part.     Thus,  by  division, 

x^  ,dx  ^  /  X     \ 

3^n  -\f '  ^  +  x^i^r^' 

The  integral  part  may  be  differentiated  by  the  usual  methods, 
but  the  fractional  part  must  often  be  resolved  into  the  sum  of  a 
number  of  fractions  with  simpler  denominators,  before  integration 
can  be  performed. 

We  know  that  j  may  be  represented  as  the  sum  of  two  other 
fractions,  namely  \  and  ^,  such  that  ^  =  ^  +  ^.  Each  of  these 
parts  is  called  a  partial  fi*action.  If  the  numerator  is  a  com- 
pound quantity  and  the  denominator  simple,  the  partial  fractions 
may  be  deduced,  at  once,  by  cbssigning  to  each  numerator  its  own 
denominator  and  reducing  the  result  to  its  lowest  terms.  E.g.^ 
a^^  H-a;+  1  __x^      x       1_1       1^       1 

ffS  /».3  /J.3  11.3  rp  /If.*  o»3 

«(/  Ju  JU  JL)  tJU  U/  */ 

When  the  denominator  is  a  compound  quantity,  say ,  it 

X     ~-  X 

is  obvious,  from  the  way  in  which  the  addition  of  fractions  is  per- 
formed, that  the  denominator  is  some  multiple  of  the  denominator 
of  the  partial  fractions  and  contains  no  other  factors.  We  there- 
fore expect  the  denominators  of  the  partial  fractions  to  be  factors 
of  the  given  denominator.  Of  course,  this  latter  may  have  been 
reduced  after  the  addition  of  the  partial  fractions,  but,  in  practice, 
we  proceed  as  if  it  had  not  been  so  treated. 

To  reduce  a  fraction  to  its  partial  fractions,  the  first  thing  to 
do  is  to  resolve  the  denominator  into  its  factors  and  assume  each 
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factor  to  be  the  deDominator  of  a  partial  fraction.  Then  assign 
a  certain  indeterminate  quantity  to  each  numerator.  These 
quantities  may,  or  may  not,  be  independent  of  x.  The  procedure 
will  be  evident  from  the  following  examples.  There  are  four  cases 
to  be  considered. 

Case  i. — The  denominator  can  he  resolved^into  real  unequal 
factors  of  the  type: 

1 


(a  -  x)(b  "  x)' 
Assume  that 

1  A 


(1) 


(a  "  x){b  -  x)      a  -  X      b  -  x* 

_  A{b  -  flg)  H-  B{a  -  x) 
"       {a  -  x){b  -  x)      ' 
1  Ab  +  Ba  -  Ax  -  Bx 

"  {a  -  x)(b  -  x)  "       (a  -  x){b  -  x) 
We  now  assume  that  the  numerators  on  the  two  sides  of  this 
last  equation  are  identical*  and  pick  out  the  coefficients  of  like 
powers  of  x,  so  as  to  build  up  a  series  of  equations  from  which 
A  and  B  can  be  determined.    For  example, 

Ab  +  Ba^l;  x{A  +  B)^0;  ,\A  +  B^O;  ..  A^-  B; 

»'.  ijL    =  = •     .'.    Jj   =   -~ 


b  -  a   '  '  b  -  a' 


*  An  ld«nUoal  wiaatlon  is  one  in  which  the  two  sides  of  the  equation  are  either 

identical,  or  can  be  made  identical  by  reducing  them  to  their  simplest  terms.    £.g., 

cue*  -{-bx  +  c^ ctsfi  +  ftar  +  c ; 

[a  ~  x)l{a  -  X)*  =  l/(a  -  x), 
or,  in  general  terms, 

a  +  bx  +  ex*  +  .  .  .  =  a'  +  b'x  +  c'x*  +  .  .  . 

An  identical  equation  is  satisfied  by  each  or  any  value  that  may  be  assigned  to  the 
variable  it  contains.  The  coefficients  qf  like  powers  of  a;,  in  the  two  members^  are  also 
eqtial  in  each  oifier.  Hence,  if  a;  =  0,  a  =  a'.  We  can  remove,  therefore,  a  and  a' 
firom  the  general  equation.  After  the  removal  of  a  and  a\  divide  by  x  and  put  x  =  0, 
hence  b  =  b' ;  similarly,  c  =  c',  etc.  For  fuller  details,  see  any  elementary  textbook 
on  algebra. 

The  symbol  '*  =  "  is  frequently  used  in  place  of  '^  =  "  when  it  is  desired  to  em- 
phasise the  fact  that  we  are  dealing  with  identities,  not  equations  of  condition.  While 
an  identical  equatiim  is  satisfied  by  any  value  we  may  choose  to  assign  to  the  variable 
it  contains,  an  equation  of  condition  is  only  satisfied  by  particular  values  of  the  vari- 
able. As  long  as  this  distinction  is  borne  in  mind,  we  may  follow  customary  usage 
and  write  •*  =  "  when  "  =  "  is  intended.  For  "  =  "  we  may  read,  **  may  be  trans- 
formed into  .  .  .  whatever  value  the  variable  x  may  assume" ;  while  for  "  =,"  we 
must  read,  *'  is  equal  to  .  .  .  when  the  variable  x  satisfies  some  special  condition  or 
assumes  some  particular  value  ".    See  page  386. 
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Substitute  these  values  of  A  and  B  in  (1). 

1  ^      1 1 L.._J_.    .        (2) 

(a-a:)(6-ic)      h  -  a    a  -  x      b  -  a' b  -  x  ^ 

An  ALTERNATIVE  METHOD,  much  quicker  than  the  above,  is 

indioated  in  the  following  example :  Find  the  partial  fractions  of 

the  function  in  example  (2)  below. 

1  ABC 

(a  -  x){b  -  x)(c  -  x)      a  -  X      b  -  x      c  -  x* 

.-.  {b  -  x){c  -  x)A  +  (a  -  a?)  (c  -  x)B  +  {a  -  x){b  -  x)C  -5  1. 

This  identical  equation  is  true  for  all  values  of  Xy  it  is,  therefore,  true 

when  a;  =  a,  .-.  (b  -  a)  (c  -  a)il  =  1 ;  .-.  A  =  ^^  ^  a){c  ^  a) ' 

when  a;  =  6,  .-.  (c  -  b){a-b)B^l;  .'.  B  ^  (^  ,  fc)  (a  -  b) ' 

1 
when  a?  =.  c,  /.  (a  -  c)  (6  -  c)C  =  1 ;  .-.  C  -  (^  -  c)  (6  -  c) ' 

•  ____^^____^___ ^5  -^-^^— ^__^___^_^^.^.^^____^__^ 

'  *  (a  -  a;)  (6  -  a?)  (c  -  a;)      (b  -  a)  (c  -  a)  {a  -  x) 

1 1 

+  (c  -  6)  (a  -  b)  (6  -  a;)  ■*■  (a  -  c)  (6  -  c)  (c  -  x)' 

EXAMPLB8. — (1)  Show  that 

f  dx I  dx C  dx 

j(a-  x)(h-  x)~  J  (6  -  a){a-  x)      J  (b  -  a)  (6  -  x)' 

'      .log^-+C.  .        .        .        (8) 


b  -  a  a  -  X 

/dx 
— , — ,.    Keep  your  answer  for  use  later  on. 

(8)  Show  that  { -^----  =  _L  log  -t^?  +  C. 

(4)  /.  J.  ThomsovCs  formvla  for  the  rate  of  production  of  ions  by  the 
Bontgen  rays  is 

3^  .  3  -  an*.    Hence  show,  t  =  3;^^=  .  log.(  Vl  +  ♦')/('Vf  "  ")• 
Note  that  a  -  «•  =  ( ^o  -  x)  ( ^a  +  x). 

(5)  The  velocity  of  the  reaction  between  bromic  and  hydrobromic  acids 

is,  under  certain  conditions,  represented  by  the  equation : 

dxjdt  =  k(na  +  x)(a  -  x). 
Hence  show  that 

1  na  +  X 

The  constant  is  to  be  evaluated  in  the  usual  way  by  putting  x  ^Q  when 
t  SB  0.  For  practical  convenience,  this  equation  may  be  adapted  for  use  with 
common  logarithms  by  multiplying  the  right-hand  side  with  2-8026. 

dx  -  2-8026  ''nLa^-  x) 

(6)  If  ^^  =  k(a  +  x)(rui-  x),  show  that  fc  =  (^  ^  l)ar^^giOna  -  x' 
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(7)   Warder* 9  equaivm  for  the  velocity  of  the  reaction  between  ohlorftoetio 
acid  and  ethyl  alcohol  is 

dy\da  =  ak{\  -  (1  +  h)y\  {1  -  (1  -  h)y\. 
Hence,  show  that 

logioHl  -  (1  -  ft)y}/{l  -  (1  +  %}]  =  0-8686  ofcW. 

Case  ii. — The  denominator  can  be  resolved  into  real  factors 
some  of  which  are  equal.     Type : 

1 
(a  -  xf{h  -  x)' 
The  precediDg  method  cannot  be  used  here  because,  if  we  put 

1  ^     A  B  C     ^A  +  B         C_ 

(a  -  x)\b  -  x)  a  -  X  a  -  x  b  -  x  a  -  x  b  -  x* 
A  +  B  must  be  regarded  as  a  single  constant.  Reduce  as  before 
and  pick  out  coefficients  of  like  powers  of  x.  We  thus  get  three 
independent  equations  containing  two  unknowns.  The  values  of 
Af  B  and  C  cannot,  therefore,  be  determined  by  this  method.  To 
overcome  the  difficulty,  assume  that 

1 A__         B  C 

(a  -  xy{b  -  a;)  ~  (a  -  a;)2  "*"  a  -  iT  "*"  6  -  a;' 
Multiply  out  and  proceed  as  before,  thus, 

0  —  a  o  —  a  0  —  a 

Examples. — (1)  GoldsdkmidVa  equation  for  the  velocity  of  the  chemical 

reaction  between  hydrochloric  acid  and  ethyl  alcohol,  is 

dxjdt  =  k(a  -  z)  (6  -  x)K 
Hence, 

](a-x)(h-xy^  a-b\}(h-xY     Jb-x     J  a  ^  x)' 

.log^-:^+C. 


a  —  b  b  -  X      a  -  b         ft-ar 
To  find  a  value  for  C,  put  x  =  0  when  ^  :=  0.    The  final  result  is 

6(6  -  ar)  b{a  -  x) 

(4)  Price's  equation  for  the  velocity  of  the  chemical  reaction  between 
hydrochloric  acid  and  ethyl  alcohol,  is  as  follows: — 

dxjdt  =  k{(a  -x)(b-  x)«  -  9x(c  +  x)  (6  -  a;)}. 
Integrate  this  equation  and  evaluate  the  constant  for  2;==  0  and  ^ =0.    Ansr. 
2a6(6  +  c)kt  =  g  +  oc  -  fe(l  "jfj  ^     ar(a  +  6  +  oc  -  yP)  -  2a6 

-  log{a;"(l  -  a)  -  x(a  +  6  +  ac)  +  a6}/a6  +  2  log(6  -  a;)/6, 
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-where  P  »  (a  +  6  +  oc)^  -  4ab{l  -  a).    This  rather  tedious  example  will  be 
foand  in  the  Journal  of  the  Chemical  Society,  70,  814,  1901. 

(5)  Walker  and  Judson*s  equation  for  the  velocity  of  the  chemical  reaction 
between  hydrobromic  and  bromic  acids,  is 

dx/dt  =  k{a  -  x)*. 
Hence  show  that  Sk  =  {l/(a  -  j:)»  -  l/a«}/^ 

The  reader  is  probably  aware  of  the  facb  that  he  can  always 
prove  whether  his  integration  is  correct  or  not,  by  differentiating 
his  answer.    If  he  gets  the  original  integral  the  result  is  correct. 

Case  iii. — The  denominator  can  be  resolved  into  imaginary* 

factors  all  unequal.     Type  : 

1 

(a«  +  x^)  {b  +  xY 

*  Ima^nary  Quantities. — No  uamber  is  known  which  will  give  a  negative  value 
when  multiplied  by  itself.  The  square  root  of  a  negative  quantity  cannot,  therefore,  be 
a  real  number.  In  spite  of  this  fact,  the  square  roots  of  negative  quantities  frequently 
occur  in  mathematical  investigations.  Again,  logarithms  of  negative  numbers,  inverse 
sines  of  quantities  greater  than  unity,  .  .  .,  cannot  have  real  values. 

Let  fj  -  a'  be  such  a  quantity.    If  -  a'^ia  the  product  of  a'  and  -  1,  ±  V  ~a'  may 

be  supposed  to  consist  of  two  parts,  viz.,  +  a  and  V~l.    Mathematicians  have  agreed 

to  call  a  the  real  part  of  \/  -  a*  and  V  -  1,  the  imaginary  part.    Following  Gauss,  y/  -  1 
is  written  i  (or  i). 

>/  -  1,  or  1  obeys  all  the  rules  of  algebra.     Thus, 

\/^  X  n/^=-  1;  n/^^  =  2\/^;  v/-~ax  n/^  =  is/ab;i  =  V~l:i*  =  l. 
Examples. — (1)  Show 

44»  =  1;  i*«+i  =  4;  i**  +  «  =  - 1;  1*"  +  '  =  - I.        .        .        (1) 

(2)  Prove  a«  +  fe«  =  (a  +  i6)  (a  -  i6)        .         .        .        .        (2) 

,_,_,,  a  +  ibac-bdbc  +  ad 

(3)  Show  J  =    a  .   jg  +    a  .    JB  I. 

^  '  c  +  id      c*  +  or       d*  +  d* 

(4)  Show  (a  +  lb)  (c  +  id)  =  {ac  -  bd)  +  {ad  -^  bc)i. 

(5)  The  quadratic  sfl  +  bx  +  c  =  0,  has  imaginary  roots  only  when  ^  -  4c  is  less 
than  zero  (formula  (5),  page  388).    If  a  and  fi  are  the  roots  of  this  equation,  show  that 

a  =  -  ib  +  ^i»J^  -  6*  and  /B  =  -  i6  -  iiv'ic  -  6«, 
satisfy  the  equation. 

The  imaginary  numbers  from  -  oo  to  +  oo  are : 

—  001,  ...,—(,...,  Oi,  ...,+<,...,+  oot, 
oorresponding  with  the  real  numbers 

By  combining  a  real  with  an  imaginary  quantity  we  get  what  is  known  as  a  eomplez 
number,  or  a  complex  quantity.    Such  is  x  +  ty.    So  important  is  the  unthinkable 

\/-  1  in  modem  theories,  that  the  algebra  of  recU  quantity  is  now  a  special  branch  of 
the  algebra  of  complex  quantity. 

We  know  what  the  phrase  "  the  point  x^y**  means.  If  one  or  both  x  and  y  are 
imaginary,  the  point  is  said  to  be  imaginary.  An  iinaginary  point  has  no  geometrical 
or  physical  meaning.    If  an  equation  is  affected  with  one  or  more  imaginary  coefficients, 
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Since  imaginary  roots  always  occur  in  pairs  (page  386),  the 
product  of  each  pair  of  imaginary  factors  will  give  a  product  of  the 
form,  x^  +  a^.  Instead  of  assigning  a  separate  partial  fraction  to 
each  imaginary  factor,  we  assume,  for  each  pair  of  imaginary 
factors,  a  partial  fraction  of  the  form : 

Ax^B 

XT  1  Ax  ^-B         C 

Hence  ._____._    __^  ^     „  .     o  + 


(a2  +  a;2)  (ft  +  a;)       a?' ^- x^  ^  h  ^- x 

ExAMPLBB. — Verify  the  following  results 

[  dx  _  n      A  B         Cx  -1-  D\ 

^^f  J  {X  -  l)«(ir*  +  1)  ~  j  V(a:  -  1)2  ■*"  j;  -  1  "^    x^  +  1  ;^' 


1,       x«+  1        1        1 
^i^^'^V^Ti)^'  2'x~l'^^' 


f    dx         1  ,         l.l+x_ 

(2)  j^T^^=2^■'^  +  4^°«l--x  +  ^• 


Ga86   iv. — The  denominator  can  be  resolved  into  imaginary 
factors,  some  of  which  are  equal  to  one  another.     Type : 

1 
(a2  +  x^f(b  +'i)' 
Combining  the  preceding  results, 

1  Ax  +  B       Cx  +  D         E 


(a2  +  x^f{h  +  X)      (a2  +  x^f       a^  +  x^       h  +  x 

In  this  expression,  there  are  just  sufficient  equations  to  determine 
the  complete  system  of  partial  fractions,  by  equating  the  coefficients 
of  like  powers  of  x. 

The  differentiation  of  many  of  the  resulting  expressions  usually 
requires  the  aid  of  one  of  the  reduction  formulae  (§  76). 

Example. — Prove 

C(x^  +  aj  -  l)dx  _  f  xdx    _  C      dx 
J      (x«  +  1)«        ~j^?T~l     J{o^+  1)«' 
Istegrate.    Use  formula  D  for  evaluating  the  last  term. 

Ansr.  i  log  {x*  +  1)  -  Ja-/(1  +  x*)  +  tan  -^x  +  C. 


the  non-existent  graph  is  conventionally  styled  an  imaginary  curve,  lUnstrationff 
§§  62  to  64. 

For  a  geometrical  interpretation  of  >/—  1,  see  Lock's  A  Treatise  on  Higher  Trig' 
nometry^  103, 1897 ;  consult  Chrystal's  Algebray  Part  I.,  Chapter  XII.,  and  Merriman 
and  Woodward's  Higher  Mathematics^  Chapter  VI.,  for  the  algebra  of  complex  numbers. 

Do  not  confuse  irrational  with  imaginary  quantities.  In  the  former  case,  even  if 
we  cannot  obtain  the  absolutely  correct  value,  we  can  get  as  close  an  approximation 
as  ever  we  please ;  in  the  latter  case,  we  cannot  even  say  that  the  imaginary  quantity 
is  entitled  to  be  called  "  a  quantity  ". 
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Cases  iii.  and  iv.  seldom  occur  in  actual  work.  If,  therefore, 
the  denommator  of  any  fractional  differential  can  be  resolved  into 
factors,  the  differential  can  be  integrated  by  one  or  other  of  these 
processes. 

The  remainder  of  this  chapter  will  be  mainly  taken  up  with 
practical  illustrations  of  integration  processes.  A  few  geometrical 
applications  will  first  be  given  because  the  accompanying  figures 
are  so  useful  in  helping  one  to  form  a  mental  picture  of  the  opera> 
tion  in  hand. 


§  78.  Areas  enolosed  by  Curyes.    To  Evaluate  Definite 

Integrals. 

1.  To  find  the  area  bounded  by  two  perpendiculars,  dropped  from 
any  two  points  on  a  cwrve  on  to  the  x-  (or  y-)  axis,  the  portion  of 
the  curve  included  between  these  two  points  and  the  x-  (or  y-)  axis 
included  between  the  two  perpendiculars. 

Let  AB  (Fig,  86)  be  any  curve  whose  equation  is  known.  It 
is  required  to  find  the  area  of  the 
portion  bounded  by  the  curve,  the 
two  coordinates  PM,  QNy  and  MN, 
The  area  can  be  approximately  de- 
termined by  supposing  the  portion 
PQMN  cut  up  into  small  strips 
(called  surface  elements)  perpen- 
dicular to  the  o^-axis;  find  the  area 
of  each  separate  strip  on  the  as- 
sumption that  the  curve  bounding 
one  end  of  it  is  a  straight  line  and 
add  the  areas  of  all  these  trapezoi- 
dal strips  together.  {Cf,  **  Approxi- 
mate Integration,"  page  263.) 

Let  the  surface  PQMN  be  cut  up  into  two  strips  by  means  of 
the  line  LB.    Join  PB,  BQ, 

(Area  PQMN)  =  (Area  PBLM)  +  (Area  BQNL). 
But  the  area  which  is  the  sum  of  these  two  trapeziums  is  greater 
than  that  of  the  figure  required,  namely  PrqQNM,  The  shaded 
portion  of  the  diagram  represents  the  magnitude  of  the  error. 
It  is  obvious  that  the  narrower  each  strip  is  made,  the  greater 
will  be  the  number  of  trapeziums  to  be  included  in  the  calculation 

M 
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fuid  the  smidler  will  be  the  error.  If  we  could  add  up  the  areas 
of  an  infiaite  number  of  such  etrips,  the  aotnal  error  would  beoome 
vanishingly  small.  Although  we  are  un- 
able to  form  any  distiuct  conception  of 
thia  process,  we  feel  assured  that  such  an 
operation  would  give  a  result  absolutely 
correct.  But  enon^  has  been  said  on 
this  matter  in  g  69.  We  want  to  know 
how  to  add  up  an  infinite  number  of 
infinitely  small  strips. 

In  order  to  have  some  concrete  image 

Fio  .37.  before  the  mind,  let  us  find  the  area  of 

PQNM  in  Fig.  87.     lo  any  small  strip  PBSM,   let   PM  =.  y, 

BS  =  ^  +  8y,  OM  =  X  and  OS  —  x  +  &r.     Let  8A  represent  the 

area  of  the  small  strip  under  oonsideiation. 

I!  the  short  distance  PR  were  straight,  not  onrred,  the  area  A 
would  be,  (10),  page  491. 

A  =  i&F{P3f  +  BS)  =  Sx(y  +  iSy). 
By  making  Sx  smaller  and  smaller,  the  ratio, 

SAISx  =  y  +  ^, 
approaches,  and,  at  the  limit,  becomes  equal  to 
S^     dA 

^^'-'>&c  =  dx=y- 

Or,  dA  =y.dx.  ...        (1) 

In  the  same  way,  it  can  he  shown  that  the  differential  of  the 
area  included  between  the  curve  and  the  ^-axis,  is, 

dA  =x.dy (2) 

Formula  (1),  or  (2),  represents  the  area  of  an  infinitely  small 
strip.  The  total  area  (A)  can  be  determined  by  integrating  either 
of  these  formulae.  For  the  sake  of  simplicity,  we  shall  confine 
our  attention  to  the  former.  But,  before  we  can  proceed  any 
further,  we  must  know  the  equation  to  the  curve. 

(i.)  Let  rectangular  coordinates  be  used.  In  any  special  case, 
the  equation  is  to  be  solved  for  y,  and  the  value  of  ^  so  found  is 
to  he  substituted  in  equation  (1).  Then  integrate  the  resulting 
equation  to  get  a  general  expression  for  an  indefinite  portion  of 
the  curve.  To  obtain  the  area  of  any  definite  portion  situate 
between  the  ordinates  of  the  extremities,  we  must  take  the  sum 
of  all  the  strips  determinecl  by  the  lengths  of  the  ordinates. 


.     S  78.  THE  INTEGRAL  CALCULUS.  179 

For  instance,  the  area  of  any  indefinite  portion  of  the  curve,  is 

il  =  Jy .  dx  +  0,  .  .  .  .  (3) 
and  the  area  of  the  portion  whose  ordinates  have  the  abscissae  a.^ 
and  a^  (Fig.  86)  is 

A^iy-dx-hC.  ...         (4) 

Equation  (3)  is  an  indefinite  integral,  equation  (4),  a  definite 
integral.  The  value  of  the  definite  integral  is  determined  by  the 
magnitude  of  the  upper  and  lower  limits  (see  page  153).  In  Fig. 
86,  if  a^f  a^,  a,  represent  the  magnitudes  of  three  abscissae,  such 
that  a2  lies  between  a^  and  a,, 

A  =  W  ,dx  -i-  C  =  I  V .  dx  +  W  ,dx  +  C, 

When  the  limits  are  known,  the  value  of  the  integral  is  found 
by  subtracting  the  expression  obtained  by  substituting  the  lower 
limit  in  place  of  x,  from  a  similar  expression  obtained  by  substi- 
tuting the  upper  limit  for  x.  Thus,  to  evaluate  \2xdx  between  the 
limits  a  and  h, 

"Ix.dx-^Xa^^  +  C\ 

la  |a 

or,  as  it  is  sometimes  written, 

Taa; . dx  =  \x^  +  cX  =  (6^  +  C)  -  {(i^  +  C)  =  6»  -  a*. 

Plenty  of  examples  will  be  given  presently  (see  page  184). 

The  process  of  finding  the  area  of  any  surface  is  called,  in  the 
regular  textbooks,  the  '^  Quadrature  of  Surfiaoes,*'  from  the  fact 
that  the  area  is  measured  in  terms  of  a  square. 

Examples. — (1)  To  find  the  area  bounded  by  an  ellipse,  origin  at  the 
centre.    Here 

x-^rt*  +  yW  =  1 ;  or,  2/  =  ±  -   /(a«  _  3^). 

Refer  to  Fig.  21,  page  78.    The  sum  of  all  the  elements  perpendicular  to  the 
a'-axis,  from  OP,  to  OP4,  is  given  by  the  equation 


j: 


J  0 


A 

J  0 
for,  when  the  curve  cuts  the  o'-axis,  or  =  a,  and  when  it  cuts  the  y-axis,  2  =  0. 

The  positive  sign  in  the  above  equation,  represents  ordinates  above  the  x-axis. 

The  area  of  the  ellipse  is,  therefore, 

i4  =  4  /  y,  dx, 

J  0 

Substitute  the  above  value  of  y  in  this  expression  and  we  get  for  the  sum  of 

this  infinite  number  of  strips, 
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which  may  be  integrated  by  parts,  as  shown  on  page  168,  thus 

flL  a        Jo 

The  term  within  the  brackets  is  yet  to  be  evaluated  between  the  limits  x  »  a 

and  x^O. 

.'.  -4  =  4     X  TT  sin  -  '1. 
a       2 

remembering  that  sin  90^  =  1,  sin  -  U  =  90°  and  2  sin  -  U  =  180°  =  ».    The 

area  of  the  ellipse  is,  therefore,  vab. 

If  the  major  and  minor  axes  are  equal,  a  =  6  and  the  ellipse  becomes  a 
circle  whose  area  is  va'.  It  will  be  found  that  the  constant  always  disappears 
in  this  way  when  evaluating  a  definite  integral. 

A  WoBD  OF  Advice. — The  student  must  learn  to  draw  his  own  diagrams. 
If  you  are  going  to  find  the  area  bounded  by  a  portion  of  an  ellipse  or  of  an 
hyperbola,  first  plot  your  curve.  Squared  paper  is  cheap  enough.  Carefully 
note  the  limits  of  your  integral. 

(2)  Find  the  area  bounded  by  the  rectangular  hyperbola, 

xy  =  a;  or,  y  =  ajx, 
between  the  limits  x  =  x^  and  x  =  jr,. 


A  = 


=  a\  "log 


I  %,dx  =  \    ^dx, 
J'l  JV 


X  +  C  =  aKlogXo  +  C)  -  (logXi  +  C)}, 


=  a  log  xjxi. 

If  Xj  s  1  and  X]  »  X,  ^  =s  a  logeX.  This  simple  relation  appears  to  be  the 
reason  natural  logarithms  are  sometimes  called  hyperbolic  logarithms. 

After  this  the  integration  constant  is  not  to  be  used  at  any  stage  of  the 
process  of  integration  between  limits.  It  has  been  retained  in  the  above 
discussion  to  further  illustrate  the  rule  (see  §  72) :  The  integration  constant  of 
a  defifUte  integral  disappears  during  the  process  of  integration.  The  absence  of 
the  indefinite  integration  constant  is  the  mark  of  a  definite  integral. 

(8)  Show  that  the  area  bounded  by  the  logarithmic  curve,  x  =  log  a,  is 
y  -  1.    Hint.  Evaluate  C  by  noting  that  when  x  =  0,  ^  =»  1,  .4  »  0. 

(ii.)  Let  polar  coordinates  he  used.     The  dififerential  of  the  area 

is  then 

dA  ^Ir^.de (6) 

Example. — Find  the  area  of  the  hyperbolic  spiral  between  0  and  r.    See 

5),  page  96. 

rB  —  a\  d$  =i  -  a. drjrK 


(W  =  -   /     Ja .  dr  «=  -  J I     ^ar  =  J<ir. 


2.  To  find  tJie  area  enclosed  between  tioo  different  curves.    Let  PABQ  and 
PA'B'Q  (Fig.  88)  be  two  curves,  it  is  required  to  find  the  area  PABQB'A'. 
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Let  ifi  s  fi{x)  be  the  equation  of  one  curve,  y^  —  M^h  the  equation  of  the 
other.  Find  separately  the  areas  PABQMN  and  PA'RQMN,  by  preceding 
methods.    The  required  area  is,  therefore, 

(Area  PABQ&A')  =  (Area  PABQMN)  -  (Area  PA'B'QMN) 

=:  jy^.dx  -  jy^.dx. 
To  find  the  area  of  the  portion  ABB'A\  let  x^  be  the  abscissa  of  AB  and  x^ 
the  abscissa  of  BS^  then. 


A  =\  %^.dx  -  I  *y^,dx  =  \  \yi-yi)dx.  . 
J'l  J'l  J'l 


(6) 


Example. — Show  that  if  the  curves 

y*  =  4j?  and  y*  =  2x  -  x*, 
meet  at  the  origin  and  at  a  point  x  =  8, 2/  —  8, 


iTJ 

-4=2/  (^f2x  -  x«  -  \'ix)dx,  etc. 
J  0 


Fig.  89. 


Fig.  88. 


8.  Tfie  area  bounded  by  two  brandies  of  tlie  same  curve.  If  the  curve  is 
circular, 

y  =  ±  N^('«  -  a:«). 

A  =  j^f(i^  -  x^dx  -  f(-  \V«  -x^dx,  etc. 

4.  To  ^n<2  ^/t€  arfa  bounded  by  tfie  sine  curve  and  tJte  x-€txis  for  a  whole 
pei'iod  (2ir),  or  for  any  number  of  whole  periods,    Required  the  area  OA-w  +  irBSir  * 
(Fig.  89).    Let 

y  =  sin  X 
be  the  equation  to  the  curve. 

A  =  I  %in  x  .  rfx  =  -  [cos  a:  J  ' 

=  -  (cos2»)  -  cosO  =  0,  ....        (7) 

for  -  cos  2ir  =  -  cos  860°  =  -  1  and  cosO  =  1.  ^ 

It  can  be  shown  in  a  similar  manner  that  the  area  bounded  by  the  cosine 
curve  is  zero.    The  geometrical  signification  of  this  will  appear  from  Fig.  89. 

The  instrument  (electrodynamometer)  used  for  measuring  the  strength  of 
alternating  electric  currents,  indicates  the  average  value  during  half  a  com- 
plete period,  that  is  to  say,  during  the  time  the  current  flows  in  one  direction. 
This  is  geometrically  represented  by  the  area  of  a  rectangle  Oabir^  equal  to  the 
area  of  the  portion  bounded  by  the  sine  curve  OA-w  and  the  x-axis. 
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Let  Cha  ordinate  A^t  be  denoted  bj  r  and  the  height  of  the  rectkogle 
OiAw  ~Oa  =  f(i,  then  the  are*  of  OAw  is 

rrtiax.dx  =  rl'-  ooex  =  <-  ooglSO"  +  ooBO°)r  =  2r, 

since  <xm  180°  =  -  1,  -  cos  180°  .  1.    Tbarefon, 

r  =  tfj*-,  repnneiits  the  maximum  current,  y^  the  average  current. 

Area  of  rectangle  Ooin  =  ana  OAw,  or  Jit  =  2r. 

^1  =  2r/ir  =  0-686er  repiewnta  the  average  current. 
The  maximum  current  is  thus  obtained  by  multiplying  tlie  average  current 
by  J«,  or  by  I'STOe. 

{  79.  Graphio  RapreBaotatlon  of  Worii. 

Let  a  given  volume  {x)  of  a  gas  be  contained  in  a  cylindrical 
vessel  in  which  a  tightly  fitting  piston  can   be  made  to  slide 

I^^^*^"^^^^^^^  (Fi)!-  ^)-     Let  ijie  seotional  area 

I X  of  the  piston  be  unity. 
"           ^^"^^^^^^^  Now  let  the  volume  of  the  gas 

^_^^_^_^_^^^^^J  change  dx   units   when  a  shgbt 

F^o-  %'  pressure  X  is  applied  to  the  free 

end  of  the  piston.     Then  by  definition  of  work  (W), 

Work  =  Force  x  Displacement ; 
or,  dW^X.dx. 

If  j>  denotes  the  pressure  of  the  gas  and  v  the  volume,  we  have, 
dW -  p.dv. 
Now  let  the  gas  pass  from  one  oondition  where  ir  —  Xj  to  an- 
other state  where  x  •=  x^.    Let  the  corresponding  presBures  to 
which  the  gas  was  subjected  be  respectively  denoted  by  X,  and  X^. 
,  By  plotting  the  suooessive  values  of  X 

and  X,  SI&  X  passes  from  x^  to  x^,  we 
get  the  curve  ACB,  shown  in  Fig.  91. 
The  shaded  part  of  the  figure  represents 
the  total  work  done  on  the  system  dur- 
ing the  change. 

If   the    gas   returns   to   its  original 
state  through  another  series  of  suooes- 
sive values  of  X  and  x  we  have  the 
Fi6.  91.-Work  Wagrara.     ,jaiv^  ^jy^  (Rg.  92).    The  total  work 
done  by  the  system  will  then  be  represented  by  the  area  ABDx.^j. 
If  we  agree  to  call  the  work  done  on  the  system  positive,  and  work 
done  by  the  system  negative,  then  (Fig.  92), 
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TFi  -  TT^  =  {^^^  ACBx.^^)  -  {Area  ADBx.^^), 
=  (Area  AGBD). 
The  shaded  part  in  Fig.  93,  therefore,  represents  the  work  done  en 
the  system  during  the  above  cycle  of  changes.     A  series  of  opera- 
tions by  which  a  substance,  after  leaving  a 
certain  state,  finally  returns  to  its  original 
condition,  is  called  a  oyde,  or  a  cycdic 
PF00688*    A  cyclic  process  is  represented 
graphically  by  a  dosed  curve. 

The  reader  will  notice  that  the  work 
is  done  on  the  system  while  x  is  increasing 
and  by  the  system  when  x  is  decreasing. 
Therefore,  if  the  curve  is  described  by  a  ^ 
pomt  moving  round  the  area  AGBD  in   ^^^'  92.-Work  DUgraxn. 

the  direction  of  the  hands  of  a  clock,  the  total  work  done  on  the 
system  is  positive ;  if  done  in  the  opposite  direction,  negative. 

If  the  diagram  has  several  loops, 
as  shown  in  Fig.  93,  the  total  work 
is  ^e  sum  of  the  areas  of  the  several 
loops  developed  by  the  point  travel- 
ling in  the  same  direction  as  the 
hands  of  a  clock,  minus  the  sum 
of  the  areas  developed  when  the 
point  travels  in  a  contrary  direction. 
This  graphic  mode  of  representing 
work  was  first  used  by  Clapeyron. 
The  diagrams  are  called  Clapeyron's 
Work    DiatfntmB.     The  subject  is  ,  _, 

J     ^^         rt/^o  Fig.  98.— Work  Diagrams  (after 

resumed  on  page  208.  Clapeyron). 


I  80.  Intention  between  Limito  *— Definite  Integrals. 


It  is  perhaps  necessary  to  further  amplify  the  remarks  on 
page  179.     If  f(x)  denotes  the  first  dififerential  coefficient  of  /(x), 

f /'(x) .  dx  =  [/(x)]*,  or,  I  y(x)  -/(6)  -  /(a). 


*Note  the  different  meanings  assigned  to  the  word  "limit"  in  the  differential 
and  in  the  integral  calculus. 
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Examples.— (1)  Show  ^^ -' ,dx  ==  e"  -  e-^ 

(2)  Prove  j*    7».dx^  i{(3)'  -  (  -  l)^}  =  9|. 
One  of  the  limits  a,  or  6,  may  become  infinite  or  zero. 

(3)  fV'.dx=[-e-']'  =  -e---(-^-o)  =  l, 

since  e ~  •  ==  0  and  e^^  —  1. 

•      r"        dx 

(4)  Show  that  /  ^  ^/(-^«  :j.T)  =  1^«  (1  +  x^2). 

By  way  of  practice  verify  the  following  results : — 

(5)  /      sin  X .  <ix  =  -  I       cos  a:  =  -  (cos  Jir  -  cos  0°)  =  1. 

.'0  10 

(6)  /       sin'x ,dx  =  ^\   j      sin'x .^  =  Jl2-lj;   /    sin'x ,dx  ==  ^w. 

Hint  for  the  indefinite  integral.     Integrate  by  parts.     Put  u  ==  sin  .r, 
dv  =  sin  X .  dx.    From  (1),  §  74, 

JsinV .  dx  =  sin  x .  cos  x  +  Jcos'x .  dx ; 

=s  sin  X .  cos  X  -H  J(l  -  sin'xjdx. 
Transpose  the  last  term  to  the  left-hand  side,  and  divide  by  2. 

.•.  Jsin'x .  dx  =  J(8in  x .  cos  x  +  x)  +  C 

(7)  /      sin  "X .  ax  =    -  —  /      sm"  -  'x .  ox. 
.'  0  ^*^     .'  0 

For  n  write  n  ~  2  and  show  that 

r"^     •  n  -  3   /'''2 

/       sin  "  -  *x  .  dx  =s o  /       sin  "  -  *x  .  dx. 

Jo  w  -  2  j  0 

Combine  the  last  two  equations  and  repeat  the  reduction.    Thus, 

/*'/«.  '    (n-l)(ji-8)..  .3.1  /-»«         (n-l)(n-3)...3.1    ir      ,,^ 

/o  7i(7i-2)  .  .  .  4  .  2      .fo  »i(7t-2)  .  .  .  4 .  2         2       ^' 

when  n  is  even  ; 

/""^.in.^.f.    (»-l)("-8)---2r"  ;,  ,,.       (n-l)(»-8)...2 

when  n  is  odd. 

(1)  and  (2)  are  useful  reduction  formulae. 

There  are   some   interesting  properties  of  definite   integrals 
worth  noting. 

(i.)  It  is  evident  that 

[f{x)dx  =  f{a)  -  /(b)  =  -  {y(x)dx,   .         .         (3) 

Jb  Ja 

or,  when  the  upper  and  lower  limits  of  an  integral  are  inter- 
changed, only  the  sign  of  the  definite  integral  changes.  This 
means  that  if  the  change  of  the  variable  from  6  to  a  is  reckoned 
positive,  the  change  from  a  to  6  is  negative.  That  is  to  say,  if 
motion  in  one  direction  is  reckoned  positive,  motion  in  the 
opposite  direction  is  to  be  reckoned  negative.     To  put  equation  (3) 
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in  words,  the  interchange  of  the  limits  of  a  definite  integral  causes 
the  integral  to  cha/nge  its  sign. 

(ii.)  If  m  is  any  interval  between  the  limits  a  and  b. 

[f{x)dx  =  ['^f{x)dx  +  rf{x)dx,       .         .        (4) 

Jb  Jm  J* 

or,  ['f{x)dx  =  Cf(x)dx  -  rf{x}dx. 

Jb  Jb  Ja 

(iii.)  If  x  is  any  function  of  a  new  variable  y,  so  that  f{x)dx 
becomes  another  function  of  y^  say  <f>'{y)dyf  then,  when  x^  and  x^ 
are  substituted  for  x^  y  becomes  y^  and  y^  respectively. 

..Sy{x)dx^^i.Xy)dy. 
If  a  -  ^  be  substituted  for  x  in  this  expression, 

['f(x)dx  =  -  [/(a  -  y)dy  =  {'<k'{a  -  y)dy. 

Jo  Ja  Jo 

But  neither  x  nor  y  appears  in  the  final  result,  hence  we  may  put 

[f{x)dx  =  [fia  -  x)dx. 

Jo  Jo 

For  instance,  'iif(x)  =  sin"ir ;  /(^tt  -  x)  —  cos"ic, 

.-.I     ^\n''xdx  =  I     co%"xdx.  ...         (5) 

Jo  Jo 

Examples. — Verify  the  following  results : — 

(1)  /     008  xdx  =  1 ;  /     co&^xdx  =  Jir. 
Jo  Jo 

From  (1)  and  (2),  if  n  is  even, 

r^cosnxdx  =  r'*Bin»xdx  =  ('*  -  1)  <"  -  3)  ...  3.  1   T. 
jo  jo  n{n  -  2)  ...  4 . 2         2 '  ^  ' 

and,  if  n  is  odd, 

r "cos-xd^r  =  r-innxdx  =  ^"  "  ^^  l^"  ^L-  •  a>  -^       .        (7) 
Jo  Jo  n{n  -  2)  ...  6 . 3  ^ 

Test  this  hy  actual  integration  and  by  substituting  7t  =  1,  2,  3,  .  .  . 

ryrfl  5         r»"/*  2 

(2)  /     Bin^xdx  =  — » ;   |     sin'*^ .  rftf  =  -. 
.'  0  32      Jo  3 

If  n  is  greater  than  unity, 

/      sin*" J" .  co8"a:dr  =       -  -  /      B\n"*x .  cos"  -  *xdx ;    .        .        (8) 
Jo  w  +  't./  0 

if  m  is  greater  than  unity, 

sin^j .  cos^j-dx  =  /      8in'«  -  'x .  cos"xdx.      .        .        (9^ 

0  m  +  nj  0  ' 

These  important  reduction  formulae  are  employed  in  the  reduction  of 

either  jcos^xdx,  or  ja\u"xdx  to  an  index  unity,  or  zero. 

i"»/«  fir/a 

(3)  I      sin  X .  COS  xdx  =  ^  ;   |      sinV .  cos  xdx  =  J^. 

J  0  .'  0 
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(4)  I     sin  a; .  ooa^xdx  =  J ;    /     8in«i* .  cos^jjda:  =  j\ir. 
In  the  last  integration,  note  cos'x  »  1  -  sin'a:. 

(5)  Evaluate  |  sin  fiu; .  sin  no^.    By  (26),  page  499, 

2  sin  nix .  sin  no;  =  cos(m  -  n)x  -  cos(m  -i-  n)x. 
.-.  Jsinwu; .  sin  ftxdx  =  iJoos(m  -  n)xdx  -  JJoo8(m  +  njxdx^ 

_  sin(m  -  n)x      ain(m  +  n)a; 
~~     2(m  -  nj  2(m  +  n) 

Therefore,  if  m  and  n  are  integral, 

I  sin  ffuc .  cos  nxdx  ^  0. 
Remembering  that  sin  r  =  sin  180°  ==  0  and  sinO°  =  0,  if  m  »  n, 

(6)  Show  that  |  cos  »u; .  cos  tixdx  is  zero  when  in  and  n  are  integral ; 

JO 

J,  when  w  =  n.    Hints,  cos  r  =  cos  180°  =  1,  cos  0°  =  1, 

2cosm.T .  C0S9U;  =  cos(fn  -  n)x  +  cos(m  +  n)ar, 
(26),  page  499. 

(7)  Evaluate  |   a  sin  j^a; .  cos  ^Ji- .  <2a;.     Ansr. 

2a  /  sin  ^x .  <2(8in  ^x)  =  |a|  sin^o;  =  \a, 
cosmx.cosnjuic  =  0;  /      sin ?nx . sin tucc2a;  =  0 ; 


/ 


cos  mx .  sin  tuedx  =  0. 


—  IT 


Hint.  Use  the  results  of  Examples  (6)  and  (6) ;  also  note  that 

sin  nxdx  =  -  (cos  nx)ln, 

(9)  Show  I   cos9.<2a;  =  2(a«  -  Wsin«tf)*cos «. 

For  a  more  extensive  treatment  of  definite  integrals,  the  reader 
will  have  to  consult  some  such  work  as  that  of  Williamson,  referred 
to  elsewhere. 

I  81.  To  find  the  Length  of  any  Curve. 

To  find  the  length  of  any  curve  whose  equation  is  known. 
This  is  equivalent  to  finding  the  length  of  a  straight  line  of  the 
same  length  as  the  curve,  hence  the  process  is  called  the  **  Recti- 
floation  of  Curves  ". 

(i.)  Let  rectangvlar  coordinates  he  used.  It  is  required  to  find 
the  length  I  of  an  arc  AB  (Fig.  94),  where  the  coordinates  of  A 
are  (oy^,  y^  and  of  5,  (x„,  y„).     Take  any  two  points,  P,  0,  on  the 
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eurre.     Make  the  oonBtmction  shown  in  the  figure.     Then  by 
Euclid  i.,  47,  if  P  and  Q  are  sufficiently  close, 

(Chord  PQf  =  (&c)2  +  (%)2. 
But  from  (1),  page  12,  the  limit  of  the  chord  PQ  is  equal  to  that 
of  the  arc  PQ,  

.-.  dZ  -  J(dxf  +  (dy)^ ;  or,  =  >^1  +  (0'.  ^x.     .         (1) 

The  differential  of  an  arc  of  any  plane  curve,  referred  to  rect- 
angular coordinates,  is  equal  to  the  square  root  of  the  sum  of  the 
squares  of  the  differentials  of  the  coor- 
dinates. 

In  order  to  find  the  length  of  a  curve, 
it  is  only  necessary,  therefore,  to  differ- 
entiate its  equation  and  substitute  the 
values  of  dx  and  dy^  so  obtained,  in  equa- 
tion (1).  By  integrating  this  equation, 
we  obtain  a  general  expression  for  the  "o 
length  of  any  arc.  In  order  to  find  the 
length  of  any  definite  portion  of  the  curve,  we  must  integrate 
between  the  limits  x^  and  x^  or  y^  and  y^  as  the  case  might  be. 

(ii.)  Let  polar  coordinates  he  used.     If  the  equation  is 

M  r)  -  0. 
The  differential  of  the  arc  is 

di  =  J  (dry  +  i^sey.     . 

The  rest  is  the  same  as  before. 

Examples. — (1)  If  the  curve  is  a  common  parabola, 

y*  =  4aXt 
.*.  ydy  =  2adx,  or  {dx)*  =  j/^{dy)*l4a*. 
Prom  (1),  dl  =  ^f{f/»  +  ia^yl2a. 

Now  integrate  as  on  page  166, 

I  =ly^V +  *«*/«  +  <ilog(y  +  \  V  +  4a«)  +  C. 
To  find  C,  put  ^  =  0  when  Z  »  0, 

C  =  -  alog2a. 

.'.  I  «  iy\^y*'+  ia^la  +  alog{J(y  +  \'y»  +"4«a)/a}. 
(2)  Show  that  the  perimeter  of  the  circle 

a5«  +  I/"  =  r«, 
is  2vr.    Let  /  be  the  length  of  the  arc  in  the  first  quadrant,  then 

dy  =^  X,  dxly. 

See  page  166. 

.'.  {Wliole perimeter)  =  4  x  Jwr  =  2irr. 
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(8)  Find  the  length  of  the  equiangular  spiral,  page  96,  whose  equation  is 

r  =  e*,  or,  $  -  logr/log«. 
Differentiate  ,\  d$  ^  dr/r,  .*.  dl  »  \^2,dr, 

.-.  I-  \^2.r  +  C; 
when  r  =  0,  i  =  0,  C  =  0, 

/  =  \/2.r. 

(4)  Show  that  the  cardioid  curve,  r  =  a(l  -  coe^)  has  /  =  4asin  Jtf  +  C. 

(5)  Show  that  the  length  of  the  cyclo\d^ 

X  =  r(0  -  sin  $);  y  =:  r(l  -  cos  $), 
from  e  —  SQto  0—  9j,i3  4r(co8^o  -  cos}^). 

(6)  Show  that  the  length  of  the  hypocycloid  curve, 

a^rt  +  yiii  =  r"**,  is  &r. 
Plot  the  curve. 

I  82.  Elliptic.  Integrals. 

The  ratio  cja  (Fig.  21,  page  78)  is  the  eccentricity  of  the  ellipse,  the  '*  e  " 
of  §  44,  page  95.     Therefore  (Fig.  21), 

c  =  ae  r  but,  c*  =  a*  -  6*,  .*.  6"/a«  =  1  -  e".  ; 

Substitute  this  in  the  equation  of  the  ellipse  (7),  page  79.    Hence, 

y'=(l-  .«)(a«  -a^;  (^^-j   =  ^-TW 
Therefore,  the  length  {l\  of  the  arc  of  the  quadrant  of  the  ellipse  (Fig.  '21)  is 

This  expression  cannot  be  reduced  by  the  usual  methods  of  integration.  Its 
value  can  only  be  determined  in  an  approximate  way  by  methods  to  be 
described  later  on. 

Equation  (1)  can  be  put  in  a  simpler  form  by  noting  that  a:  ==  a  sin  4>, 
where  ^  is  the  complement  of  the  *'  eccentric  '*  angle  B  (Fig.  88).    Hence, 

I'ir/s 

/  =  a  /      N^l  -  c*  sin'^  .  d^. 
J  0 

Here  ^  is  called  the  amplitude  and  is  written  am  u ;  «,  or,  as  it  is  sometimes 
written,  k,  the  modulus  of  the  function — is  always  less  than  unity. 

The  integral  of  an  irrational  *  polynomial  of  the  second  degree,  of  the  type, 

I \^a  +  bx ^cx^ ,X.dx;  or,  jX .dxj \^a  +  te-Hcx" 
(where  X  is  a  rational  function  of  x),  can  be  made  to  depend  on  algebraic, 
logarithmic,  or  on  trignometrical  functions,  which  can  be  evaluated  in  the 
usual  way.    But  if  the  irrational  polynomial  is  of  the  third  or  the  fourth 
degree,  the  integral 

J \^a  +  bx  -\-  ex'*  +  dx^  -\-  ex* .  X.dx;  or,  etc., 
cannot  be  treated  in  so  simple  a  manner.    Such  integrals  are  called  elliptic 
Integrals.     If  higher  powers  than  x*  appear  under  the  radical  sign,  the  re- 

*  Tlie  numbers  \^2,  \^6,  .  .  .,  which  cannot  be  obtained  in  the  form  of  a  whole 
number  or  a  finite  fraction,  are  said  to  be  irratimud  or  tnatl  numbeis.     On  the  contrary, 

N^4,  \  27,  i,  17,  .  .  .  are  said  to  T>e  i-ational  mtmber.s. 
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suiting  integrals  are  said  to  be  ultra-elliptic  or  hyper-elUptic  integrals.    That 
part  of  an  elliptic  integral  which  cannot  be  expressed  in  terms  of  algebraic* 
logarithmic,  or  trignometrical  functions  is  always  one  of  three  classes : — 
1.  EUiptic  integrals  of  the  first  class : 


^<*'  ♦)  -rjl-%in^ '  "'•  ^<'''  '^  'foTiT-  x^l  -  fe'^' 


(2) 


since  x  ~  sin  ^.  This  integral  is  used  chiefly  in  the  study  of  periodic  oscilla- 
tions of  large  amplitude.  For  example,  the  time  of  a  complete  oscillation  (t) 
of  a  simple  pendulum  of  length  I,  oscillating  through  an  angle  a  (less  than 
180^)  on  each  side  of  the  vertical  is : 


ygJo    x/a-sin^i^ 


v/(l  -sin^Ja.sinV)' 
where  g  is  the  constant  of  gravitation.      We  shall  integrate  this  kind  of 
equation  in  Chapter  V. 

2.  Elliptic  integrals  of  the  second  class  : 


(8) 


E{k,  4»)  ^l^'^x^l" -p  sinVT^;  or,  E{k,  x)  ^  f  J\Jlf  •  <^'  • 

just  encountered  in  the  rectification  of  the  arc  of  the  ellipse. 
3.  Elliptic  integrals  of  the  third  class : 

n(n,  /c,  4>)  =  /      -— r-,   /r Ta— ^2"^  ;  or,  n(n,  ky  x)=»  etc.,  .      (4) 

j  0    (1  +  n  sm  4>)  VI  -  k^  sm*^ 

where  n  is  any  real  number,  called  Legendre^s  parameter.  If  the  limits  of  the 
first  and  second  classes  of  integrals  are  1  and  0,  instead  of  x  and  0  in  the  first  case 
and  ir/2  and  0  in  the  second  case,  the  integrals  are  said  to  be  complete.  Com- 
plete elliptic  integrals  of  the  first  and  second  classes  are  denoted  by  the  letters 
F  and  E  respectively.  Vl  -  fc'sinV  is  written  A^.  Since  ^  =  am  t*,  x, 
the  sine  of  the  amplitude  it,  is  written  x  =  an  u;  Vl  -  o;^  =  en  tt  is  the 

cosine  of  the  amplitude  of  u  and  \/l  -  kV  =  dn  u,  is  the  delta  of  the  am- 
plitude of  u.  E,g.y  the  centrifugal  force  (F)  of  a  pendulum  bob  of  mass  (m) 
oscillating  like  the  pendulum  just  described,  is, 

F  =  4mgr  sin'^ .  en  t  \^gll, 
where  en  t  slgjl  is  the  cosine  of  the  amplitude  of  t  slgjl  in  the  above  elliptic 
integral  (Glass  1). 

There  is  a  system  of  formulae  connecting  the  elliptic  functions  to  each 
other ;  some  of  these  have  a  certain  formal  resemblance  to  the  trignometrical 
functions.    Thus, 

sn*u  +  cn*?t  =  1 ; 
d  am  uldu  ==■  d^pjdu  =  ^{1  -  k^  sin*''^)  =■  dn  tt,  etc. 

Legendre  has  calculated  short  tables  of  the  first  and  second  class  of 
elliptic  integrals;  the  third  class  can  be  connected  with  these  by.  known 
formulae.  But  numerical  tables  suitable  for  practical  purposes  are  incom- 
plete.* 

*  I  learn  from  Baker's  Elliptic  liUegrals  that  more  complete  tables  are  in  process 
of  computation. 
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Mascart  and  Joubert  have  tables  of  the  coefficient  of  mutoal  induction  of 
electric  currents,  in  their  ElectricUy  and  MoffneUtm  {%  196, 1888),  calculated 
from  E  and  F  above.  Greenhiirs  The  Applications  of  EUipHc  Functions 
(Macmillan  &  Co.,  1892)  is  one  of  the  most  useful  textbooks  on  this  subject. 

1 88.  The  Gamma  Fanotion. 

It  is  sometimes  found  convenient  to  express  the  solution  of  a  physical 
problem  in  terms  of  a  definite  integral  whose  numerical  value  is  known,  more 
or  less  accurately,  for  certain  values  of  the  variable.  For  example,  there  is 
Legendre's  table  of  the  elliptic  integrals;   Kramp*s  table  of  the  integral 

/    e-^ ,dt\  Soldner's  table  of  /  dor/log  x ;  Gilbert's  table  of  Fresnel's  in- 
tegral  /  cos  ^nv  .  dv^   or    /  sin  ^wv  .  dv ;   Legendre's  table  of   the   integral 


/, 


e  -  *a"  - 1 .  dx,  or  tlie  so-called  Gamma  function,  etc. 

0 

By  definition,  the  d*"**"*  Funettoii,  or  the  Second  EuUricm  integral^  is 

r(n)  =  I   e-*x'»-^,dx (1) 

This  integral  has  been  tabulated  for  all  values  of  n  between  1  and  2  to 
three  decimal  places.  By  the  aid  of  such  a  table,  the  approximate  value  of 
all  definite  integrals  reducible  to  Gamma  functions  can  be  calculated  as 
easily  as  the  ordinary  trignometrical,  or  the  logarithmic  functions.  There 
are  three  cases : 

1.  n  lies  between  1  and  2.    (Use  Table  II.,  §  84.) 

2.  n  is  a  positive  integer.     (Use  formula  (4),  below.) 

8.  n  is  greater  than  2.     (Use  (4)  so  as  to  make  the  value  of  the  given 
expression  depend  on  one  in  which  n  lies  between  1  and  2.) 
Integrate  the  above  integral  by  parts,  thus, 

/   e - T" . At  =  ?i  /   e-'x«-^,dx^e- *x»,  .        .      (2) 

Between  the  limits  ^  =  0  and  .r  =  oo,  the  last  term  vanishes. 

Hence,  I    e-'x" ,  dx  ^  n  I   e-^'x" -^ ,dx;        .        .        .      (8) 

.'  0  .'0 

or,  r(?i  +  1)  =  nr(n) (4) 

If  n  is  integral,  it  follows  from  (4),  that 

r(n  +  1)  =  1 .  2 . 8  .  .  .  n  =  n !  .  .  .  .  (6) 
This  important  relation  is  true  for  any  function  of  n,  though  n !  has  a  real 
meaning  only  when  n  is  integral. 

The  following  are  a  few  examples  of  tfie  conversion  of  definite  integrals 
into  Gamma  fwnctions.  For  a  more  extended  discussion  the  special  text- 
books must  be  consulted. 

1.  r(l)  =  l;  r(2)  =  l;  r(0)  =  oo;  r(  -  n)=  oo;  r(l)  =  N'T.      .        .      (6) 

2.  If  a  is  independent  of  .r, 

e-'"x-^-',dx  =  —r(m) (7) 


/, 


o    T—    I/,       >     ■   J       r    r'-^dx       r(m)r(n) 


(8) 
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The  first  member  of  (8)  is  sometimes  called  the  First  EuUrian  Integral,  or  the 
Beta  Function.  It  is  written  B(m,  n).  The  Beta  function  is  here  expressed 
in  terms  of  the  Gamma  function.  Substitute  x  «=  ay/b  in  the  second  member 
of  (8). 

r     'JT'^^y  _  ^      T(m)V(n) 
J  0  i^y  +  ^)"'  "^  "      a"»6»r(w  +  n)' 

4  J' V"x  .  dr  =  rcos-x  .  dx  =  W^ytK^  1>.  ...        (9) 

.'  0  /  0  ri(n  4-1)  *  ' 

/I      ,      /1\«,  r(n  +  l) 

5.  jf^^ofi[i)d^^  ^,n\l)n  +  l (10) 

If  we  substitute  log  x  in  place  of  log(x-*),  the  expression  on  the  right 
becomes 

( -  l)"r(n  +  l)/{w  +  1)"  + ». 

6.  /    ar«e  -  «*  .  dar  =  a  -  (»»  +  i)r(n  +  1) (11) 

7.  /■%-M.dx  =  i'^*>=i^. (12) 

J  0  a  a  *     ' 

».  j  ^   Binpx .  cos^x .  rfx  -       2r[j(^  +  g)  +  1]      •     •        •        •        -      (18) 
Examples.— Evaluate  the  following  integrals  :— 

nrft 

(1)   /     sin'a; .  cos'x .  dx.    Prom  (18),  we  may  write  this  integral 

r(4) . r(f )  ^     |.|^.i^V.2a      _  _8_ 

2r(»^)         2.V".|.  J.^.f  .^;;,/-       693' 

'sin»Oar .  dx.     Prom  (9).  ^-^i^). 

Vir     f  .  ^  .  f  .  t .  i  .  v^ir       w    J,      " 
2    •      5.4.3.  2TT~  =  7  •  A  •  ir .  *  •  f  •  *. 

(4)  re-''a^,dx.    Use  (7).    Ansr.  ?!i^  =  ^-- 1"-^.' ?' \ 

(5)  If 

j  "      1  +  X     ~  sin  7Mx' 
show  that  r(?7i)'.  r(I  -  m)  —  irlsmnix  ; 

r(l  +  m) .  r(l  -  m)  =  mr/sin  irx. 

Put  m  +  n  =  1  in  the  Beta  function,  etc. 

(6)  Prom  the  preceding  result  show  that 

r(i)  =  v/». 

I  M.  Nomerioal  Table  of  the  Gamma  Function. 

When  n  has  any  value  not  lying  between  1  and  2,  the  Gamma  function 
r(n)  may  be  readily  calculated  by  means  of  equation  (4),  as  indicated  in  the 
preceding  examples.    Table  II.,  page  507,  shows  the  value  of 

log  /   e  -  'x»>  * .  dx  +  10,  or,  log  r(n)  +  10, 

J  0 


fwpt 

(2)  si: 
.'  0 

(3)  /     si] 
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to  three  decimal  places  for  all  values  of  n  between  1  and  2.  It  has  been 
abridged  from  Legendre*B  tables  to  twelve  decimal  places  as  they  appear  in 
his  Exerdces  de  Calctd  InUgral,  tome  ii.,  80,  1817. 

Since  r(n)  is  positive  and  less  than  unity  for  all  values  of  n  between  1 
and  2,  log  r(n)  will  be  negative  for  such  values  of  n.  Hence,  as  in  the  ordi- 
nary logarithmic  tables  of  the  trignometrical  functions,  the  tabular  logarithm 
is  obtained  by  the  addition  of  10  to  the  natural  logarithm  of  r(n).  This  must 
be  allowed  for  when  arranging  the  final  result. 

I  85.  To  find  the  Area  of  a  Barfaoe  of  Revolution. 

A  surface  of  revolution  was  defined,  on  page  108,  to  be  a  sur- 
face generated  by  tbe  rotation  of  a  line  about  a  fixed  axis,  called 
the  axis  of  revolution. 

Let  the  curve  APQ  (Fig.  95)  generate  a  surface  of  revolution 
as  it  rotates  about  the  fixed  axis  Ox.     It  is  required  to  find  the 

area  of  this  surface.  The  quadrature  of 
surfaces  of  revolution  is  sometimes  styled 
the  *'  Complanation  of  BarfaceB  ". 

Take  any  point  P(x,  y)  on  the  curve. 

Let  X  receive  an  increment  &r  =  MN  and 

y  a  corresponding  increment  ^  »  QR. 

Draw  PR  and  QS  each  equal  to  PQ  and 

parallel  to  ON.     Let  s  denote  the  area  of 

Fig.  96.  the  surface  of  revolution  of  the  curve  AP 

about  the  A^-axis  and  hs  the  surface  generated  by  the  revolution  of 

PQ  about  the  same  axis.     Let  the  length  of  the  curve  AP  »  I  and 

of  the  increment  PQ  =  U. 

If  PR  revolves  about  ON^  it  will  generate  a  cylinder  whose 
superficies  is  2irPM,PR  (see  page  491).     QS  revolving  about  ON 
will  generate  a  cylinder  whose  surface  is  2vQN,  QS.     Therefore, 
{Surface  generated  by  QS)  _  ^vQN .  QS 
{Surface  generated  by  PR)  "  2nPM7PR' 

y 


Therefore, 


^.        2irQN.QS_. 
''-'2irPM:PR''^' 


y 


But  the  surface  generated  by  the  arc  PQ  is  intermediate  between 
that  generated  by  QS  and  by  PR.    Therefore, 

r  .{Surface  generated  by  PQ)  _  i  .   r#    ^     „  i  . 
{Surface  generated  by  PR)         '       2iryU 

Lt,  =  ^'  =  2,ry  =  ^;  or,  ds  =  %^.dl.  .         (1) 


'hi 


dl 
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Prom  (1),  page  187,       d^=  ^{dxf  +  {dyf, 

,'.ds=^27ry  J{dxf  +  {dyf,  .         .         (2) 

If  the  curve  revolves  about  the  ^-axis,  sunilar  formulae  in  x  and 

y  may  be  deduced. 

The  reader  may  be  able  to  reason  out  another  way  of  obtaining 

the  above  result.     See  Figs.  98  to  100,  page  195. 

Examples. — (1)  Find  the  surface  generated  by  the  revolution  of  the  slant 
side  of  a  triangle.     Hints,  equation  of  the  line  OC  (Fig.  96)  \&  y  ^  mx, 

dy  —  mdXf 

ds  =  2iry  \1  +  m* .  dx, 
s  =  j2trm  \^i  +  m* .  xdx  =  irmx^  \^1  +  w*  +  C. 
Reckon  the  area  from  the  apex,  where  a;  =  0, 
therefore  C  =  0.  If  x  =  /i  =  height  of  cone  = 
OB  and  the  radius  of  the  base  =  r  =  BC,  then, 
m  =s  r/h  and 

8  =  wr  \'^«"+T«  =  2«r  X  (i  Slant  Height), 
This  is  a  well-known  rule  in  mensuration. 

(2)  Show  that  the  paraboloid  surface  generated  by  the  revolution  of  the 
parabola,  y^  =  ^ax,  is  |»a«{(a  +  x)"«  -  a»«}. 

(8)  Show  that  the  surface  generated  by  the  revolution  of  a  circle  is  iirr'. 


Fig.  96. 


§  86.  To  find  the  Volume  of  a  Solid  of  Revolation. 

This  is  equivalent  to  finding  the  volume  of  a  cube  of  the  same 
capacity  as  the  given  solid.      Hence  the  process  is  named  the 

''Cubature  of  Solids". 

The  notion  of  differentials  will  allow  us  to  deduce  a  method  for 
finding  the  volume  of  the  solid  figure  swept  out  by  a  curve  rotating 
about  an  axis  of  revolution.  At  the  same 
time,  we  can  obtain  a  deeper  insight  into 
the  meaning  of  the  process  of  integra- 
tion. In  order  to  calculate  the  volume 
of  a  body  we  may  suppose  it  to  be  re- 
solved into  a  great  number  of  elementary 
parallel  planes,  each  plane  being  part  of 
a  small  cylinder.  Fig.  97  will,  perhaps, 
help  one  to  form  a  mental  picture  of  the  ^lo-  97  (after  Cox). 
process.  It  is  evident  that  the  total  volume  of  the  solid  is  the  sum 
of  a  number  of  elementary  cylinders  about  the  same  axis.  If  &r  be 
the  height  of  one  cylinder,  y  the  radius  of  its  base,  the  area  of  the 
base  is  vy^.    But  the  area  of  the  base  multiplied  by  the  height  of 

N 


194  HIGHER  MATHEMATICS.  §  87. 

the  cylinder  is  the  volume  of  each  elementary  cylinder,  that  is  to 
say,  iry^hx.  The  less  the  height  of  each  cylinder,  the  more  nearly 
will  a  succession  of  them  form  a  figure  with  a  continuous  surface. 
At  the  limit,  when  &r  =  0,  the  volume  of  the  solid  is 

V  =  7rSy2  ,dx,  ,  .  .  .  (1) 
where  x  and  y  are  the  coordinates  of  the  generating  curve  and  the 
a;-axis  is  the  axis  of  revolution. 

Formula  (1)  could  have  been  obtained  by  a  similar  process  of 
reasoning  to  that  used  in  the  preceding  section.  The  abbreviated 
process  here  given  illustrates  how  the  idea  of  differentials  facilitates 
the  investigation  of  a  complicated  process. 

Examples. — (1)  Find  the  volume  of  the  cone  generated  by  the  revolution 
of  the  slant  side  of  the  triangle  in  Example  (1)  of  the  preceding  section. 

y  =  tnjT. 

dV  =  fry- .  dx  =  xm^x'^ . dx. 
,\  V  =  ^irm^x^  +  C. 
If  the  volume  be  reckoned  from  the  apex  of  the  cone,  ar  =  0,  and,  therefore, 
C  =  0.    Let  X  =  h  and  m  =  r//i,  as  before, 

( Volume  of  the  entire  cotie)  =  iirr'fc. 
(2)  Show  that  the  volume  generated  by  the  revolving  parabola,  y^  =  4ax, 
is  i^y^x,  where  x  =.  height  and  y  =  radius  of  the  base. 

(8)  Required  the  volume  of  the  sphere  generated  by  the  revolution  of  a 
circle,  with  the  equation : 

x^  -^  y^  ^  7^,     ( Volume  of  sphere)  =  Jirr^. 

§  87.  SaccesBiYe  Integration.    Haltiple  Integrals. 

Just  as  it  is  sometimes  necessary,  or  convenient,  to  employ 
the  second,  third  or  the  higher  differential  coefficients  d^/dx^, 
d^ylda^  .  .  .  ,  so  it  is  often  necessary  to  apply  successive  integra- 
tion to  reverse  these  processes  of  differentiation. 

(a)  Successive  integration  with  respect  to  a  single  independent 
variable.  Suppose  that  it  is  required  to  reduce,  dh/ldx^  —  2,  to  its 
original  or  primitive  form.     We  can  write 

fy  =  2  ;  -j-(iy)  =  2  ;  or,  <^^)  =  2dx. 
da^  dx\dx)  \dx) 

.'.  dy'idx  =  2\dx  =  2a;  +  Oj. 

Again,  dy  =  {2x  +  C^)dx ;  or,  i/  =  S(2a;  +  C^)dx, 

.*.  1/  =  a;2  +  C^x  +  Cj. 

In  order  to  show  that  d'hjjdx^  is  to  be  integrated  twice,  we  write 

dhf  =  2dx^,  y  =  W'Mx^,  or  \\2dx .  dx. 

and  hence,  y  =  x-^  +  C^x  +  G.^. 
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Notice  that  there  are  as  many  integration  constants  as  there  are 
symbols  of  integration. 

Examples. — (1)  Find  the  value  oty  =  jjjjfi ,  do^,    Ansr. 

(2)  Integrate  cPsJdfi  =  g^  where  g  ie&  constant  due  to  the  earth's  gravita- 
tion, t  the  time  and  s  the  space  traversed  by  a  falling  body. 

.-.  8  =  jjg,dt*  =  igfi  +  C^t  +  C9. 
To  find  the  values  of  the  constants  C^  and  C^-     Let  the  body  start  from  a 
position  of  rost,  then,  «  =  0,  /  =  0  Ci  =  0,  C^  =  0.     See  page  168. 

(b)  Successive  integration  with  respect 
to  two  ar  more  independent  variables.  In 
finding  the  area  of  a  curve,  y  =  f{x),  the 
same  result  will  be  obtained  whether  we 
divide  the  area  Oab  (Figs.  98  to  100)  into 
a  number  of  strips  parallel  to  the  o^-axis, 
as  in  Fig.  98,  or  vertical  strips,  Fig.  99. 
In  the  first  case,  the  reader  will  no  doubt  Fig.  98.— Surface  Elements: 
be  able  to  satisfy  himself  that  the  area  Ay 

A  ^  I  x,dy\ 
Jo 
m  the  second, 

Substitute  I  dy  for  y  in  the  last  equation, 
Jo 


dx. 


=  \  dx\ 

Jo  J(] 


dx     dy, 

Jo 

which  is  more  conveniently  written, 


Fig.  99. — Surface  Elements. 


A  =  \    \  dx.dy. 
JoJo 


This  integral  is  called  a  double,  or  sur- 
face integral.  It  means  that  if  we 
divide  the  surface  into  an  infinite  number 
of  small  rectangles  (Fig.  100)  and  take 
their  sum,  we  shall  obtain  the  required  Fig.  100.— Surface  Elements, 
area  of  the  surface. 

To  evaluate  the  double  integral,  first  integrate  with  respect  to 
one  variable,  no  matter  which,  and  afterwards  integrate  with 
respect  to  the  other.  If  x  be  taken  first,  we  find  the  sum  of  all 
the  rectangles  formed  of  the  strips  parallel  to  the  x-axis,  that  is  to 
say,  we  integrate  between  the  limits  a  and  0,  regarding  dy  as  a 
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constant  'jpro  tern. ;  we  then  take  the  sum  of  all  the  strips  per- 
pendicular to  the  2:-axis,  between  the  limits  h  and  0. 

When  there  can  be  any  doubt  as  to  which  differential  the  limits 
belong,  the  integration  is  performed  in  the  following  order:  the 
right-hand  element  is  taken  with  the  first  integration  sign  on  the 
right,  and  so  on  with  the  next  element. 

Examples. — (1)  Evaluate  /     j  x.dx  .  dy, 

Ansr.  jx  . da^  yj    =  QJ  x  ,dx  =  s\  \x^  =  1\. 
(2)  Show  j    I   xy^.dx.dy  :=  ^W, 

In  a  similar  manner,  if  the  volume  of  a  body  is  to  be  investi- 
gated, we  obtain  triple,  or  Yolmne  inte^PalB  by  supposing  the 
solid  to  be  split  up  into  an  infinite  number  of  little  parallelopipedg 
along  the  three  dimensions,  x,  y,  z.  These  infinitesimal  figures 
are  called  Yolmne  elements.  The  capacity  of  each  little  element 
dx  X  dy  X  dz.  The  total  volume,  or  the  volume  integral  of  the 
solid  is 


\\\' 


\dx.dy  .dz. 

The  first  integration  along  the  a;-axis  gives  the  area  of  an 
infinitely  thin  strip ;  the  integration  along  the  ^-axis  gives  the 
area  of  an  infinitely  thin  portion  of  the  surface,  and  a  third  in- 
tegration along  the  ^r-axis  gives  the  sum  of  all  these  little  portions 
of  the  surface,  in  other  words,  the  volume  of  the  body. 

In  the  same  way,  quadruple  and  higher  integrals  may  occur. 
These,  however,  are  not  very  common.  Multiple  integration 
rarely  extends  beyond  triple  integrals. 

EzAMPiiES. — (1)  Evaluate  the  following  triple  integrals : — 

/     /     I  yz^  ,dx,dy  .dz\    j     j     \  y^  ,dy  .dz  ,dx\    j     I     j  yz* .  dz .  dx  .  dy. 

Ansrs.  2580, 1550,  1470  respectively. 

(2)  Show 

J*J*(ar«/2i>  +  y^l2q)dx.dy  =  ^"(a^/p  +  b^lSq)dx  =  ia%«/p  +  6»/g). 

(3)  Find  the  area  (^1)  of  the  circle  a;'  +  j/^  =  r>,  and  the  surface  (S)  of  the 
sphere  a:"  +  y'  +  £*  =  r*,  by  double  integration.     Ansrs. 

(4)  Evaluate  8 /     /  /  dx  .dy  .dz.    Ansr.  firr*. 

./  0  y  0  Jo 
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Note  sin  ^w  =  1.  Show  that  this  integral  represents  the  volume  of  a 
sphere  whose  equation  is  x^  +  y*  +  si^  =  r^.  Hint.  The  "dy"  integration  is 
the  most  troublesome.     For  it,  put  r*  -  3^  ^  c,  say,  and  use  C,  §  76.     As  a 

result,  Jy  \/r^  -  3^  -  y^  +  i(r^  -  Jo*)  sin  ~  *{y  /  >/r*  -  x^\,  has  to  be  evaluated 
between  the  limits  y  =  ^/(r^  -  x«)  and  y  =  0.  The  result  is  l{r^  -  x^ir.  The 
rest  is  simple  enough. 


§  88.  The  Yelooity  of  Chemical  Reactions. 

The  time  occupied  by  a  chemical  reaction  is  dependent,  among 
other  things,  on  the  nature  and  concentration  of  the  reacting  sub- 
stances, the  presence  of  impurities  and  other  **  catalytic  "  agents, 
and  on  the  temperature. 

With  some  reactions  these  several  factors  can  be  so  controlled, 
that  measurements  of  the  velocity  of  the  reaction  agree  with  theo- 
retical results. 

A  great  number  of  chemical  reactions  have  hitherto  defied  all 
attempts  to  reduce  them  to  order.  For  instance,  the  mutual  action 
of  HI  and  HBrO^y  of  H^  and  Og,  of  carbon  and  oxygen  and  the 
oxidation  of  phosphorus.  The  magnitude  of  the  disturbing  efifects 
of  secondary  and  catalytic  actions  obscures  the  mechanism  of  such 
reactions.  In  these  cases  more  extended  investigations  are  re- 
quired to  make  clear  what  actually  takes  place  in  the  reacting 
system.     But  see  §  135  in  Part  II.  Advanced. 

Fuhrmann  (Zeitschrift  fiir  physikalische  Chemie,  4,  89,  1889) 
classifies  chemical  reactions  into  *^  orders "  according  as  one  or 
more  molecules  are  included  in  the  reaction. 

I. — Bedctions  of  the  first  order.  Let  a  be  the  concentration  of 
the  reacting  molecules  at  the  beginning  of  the  action  when  the 
time  t  ^0,  The  concentration,  after  the  lapse  of  an  interval  of 
time  tj  is,  therefore,  a  -  x,  where  x  denotes  the  amount  of  sub- 
stance transformed  during  that  time.  Let  dx  denote  the  amount 
of  substance  formed  in  the  time  dt.  The  velocity  of  the  reaotion 
at  any  moment  is  proportional  to  the  concentration  of  the  reacting 
substance  (Wilhelmy's  law),  hence  we  have 

i  =  %  -  re) ;  or,  ^  =  y\og-^_-.     .         .       (1) 

where  A;  is  a  constant  depending  on  the  nature  of  the  reacting 
system.  Reactions  which  proceed  according  to  this  equation  are 
said  to  be  reactions  of  the  first  order. 
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II. — Beactions  of  the  second  order.  Let  a  and  h  respectively 
denote  the  concentration  of  two  different  substances  in  such  a 
reacting  system  as  occurs  when  acetic  acid  acts  on  alcohol,  or 
bromine  on  fumaric  acid,  then,  according  to  the  law  of  mass 
action,  the  velocity  of  the  reaction  at  any  moment  is  propor- 
tional to  the  concentration  of  the  reacting  substances.  In  this 
case 

dor  1  1  fL  —  or    b 

^  =  k{a-x)(b-x);  .-.fc-  t-^^r^logj-TTi-o'       (2) 

Reactions  which  progress  according  to  this  equation  are  called 
reactions  of  the  second  order.     For  the  integration,  see  page  173. 

If  the  two  reacting  molecules  are  the  same,  then  a  =  b.  From 
(2),  therefore,  we  get  log  1  x  1/0  =  0  x  od.  Such  indeterminate 
fractions  are  discussed  on  page  245.  It  is  there  shown  that  when 
a  s  6,  this  expression  may  be  made  to  assume  the  form, 

1  X 

^  "  7  •  a(a  -  X) (^) 

This  expression  is  also  obtained  by  the  integration  on  the  corre- 
sponding equation, 

dxidt  =  k{a  -  xy (4) 

Equation  (4)  is  that  required  for  reactions  similar  to  the 
polymerization  of  nitrogen  dioxide,  etc. 

2N0^  =  K^O^, 
In  the  hydrolysis  of  cane  sugar, 

let  a  denote  the  amount  of  cane  sugar,  b  the  amount  of  water 
present  at  the  beginning  of  the  action.  The  reaction  is,  therefore, 
represented  by  the  equation, 

dxidt  =  k'(a  -  x)  (b  -  x)y 
where  x  denotes  the  amount  of  sugar  which  actually  undergoes 
transformation . 

If  the  sugar  has  been  dissolved  in  a  large  excess  of  water,  the 
concentration  of  the  water  is  practically  constant  during  the  whole 
process.  But  b  is  very  large  in  comparison  with  x,  therefore,  b-x 
may  be  assumed  constant 

k  =  k'(b  -  x), 
where  k'  and  k  are  constant.     Hence  equation  (1)  should  represent 
the  course  of  this  reaction. 

Wilhelmy's  measurements  of  the  rate  of  this  reaction  show  that 
the  above  supposition  corresponds  closely  with  the  truth. 
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Example. — Proceed  as  on  page  43  with  the  following  pairs  of  values  of 

X  and  t : — 

t  =     15,  30,  45,  60,  75,  .  .  . 

X  =  0-046,        0088,        0180,        0168,        0206,  .  .  . 

Substitute  these  numbers  in  (1) ;  show  that  k  is  constant.    Make  the  proper 

changes  for  use  with  common  logs.     Put  a  =:  1. 

The  hydrolysis  of  cane  sugar  is,  therefore,  a  reaction  of  the  first 
order  provided  a  large  excess  of  water  is  present. 

III. — Reactions  of  the  third  order.    In  this  case  three  molecules 

take  part  in  the  reaction.     Let  a,  6,  c,  denote  the  concentration  of 

the  reacting  molecules  of  each  species  at  the  beginning  of  the 

reaction,  then, 

dxidt  =  k(a  -  x){b  -  x){c  -  x).        .         .         (6) 

Integrate  this  expression  as  on  page  173,  put  x  =  0  when  ^  =  0 

in  order  to  find  the  value  of  C.     The  final  equation  can  then  be 

written  in  the  form, 

" ^ t(a-b)(b-c)(c-a) '     •        ^^^ 

where  a,  6,  c,  are  all  different. 

This  equation  has  been  studied  under  various  guises  by  Har- 
court  and  Esson,  J.  J.  Hood,  Ostwald,  etc.  (See  the  set  of 
examples  at  the  end  of  this  section.) 

If  we  make  a  =  b  =  c,  in  equation  (5)  and  integrate  the  resulting 
expression 

The  polymerization  of  cyanic  acid  is  an  example  of  such  a 

change, 

SCNOH  =  C^N^O^H^. 

Eearrange  the  terms  of  equation  (7)  so  that, 

ar  =  a(l  -  llj2amTiy  ...  (8) 
In  order  that  we  may  have  x  —  a,  t  must  become  infinite.  This 
means  that  the  reaction  will  only  be  completed  after  the  elapse  of 
an  infinite  time. 

If  c  =  6  in  (6),  and  a  is  not  equal  to  6, 

,_1         1       ((a-  b)x      ,      a{b  -  x)]  ,gx 

^^r  (r---b)-^\b{b^x)  ^  ^""^  b(a^x)j'     •     ^""^ 

See  examples  at  the  end  of  this  section. 

IV. — Beactions  of  the  fourth  order.  These  are  comparatively 
rare.      The  reaction  between   hydrobromic  and  bromic  acids  is, 
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under  certain  conditions,  of  the  fourth  order.     So  is  the  reactbn 
between  chromic  and  phosphorous  acids  (see  page  175). 

The  general  equation  for  a  reaction  in  which  n  molecules  of  the 
same  kind  take  part,  is 

._!=.(-. )-;*=i.„^-,{^^3l^-A_^}.     (10) 

The  intermediate  steps  of  the  integration  are 

\ ss  kt  4-  C  •  rj  =  — 

(w  -  l)(a -rr)"-i  '  t    (fi  -  i)a»-i' 

for,  when  a:  =  0,  ^  =  0. 

To  find  the  order  of  a  chemical  reaction.  Let  C^,  C^  be  the 
concentration  of  the  solution,  that  is  to  say,  the  quantity  of  re- 
acting substance  present  in  the  solution,  at  the  end  of  certain 
times  t^  and  t^.     From  equation  (10), 

~  ^  =A;C";  .• — ~— .    -— -  «=  kt  +  constant,      .         (11) 

where  n  denotes  the  number  of  molecules  taking  part  in  the  re- 
action.    It  is  required  to  find  a  value  for  n.     From  (11) 

'^^      kt;  or,  n  =  1  +  log  ^i  /log  J?.         .        (12) 


-/:• 


Judson  and  Walker  {Journal  of  the  Chemical  Society,  78,  410, 
1898)  found  that  while  the  time  required  for  the  decomposition  of 
a  mixture  of  bromic  and  hydrobromic  acids  of  concentration  77, 
was  15  minutes;  the  time  required  for  the  transformation  of  a 
similar  mixture  of  substances  in  a  solution  of  concentration  51*33, 
was  50  minutes.     Substituting  these  values  in  (12), 

„  .  1  +  l°g3^  =  3-97.* 

log  I'D 

The  nearest  integer,  4,  represents  the  order  of  the  reaction. 

The  intervals  of  time  required  for  the  transformation  of  equal 
fractional  parts  m  of  a  substance  contained  in  two  solutions  of 
dififerent  concentration  C^  and  C2,  may  be  obtained  by  graphic  in- 
terpolation (pages  68  and  254)  from  the  curves  whose  abscissae 
are  t^  and  ^2  &i^d  whose  ordinates  are  C^  and  Cg  respectively. 

Another  convenient  formula  for  the  order  of  a  reaction,  is 

da      ,      da,\I.C.  ,.„x 

di  -  ^""^  dtr^^;    '     '     ('^) 

The  reader  will  probably  be  able  to  deduce  this  formula  for  himself 


n  =  Aog 


*  Use  the  table  of  natural  logarithms,  page  .520. 
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(see  Noyes,  Zeit.f,  phys.  Chem.,  16,  546,  1895 ;  Noyes  and  Soott, 
ibid,,  18,  118,  1895). 

The  mathematioal  treatment  of  velocity  equations  here  outlined 
is  in  no  way  difficult,  although,  perhaps,  some  practice  is  still  re- 
quisite in  the  manipulation  of  laboratory  results.  The  following 
selection  of  typical  examples  illustrates  what  may  be  expected  in 
practical  work.  The  memoirs  referred  to  may  be  considered  as 
models  of  this  kind  of  research. 

Examples. — (1)  It  was  once  thought  that  the  decomposition  of  phosphine 
by  heat  was  in  accordance  with  the  equation,  4PH,  =  P^  +  SH^ ;  now,  it  is  be- 
lieved that  the  reaction  is  more  simple,  viz,,  PH^  =  P  +  SH,  and  that  the 
subsequent  formation  of  the  P^  and  JEf,  molecules  has  no  perceptible  influence 
on  the  rate  of  the  decomposition.  Show  that  these  suppositions  respectively 
lead  to  the  following  equations :  ;     i  S  ^ 

f=.(i-x)^.-.. =5.^-1^^,-1.     ^%^:^:>;j,/  ^'J 

In  other  words,  if  the  reaction  be  of  the  fourth  order,  k  will  be  constant,  and 
if  of  the  first  order  k'  will  be  constant. 

To  put  these  equations  into  a  form  suitable  for  experimental  verification, 
let  a  gram  molecules  of  PH^  per  unit  volume  be  taken.  Let  the  fraction  x 
of  a  be  decomposed  in  the  time  t.  Hence,  (1  -  x)a  gram  molecules  of  phos- 
phine and  daa;/2,  of  hydrogen  remain.  Since  the  pressure  of  the  gas  is  pro- 
portional to  its  density,  if  the  original  pressure  of  Pff^  be  p^  and  of  the  mixture 
of  hydrogen  and  phosphine  Pi^  then, 

PjPo  =  {(1  -  «)«  +  8xa/2}/a  =  1  +  }x, 

^  =  ^PilPo  -  2;  (1  -  ar)a  =  (8  -  2pJpo)a; 

t\Sp,-2pJ  t     ^Spo-2p, 

Kooij  (Zeit.  f,  phys,  Chem.,  12,  155,  1892)  has  published  the  following 

data : — 

^  =      0,  4,  14,  24,  46-3,     .  .  . 

p  =x  76801,        769*84,        795-57,        819-16,        865*22,  .  .  . 
Hence  show  that  k',  not  k,  satisfies  the  required  condition.     The  decomposi- 
tion of  phosphine  is,  therefore,  a  reaction  of  the  first  order. 

(2)  Does  the  reaction,  2PH^  =  2P  +  dZf,,  agree  with  Kooij 's  observations  ? 

In  experimental  work  in  the  laboratory,  the  investigator  proceeds  by  the 
method  of  trial  and  failure  in  the  hope  that  among  many  wrong  guesses,  he 
will  at  last  hit  upon  one  that  will  '*  go  '*.  So  in  mathematical  work,  there  is 
no  royal  road.  We  proceed  by  instinct,  not  by  rule.  E.g.,  we  have  here 
made  three  guesses.  The  first  appeared  the  most  probable,  but  on  trial  proved 
unmistakably  wrong.  The  second,  least  probable  guess,  proved  to  be  the  one 
we  were  searching  for. 

(8)  Show  that  the  reaction, 

CH^Cl .  COOH  +  H^O  =  CFj .  COOH  +  BCh 
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in  the  presence  of  a  large  excess  of  water  is  of  the  first  order.  See  Van't  Hoff'a 
Sttidies  in  Chemical  Dynamics  (Ewan's  translation),  ISO,  1896,  for  experi- 
mental work. 

(4)  Find  the  order  of  the  reaction  between  ferric  and  stannous  chlorides 
from  the  two  following  series  of  observations : — 

^-0,        -75,        1,       i-5;   I  ^=    0,  1,         5,         7; 

a?!  X  10  =  10-0,    8-69,    4*19,    6*10  ;|x2  x  10  =  6-25.     1-48,     2-69,     8-61, 
where  x^^  x^  denote  the  amounts  of  ferric  chloride  reduced  in  the  times  ^  and 
^  respectively.    Use  formula  (18),  put  m  ^^  ^  and  also  m  =  ^,    Ansr.  Third. 

In  the  following  examples,  always  verify  your  deduction  by  finding  the 
numerical  value  of  k  when  experimental  data  are  given. 

(5)  Reioher  {Zett.  f.  phya.  Chem,,  16,  208,  1896)  in  studying  the  action  of 
bromine  on  fumaric  acid,  found  that  when  ^  =  0,  his  solution  contained  8*8  of 
fu marie  acid,  and  when  t  =  95,  7*87 ;  the  concentration  of  the  acid  was  then 
altered  by  dilution  with  water,  it  was  then  found  that  when  ^=0,  the  concentra- 
tion was  8-88,  and  when  ^=132,  3-61.  Here  dCi/d^=  (8-88 -7 -87 )/95= 0-0106 ; 
dCJdt=0<m27  (page  200);  Cj  =  (8-88  + 7 •87)/2= 8-376  ;  C2=3-7,  n=l-87  in 
(18)  above.    The  reaction  is,  therefore,  of  the  second  order. 

(6)  In  the  absence  of  disturbing  side  reactions,  arrange  velocity  equations- 
for  the  reaction, 

2C«3 .  CO^Ag  +  H  .  CO^Na  =  Cfl,  .  COOH  +  CH^ ,  CO^Na  +  CO^  +  2Ag. 
Assuming  that  the  silver,  sodium  and  hydrogen  salts  are  completely  dissociated 
in  solution,  the  reaction  is  essentially  between  the  ions : 

Ag  +  H.  COO  =  Ag  +  CO3  +  H, 
therefore,  the  reaction  is  of  the  third  order.    Verify  this  from  the  following 
data :  When 

^  =     2,  4,  7,  11,  17,    .  .  . ; 

jr  X  10*  =  62-25,        6915,        75-60,        8041,        84-99  .  .  . 
(Noyes  and  Cottle,  Zeit.  /.  j^hys.  Chem.,  27,  578,  1898.) 

(7)  Deduce  the  order  of  the  reaction, 

^FeCl^  +  KCIO^  +  6ifCZ  =  QFeCl^  +  KCl  +  %H0, 
from  the  following  data :  0*1  equivalents  *  of  ferrous  chloride,  potassium 
chlorate  and  of  hydrochloric  acid  are  taken,  then,  if  x  denotes  the  quantity 
of  FeCl^  transformed  in  the  time  t,  when 

t  =  6,  15,  35,  60,  170  ... ; 

X  X  10  =  4-8,         12-2,        23-8,        32*9,         52-5  .  .  . 
Ansr.  Third  order,since^  only  varies  between  0*99  and  l-04when(ic/di= A;(fl  -  a-)^. 
(Hood,  Phil  Mag.  [5],  6,  871,  1878;  8,  121,  1879;  20,  323,  1885 ;  Noyes  and 
Wason,  Zeit.  f.  phys.  Chem.,  22,  210,  1897.) 

(8)  The  following  observations  were  made  on  the  reaction : — 
C^H^  .  SO^ .  OC^^  +  CH3 .  OH  =  CH^OC^^  +  Cg/fg .  50j .  OH, 

t^    5,  10,  15,  25     ... ; 

X  =  23-1,         41-3,         55-0,         74-0  .  .  . 
What  order  of  reaction  gives  a  fairly  constant  value  for  k  ?   (Sagrebin,  Zeit.  /. 
phys.  Chem.,  84,  149,  1900.) 


•  Note  the  distinction  between  "equivalent"  and  "molecular"  amounts. 
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(9)  Soh wicker  (Zeit  f.  phya,  Chem.,  16,  808,  1896)  has  made  two  series  of 
experiments  on  the  action  of  iodine  on  potash.  In  the  first  series  he  used  an 
excess  of  potash  and  found  that  when  ^  =  2,  a  =  10*7  of  iodine  and  when 

t  =    6,  11,  28,  38,  68   ... ; 

X  =  2-10,        2-30,        5-68,        6*50,        786  .  .  . 
Hence  show  that  reaction  between  iodine  and  excess  of  potash  is  of  the  secQpd 
order.     In  a  second  series  of  experiments,  an  excess  of  iodine  was  used. 
a  =  7*23  after  the  elapse  of  two  minutes,  and  subsequently,  when 

i  =    4,  8,  13,  36    .  .  . ; 

X  =  3-48,        4-83,        4-88,        5-jfO  .  .  . 
Show  that  the  reaction  is  probably  of  the  third  order.     These  results  led 
Schwicker  to  the  equations, 

Ja  +  2K0H  =  KIO  +  KI  +  H^O ;  ZKIO  =  2KI  +  KlOy 

(10)  It  is  intended  to  investigate  the  rate  of  combination  of  hydrogen  and 
oxygen  gases  at  440°.  Assuming  that  the  reaction  is  of  the  third  order» 
arrange  velocity  equations  for  the  following  mixtures: — 

(a)  2Ha  +  Og ;  (h)  ^H^  +  O^ ;  (c)  2H^  +  20a. 
For  (a)  use  (7),  since  a  ^  h  —  c\  for  (6)  use  (9)  substituting  a=l,6  =  c  =  2> 
and  for  (c)  substitute  a  =  2,  &  =  c  =  lin  (9).    Then  arrange  the  results  for  the 
indirect  determination  of  or,  by  measuring  the  pressure  of  the  mixed  gases  as 
example  (1).     (Compare  Bodenstein,  Zeit.  /.  phys.  Chem.,  29,  664,  1899). 


I  89.  Chemical  EqaUibriam— Incomplete  or  Re¥eF8ible 

Reactions. 

%  »  * 

Whether  equivalent  proportions  of  sodium  nitrate  and  potas- 
sium chloride,  or  of  sodium  chloride  and  potassium  nitrate,  are 
mixed  together  in  aqueous  solution  at  constant  temperature,  each 
solution  will,  after  the  elapse  of  a  certain  time,  contain  these  four 
salts  distributed  in  the  same  proportions.  Let  m  and  n  be  positive 
integers,  then 

{m  +  n)NaNO^  +  (w  +  n)KCl  =  mNaCl  +  mKNO^  +  nNaNO^  +  nKCl ; 
(m  +  n)NaCl  +  (m  +  n)KNO^  =  viNaCl  +  mKNO^  +  nNaNO^  +  7iKCL 
This  is  more  concisely  written, 

NaCl  +  KNO^  ^  NaNO^  +  KCL 

The  phenomenon  is  explained  by  assuming  that  the  products  of 
the  reaction  interact  to  reform  the  original  components  simul- 
taneously with  the  direct  reaction.  That  is  to  say,  two  inde- 
pendent and  antagonistic  changes  take  place  simultaneously  in 
the  same  reacting  system.  When  the  speeds  of  the  two  opposing 
reactions  are  perfectly  balanced,  the  system  appears  to  be  in  a 
stationary  state  of  equilibrium.  This  is  an  illustration  of  the 
principle  of  the  coexistence  of  dififerent  actions,  page  52. 
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The  special  ease  of  Wilhelmy's  law  dealing  with  these  ''  in- 
complete "  or  reversible  reactions  is  known  as  GuldbeP^  and 
Waage^B  law.* 

Consider  a  system  containing  two  reacting  substances  A^  and 
A2  such  that 

Let  a^  and  a^  be  the  respective  concentrations  of  A^  and  A2.     Let 
XT  of  ilj  be  transformed  in  the  time  t,  then  by  Wilhelmy's  law 

'dxi'dt  =  ^1(^1  -  x). 

Further,  let  x'  of  A2  be  transformed  in  the  time  t.    The  rate  of 
transformation  of  A^to  A^  is  then 

Tix'/^t  =  k2{a2  -  x'). 
But  for  the  mutual  transformation  of  a;  of  A^ixi  A^  and  x'  of  A^ 
to  A^,  we  must  have,  for  equilibrium, 

X  —  -  x'  and  dx  =  -  dx' ; 
or,  'dx/'dt  =  -  k2(a2  +  x). 

The  net,  or  total  velocity  of  the  reaction  is  obviously  the  algebraic 
sum  of  these  **  partial "  velocities,  or 

dxidt  =  k^{a^  -  x)  -  ^2^0,2  +  x),  .  (1) 

It  is  usual  to  write  K  »  k-^^lh2.     When  the  system  has  attained  the 
stationary  state  dxjdt  =  0.     (Why  ?)     And 

Z  =  (flg  +  x)l{a^  -  x),  .  .  .  (2) 
where  x  is  to  be  determined  by  chemical  analysis,  a^  is  the  amount 
of  substance  used  at  the  beginning  of  the  experiment,  a^  is  made 
zero  when  ^  =  0.  This  determines  K,  Now  integrate  (1)  by 
the  method  of  partial  fractions  and  proceed  as  indicated  in  the 
subjoined  examples. 

The  more  important  memoirs  for  consultation  are  Berthollet,  Essai  de 
Statique  Chimie,  Paris,  1801-1808,  or  Ostwald's  KlasHker,  No.  74 ;  Wilhelmy, 
Pogg.  Ann,,  81,  418,  1860;  Ostwald's  Klassiker,  No.  29;  Berthelot  and  Gilles, 
Ann.  de  CUm,  et  d.  Phys,  [8],  6S,  885, 1862 ;  66,  5, 1862 ;  68,  225,  1868 ;  Har- 
court  and  Esson  (I.e.) ;  Guldberg  and  Waage,  Joum.  fUr  praktische  Chemie 
[2],  19,  69,  1879 ;  Ostwald's  Klassiker,  No.  104. 

Examples. — (1)  In  aqueous  solution  7-oxybutyric  acid  is  converted  into 
7-butyrolactone  and  7-butyrolactone  is  transformed  into  7-oxybutyric  acid 
according  to  the  equation, 

CHfiH .  CH^ .  CH^  .  COOH  ^  CH^ .  CH^ .  CH^ .  CO  +  H^O. 

I 0--     -' 

*  It  is,  of  course,  just  as  easy  to  consider  irreversible  reactions  as  special  types 
of  Guldberg  and  Waage's  law  by  supposing  the  velocity  of  the  reverse  action,  zero. 
I  have  followed  the  subject  historically. 
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Use  the  preceding  notation  and  show  that  the  velocity  of  formation  of  the 

lactone  is, 

dx/dt  =  ki{ai  -  x)  -  k^^a^  +  x)^   .        .         .        .       (8) 

and  K  =  kjk^  =  (a,,  +  x)l(a^  -  x) (4) 

Now  integrate  (3)  by  the  method  of  partial  fractions.     Evaluate  the  integra- 

tion  constant  for  x  =  0  when  ^  =  0  and  show  that 

1  Kdi  —  flj 

1  •  ^°8  (Ka,-a^-(l  +  K)x  =  ^'>^^^^'    ...       (6) 

Henry  (Zeit.  /.  phys.  Chenu,  10, 116,  1892)  worked  with  Oj  =  18-23,  o^  =  0 ; 
analysis  showed  that  when  dxfdt  =r  0,  x  =  13*28 ;  o^  -  x  =  4*95  \a^  +  x  =  13*28 ; 
K  =  2*68.  Substitute  these  values  in  (6) ;  reduce  the  equation  to  its  lowest 
terms  and  verify  the  constancy  of  the  resulting  expression  when  the  following 
pairs  of  experimental  values  are  substituted  for  x  and  t^ 

t  =    21,  50,  66,  80,  160     ... ; 

X  =  2*89,        4*98,        607        714,        10*28  .  .  . 

(2)  A  more  complicated  example  than  the  preceding  reaction  of  the  first 
order  occurs  during  the  esterification  of  alcohol  by  acetic  acid. 

CH;^ .  COOH  +  CJS^  .  OH^  CH^  .  COOC^H^  +  if.  OH, 
a  reaction  of  the  second  order. 

Let  o^,  &i  denote  the  initial  concentrations  of  the  acetic  acid  and  alcohol 
respectively,  a,,  6,  of  ethyl  acetate  and  water.     Show  that, 

dxjdt  =  kiia^  -  x){bi  -  x)  -  k^{a^  +  x)  (6,  +  ar).  .  .  (6> 
Here,  as  elsewhere,  the  calculation  is  greatly  simplified  by  taking  gram  mole- 
cules such  that  a^  =  1,  &i  =  1,  Og  =  0,  b^  =  0.     Equation  (6)  thus  reduces  to 

dxjdt  =  fti(l  -  x)^  -  fcpT*.  .  .  .  .  (7> 
For  the  sake  of  brevity,  write  ^/(/^  -  /c,)  =  m  and  let  a,  /3  be  the  roots  of  the 
equation  x  -  2fnx  +  m  =  0.     Show  that  (7)  may  be  written 

dxl(x  -  a)(x  -  0)  =  {hi  -  k^dt. 
Integrate  for    x  =  0  when   ^  =  0,   in    the  usual  way.     Show  that  since 

a  =  m  +  V»»*  -  m  and  fi  =  tn  -  Vm*  -  w,  page  387, 

1 ,      (w  -*  Vm*  "  m)  (m  +  Vw*  -  m  -  x)  

1  '^  (m  +  ^/m«  -  m)  (m  -  ^/m»  -  m  -  X)  =  2(fc,  -  ^J  ^''»'  -  m.       (8> 
The  value  of  K  is  determined  as  before.     Since 

m  =  fci/(A?i  -  /cj ;  m  =  1/(1  -  kjki). 
Berthelot  and  Gilles'  experiments  show  that  for  the  above  reaction, 

/Ci/Zcj  =  4 ;  w  =  I ;   Vm«  -~m  =  j  ; 
i(ki  -  fcj  =  0*00675 ;  or,  using  common  logs.,  ^(k^  -  k^  =  0*0025.     The  cor- 
responding values  of  x  and  t  were, 

t  =      64,  108,  187,  167      .  .  . ; 

X  =  0*250,  0*346,  0*421,  0*474     .  .  . ; 

constant  =  0*0023,        0*0022,        00020,        0*0021  .  .  . 
Verify  this  last  line.    For  smaller  values  of  t,  side  reactions  are  supposed  to- 
disturb  the  normal  reaction,  because  the  value  of  the  constant  deviates  some- 
what from  the  regularity  just  found. 

(3)  Let  one  gram  molecule  of  hydriodio  acid  in  a  v  litre  vessel  be  heated^ 
decomposition  takes  place  according  to  the  equation : 

2if7^fl,  + J,. 
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Hence  show  that  for  equilibrium, 

dx 
dt 

and  that  (1  -  2x)lv  is  the  concentration  of  the  undissociated  acid.     Put 
A-^/^j  -  ^  ^^^  verify  the  following  deductions, 


.K'^)--K9'.  .  .  .  .  « 


dx  ^    _1  _    log  '^^^^^  -  2J-)  +  a-  _  V 


jK(l-2x)*-.x»      2^fK      "^  ^/K{l-2x)^x       v^ 

Since,  when  *  =  0,  x  =  0,  C  =  0.     Bodenstein  {Zeit.  f.  phys.  Chem.,  13,  56, 

1894 ;  22,  1,  1897)  found  K,  at  440"  =  002,  hence  v'X  =  0*141, 

1    I      1  +  5-lj- 
.'.  J  '^og  ——^—^  _  constant, 

provided  the  volume  remains  constant.  The  corresponding  values  of  x  and  t  are 
to  be  found  by  experiment.  E.g.,  vrhen  /=16,  x=0'0378,  constant = 0-0171 ; 
and  when  /=60,  a- =0*0950,  constant =0-0178,  etc. 

(4)  The  "active  mass"  of  a  solid  is  independent  of  its  quantity.  Hence, 
if  c  is  any  arbitrary  constant,  show  that  for 

JTaCO,  +  BaSO^^K^SOi  +  BaCO^t,        ^c  =  xl(l  -  x) ; 

CaCl^  +  H^C^O^  ^  2HCI  +  CaC^O^,         Kc  =  a-/(l  -  j)« ; 

CaCOs  ^  CaO  +  CO^  Kc  =  p, 

where  p  denotes  the  pressure  of  the  gas.  The  first  reactions  take  place  in 
solution,  the  latter  in  a  closed  vessel.  Write  down  the  velocity  equations 
before  equilibrium  is  set  up  and  arrange  the  results  in  a  form  suitable  for 
experimental  verification. 

(5)  Prove  that  the  velocity  equation  of  a  complete  reaction  of  the  first 
order,  Ai  =  A^t  has  the  same  general  form  as  that  of  a  reversible  reaction, 
Ai  ^  ^2,  of  the  same  order  when  the  concentration  of  the  substances  is  re- 
ferred to  the  point  of  equilibrium  instead  of  to  the  original  mass. 

Let  {  denote  the  value  of  x  at  the  point  of  equilibrium,  then, 

dxjdt  =  ki(aj  -  x)  -  k^x,  becomes,  dx/di  =  k^ia^  -  &  -  k^. 
Substitute  for  k^  its  value  k^(ai  -  ^)/|  when  dxjdt  =  0, 

.-.  dxjdt  =  fei^id  -  x)j^ ;  or,  dxjdt  =  k{^  -  x),        .        .      (10) 
where  the  meanings  of  a,  k,  k^  will  be  obvious. 

(6)  Show  that  k  is  the  same  whether  the  experiment  is  made  with  the 
substance  J„  or  A^. 

It  has  just  been  shown  that  starting  with  A^,  k  =  k^aj^ ;  starting  with  A^ 
it  is  evident  that  there  is  a^  -  {  of  ^^  "^^^^  exist  at  the  point  of  equilibrium. 
Hence  show 

dxjdt  =  k^{{a^  -  I)  -  x}j(a,  -  I) ;  h,^  =  k,(a,  -  |), 
therefore,  as  before,  ^^l(<h  -  Q  -  ^l^^/^ 

Integrate  the  second  of  equations  (9)  between  the  limits  /  =  0  and  t  =  ty  x  =  Xq 
and  X  =  Xj,  thus, 

{log({  -  J,)  -  log(|  -  x^)\jt  =  constant. 

Show,  from  the  following  observations  by  Waddell  {Journal  of  Physical 
Chemistry y  2,  525,  1898),  on  the  reciprocal  conversion  of  ammonium  thio- 
cyanate  into  thiourea,  that  it  makes  no  difference  to  the  value  of  k^  in  (10), 
whether  thiourea,  or  thiocyanate  is  used  at  the  start. 
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First,  the  conversion  of  thiocyanate  into  thiourea,  {=21-2°/o  of  thiocyanate, 
t  =  0,  19,  38,  48,  60,  ... ; 

X  =  2-0,        6-9,         10-4,         12-3,         18-6,  .  .  . 
Second,  the  conversion  of  thiourea  into  thiocyanate,  |  =  what  ? 
t  =  0,  38,  63,  68,  90,  ...  ; 

{r  =  311,        61-5,        64-4,        66-3,        66-0,... 
Memoirs  by  Walker  and  Hambly,  Jow;ti.  Chevi.  Soc^  67, 746, 1895 ;  Walker 
and  Appleyard,  i6.,  60, 198,  1896;  Waddell,  Z.c,  3,  41, 1899,  and  Kistiakowsky, 
ZeiL  f.  phys,  Chevi,^  27,  268,  1898,  may  be  consulted  with  reference  to  this 
method  of  developing  equilibrium  equations. 


§  90.  Fractional  Precipitation. 

If  to  a  solution  of  a  mixture  of  two  salts,  A  and  B^  a  third 
substance  C,  is  added,  in  an  amount  insufficient  to  precipitate  all 
A  and  B  in  the  solution,  more  of  one  salt  will  be  precipitated,  as 
a  rule,  than  the  other.  By  redissolving  the  mixed  precipitate  and 
again  partially  precipitating  the  salts,  we  can,  by  many  repetitions 
of  the  process,  effect  fairly  good  separations  of  substances  otherwise 
intractable  to  any  known  process  of  separation. 

Since  Mosander  thus  fractioned  the  gadolinite  earths  in  1843 
(Hood,  Phil.  Mag.,  [5],  21,  119,  1886),  the  method  has  been  ex- 
tensively employed  by  Crookes  in  some  fine  work  on  the  yttria 
and  other  earths.  The  recent  separations  of  polonium,  radium 
and  other  curiosities  has  attracted  some  attention  to  the  process. 
The  "  mathematics  "  of  the  reactions  follows  directly  from  the  law 
of  mass  action. 

Let  only  sufficient  C  be  added  to  partially  precipitate  A  and  B 
and  let  the  solution  originally  contain  a  of  the  salt  A^hoi  the  salt 
B.  Let  X  and  y  denote  the  amounts  of  A  and  B  precipitated  at 
the  end  of  a  certain  time  ^  then  a  -  x  and  h  -  x  wiU  represent  the 
amounts  of  A  and  B  respectively  remaining  in  the  solution.  The 
rates  of  precipitation  are,  therefore, 

dxidt  =  k{a  -  x){c  -  z)\  dyjdt  =  k'(b  -  y){c  -  z), 
where  c  -  z  denotes  the  amount  of  G  remaining  in  the  solution  at 
the  end  of  a  certain  time  t. 

.'.  dxidtidyldt  =  k{a  -  x)  :k'(b  -  y), 
Ma  -  ^)  ^  k{'^{b-j) 
}   a  -  x  J   0  -  y 

or,  k'\og{a  -  x)  =  k  log{b  -  y)  +  log  C\ 

where  log  C  is  the  integration  constant. 
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To  find  C  put  X  —  0  and  y  =  0,  then 

log  a*'  =  log  C'6*,  or,  C  =  a*76*. 

^— •  F  -  S-:|S-    ■   •   •   « 

The  ratio  (a  -  a;)/a  measures  the  amount  of  salt  remaining  in  the 
solution,  after  a;  of  it  has  been  precipitated.  The  less  this  ratio, 
the  greater  the  amount  of  salt  A  in  the  precipitate.  The  same 
thing  may  be  said  of  the  ratio  (b  -  y)/b  in  connection  with  the 
"salt  B, 

The  more  k  exceeds  k\  the  less  will  A  tend  to  accumulate  in 
the  precipitate  and,  the  more  k'  exceeds  k^  the  more  will  A  tend  to 
accumulate  in  the  precipitate.  If  the  ratio  k/k'  is  nearly  imity,  the 
process  of  fractional  precipitation  will  be  a  very  long  one.  In  the 
limiting  case,  when  k  =  k\  or,  k/k'  =  1,  the  ratio  of  -4  to  -B  in  the 
mixed  precipitate  will  be  the  same  as  in  the  solution.  In  such  a 
case,  the  complex  nature  of  the  "  earth  "  could  never  be  detected 
by  fractional  precipitation. 

The  application  to  gravimetric  analysis  is  obvious. 

§  91.  The  Isothermal  Expansion  of  Oases. 

To  find  the  work  done  during  the  isothermal*  expansion  of  a  gas. 
Case  i. — The  gas  obeys  Boyle* s  law, 

pv  =  constant  say,  c. 
On  page  182  it  was  shown  that  the  work  done  when  a  gas  ex- 
pands against  any  external  pressure  is  represented  by  the  product 
of  the  pressure  into  the  change  of  volume.     The  work  performed 
during  any  small  change  of  volume,  is 

dW  =  p,dv (1) 

But  by  Boyle*s  law, 

p  =f(v)  =  c/v (2) 

Substitute  this  value  of  p  in  (1),  and 

.-.  dW  =  c  .  dviv. 
If  the  gas  expands  from  a  volume  Vj  to  a  new  volume  Vg, 


W  =  c\    —  =  c 


"2 


log  V  +  C; 


^1 


or,  TF=clog-2 (3) 

^1 


*  '*  Isothermal "  means  "  at  a  constant  temperature,"  as  pointed  out  on  page  90. 
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From  (2),  v^  =  c/p^  and  v^  =  c/^2»  lience, 

TF  =  clog^-i (4) 

Equations  (3)  and  (4)  play  a  most  important  part  in  the  theory 
of  gases,  in  thermodynamics  and  in  the  theory  of  solutions. 

The  value  of  c  is  equal  to  the  product  of  the  initial  volume  (t;^) 
and  pressure  (p^)  of  the  gas, 

.-.  W  ^  ^'SO^ep.v^og,,'^  ; 

=  2-3026;?o^>gio^^ 

Pi 

See  page  520,  for  a  numerical  example. 

Case  ii. — The  gas  obeys  van  der  Waxds'  law, 

(p  +  -  Vt?  -  6)  =  constant,  say,  c'. 

As  an  exercise  prove  that 

TF=clog^!i^-  afi  -  iY        .         .        (8) 

This  equation  has  occupied  a  prominent  place  in  the  develop- 
ment of  van  der  Waals'  theories  of  the  constitution  of  gases  and 
liquids. 

Case  iii. — The  gas  dissociates  during  expansion,  (After  Nernst 
and  Schonflies.) 

By  Guldberg  and  Waage's  law,  in  the  reaction ; 

for  equilibrium, 

jA  -  X  ^x  X 
V      ^  v'  v 
where  (1  ~  x)lv  represents  the  concentration  of  the  undissociated 
nitrogen  peroxide. 

The  relation  between  the  volume  and  degree  of  dissociation  is, 
therefore, 

Kv  =  x^l{\  -  a:).  ...         (6) 

where  x  the  fraction  of  unit  mass  of  gas  dissociated. 

If  n  represents  the  original  number  of  molecules  (1  -  2;)n  will 
represent  the  number  of  undissociated  molecules  and  ^xn  the  num- 
ber of  dissociated  molecules .  If  the  relation  pv  =  c,  does  not  vary 
during  the  expansion,  the  pressure  will  be  proportional  to  the  num- 
ber of  molecules  actually  present,  that  is  to  say, 

n :  {(1  -  x)n  +  2xn\  =  1 : 1  +  a:. 

o 
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The  actual  pressure  of  the  gas  is,  therefore, 

p  =  {l  +  x)p, 
and  the  work  done  is,  therefore, 

dW  =  p  .dv  =  (1  +  x)p  .dv=^p.dv-^acp.  dv. 
But  dW^  —  p  .dv  and  dW^  =  xp.dv,  (7) 

and  W=W^+W^ (8) 

From  Boyle's  law,  p  =  c/v,  and  (6), 

.  c  _cKa-x) 

"^'i  — ~^^     • 

Substitute  this  value  of  p  in  (7).     Differentiate  (6)  and  substitute 
the  value  of  dv  so  obtained  in  our  last  result.     Simplify  and 
dW^  «  c(2  -  x)dx/(l  -a:)  =  c{l  +  1/(1  ^  x)}dx. 

Integrate  TFg  =  cl  Yl  +  ~ \dx, 

where  x^  and  x^  denote  the  values  of  x  corresponding  to  v^  and  t;^. 

.-.  Wg  =  c{{x^  -  x^)  -  log(l  -  x^)l(l  -  x^)\. 
Find  dTTj  in  a  similar  way  from  (7). 

W^^c  log(t?2/t?i). 

...  TT  =  c(log ^^  +  0^2  -  :r,  -  log  J-^j).         .         (9) 
It  follows  from  (6),  that 

Substitute  these  values  of  v  in  (9) 

.,Tr=c{..-.,-21og||l^}.  .       (10) 

ExAMPLBS. — (1)  Find  the  work  done  during  the  isothermal  expansion  of 
dissociating  ammonium  carbamate,  supposed  gaseous. 

NH^COONH^  ^  2NHs  +  CO^. 

(2)  In  calculating  the  work  done  during  the  isothermal  expansion  of 
dissociating  hydrogen  iodide, 

does  it  make  any  difference  whether  the  hydrogen  iodide  dissociates  or  not  ? 

(8)  If  the  force  of  attraction  (/)  between  two  molecules  of  a  gas,  varies 
inversely  as  the  fourth  power  of  the  distance  (r)  between  them,  show  that  the 
work  (W)  done  against  molecular  attractive  forces  when  a  gas  expands  into 
a  vacuum,  is  proportional  to  the  difference  between  the  initial  and  final 
pressures  of  the  gas.    That  is, 

W=.A(p,^p^), (11) 

where  A  is  the  variation  constant  of  §  189.     By  hypothesis, 

f^^ajr^:  and,  dW  =^  ^.dr. 
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where  a  is  another  variation  constant.    (See  §  79.)    Hence, 

But  r  is  linear,  therefore,  the  volume  of  the  gas  will  vary  as  r^.     Hence, 
V  =  br^t  where  b  is  again  constant. 

But  hy  Boyle's  law,  pv  =^  constant,  say,  =  c.    Hence  it  follows, 

W=  A{p^  -  pj),  if  ^  =  a&/3c  =  constant. 
(4)  1/  the  work  done  against   molecular  attractive  forces  when  a  gas 
expands  into  a  vacuum,  is 


-<>-ik-ky 


where  a  is  constant ;  t;,,  t?,,  refer  to  the  initial  and  final  volumes  of  the  gas, 
show  that  "  any  two  molecules  of  a  gas  will  attract  one  another  with  a  force 
inversely  proportional  to  the  fourth  power  of  the  distance  between  them  ".* 


§  92.  The  Adiabatiof  Expansion  of  Gases. 

In  one  of  the  examples  appended  to  §  26,  we  obtained  the 
expresBion, 

^«  -  Cs?)  *  -  CD .*•  •   ■   ■  <•> 

As  pointed  out  on  page  29,  we  may,  without  altering  the  value 
of  the  expression,  multiply  and  divide  each  term  within  the  brackets 

But  (iiQ/^0)p  is  the  amount  of  heat  added  to  the  substance  at  a 
constant  pressure  for  a  small  change  of  temperature ;  this  is  none 
other  than  the  specific  heat  at  constant  pressure,  usually  written 
Cj,,  Similarly  {^Q/^0),  is  the  specific  heat  at  constant  volume, 
written  *C,. 

^Q '  c^Qfv  ^  cQap.      .      .      (3) 

This  equation  tells  that  when  a  certain  quantity  of  heat  is  added 
to  a  substance,  one  part  is  spent  in  raising  the  temperature  while 
the  volume  changes  under  constant  pressure,  and  the  other  part  is 

*  For  the  meaning  of  a/v^,  see  van  der  Waals'  equation. 

t  The  substance  is  supposed  to  be  in  such  a  condition  that  no  heat  can  enter  or  leave 
the  body  during  the  expansion.  The  temperature,  therefore,  may  change  during  the 
operation. 
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spent  in  raising  the  temperature  while  the  pressure  changes  under 
constant  volume. 

For  an  ideal  gas  obeying  Boyle's  law, 

pv  =  B6. 
.-.  v/B  =  (bO/'dp) ;  pIB  =  (be/'^^v). 
Substitute  these  values  in  (3), 

,\dQ  ^  C^,  dv/B  +  C,v .  dpIB, 
Divide  through  by  ^  =  pv/B,  and, 

^  =  C,^+C/^.        ...        (4) 
0  V  p 

By  definition,  an  adiabatic  change  takes  place  when  the  system 
neither  gains  nor  loses  heat,  that  is  to  say,  dQ  »  0. 

The  ratio  of  the  two  specific  heats  CJC,  is  a  constant,  usually 
written  y. 

...  ^..^  +  ^  =  0;  or,  yf^  +  f^  -  constant. 

or,     ylogv  +  log^  =  constant;  or,  logt;^  +  log^  «  constant, 

.'.  log(pvy)  =  constant;  or,  pv^  —  constant.       ,         (6) 
A  most  important  relation  in  the  theory  of  thermodynamics. 

By  integrating   between  the  limits  p^,  p^  and  v^,  v^  in  the 
above  equation,  we  could  have  eliminated  the  constant  and  ob-. 
tained 

2^  =  W (^> 

Pi     W 

a  useful  form  of  (5). 

Substituting  v^  =  O^Bip^  and  v,2  =  O^jp^  in  (6), 

(f;-:i)'-?7  "•©'-©©-•'■■©'- (r'"' 

and  from  (6)  ^J  =  f^iV"' (8) 

Equation  (6),  in  words,  states  that  the  adiabatic  pressure  of  a 
gas  varies  inversely  as  the  yth  power  of  the  volume.  Equation 
(8)  affirms  that  for  adiabatic  changes,  the  absolute  temperature  of 
a  gas  varies  inversely  as  the  (y  -  l)th  power  of  the  volume.  Two 
well-known  thermodynamic  laws. 

To  find  the  work  performed  when  a  gas  is  compressed  under 
adiabatic  conditions. 

From  (5),  if  we  write  the  constant  c\ 

p  s  c'lv^. 
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Since  the  work  done  when  the  volume  of  a  gas  is  compressed  from 
Vy^  to  V2  is  (page  182), 


~  "^  L  -  (y  - 1) J,,  =  r-^ W  -  ^  V  -  V'  • 


(9) 


From  (5),  c'  =  j^jr^^  =  ;>2^2^-     W®  "™*y»  therefore,  represent  this 
relation  in  another  form,  viz.  : 


c'   (    1  1    \_    1    /p^ty    PiVN 


If  j>^v^  =  i?^i  and  p^v.2  =  i^^2»  *^  *^®  isothermal  equations  for 
0^  and  ^2°>  we  may  write, 

TT  = -^(^2  -  ^1),        .         .  (11) 

which  states  in  words,  that  the  work  requvred  to  compress  a  mass 
of  gas  adiabatically  while  the  temperature  changes  from  ^1°  to  ^2°» 
v)iU  be  independent  of  the  initial  presswre  and  volume  of  the  gas. 
In  other  words,  the  work  done  by  a  perfect  gas  in  passing  along 
an  adiabatic  curve,  from  one  isothermal  to  another,  is  constant, 
(see  page  92),  and  independent  of  the  path. 

BxAMPLBS. — (1)  From  (6),  show  that  p^v^f  =  PqvJ  and  hence  deduce  the 
formula, 

y  =  (logi>o  -  logjpi)7(log2)a  -  logpi),  .  .  .  (12) 
used  by  Clement  and  Desormes  in  their  determinations  of  the  ratio  of  the 
specific  heats  of  some  of  the  gases  (Jmtm,  de  Physiqtie,  89,  383, 1819).  The 
experimental  details  are  given  in  most  textbooks.  Here  it  is  only  necessary 
to  know  that  p^Vi  =  p^Vq  under  the  conditions  of  the  experiment.  The  numeri- 
cal values  of  p^,  p^  p,,  are  determined  by  experiment. 

(2)  To  continue  illustration  8,  §  18,  page  44.  We  have  assumed  Boyle's 
law  pPq  =  i>qP.  This  is  only  true  under  isothermal  conditions.  For  a  more 
correct  result,  use  (5)  above.  Write  the  constant  c.  For  a  constant  mass  (m) 
of  gas,  m  =^  pv,  hence  show  that  for  adiabatic  conditions, 

PPo"y-^P^'^ (13) 

Hence  deduce  the  more  correct  form  of  Halley's  law : 

1-1         1-1  . 

p     y  =  p,     y-^1.::^h,      ....     (U) 

7 

for  the  pressure  {p)  of  the  atmosphere  at  a  height  h  above  sea-level.    Atmos- 
pheric pressure  at  sea-level  =  p^. 

(8)  From  the  preceding  example  proceed  to  show  that  the  rate  of  diminu- 
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tion  of  temperature  (0)  is  constant  per  unit  distance  (h)  ascent.     In  other 
words,  prove  and  interpret 

e^-e^L,lL:Jji (i5) 

H        y 

(4)  Lummer  and  Pringsheim  have  used  the  last  of  equations  (7),  for 
evaluating  y  by  allowing  a  gas  at  pressure  p^  to  expand  suddenly  to  another 
pressure  p^  and  measuring  the  instantaneous  rise  of  temperature  0,  to  0,. 
Hence,  given  the  numerical  values  of  2>i,  p^t  ^v  ^*  ^^^  would  you  calculate 
the  numerical  value  of  7?    Ansr.  y  =  log(pJp^l{\og(pilp^  -  log{$J$^)}. 

(5)  To  continue  the  discussion  at  the  end  of  §  26,  Examples  (4)  to  (8). 
Suppose  the  gas  obeys  van  der  Waals'  law : 

(p-^^yv-b)  =  R0,  ....       (16) 

where  i2,  a,  6,  are  known  constants.    The  first  law  of  thermodynamics  may 

be  written 

dQ=  C,,de  +  (p-^  alv»)dv,     ....       (17) 

where  the  specific  heat  at  constant  volume  has  been  assumed  constant.  To 
find  a  value  for  Cp^  the  specific  heat  at  constant  pressure.  Expand  (16).  Differ- 
entiate the  result.  Cancel  the  term  2ab .  dvjv^  as  a  very  small  order  of  magni- 
tude (§  4).  Solve  the  result  for  dv.  Multiply  through  with  p  +  aji^.  Since 
a/v^  is  very  small,  show  that  the  fraction  (p  +  ajv^Kp  -  ajv^)  is  very  nearly 
1  -I-  2alpv^  (pages  8  and  224).    Substitute  the  last  result  in  (17),  and 

dQ  =  |C.  +  b(i  +  |j)|<tt  -  (1  +  2a  ^  (V  -  b)dp. 

Obviously  the  coefficient  of  d$  is  equivalent  to  (dQld9)p,  i.e.y  to  Cp;  while  the 
coefficient  of  dp  is  (dQfdph'    By  hypothesis  C«  is  constant, 

For  ideal  gases  a  =  0,  and  we  get  Mayer's  equation,  §  26. 

Carbon 
Dioxide. 

1-2907     From  (18) ; 

1-2911    f^®*^  °^  ^***  ^^  Meyer's 
(Kinetic  Theory  of  Oases. 

(6)  Show  van  der  Waals'  equation  for  adiabatic  conditions  is 

(p-^^yv-b)y  =  Re (19) 

§  93.  The  Influence  of  Temperature  on  Chemical  and 
Physical  Changes— van't  HofTs  Formula. 

In  example  7,  page  61,  we  have  obtained  the  formula, 

©.-<!).■  ■■■■(» 

by  a  simple  process  of  mathematical  reasoning.  The  physical 
signification  of  this  formula  is  that  the  change  in  the  quantity 


'-  =  '^i{'^^) <^«) 


For. 

Air. 

Hydrogen. 

a            .         .         . 

0-002812 

00000895 

RIC      .         . 

0-4 

0-4 

y  (calculated) 

1-40225 

1-40007 

7  (observed)      .    . 

1-403 

1-4017 
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of  heat  communicated  to  any  substance  per  unit  change  of  volume 
at  constant  temperature,  is  equal  to  the  product  of  the  absolute 
temperature  into  the  change  of  pressure  per  unit  change  o|  tem- 
perature at  constant  vblume. 

Suppose  that  1  -  a;  grams  of  one  system  A  is  in  equilibrium 
with  X  grams  of  another  system  B.  Let  v  denote  the  total  volume 
and  6  the  temperature  of  the  two  systems.  Equation  (1)  shows 
that  {bQI'bv)9  is  the  heat  absorbed  when  the  very  large  volume  of 
system  A  is  increased  by  unity  at  constant  temperature  0,  less  the 
work  done  during  expansion.  Suppose  that  during  this  change  of 
volume,  a  certain  quantity  (bxl^v)B  of  system  B  is  formed,  then,  if 
q  be  the  amount  of  heat  absorbed  when  unit  quantity  of  the  first 
system  is  converted  into  the  second,  the  quantity  of  heat  absorbed 
during  this  transformation  is  qi^xl'^v)^,  q  is  really  the  molecular 
heat  of  the  reaction. 

The  work  done  during  this  change  of  volume  is  p.dv,  but  dv 
is  unity,  hence  the  external  work  of  expansion  is  p.  Under  these 
circumstances, 

from  (1).  Now  multiply  and  divide  the  numerator  by  0^  (see 
integrating  factors,  pages  58  and  120). 

■■■<a-(^).- ...  (3) 

If,  now,  n^  molecules  of  the  system  A  and  ng  molecules  of  the  sys- 
tem B  take  part  in  the  reaction,  we  must  write,  instead  of  pv  =  BO, 

pv  =  B0{n^{l  -  x)  +  n^) ;  or,  pie  =  B\n^  +  (^  -  'h)^]/*^- 
(The  reason  for  this  is  well  worth  puzzling  out.) 

Substitute  this  result  in  equation  (9)  and  we  obtain 

By  Guldberg  and  Waage's  statement  of  the  mass  law, 

{xlvy^  =  K{{1  -  xyv}"^' 
.-.  log  K  -f-  (n.2  -  nj)  log  v  ==  ng  log  a?  -  n^  log  (1  -  x). 
Differentiate  this  last  expression  with  respect  to  0,  at  constant 
volume  and  with  respect  to  v,  at  constant  temperature, 
/^\    _        Ttg  -  n^        .   /'dxx   _  (d  log  K)l'd0 

\x       1  -  xj  X       1-x 
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Introdaoe  these  values  in  (4)  and  reduce  the  result  to  its  simplest 
terms,  thus, 

l>e        Ret^ ^  ' 

This  fundamental  relation  expresses  the  change  of  the  equilibrium 
constant  K  with  temperature  at  constant  volume  in  terms  of  the 
molecular  heat  of  the  reaction. 

Equation  (5),  first  deduced  by  van't  Hoff,  has  led  to  some  of 
the  most  important  results  of  physical  chemistry. 

Since  B  and  6  are  positive,  K  and  q  must  always  have  the 
same  sign.  Hence  van*t  Hoff's  principle  of  mobile  equilibrium 
follows  directly,  viz, : — 

If  the  reaction  absorbs  heat,  it  advances  with  rise  of  tempera- 
ture ;  if  the  reaction  evolves  heat  it  retrogrades  with  rise  of  tem- 
perature ;  and  if  the  reaction  neither  absorbs  nor  evolves  heat,  the 
state  of  equilibrium  is  stationary  with  rise  of  temperature. 

According  to  the  particular  nature  of  the  systems  considered  q 
may  represent  the  so-called  heat  of  sublimation,  heat  of  vaporiza- 
tion, heat  of  solution,  heat  of  dissociation,  or  the  thermal  value  of 
strictly  chemical  reactions  when  certain  simple  modifications  are 
made  in  the  interpretation  of  the  ''  concentration  "  K. 

If,  at  temperature  0^  and  d^y  K  becomed  K^  and  K^,  we  get,  by 
the  integration  of  (5), 

^°«  t  =  l(^,  -  ^)-         •        .        .      (6) 
The  thermal  values  of  the  different  molecular  changes,  calculated 
by  means  of  this  equation,  are  in  close  agreement  with  experiment. 
For  instance : 


Heat  of  vaporization  of  water     . 
Heat  of  solution  of  benzoic  acid  in  water 
Heat  of  sublimation  of  NH^SH  . 
Heat  of  combination  of  BaCl^  +  2H^0 
Heat  of  dissociation  of  NJ)^ 
Heat  of  precipitation  of  AgCl 


q  in  calorieB. 


Calculated. 


10100 
6700 

21550 
3815 

12900 

15992 


Observed. 


10296 
6500 

21640 
8880 

12500 

15850 


A  sufficiently  varied  assortment  to  show  the  profound  nature  of 
the  relation  symbolised  by  equations  (5)  and  (6)  (see  van't  Hoff's 
Chemical  Dynamics  (Ewan's  translation)). 
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NuMSBiCAL  Example. — Calculate  the  heat  of  solution  of  mercuric  chloride 
from  the  change  of  soluhility  with  change  of  temperature.  If  c^,  Cg  denote  the 
solubilities  corresponding  to  the  respective  absolute  temperatures  6i  and  0,, 

Ci  =  6-67  when  e^  =  273°  +  10° ;  Cj  =  11-84  when  ft,  =  278°  +  50°. 
Since  the  solubility  of  a  salt  in  a  given  solvent  is  constant  at  any  fixed  tem- 
perature, we  may  write  c  in  place  of  the  equilibrium  constant  K,    From  (6), 
therefore, 

^^  -  2U  ~  «./  '  ■  ■  6-67  "  2V288      823/ 

.-.  q  =  log  1-8  X  45,704-6  =  2,700  (nearly) ; 
q  (observed)  =  8,000  (nearly). 

Use  the  Table  of  Natural  Logarithms,  Chapter  XIII.,  for  the  calculation. 

Le  ChateHer  has  reversed  the  above  calculations,  and,  as  the 
result  of  more  extended  investigations,  he  has  enunciated  the  im- 
portant generalisation  :  **  any  change  in  the  factors  of  equilibrium 
from  outside,  is  followed  by  a  reversed  change  within  the  system"* 
This  rule,  known  as  Le  Chatelier^s  theorem,  enables  the  chemist  to 
foresee  the  influence  of  pressure  and  other  agents  on  physical  and 
-chemical  equilibria. 

For  further  light  on  this  important  subject,  consult  Le  Chatelier's  Les 
^quilibres  Chimiquss,  1888 ;  Zeit.  f.  phys.  Chem,,  9,  386,  1892 ;  Bancroft's 
Tks  Phase  Rule,  1897. 

The  beginner  will  find  it  worth  while  to  write  out  the  leading  assumptions 
introduced  as  premises  in  deducing  van't  Hoff*s  formula. 
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CHAPTER  V. 

INFINITE  SERIES  AND  THEIR  USES. 

"  In  abstract  mathematical  theorems,  the  approximation  to  truth  ia 
perfect.  ...  In  physical  science,  on  the  contrary,  we  treat  of 
the  least  quantities  which  are  perceptible." — W.  Stanley  Jevons. 

§  94.  What  is  an  Infinite  Series  ? 

Mabk  off  a  distance  AB  of  unit  length.     Bisect  AB  at  0^  bisect 

O.B  at  Oo,  Oo5  at  0,,  etc. 
'        I    '      "^         '  I  I  III 

A  Oi  Og        O3  O4  5. 

By  continuing  this  operation,  we  can  approach  as  near  to  B  as  we 

please.     In  other  words,  if  we  take  a  sufficient  number  of  terms 

of  the  series, 

AO^  +  0^0^  +  O.2O3  +  .  .  .  , 

we  shall  obtain  a  result  differing  from  AB  by  as  small  a  quantity 

as  ever  we  please. 

This  is  the  geometrical  meaning  of  the  infinite  series  of  terms, 
1  =  i  +  {\f  +  {\Y  +  (i)'  +  ...  to  infinity.  .  (1> 
Such  an  expression,  in  which  the  successive  terms  are  related 
according  to  a  known  law,  is  called  a  series. 

When  the  sum  of  an  infinite  series  approaches  closer  and  closer 

to  some  definite  finite  value,  as  the  number  of  terms  is  increased 

without  limit,  the  series  is  said  to  be  a  convergent  series.    The 

sum  of  a  convergent  series  is  the  **  limiting  value  "of  §  6.      On 

the  contrary,  if  the  sum  of  an  infinite  series  obtained  by  taking  a 

sufficient  number  of  terms  can  be  made  greater  than  any  finite 

quantity,  however  large,  the  series  is  said  to  be  a  divergent  series. 

For  example, 

1  +  2  +  3  +  4+..  .to  infinity.      .         .         (2) 

Divergent  series  are  not  much  used  in  physical  work,  while  con- 
verging series  are  very  frequently  employed.* 


*  A  prize  was  oflfered  in  France  some  time  back  for  the  best  essay  on  the  use  of 
diverging  series  in  physical  mathematics. 
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Several  tests  for  discriminating  between  convergent  and  diver- 
gent series  are  described  in  the  regular  textbooks  on  algebra.  To 
simplify  matters,  I  shall  assume  the  series  discussed  in  this  work 
satisfy  the  tests  6i  con'vergency.  It  is  necessary  to  bear  this  in 
mind,  otherwise  we  may  be  led  to  absurd  conclusions. 

Let  S  denote  the  limiting  value  or  sum  of  the  converging 
series. 

S  '^^  a  +  ar  -\-  ar^  +  .  .  .  +  ar*"  +  ar^-*-^  +  ...  ad  inf.  (3) 
Cut  off  the  series  at  some  assigned  term,  say  the  nth,  i.6.,  all  terms 
after  ar^  ~  ^  are  suppressed.  Let  s„  denote  t&e  sum  of  the  n  terms 
retained,  a-,,  the  sum  of  the  suppressed  terms.     Then, 

s^  ==  a  +  ar  -{■  ar^  +  .  .  .  +  af'^,      .         .         (4) 
Multiply  through  by  r, 

rs^  =  ar  +  af^  +  ar^  +  .  .  .  +  ar^. 
Subtract  the  last  expression  from  (4), 

s„(l  -  r)  =  a(l  -  r") ;  or,  s,  =  ^  Z^"  *         (^) 

Obviously  we  can  write  series  (3),  in  the  form, 

5^  =  «. +  cr« (6) 

The  error  which  results  when  the  first  n  terms  are  taken  to  repre- 
sent the  series,  is  given  by  the  expression 

<r»  =  S  -  5„. 
This  error  can  be  made  to  vanish  by  taking  an  infinitely  great 
number  of  terms,  or, 

I'^„=«<r„  =  0. 

^  1  -  r*  a  ar^ 

But,  «-  =  «!— 


1-r       1-r      1-r' 
When  n  is  made  infinitely  great,  the  last  term  vanishes, 

T*  ^^  A 

.-.  M.=.- =0. 

1  -  r 

The  sum  of  the  infinite  series  of  terms  (3),  is,  therefore,  given 

by  the  expression 

S  =  ,— (7) 

1-r 

Series  (3)  is  generally  called  a  geometrical  serie^. 

To  determine  the  magnitude  of  the  error  introduced  when  only 
a  finite  number  of  terms  of  an  infinite  series  is  taken.  Take  the 
infinite  number  of  terms, 

S  =  -J—  =  1  +  r  +  r^  +  .  .  .  +  r«-i  +  -^'-  .  (8) 

1-r  1-r 
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The  error  introduced  into  the  sum  S,  by  the  omission  of  all  terms 
after  the  nth,  is,  therefore, 

When  r  is  positive,  o-„  is  positive,  and  the  result  is  a  little  too 
small ;  but  if  r  is  negative 

<r„  =  ±  . (10) 

1  -  r 

which  means  that  if  all  terms  after  the  nth  are  omitted,  the  sum 

obtained  will  be  too  great  or  too  small,  according  as  n  is  odd  or 

even. 

Examples. — (1)  Suppose  that  the  electrical  conductivity  of  an  organic 
acid  at  different  concentrations  has  to  be  measured  and  that  the  first 
measurement  is  made  on  50  c.c.  of  solution  of  concentration  c.  25  c.c.  of 
this  solution  are  then  removed  and  25  c.c.  of  distilled  water  added  instead. 
This  is  repeated  five  more  times.  What  is  the  then  concentration  of  the  acid 
in  the  electrolytic  cell  ? 

Obviously  we  are  required  to  find  the  7th  term  in  the  series 

where  the  nth  term  is  c^)**  -  ^     Ansr.  (i)*c. 

(2)  A  precipitate  at  the  bottom  of  a  beaker  containing  V  c.c.  of  mother 
liquid  is  to  be  washed  by  decantation,  i.e.^  by  repeatedly  filling  the  beaker  up 
to  say  the  V  c.c.  mark  with  distilled  water  and  emptying.  Suppose  that  the 
precipitate  retains  v  c.c.  of  the  liquid  in  the  beaker  at  each  decantation,  what 
will  be  the  percentage  volume  of  mother  liquor  about  the  precipitate  after 
the  nth  emptying,  assuming  that  the  volume  of  the  precipitate  is  negligibly 
small  ?    Ansr.  100(v/ T')"  - ». 

Hint.  The  solution  in  the  beaker,  after  the  first  filling,  has  vjV  c.c.  of 
mother  liquid.  On  emptying,  v  of  this  vl  V  c.c.  is  retained  by  the  precipitate. 
On  refilling,  the  solution  in  the  beaker  has  (v'/F)/Fof  mother  liquor,  and  so 
we  build  up  the  series, 


"{^  -  f- (-;)'- (f)' -•  •}• 


§  95.  Soret's  Diffusion  Experiments. 

These  experiments  will  serve  to  illustrate  the  use  that  may  be 
made  of  a  geometrical  series  in  the  study  of  natural  phenomena. 

The  density  of  a  gas  may  be  determined  by  comparing  its  rate 
of  diffusion  with  that  of  another  gas  of  known  density.  If  r^,  r^ 
be  the  rates  of  diffusion  of  two  gases  of  known  densities  p^  and  p^ 
respectively,  then  by  Graham's  law, 

rj  Vpi  =  r^  Jp2'  ...         (1) 
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The  method  is  particularly  useful  for  finding  the  density  of 
such  a  gas  as  ozone,  which  cannot  be  prepared  free  from  admixed 
oxygen.  Soret  based  his  classical  method  for  finding  the  density 
of  this  gas  on  the  following  procedure  {Ann,  d.  Chim.  et  d.  Phys.^ 
[4],  7, 113,  1866 ;  18,  267,  1868). 

A  vessel  A,  containing  Vq  volumes  of  ozone  mixed  with  oxygen^ 
was  placed  in  communication  with  another  vessel  B,  containing 
oxygen  only,  for  a  definite  time  L  Soret  found  that  the  volume 
(v)  of  ozone  diffusing  from  AtoB  was  proportional  to  the  differ- 
ence in  the  quantity  of  ozone  contained  in  the  two  vessels  at  the 
commencement  of  any  interval  of  time.  By  Graham's  law  this 
quantity  is  also  inversely  proportional  to  the  square  root  of  ita 
density. 

If  the  vessel  A,  originally  containing  v^  volumes  of  ozone,  loses 
V  volumes,  the  amount  dv  which  diffuses  in  the  next  interval  of 
time  dt,  will  be  proportional  to  the  difference  in  the  volumes  of 
ozone  contained  in  the  two  vessels,  that  is  to  say,  {Vq  -  v)  -  v, 
hence, 

dv  =  -^(i'o  -  2v)dt,        ...         (2) 

where  a  is  a  constant  depending  on  the  nature  of  the  apparatus 
used  in  the  experiment. 

At  the  commencement  of  the  first  interval  of  time  B  contained 
no  ozone,  therefore,  if  v^  denotes  the  quantity  of  ozone  in  B  at  the 
end  of  the  first  interval  of  time, 

a 

Vi  ^—T-v^dt)      ....         (3) 

at  the  end  of  the  second  interval, 

v.^  =  Vi  +  t;i(l  -  ^iIvq)  ; 
at  the  end  of  the  third  interval, 

Vg  =  Vj  +  ^1(1  -  2vi/Vo)  +  Vi(l  -  ^vJvqY  \ 
and  at  the  end  of  the  nth  interval, 

v«  =  ^^1  +  t'i(l  -  2^1/^0)  +  •  .  .  +  ^i(l  -  St^iK)""^-         (4) 
The  volume  of  ozone  in  the  upper  vessel  at  the  end  of  n  in- 
tervals of  time  dt,  is  the  sum  of  the  geometrical  series  (4)  containing 
n  terms.     From  (5),  page  219, 

■.••"-i^-('-t)"}— -tK('-H}<'» 

Thus,  the  volume  of  the  gas  in  B,  at  the  end  of  a  given  time,  is 
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proportional  to  Vq  alone,  or,  for  the  same  gas  with   the   same 

apparatus  for  the  same  interval  of  time, 

vJvq  =  constant. 

With  different  gases,  under  the  same  conditions,  any  difference  in 

the  value  of  vJvq  must  be  due  to  the  different  densities  of  the 

gases. 

The  mean  of  a  series  of  experiments  v\rith  chlorine  (density, 

35'5),  carbon  dioxide  (density,  22),  and  ozone  (density,  ?),  gave 

the  following  numbers : — 

CO2.  Ozone.  Cij. 

vJvq        .         .         .     0-29,        0-271,        0-227. 

Comparing  chlorine  with  ozone,  let  x  denote  the  density  of 

ozone, 

X  =  (0-227/0-271)2  X  36-5  =  24-9, 

which  agrees  with  the  triatomic  symbol  O3. 

Example. — Show  that  if  the  time  is  taken  infinitely  long  the  value  of 
VnjVQ  approaches  unity. 

§  98.  Approximate  Caloulation  by  Means  of  Infinite  Series. 

The  reader  will,  perhaps,  have  been  impressed  with  the  fre- 
quency with  which  experimental  results  are  referred  to  a  series 
formula  of  the  type : 

y  =  .4  +  Brr  +  Ca?2  + Da:»+ .  .  .,        .         .       (1) 
in  physical  or  chemical  textbooks.* 

The  formula  has  no  theoretical  significance  whatever.  In  the 
absence  of  any  knowledge  as  to  the  proper  mathematical  expres- 
sion of  the  ''law"  connecting  two  variables,  this  formula  is 
adopted  in  the  attempt  to  represent  the  corresponding  values 
of  the  two  variables  by  means  of  a  mathematical  expression. 

il,  5,  C,  .  .  .  are  constants  to  be  determined  from  the  ex- 
perimental data  by  methods  to  be  described  later  on. 

There  are  several  interesting  features  about  formula  (1). 

1.  When  the  progress  of  any  physical  change  is  represented  by 
the  above  formula,  the  approximation  is  closer  to  reality  the  greater 
the  number  of  terms  included  in  the  calculation.  This  is  best 
shown  by  an  example. 

The   specific  gravity  s  of  an  aqueous  solution   of   hydrogen 


*  I  have  counted  oyer  thirty  examples  in  the  first  volume  of  Mendel^fTs*  Th^ 
Principles  qf  Chemistry  and  more  than  this  number  in  Preston's  Theory  of  Heat. 
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chloride  is  an  unknown  function  of  the  amount  of  gas  p  per  cent, 
dissolved  in  the  water.     (Unit,  water  at  4°  =  10,000.) 

The  first  two  columns  of  the  following  table  represent  cor- 
responding values  of  p  and  s,  determined  by  Mendel^eff.  It  is 
desired  to  find  a  mathematical  formula  to  represent  these  results 
with  a  fair  degree  of  approximation,  in  order  that  we  may  be  able 
to  calculate  p  if  we  know  s,  or,  to  determine  s  if  we  know  p.  Let 
us  suppress  all  but  the  first  two  terms  of  the  above  series, 

«  =  .4  +  Bp, 
where  A  and  B  are  constants,  found,  by  methods  to  be  described 
later,  to  be  ^1  =>  9991*6,  B  =  49*43.     Now  calculate  s  from  the 
given  values  of  p  by  means  of  the  formula,  ,    ^y>^ 

s  =.99»'6-rt9^p,^  ^^7^  ^.'  .  ^  (2) 
and  compare  the  results  with  those  determined  by  experiment. 
See  the  second  and  third  columns  of  the  following  table  : — 


Percentage 

Composition 

V' 

5 
10 
15 
20 
25 
80 

Spedflc  Gravity  t. 

lated. 

Found. 

CalcuJ 

1st  Approx. 

2nd  Approx. 

10242 
10490 
10744 
11001 
11266 
11522 

1023X  <* 
1048ef^ 
10738- y/ 
10980 //«^ 
112»4« 
114W^f 

io2«»  y 

104911  / 
10745  S 

t>      iiooa* 

112631-^ 
1152^  Y 

Formula  (2),  therefore,  might  serve  all  that  is  required  in,  say, 
a  manufacturing  establishment,  but,  in  order  to  represent  the  con- 
nection between  specific  gravity  and  percentage  composition  with 
a  greater  degree  of  accuracy,  another  term  must  be  included  in  the 
calculation,  thus  we  write 

s  =  il  +  5p  +  Cp\ 
where  G  is  found  to  be  equivalent  to  00571.     The  agreement 
between  the  results  calculated  according  to  the  formula: 

«  =  9991-6  +  49-43p  +  0-057^^  .      (3) 

and  those  actually  found  by  experiment  is  now  very  close.  This 
will  be  evident  on  comparing  the  second  with  the  fourth  columns 
of  the  above  table. 

S:^  fiiS^^  HZYJ^  v^«/>^ 
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The  term  0*0571;)^  is  to  be  looked  upon  as  a  oolTeotion  term*. 
It  is  very  small  in  comparison  with  the  preceding  terms. 

If  a  still  greater  precision  is  required,  another  correction  term 
must  be  included  in  the  calculation,  we  thus  obtain 

y  =.  A  +  Bx  +  Cx^  +  Dofi. 
Such  a  formula  was  used  by  Thorpe  and  Tutton  {Joturn,  Ghem, 
Soc,  67,  559,  1890 ;  Thorpe  and  Rucker,  PhU.  Trans,,  188,  ii.,. 
405,  1877),  to  represent  the  apparent  expansion  of  phosphorous- 
oxide  in  a  glass  volumeter.  They  referred  their  results  to  the 
formula : 

v  =  1  +  0008882,4e>  +  (  -  0000000,13873)^  +  0000000,038446^«. 
The  calculated  agreed   very  closely  with  the   observed  results^ 
(Thorpe  and  Tutton's  zero  temperature  was  here  -  27*1*'.) 
Him  used  yet  another  term,  namely, 

V  ^  A  +  BO  -{■  C(^  -^  D0^  +  Ee^, 
in  his  formula  for  the  volume  of  water,  between  100°  and  200**^ 
Here  -4  =  1, 
B  =  0000108,67875 ;  D  =  0000000,002873,0422 ; 

G  =  0000003,007365,3 ;        E  ^-  0000000,000006,645703,1. 
{Ann.  d,  Ch.  et  d,  Ph,  [4],  10,  32,  1867.) 

The  logical  consequence  of  this  reasoning,  is  that  by  including 

every  possible  term  in  the  approximation  formula,  we  should  get 

absolutely  correct  results  by  means  of  the  infinite  converging  series  : 

y  ^  A  -^  Bx  +  Cx^  -^^  Da^  +  Ex^  -{-  Fx^  -^^  .  .  .  +  ad  infin. 

It  is  the  purpose  of  Maclaurin's  theorem  to  determine  values  of 

A,  B,  Cf  .  .  .  which  will  make  this  series  true. 

2.  The  rapidity  of  the  convergence  of  any  series  determines  hottx 
many  terms  are  to  be  included  in  the  calculation  m  order  to  obtain 
any  desired  degree  of  approximation. 

It  is  obvious  that  the  smaller  the  numerical  value  of  the  '*  cor- 
rection terms"  in  the  preceding  series,  the  less  their  influence  on 
the  calculated  result.  If  each  correction  term  is  very  small  in 
comparison  with  the  preceding  one,  very  good  approximations  can 
be  obtained  by  the  use  of  comparatively  simple  formulae  involving 
two,  or,  at  most,  three  terms.  On  the  other  hand,  if  the  number 
of  correction  terms  is  very  great,  the  series  becomes  so  un- 
manageable as  to  be  practically  useless. 
Equation  (1)  may  be  written  in  the  form, 

y  «=  -4(1  +  bx  +  cx^  +  ,  .  .)y    ,         .         ,       (4) 
where  A,b,  c^  .  .  .  are  constants. 
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As  a  general  rule,  when  a  substance  is  heated,  it  increases  in 
volume ;  its  mass  remains  constant,  the  density,  therefore,  must 
necessarily  decrease.     But, 

mass  =  volume  x  density,  or,  m  =  /yy. 
The  volume  of  a  substance  at  6^  is  given  by  the  expression 

where  Vq  represents  the  volume  of  the  substance  at  0°  C,  a  is  the 
coefficient  of  cubical  expansion.     Therefore, 

Polp  =  v/Vq  =  Vq(1  +  a$)iVQ  =  1  +  a^. 
.'.   p  =  p(J{l  +  ad). 

True  for  solids,  liquids,  and  gases.  For  simplicity,  put  Pq  =  1,  By 
division,  we  obtain 

p^l  --  ae+  {aSf  -  {aOf  +  .   .   . 

For  solids  and  some  liquids  a  is  very  small  in  comparison  with 
unity.  For  example,  with  mercury  a  =  O'OOOIS.  Let  6  be  small 
enough 

p  =  1  -  000018^  +  (000018^)2  -  .  .  . 
=  1  -  0-00018^  +  0000000,0324^=^  -  .  .  . 
If  the  result  is  to  be  accurate  to  the  second  decimal  place  (1  per  100), 
terms  smaller  than  0*01  should  be  neglected ;  if  to  the  third  decimal 
place  (1  per  1000),  omit  all  terms  smaller  than  0001,  and  so  on. 
It  is,  of  course,  necessary  to  extend  the  calculation  a  few  decimal 
places  beyond  the  required  degree  of  approximation.  How  many, 
naturally  depends  on  the  rapidity  of  convergence  of  the  series. 
If,  therefore,  we  require  the  density  of  mercury  correct  to  the 
sixth  decimal  place,  the  omission  of  the  third  term  can  make  no 
perceptible  difference  to  the  result.  See  the  determination  of  the 
numerical  value  of  ?r,  page  230. 

Examples. — (1)  If  \  denotes  the  height  of  the  barometer  at  0°  G.  and 

h  its  height  at  9°,  what  terms  must  be  included  in  the  approximation 

formula, 

;*  =  \{1  +  0-000169), (6) 

in  order  to  reduce  a  reading  at  20^  to  the  standard  temperature,  correct  to 

1  in  100,000? 

(2)  Verify  the  first  half-dozen  approximation  formulae,  page  486. 

(3)  In  accurate  weighings  a  correction  must  be  made  for  the  buoyancy  of 
the  air  by  reducing  the  "  observed  weight  in  air  "  to  "  weight  in  vacuo  ".*    Let 


*  A  difference  of  45  mm.  in  the  height  of  a  barometer  during  an  organic  combustion 
analysis,  may  cause  an  error  of  0'6  °/o  in  the  determination  of  the  CO2,  and  an  error  of 
0'4®/o  in  the  determination  of  the  H^O,  See  Crookes,  *'The  Determination  of  the 
Atomic  Weight  of  Thallium,"  PhU.  Trans.,  168,277,  1874. 
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IF  denote  the  true  weight  of  the  body  (in  vacuo),  w  the  observed  weight  in  air, 
p  the  density  of  the  body,  p^  the  density  of  the  weights,  ^  the  density  of  the 
air  at  the  time  of  weighing.    Hence  show  that  if 

or.  W=w  +  0-0012w;(l/p  -  1/p,) (6) 

which  is  the  standard  formula  for  reducing  weighings  in  air  to  weighings  in 
vacuo.  The  numerical  factor  represents  the  density  of  moderately  moist  air 
at  the  temperature  of  a  room  under  normal  conditions. 

(4)  If  a  denotes  the  coefficient  of  cubical  expansion  of  a  solid,  the  volume 
of  a  solid  at  any  temperature  9  is,  v  =  Vq{1  +  o^),  where  Vq  represents  the 
volume  of  the  substance  at  0°.  Hence  show  that  the  relation  between  the 
volumes,  v^  and  Vg,  of  the  solid  at  the  respective  temperatures  of  0^  and  6^  is 

Vj  =  Va(l  +  a^i  -  o^a) (7) 

Why  does  this  formula  fail  for  gases  ? 

(5)  Since 

1  1       a       a« 

=  —  H — ^o  +  ~w  T"  •   •  •» 

X  -  a      X      x^      or 

the  reciprocals  of  many  numbers  can  be  very  easily  obtained  correct  to  many 

decimal  places.    Thus 

1  _        1        _    1  3  9 

97  ""  100  -  8  "  100  "*■  10,000  "*"  1,000,000  +  "  *  * 
=  -01  +  -0003  +  -000009  +   .  .  . 

(6)  We  require  an  accuracy  of  1  per  1,000.  What  is  the  greatest  value  of 
X  which  will  permit  the  use  of  the  approximation  formula 

(l  +  x)»  =  1  +  3x9 

(7)  From  the  formula 

(1  +  ir)»  =  1  ±  nx, 

calculate  the  approximate  values  of  ^999,  1/  \^r02,  (1-001)»,  \^r05,  mentally. 
Note  n  may  be  positive  or  negative,  integral  or  fractional. 

I  97.  Haolaurin's  Theorem. 

There  are  several  methods  for  the  development  of  functions 
in  series,  depending  on  algebraic,  trignometrical,  or  other  pro- 
cesses. The  one  of  greatest  utility  is  known  as  Taylor's  theorem. 
Maclaurin's  *  theorem  is  but  a  special  case  of  Taylor's. 

Maclaurin*s  theorem  determines  the  law  for  the  expansion  of  a 
function  of  a  single  variable  in  a  series  of  ascending  powers  of 
that  variable. 


*  The  name  is  here  a  historical  misnonier.  Taylor  published  his  series  in  1715. 
In  1717,  Stirling  showed  that  the  series  under  consideration  was  a  special  case  of 
Taylor's.     Twenty -five  years  after  this  Maclaurin  independently  published  Sturling's 


series. 
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Let  the  variable  be  denoted  by  x,  then, 

u  =  fix). 

Assume  that  f(x)  can  be  developed  in  ascending  powers  of  x, 
say, 

u  =/(rc)  ^A  +  Bx'\-Gx^  +  Dx^+.,.*  .  (1) 
where  ^,  B,  (7,  D  .  .  .  ,  are  constants  independent  of  x,  but  de- 
pendent on  the  constants  contained  in  the  original  function. 

It  is  required  to  determine  the  value  of  these  constants,  in  order 
that  the  above  assumption  may  be  true  for  all  values  of  x. 

By  successive  dififerentiation  of  (1), 

^  =  4/(|)  ^B  +  2Cx  +  3Dx^  +  .  .  .  ;        .        (2) 

g=^/^)  =  2C.2.3i>.....;     .        .        (3) 

^=4/'(^)-2.3.i)+ (4) 

dx^        ax 

By  hypothesis,  (1)  is  true  whatever  be  the  value  of  x,  and, 

therefore,  the  constants  A,  B,  G,  D,  .  .  .  are  the  same  whatever 

value  be  assigned  to  x.    Now  substitute  rr  —  0  in  equations  (2),  (3), 

(4).     Let  V  denote  the  value  assumed  by  u  when  x  «  0.     Hence, 

from  (1), 

V  ==/(0)  =  il,  .\  A^v;      ,        .        (6) 

from  (2).      g-/'(0)-1.5.  .-.B^p^; 

from(3).      J2=/'(0).1.2O,  •••^-2^,^' 

from  (4).      g=r(0)  =  1.2.31).         •••  i^  =  3^  g. 

"/"(O) "  means  that  f(x)  is  to  be  diflFerentiated  n  times,  and  x 
equated  to  zero  in  the  resulting  expression. 

Substitute  the  above  values  of  -4,  -B,  C,  .  .  .  ,  in  (1)  and  we  get 

dv  X      d'h  x^      dH  x^   .  /^x 

"  =  ^  +  5ii  +  dr^2i  +  3i53-!-'---      •     <*> 

The  series  on  the  right-hand  side  is  known  as  Haclaurin's  Series. 
From  (5),  the  series  may  be  written, 

«  -  /(O)  +  /(0)f  +  /'(0)j^2  +  /"(O)^  :^3  +  •  •  •        (7) 


*  Note  the  resemblance  betweeu  this  expression  and  (1)  of  the  preceding  section. 
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I  98.  Useful  Deduotions  fipom  Haolaurin's  Theorem. 

The  following  may  be  considered  as  a  series  of  examples  of  the 
use  of  the  formula  obtained  in  the  preceding  section.  Many  of  the 
results  now  to  be  established  will  be  employed  in  our  subsequent 
work. 

1.  Ths  binomial  theorem.  In  order  to  expand  any  function  by  Maclaurin's 
theorem,  the  successive  differential  coefficients  of  u  are  to  be  computed  and  x 
then  equated  to  zero.    This  fixes  the  values  of  the  different  constants. 

Let  tt  =  (o  +  x)«, 

dujdx    =  n{a  +  x)«  -  ^  .*.  f(0)  =  na«  - » ; 

cPulday^  =  n{n  -  1)  (a  +  x)»  -  «.  .'.  /'(O)  =  n{n  -  l)a"  -  « ; 

cPujdx^  =  n(n  -  1)  (n  -  2)  (a  +  x)"-^,  .-.  /"(O)  =  n{n  -  1)  (n  -  2)a«-\ 
and  so  on.    Now  substitute  these  values  in  Maclaurin's  series  (6), 

(a  +  xy^  =  a«  +  ^a^-'x  +  Vl^Jia^-^x^  +  .  .  .  ,  .        (1) 

a  result  known  as  the  binomial  seriAfEt,  true  for  positive,  negative,  or  fractional 
values  of  n.    See  page  22.* 
Examples. — (1)  Prove  that 

(a  -  x)«  =  a«  -  -a»-^x  +  ^<^  ~  ^?a*'-«g«  -  .  .  .  .        (2) 

When  n  is  a  positive  integer,  and  n  =  m,  the  infinite  series  is  cut  off  at  a 
point  where  n  -  m  =  0.    A  finite  number  of  terms  remains. 
Establish  the  following  results : 

(2)  (1  +  a;«)i«  =  1  +  x«/2  -  x^/8  +  a:«/16  -  .  .  . 

(3)  (1  -  ir«)-i«  =1  +  x2/2  +  3j:^/8  +  6j:«/16  +  .  .  . 

(4)  (1  +  x«)-i  =  1  -  a;«  +  ar*  -  .  .  . 
Verify  this  last  result  by  actual  division. 

2.  Trignometrical  series.    Suppose 

u  =  f{x)  =  sin  X. 
Proceed  as  before.    Note  that 

c2(sin  x)ldx  =  cos  x,  d(coa  xj/dx  =  -  sin  x,  etc. 
.'.  sinO  =  0,  -  sin 0  =  0,  cosO  =  1,  -  cosO  =  -  1. 

Hence,  sinx  =  ^  -  —  +  ^ ^  -  ^  + (8> 

A  result  known  as  the  sine  seilM. 

*  In  the  proof  that  dx^jdx  —  nx*^  -~  ^,  we  have  assumed  the  binomial  theorem. 
The  student  may  think  we  have  worked  in  a  vicious  circle.  This  need  not  be.  The 
result  may  be  proved  without  this  assumption.     Let 

y  =  x«,  Xj  =  X  +  8x,  ^1  =  y  +  hy. 


X,  -  X  -    X,  -  X    ~  *^i  ^  '^•^1  +  .  .  .  +  X        . 


■1      •*'        *1 
by  division.    But  Lt^  =  qXj  =  x. 


dy 
■'•  ^^  =  x«  -  *  +  X"  *  *  +  .  .  .  to  n  terms  =  nx«  -  ^ 
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In  the  same  way,  show  that 

nA  yA  niS 

C08«=l-   _+--_   + (4) 

This  is  the  cosine  aeries. 

These  series  are  employed  for  calculating  the  numerical  values  of  angles 
between  0  and  ^v.  All  the  other  angles  found  in  "  trignometrical  tables  of 
sines  and  cosines,"  can  be  then  determined  by  means  of  the  formulae, 

sin(^  -  x)  =  cosx;  cos(^  -  x)  =  sinoj, 
of  page  499.    For  numerical  examples,  see  page  497. 

Now  let  u  =  f(x)  =  tan  x. 

From  page  499,  .*.  u  cos  x  =  sin  x. 

By  successive  differentiation  of  this  expression,  remembering  that  t^  —  dufdXt 
ti,  rs  dhilch^t  '  •  •  ,  as  in  §  8, 

.*.  Uicoax  -  usinx  »  cos  a;. 

.'.  i^cosx  -  2ti|Sina;  -  uooax  =  -  sinx. 

.'.  tt,cosx  -  Su^inx  -  SttjCosx  +  tfsinx  »  -  cosx. 

By  analogy  with  the  coefficients  of  the  binomial  development  (1),  or  Leibnitz* 

theorem,  §  20, 

i^ncosx  -  -tin-isinx  -    '^  ""    *Un_aC08x  +  .  .  .  =  nth  derivative  sinx. 

Now  find  the  values  of  u,  Uj,  i^,  t^,  .  .  .  by  equating  x  =  0  in  the  above 
equations,  thus, 

/(0)=/"(0) =0 

/•(0)=l,r(0)  =  2 

Substitute  these  values  in  Maclaurin's  series  (7),  preceding  section.     The 

result  is, 

X      2x'      IGx*  .  X     x*     2x*  ,m\ 

tanx  =  J  +  --  +  -g-j-  +  .  .  .  ;  or,  tanx  =  j  +  g  +  j|^  +  •  •  •         W 

The  tangent  series. 

8.  Inverse  trignometrical  aeries.    Let 

d  =  tan  -  *x. 
By  (3),  §  15  and  example  (4)  above, 

.-.  deldx  =  1/(1  +  x«)  =  l-x«  +  x*-x«+... 
By  successive  differentiation  and  substitution  in  the  usual  way, 

tan  -  ix  =  X  -  ^  +  —  -  .  .  .  ,  .        .        .        (6) 

8       5 

or,  from  the  original  equation, 

e  =  tan  9  -  \  tan'6  +  \  tan^0  -...,.        .        .        (7) 

which  is  known  as  Gregory's  series.    This  series  is  known  to  be  converging 

when  9  lies  between  -  Jir  and  ^. 

Gregory's  series  has  been  employed  to  calculate  the  numerical  value  of  v. 

Let  6  =  45°  =  i», .  •.  X  =  1. 

Substitute  in  (6), 

ir_._l      1      1      1       1^       1^ 

4""         3"*"6"7"*'9"11'^13"-"' 

The  so-called  Leilmits  series.    This  is  a  convenient  opportunity  to  emphasize 
the  remarks  on  the  unpracticable  nature  of  a  slowly  converging  series.    It 
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woald  be  an  extremely  laborious  operation  to  calculate  «■  accurately  by  means 

of  this  series.    A  little  artifice  will  simplify  the  method,  thus, 

»_/        1\      /I      1\      /I       1\  »_    2  2  2 

4  "  V         87  "*"  \6  "  7;  "^  V9  ""  11/  "^  •  •  •  •  i  "  lT8  ■*■  677  "*"  9^11  "*■•*• 

IT  '  " 


+  ^-n  + 


8  1.3  '  5.7  ■  9.11  ^ •  •  •  ' 
which  does  not  involve  quite  so  much  labour.  It  will  be  observed  that  the  angle  x 
is  not  to  be  referred  to  the  degree-minute-second  system  of  units,  but  to  th^ 
unit  of  the  circular  system  (page  494),  namely,  the  radian.  Suppose  x  =  1/  \^8, 
then  tan  ~~^x  =  30°  ^  ^ir.  Substitute  this  value  of  x  in  (6),  collect  the  positive 
and  negative  terms  in  separate  brackets,  thus 

6  "^  (  VS  "^  6;7p  +•••)-  (s^rp  +  T^p  +  .  .  .} 

To  further  illustrate,  we  shall  compute  the  numerical  value  of  ir  correct 
to  five  decimal  places.  At  the  outset,  it  will  be  obvious  that  (1)  we  must 
include  two  or  three  more  decimals  in  each  term  than  is  required  in  the  final 
result,  and  (2)  we  must  evaluate  term  after  term  until  the  subsequent  terms 
can  no  longer  influence  the  numerical  value  of  the  desired  result.  Hence : 
Terms  enclosed  in  the  first  brackets.  Terms  enclosed  in  the  second  brackets. 
0-67735  03  006415  01 

0*01283  00  000305  48 

0-00079  20  000021  60 

0-00006  09  000001  76 

0-00000  52  000000  15 

0-00000  06  0-00000  02 


0-59103  89  006744  02 

.-. »  =  6(0-59103  89  -  0*06744  02)  =  314159  22. 
The  number  of  unreliable  figures  at  the  end  obviously  depends  on  the 
rapidity  of  the  convergence  of  the  series  (page  224).  Here  the  last  two  figures 
are  untrustworthy.  But  notice  how  the  positive  errors  are,  in  part,  balanced 
by  the  negative  errors.  The  correct  value  of  ir  to  seven  decimal  places  is 
3-1415926.  There  are  several  shorter  ways  of  evaluating  ir.  See  Encyclopcedia 
Britannica,  art.  **  Squaring  the  Circle  '*. 
We  can  obtain  the  InTerse  sine  seriM 

in  a  similar  manner.    Now  write  a;  =  J,  sin  -^x  =  ^ir.    Substitute  these  values 
in  (8).    The  resulting  series  was  used  by  Newton  for  the  computation  of  v. 
4.  Exponential  theorem.    Show  that 

''=^+i  +  |]  +  li  + <^^ 

by  Maclaurin's  series. 

The  exponential  series  expresses  the  development  of  e*,  a',  or  some  other 
exponential  function  in  a  series  of  ascending  powers  of  x  and  coefiicients 
independent  of  x. 

Examples.— (1)  Show  that  if  /c  =  log  a 

a«  =  1  +  fee  +  *^^  +  ^^'  + (10) 
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(2)  Show  «-x=i_|  +  ^_|J+?J_ (11) 

(8)  Calculate  the  numerical  value  of  e  correct  to  four  decimal  places. 
Hint,  put  X  ~  1  in  (9),  etc. 

The  development  hy  Maclaurin's  series  cannot  be  used  if  the  function 
or  any  of  its  derivatives  becomes  infinite  or  discontinuous  when  x  is  equated 

to  zero.  For  example,  the  first  differential  coefficient  of  f(ix)  =■  Vx,  is  J/  \^, 
which  is  infinite  for  x  ==  0,  in  other  words,  the  series  is  no  longer  convergent. 
The  same  thing  will  be  found  with  the  functions  logx,  cotx,  l/x,  a^'*  and 
sec  -  ^x.  Some  of  these  functions  may,  however,  be  developed  as  a  fractional 
or  some  other  simple  function  of  x,  or  we  may  use  Taylor's  theorem. 

I  99.  Taylor's  Theorem. 

Taylor's  theorem  determines  the  law  for  the  expansion  of  a 
function  of  the  sum,  or  difference  of  two  variables  *  into  a  series 
of  ascending  powers  of  one  of  the  variables. 

Now  let 

u^  =f{x  +  y). 
Assume  that 

^1  =/(«  +  y)^A-\-By  +  Cy^  +  Dy^  + (1) 

where  ^4,  -B,  C,  Z>,  .  .  .  are  constants,  independent  of  y,  but 
dependent  upon  x  and  also  upon  the  constants  entering  into  the 
original  equation. 

Differentiate  (1)  on  the  supposition  that  x  is  constant  and  y 
variable.     Thus, 

du.       ^      ^x^        «^  . 

^^  =  B  +  2Cy  +  BDi/  + (2) 

Now  differentiate  (I)  on  the  supposition  that  y  is  constant  and  x 

variable, 

du,      dA      dB        dC  .,      dD  , 

■dx  =  di-^ diy^dxy  -^d^y'^-  •  ■      ■   (3) 

First,  to  show  that 

cZwj      dtL^^ 

dy       dx 
where  u^  =  f{x  +  y). 

*  A  function  of  the  sum  of  two  variables  i.s  such  that  if  a  single  variable  be 

substituted  for  that  sum,  the  original  function  reduces  to  that  of  a  single  variable. 

For  instance, 

sin  2  =  i«  =  sin  (y  +  2), 

where  x  is  the  sum  of  the  two  variables  y  and  z. 

t  Note  that  dttjdy  and  dui/dx  of  (2)  and  (3)  are  really  partial  differential  co- 
efficients.   Strictly,  we  should  write, 
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Now  let 

V  =  X  +  y;  .-.  %  =/(v)- 
Differentiate  with  respect  to  x,  y  constant;  also  with  respect  to 

y,  X  constant. 

du^      du^  dv  .  dui  _  du^  dv 

dx  "^  dv  dx*    dy  ^  dv  dy 
(See  page  29.)    But  v  =  x  +  y  and  if  y  is  constant,  dv  —  dx  and 
dvldx  =  1 ;  similarly,  if  x  is  constant,  dv  =  dy,  or  dvldy  =  1,  there- 
fore 

du^  _  ^^1    ^^1      ^^1  ^^1  _  ^^1 

dx  ~~  dv  *    dy  "  dv  '      *  dx  ^  dy ' 

It,  therefore,  follows  that  (2)  and  (3)  are  identical. 
dA      dB        dC 

Since  this  identity  is  true  whatever  be  the  value  of  y,  the  co- 
efficients of  like  powers  of  y,  on  each  side  of  the  equation,  are 
equal  each  to  each  (footnote,  page  172),  therefore, 

dA       ^    dB      ^^    dC      ^^ 

5^=^'ax  =  2C;a^  =  3Z>; (5) 

But,  by  hypothesis,  (1)  is  true  whatever  be  the  value  of  y.     We 

may,  therefore,  put  ^  =  0  so  that  the  original  equation  reduces  to 

a  function  of  x,  say, 

u  =/(ir) (6) 

A-Wi,   n^^^  ,  ^  =  2  3x"2*3F'  ^^3'  dx~2r3'  dx^'   '   "  " 
Substitute  these  values  ol  A,  B,  C,  D  in  the  original  equation 

and  we  obtain 

du  y      dhc    %fi        d^u      y^ 

«i  =  /(^  +  y)  =  «  +  3i  i  +  dx-z  172  +  3^  17273  +  •  •  •  ("^J 

The  series  on  the  right-hand  side  is  known  as  Taylor's  series. 
From  (6),  we  may  write  Taylor's  series  in  the  form, 

«i  -A^  +  y)  =/(^)  +  /'Wf  +  /"(^)o  +^"'(^)r?73  +  •  •  •  (8) 

Or,  interchanging  the  variables, 

«i  =  A^  +  y)  -  Ay)  +  /(y)f  +  f'iy)^  +  /"(y)f^  +  •  •  •   (») 

Example. — Prove  that 

/(^  -  y)  =  /W  -  n^)^  +  /"WfJ  -  /'"(ar)|7  + (10) 

Maclaurin's  and  Taylor's  series  are  slightly  different  expressions 
for  the  same  thing.    The  one  form  can  be  converted  into  the  other 
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by  substituting  f{x  +  y)  for  f(x)  in  Maolaurin's  theorem,  or  by 
putting  ^  »  0  in  Taylor's.  The  geometrical  signification  is  that 
each  function  is  the  equation  of  a  curve  with  a  different  origin 
on  the  a;-axis  and  y  denotes  a  constant,  not  an  ordinate,  on  the 
abscissa  axis. 

Examples. — (1)  Expand  Uj  =  (x  +  y)"  by  Taylor's  theorem.    Put  y  =  0 

and  u  =s  X", 

du  dhi 

.-.  rf^  =  nx»-i ;  ^a  =  n(n  -  l)x--«.  etc. 

Substitute  the  values  of  these  derivatives  in  (8). 

.'.  ttj  =  (x  +  y)"  =  x»  +  nx"  "  *!/  +  lt'^(n  -  l)x"  -  V  +  •  •  • 
Verify  the  following  results : — 

(2)  If  fc  =  log  a, 

t^  =  a'  +  j'  =  a'(\  +  ky  -\-  i^V  +  WV  +  .  .  .) 

(3)  1*1  =  (X  +  2/  +  ay^  =  (x  +  a)»«  +  \y(x  +  a)  -»«-...  If  x  =  -  a, 
the  development  fails. 

(4)  tti  =  sin  (X  +  y)  =  smx^l  -  |j  +  ^  -  .  .  .)  +  cosx^y  -  |!.  +  _  .^ 
For  numerical  examples,  see  page  497. 

(5)  log  (a;  +  y)  =  logx  +  I  -  ,j^2  +  ^j  -  .  .  . 

(6)  log„(l  +  X)  =  ^Ix  -  Jx«  +  gx'  -  .  .  .). 

(7)  log  (1  +  y)  =  y  -  iy«  +  W  -  iy"  +  •  •  • 

(8)  log(l  -  y)  =  -  (y  H-  fy«  +  J^y^  +  ^y*  +  .   .   .). 

If  y  =  1,  the  development  gives  a  divergent  series  and  the  theorem  is  then 
said  to  fail.    The  last  four  examples  are  logarithmic  series. 

(9)  Put  y  =  -  X  in  Taylor's  series,  and  show  that 

/(x)  =  /(O)  +  f(x)\  -  r(x)^^  +  .  .  ., 

known  as  BemouUi't  aeries  (of  historical  interest,  published  1694). 

Mathematical  textbooks,  at  this  stage,  proceed  to  discuss  the  conditions 
under  which  the  sum  of  the  individual  terms  of  Taylor's  series  is  really  equal 
to  /(x  +  y).  When  the  given  function  /(x  +  y)  is  finite,  the  sum  of  the  cor- 
responding series  must  also  be  finite,  and  the  developed  series  (Taylor's  or 
Maclaurin's)  must  either  be  finite  or  convergent.  The  development  is  said  to 
fail  when  the  series  is  divergent. 

It  is  not  here  intended  to  show  how  mathematicians  have  succeeded  in 
placing  Taylor's  series  on  a  satisfactory  basis.  That  subject  belongs  to  the 
realms  of  pure  mathematics.*  The  reader  must  exercise  "belief  based  on 
suitable  evidence  outside  personal  experience,"  otherwise  known  as  faith. 
This  will  require  no  great  mental  effort  on  the  part  of  the  student  of  the 
physical  sciences.  He  has  to  apply  the  very  highest  orders  of  faith  to  the 
fundamental  principles — the  inscrutables — of  these  sciences,  namely,  to  the 


*  If  the  student  is  at  all  curious,  Todhunter,  or  Williamson  on   '*  Lagrange's 
Theorem  on  the  Limits  of  Taylor's  Series,"  is  always  available. 
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theory  ol  atoms,  stereochemistry,  affinity,  the  existence  and  properties  of 
interstellar  ether,  the  origin  of  energy,  etc.,  etc.  What  is  more,  "  reliance  on 
the  dicta  and  data  of  investigators  whose  very  names  may  he  unknown,  lies 
at  the  very  foundation  of  physical  science,  and  without  this  faith  in  authority 
the  structure  would  fall  to  the  ground ;  not  the  hlind  faith  in  authority  of 
the  unreasoning  kind  that  prevailed  in  the  Middle  Ages,  hut  a  rational  belief  in 
the  concurrent  testimony  of  individuals  who  have  recorded  the  results  of  their 
experiments  and  observations,  and  whose  statements  can  be  verified  .  .  .".* 

The  theory  of  proportional  parts  or  proportional  differences  is 
an  application  of  Taylor's  theorem.  If  a^  small  number  be  in- 
creased by  a  small  fraction  of  itself,  the  increase  in  the  value  of 
the  number  is  nearly  proportional  to  the  increase  of  its  logarithm. f 
Thus, 

logio(^  +  ^0  =  logio^(l  +  n)  ""  ^^^i<>'*  "^  ^^^i^r  ■''  n) ' 

=  log,,n  +  0-4343^  "  2  ^^  +  3  S^  ~  •  '  '  j' 
For  example,  let  n  be  not  less  than  10,000  and  h  not  greater 
than  unity,  h/n  is  not  greater  than  0*0001  and  the  next  term  is  not 
greater  than  J(0-0001)2,  that  is  to  say,  not  exceeding  0000000,0025. 
The  next  term  is,  of  course,  much  less  than  this.  We  may,  there- 
fore, correctly  write,  as  far  as  seven  decimal  places, 

log  (w  +  /i)  -  log  n  =  0-4343  x  h/n 
and  log  (n  +  1)  -  log  n  =  0*4343  x  1/n. 

By  division,  v^e  get  the  important  result, 

log  (n  +  h)  -lo^n  ^h 
log  (w  +  1)  -  log  n      i»     •         *         •       \^^) 
provided  the  difiFerences  between  two  numbers  n  and  h  are  such 
that  n  is  of  the  order  of  10,000  when  x  is  less  than  unity. 

This  formula,  known  as  the  rule  of  proportionad  parts,  is 
used  for  finding  the  exact  logarithm  of  a  number  containing  more 
digits  than  the  table  of  logarithms  allows  for,  or  for  finding  the 
number  corresponding  to  a  logarithm  not  exactly  coinciding  with 
those  in  the  tables.    The  following  examples  will  make  this  clear : — 


*  Excerpt  from  the  Presidential  Address  of  Dr.  Carrington  Bolton  to  the  Washing- 
ton Chemical  Society,  English  Mechanic,  5th  April,  1901. 

t  This  is  commonly  stated  as  an  exercise  on  dilferentiation.  A  question  like  this 
is  set :  '*  How  much  more  rapidly  does  the  pumber  x  increase  than  its  logarithm  i " 
Here  d(\og  x)ldx  =•  Xjx.  The  number,  therefore,  increases  more  rapidly  or  more  slowly 
than  its  logarithm  according  as  a:  >>  or  <  1.  \{  x  —  l,  the  rates  are  the  same.  If 
common  logarithms  are  employed,  M  (§  16)  will  have  to  be  substituted  in  place  of 
unity.     E.g.,  rf(logi^)rfa;  =  Mjx, 
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Examples.— (1)  Find  the  logarithm  of  46502*82,  having  given 

log  46501  ^  4-6674623 
log  46502  =r  4-6674716 

Difference  »  00000093 

Let  X  denote  the  quantity  to  be  added  to  the  smaller  of  the  given  logs. 

The  problem  may  be  stated  thus, 

log  n  :»  log  46501  ==  4-6674628  ; 

log  (n  +  1)  =  log  (46501  +  1)  =  4-6674623  +  00000093  ; 

log  (n  +  fe)  =  log  (46501  +  x)  =  4-6674623  +  x, 

by  simple  rule  of  three :  if  a  difference  of  1  unit  in  a  number  corresponds  with 

a  difference  of  0-0000098  in  the  logarithm,  what  difference  in  the  logarithm 

will  arise  when  the  number  is  augmented  by  0-82  ? 

.-.  1 : 0-32  =  0-0000098  :  «.  .-.  x  =  0-00000298  .  .  . 

The  required  logarithm  is,  therefore,  4-6674653. 

(2)  Find  the  number  whose  logarithm  is  4*6816223,  having  given 

log 48042  =  4-6816211 ;  log 48048  =  4'6816801. 

Since  a  difference  of  unity  in  the  number  causes  a  difference  of  0*0000090 

in  the  logarithm,  what  will  be  the  difference  in  the  number  when  the  logarithms 

differ  by  00000012 ? 

.*.  1 :  X  =  0-0000090 : 0-0000012, 

X  =  0-13,  or  the  number  is  4804218. 

The  rest  of  this  chapter  will  be  mainly  concerned  with  direct 
or  indirect  applications  of  infinite  converging  series.  §  183  on 
proportional  errors  and  §  158  on  the  use  of  Taylor's  theorem  in 
finding  the  approximate  roots  of  an  equation,  may  also  be  consulted. 

I  100.  The  Contact  of  Carres. 

The  following  is  a  geometrical  illustration  of  one  meaning  of  the  different 
terms  in  Taylor's  development. 

If  four  curves  Pa,  Pb,  Pc,  Pd,  .  .  .  (Fig.  101),  have  a  common  point  P, 
any  curve,  say  Pc^  which  passes  between  two  others,  P6,  Pd^  is  said  to  have  a 
closer  contact  with  Ph  than  Pd  has. 


0'  M        H^ 

Figs.  101.  102.— Orders  of  Contact  of  Curves. 

Now  let  two  curves  P^  and  P^Pj  (Fig.  102)  referred  to  the  same  rect- 
angular  axes,  have  equations, 

y=/(a:)and,  yi=/,(a:,). 


236  HIGHER  MATHEMATICS.  §  101. 

Let  the  abscissa  of  each  curve  at  any  given  point,  be  increased  by  a  small 
amount  A,  then,  by  Taylor's  theorem, 

/(.  +  ;.)  =  i,  +  |.  +  3|;+ (1) 

A(..  +  .)  =  „  +  ^  +  gig+ (2) 

If  the  curves  have  a  common  point  Pq,  x  ^  x^  and  2^  =  ^i  at  the  point  of 
contact.  Substitute  the  coordinates  of  this  point  in  equations  (1)  and  (2). 
f(x  +  h)  will  represent  the  ordinate  PM^  and  /j(a^  +  h),  the  ordinate  Pi3fp 
Similarly,  dy/dx,  cPyfda^  .  .  .  will  represent  the  differential  coefficients  of  the 
ordinate  of  the  curve  f(x  +  h)  at  the  point  JPq  ;  dyjdx^^^  d^ildx\  .  .  .  ,  similar 
properties  for  the  second  curve  fy(xi  +  h). 

Since  the  first  differential  coefficient  represents  the  angle  made  by  a 
tangent  with  the  a^-axis,  if,  at  the  point  Pq, 

a?  =  a^i ;  y  =  i/i  and  dyjdx  =  dy^jdx^, 
the  curves  will  have  a  common  tangent  at  P^.    This  is  called  a  contact  of  tbe 
first  order.    If,  however, 

a?  =  »!.  y  =  l/i ;  dyjdx  -  dyjdx^  and  d^fdx'^  =  d^^fdT*^, 
the  curves  are  said  to  have  a  contact  of  the  second  order,  and  so  on  for  the 
higher  orders  of  contact. 

If  all  the  terms  in  the  two  equations  are  equal  the  two  curves  will  be 
identical ;  the  greater  the  number  of  equal  terms  in  the  two  series,  the  closer 
will  be  the  order  of  contact  of  the  two  curves. 


I  101.  Extension  of  Taylor's  Theorem. 

Taylor's  theorem  may  be  extended  to  include  the  expansion  of 
functions  of  two  or  more  independent  variables.     Let 

'^  =  /(^»  y),       .         •         .         .         (1) 
where  x  and  y  are  independent  of  each  other.      Suppose  each 

variable  to  change  independently  so  that  x  becomes  x  +  h  and 

y  becomes  y  +  k. 

Let /(a?,  y)  change  to/(a;  +  h,  y).     By  Taylor's  theorem 

f(x  +  h.y)  =  u+-h  +  ^^^+...  .        (2) 

If  y  now  becomes  y  ■¥  kj  each  term  of  equation  (2)  will  change  so 
that 

^u        Ti^u  k^ 
u  becomes  u  +  -—A;  +  -—-  _  +  .  .  .  ; 

oy         oy^  2! 

_  becomes  _  + _fc  +  .  .  .;_  becomes  ^^^  +  ^  +  .  .  .  . 

by  Taylor's  theorem.     Now  substitute  these  values  in  (2)  and  we 
obtain, 
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'dUy         'd^   h 


•        •        • 


Su  ^/(x  +  Ky-^k)-  f{x,  y) ; 

= tJ"  +  5^^  +  2^''  +  W   ""  V  )  "■  •  •  •        ^^ 

The  final  result  is  exactly  the  same  whether  we  expand  first 
with  respect  to  y  or  in  the  reverse  order. 

By  equating  the  coefficients  of  hk  in  the  identical  results  ob- 
tained by  first  expanding  with  regard  to  h,  (2)  above,  and  by  first 
expanding  with  regard  to  /c,  we  get 

^  _  ^ 
'^x^y      ^y^x* 
which  was  obtained  another  way  in  §  23. 

The  investigation  may  be  extended  to  functions  of  any  number 
of  variables. 

Example. — Show  that 

1 102.  The  Determination  of  Maximum  and  Minimum  Values 
of  a  Function  by  means  of  Taylor's  Series. 

I.  Functions  of  one  variable,  Taylor's  theorem  is  sometimes 
useful  in  seeking  the  maximum  and  the  minimum  values  of  a 
function,  say,  y  =  f{x).  It  is  required  to  find  particular  values  of 
X  in  order  that  y  may  be  a  maximum  or  a  minimum. 

Let  X  change  by  a  small  amount  h  so  that  by  Taylor's 
development, 

First,  it  must  be  proved  that  h  can  be  made  so  small  that  J^h  will  be 

ax 

greater  than  the  sum  of  all  succeeding  terms  of  Taylor's  series.    Assume 

that  Taylor's  series  may  be  written, 

f{x  +  h)  =  y  +  Ah+  Bh^  +  Ch^  +  .  .  .  , 

where  A,  B^  C^  .  .  .  are  coefficients  independent  of  hhnt  dependent  upon  x, 

then,  if  Rh  =  Bh  +  Ch^  +  ...  we  have, 

f(x  +  h)  =  y  +  h(A  +  Rh) (2) 

For  sufficiently  small  values  of  A,  Rh  fnust  be  less  than  A^  because,  by 

hypothesis,  A  is  independent  of  h. 
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Second,  when  x  changes  by  a  small  amount  h,  it  follows,  ex- 
amples §  57,  that  for  a  maximum, /(a?)  >/(a?  +  ^),  and /(a?)  >f{x  -  h) ; 
for  a  minimum,  f{x)  <  f(x  +  h),  and  f{x)  <  f{x  -  h).   It  is,  therefore, 

easy  to  see  that  if 

ris  negative,  f{x)  will  be  a  maximum ; 

f{x  ±h)  -  f{x)^  is  positive,  f{x)  will  be  a  minimum  ; 

Ichanges  sign,  f{x)  will  be  neither, 
whatever  the  sign  of  h,* 

If  dyldx  has  a  finite  value,  h  may  be  imagined  so  small  that 
the  sign  oi  A  +  Rh  of  (2)  does  not  change  when  that  of  h  changes. 
Therefore,  the  sign  of  f{x  +  h)  -  f{x)  will  depend  on  that  of  h, 
and  consequently  f{x)  cannot  be  either  a  maximum  or  a  minimum. 
Only  when  h  and  A  +  Bh  change  sign  simultaneously  (as  h  passes 
through  zero)  can  x  be  either  a  maximum  or  a  minimum.  Under 
these  circumstances,  dyldx  becomes  zero  for  maximum  or  minimum 
values  of  y. 

If  dxidy  vanishes, 

/,..»,./(.). g»;, I'....    .    (3) 

As  before,  it  can  be  shown  that  . .  |  _  is  greater  than  all  suc- 
ceeding terms  of  the  series.  But  h  is  of  necessity  positive,  the 
sign  of  the  second  differential  coefficient  wiU,  therefore,  be  the 
same  as  that  of  f{x  +  h)  -  f{x).  In  other  words,  y  will  be  a 
maximum  when  dyldx  =  0  and  d'^yldx^  is  negative,  and  a  minimum, 
^f  d^yldx^  is  positive. 

If,  however,  the  second  differential  coefficient  vanishes,  the 
reasoning  used  in  connection  with  the  first  differential  must  be 
applied  to  the  third  differential  coefficient.  If  the  third  derivative 
vanishes,  a  similar  relation  holds  between  the  second  and  fourth 
differential  coefficients. 

To  generalise,  if  the  order  of  the  first  differential  coefficient  that 
does  not  vanish  is  odd,  f(x)  will  be  neither  a  maximum  nor  a 
minimum  unless  d^yldx"^  passes  through  infinity  (where  n  is  the 
order  of  the  differential  that  does  not  vanish).  If  n  is  even,  we 
shall  have  a  maximum  or  a  minimum  according  as  d'yldx""  is 
negative  or  positive, 

*When  refertince  is  made  to  a  magnitude  'without  refereuce  to  its  positive  or 
negative  values  it  is  frequently  written  i^j,  |a|,  (8iux|,  and  called  the  absolute  value 
of  hy  a,  or  sin  a:,  as  the  case  might  be.  In  this  work  ±h  h  written  for  |A  |,  ±  sin  a: 
for  I  sin  X  |,  etc. 
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Hencje  the  rules : — 

1,  y  is  either  a  maximum  or  a  minimum  for  a  gvoen  value  of  x 
only  when  the  first  tion-vanishing  derivative,  for  this  value  of  x,  is 
even. 

2,  y  is  a  nmximwn  or  a  minimum  according  as  the  sign  of  the 
non-vanishing  derivative  of  an  even  order^  is  negative  or  positive. 

In  practice,  if  the  first  derivative  vanishes,  it  is  often  con- 
venient to  test  by  substitution  whether  y  changes  from  a  positive 
to  a  negative  value.  If  there  is  no  change  of  sign,  there  is  neither 
a  maximum  nor  a  minimum. 

Examples. — (1)  Test  y=a:^-'12x^-60x  for  maximum  or  minimum  values. 
dyjdx    -  8a:*  -  24x  -  60;  .*.  a:«  -  8a:  -  20  =  0,  or  a;  =  -  2,  or  +  10. 
cPyldx*  =  6a:  -  24 ;  or,  a:  =  +  4. 
Since  d^y/dx*  is  positive  when  a;  =  10  is  substituted,  a;  =  10  will  make  y  a 
minimum.   When  -  2  is  substituted,  d^yjdx'^  becomes  negative,  hence  x  =  ~  2 
will  make  y  a  maximum.    This  can  easily  be  verified  : 

If    X  =  -  8,         -  2,         -  1,        .  .  .  +  9,  +10,         +  11,  .  .  . 

y  =  +  45,       +64,       +48,      ...  -  783,       -  800,       -  781  .  .  . 
(max.)  (min.) 

(2)  What  value  of  x  will  make  y  a  maximum  or  a  minimum  in  the  ex- 
pression, y  =  x^  -  6ar*  +  liar  -  6  ? 

dyjdx    =  8ar8  _  i2x  +  11  =  0;  .-.  a:  =  2  ±  i/n^S; 
dl>yldx^  =  &x  -  12. 

If  a:  =  2  +  1/  s%  dhfldx^  =  2  \^3.        .        (max. ) ; 

1  =  2-1/  Vai,  d^y/dx*  =  -  2  \'3.     .        (min.). 

II.  Functions  of  two  variables.  To  find  particular  values  of 
X  and  y  which  will  make  the  function, 

a  maximum  or  a  minimum.     As  before,  when  x  changes  by  a  small 
amount  h,  and  ^  by  a  small  amount  A;,  if 

(is  negative,  /(x,  y)  will  be  a  maximum ; 
is  positive,  /(a;,  y)  will  be  a  minimum  ; 
changes  sign,  f{x,  y)  will  be  neither, 
whatever  be  the  signs  of  h  and  k.     Also,  let 

w  =  /(rr  +  /i,  2/  +  A;)  -  f{x,  y). 
Expand  this  function  as  in  the  preceding  section  (3).     By  making 
the  values  of  h  and  k  small  enough,  the  higher  orders  of  differ- 
entials become  vanishingly  small.     But  as  long  as  ^uj^x  and  'bul^y 
remain  finite,  the  algebraic  sign  of  hu  will  be  that  of 

^u        ^u 
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At  a  maximam  or  a  minimum  point,  we  must  have 

and,  since  h  and  k  are  independent  of  each  other,  u  can  have  a 
maximum  or  a  minimum  value  only  when 

^-  =  0  and  ^-  =  0,  .        .         .        .       (5) 

because  the  sign  of  Su,  in  (4),  depends  upon  the  signs  of  h  and  k. 
Thus  Su  will  be  positive  for  some  values  of  7>u/^x,  negative  for 
others.  The  same  thing  holds  for  'diii^y.  Substituting  'dul'^x  =  0, 
^W^y  =  0  in  (3),  §  101,  we  get 


If  h  and  k  be  taken  sufficiently  small,  8u  will  always  have  the 
same  sign.  (Why?)  For  the  sake  of  brevity,  write  the  homo- 
geneous quadratic  (6)  in  the  form 

ah:^  +  bhk  +  ck'K 

On  page  388,  it  is  shown  that  the  sign  of  this  quadratic  remains 
invariable,  provided  dc  is  greater  than  h'^  and  the  signs  of  a  and 
c  are  the  same.  This  means  that  if  condition  (5)  holds,  hi  will 
have  the  same  sign  for  all  values  of  h  and  k  within  certain  limits, 
provided  '^'hil^xP-  and  'dhifdy'^  have  the  same  sign  and 

5^  5^  IS  greater  than  ^-^^.    .         .         .       (,) 

This  is  Lagrange's  oriterion  for  the  maximam  and  minimum 
Yalues  of  a  function  of  two  Yariables.  When  this  criterion  is 
satisfied,  f{x,  y)  will  be  a  maximum  or  a  minimum  according  as  the 
sign  of  ^hil'bx^  (or  '^hil^y^)  is  negative  or  positive. 

K  ^-,  ^,  is  less  than  5^^^,      ...      (8) 

or  'dHoI'dx^  and  'dhil'dy^  have  different  signs,  the  function  is  neither  a 
maximum  nor  a  minimum.     There  is  a  point  of  inflection. 

^^  ix^  iy^  ""  ^x^y'      •         •         •         •       (9) 

in  order  that  a  maximum  or  a  minimum  may  occur,  it  is  neces- 
sary that  the  first  set  of  differential  coefficients  which  do  not 
vanish,  shall  be  of  an  even  order. 
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Examples. — (1)  Test  the  function  u  =  xr*  -{■  y^  ^  Saxy  for  maxima  or 
minima, 

3m/3x  =  Sx^  -  Say  =  0, .-.  y  =  x^/a ; 
'duj'dy  =  3y'  -  Sax  =  0,  .•.  y'-  ax=x*la*  -  a«  =  0. 
.*.  a;  =  0,  x"  -  rt*  =  0,  or  a;  =  a. 
The  other  roots,  being  imaginary,  are  neglected. 

.,•.  y  =  x'/a  =  a,  or  y  =  0. 


=  -  3a ;  ^5:^5^  =  6y. 


3x32/  -     "*•  *  dy* 
Call  these  derivatives  (a),  (6),  and  (c)  respectively,  then 
If  X  =  0,  (rt)  =  0,    (6)  =  -  3a,  (c)  =  0. 

If  X  =  a,  (a)  =  6a,  (b)  =  -  8a,  (c)  =  6a. 

•  •  dx-*  3?/2  "  ^^  »  3x3i/  -     ^'^• 
which  means  that  x  =  a  will  make  the  function  a  minimum  because  c3^/3x' 
is  positive ;  x  =  0  will  give  neither  a  maximum  nor  a  minimum. 

(2)  Find  the  condition  that  the  rectangular  parallelepiped  whose  edges 
are  x,  y  and  z  shall  have  a  minimum  surface  when  its  volume  is  v^. 

Since  v^  =  xya,  it  =  xy  +  y«  +  ^x  =  xy  +  tr'/x  +  vi^ly.  When  3m/3x  =  0,. 
x"y  =  «■ ;  when  duj'dy  =  0,  xy*  =  vK  The  only  real  roots  of  these  equations 
are  x  =  y  =  v,  therefore,  z  =  v.  The  sides  of  the  box  are,  therefore,  equal  to 
each  other. 

(8)  Show  that  u  —  x^y^l  -  x  -  r/)  is  a  maximum  when  x  =  ^^  y  —  ^. 

(4)  Find  the  maximum  value  of  it  in  « = x'  -  Sax*  -  4ay^.  duldx = 3x(x  -  2a) ; 
duj'dy^  -  8ay ;  3ai*/3x2=6(x  -  a) ;  'd^ul'dxdy=0 ;  d^u/dy^^  -  8a.  Condition  (6> 
is  satisfied  by  x  =  0,  y  =  0  and  by  x  =  a,  j/  =  0. 
The  former  alone  satisfies  Lagrange's  condition  y 
(7),  the  latter  comes  under  (8). 

(5)  In  Fig.  108,  let  P^  be  a  luminous  point ; 
OJf|,  OM^  are  mirrors  at  right  angles  to  each  |^ 
other.  The  image  of  Pj  is  reflected  at  A^,  and 
N^  in  such  a  way  that  (i.)  the  angles  of  inci- 
dence and  reflection  are  equal,  (ii.)  the  length 
of  the  path  P^NiN^Pi  is  the  shortest  possible. 
{FermaVs  principle^  '*  a  ray  of  light  passes  from 
one  point  to  another  by  the  path  which  makes 
the  time  of  transit  a  minimum  ".)  Let  t^  =  r^, 
i,  =  r,  be  the  angles  of  incidence  and  reflection 
as  shown  in  the  figure.    To  find  the  position  of  N^  and  N^ 

Let  02^2  =  x;  ON^  =  y\  OM^  =  o^ ;  M^P^  =  a,;  M^^  =  h^\  OM^  =  6,.   Let 

.-.  s  =  sfa\  +  (6i  -  y)«  +  v^;?Ty«  +  V(a,  -  x)«  +  h^. 
Find  dsfdx  and  3^3^.    Equate  to  zero,  etc.     Ansr. 

X  =  (0,6,  -  aifea)/(6i  +  dj ;  y  =  (036,  -  ai6J/(a,  +  a,). 
Note  that  xjy  =  (a^  +  aj/(6i  +  ftj-     Work  out  the  same  problem  when  the 
angle  MfiM^  =  a. 

(6)  Required  the  volume  of  the  greatest  rectangular  box  that  can  be  sent 

Q 
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by  *' Parcels  Post"  in  accord  with  the  regulation:  "length  plus  girth  must 
not  exceed  six  feet ".  Ansr.  1  f t.  x  1  ft.  x  2  f t.  =  2  eft.  Hint.  V  =  xyz  is  to 
be  a  maximum  when  F  =  a:  +  2(y  +  2)  =  6.  But  obviously  y  =  2,  .•.  7  =  xy^ 
is  to  be  a  maximum,  etc. 

(7)  Required  the  greatest  cylindrical  case  that  can  be  sent  under  the  same 
regulation.  Ansr.  Length  2ft.,  diameter  4/Tft.,  capacity  2*55  eft.  Hint. 
Volume  of  cylinder  =  area  of  base  x  height,  or,  ^lU^  is  to  be  a  maximum 
when  the  length  +  the  perimeter  of  the  cylinder  =  6,  i.e.,  I  +  rD  =  6.  Ob- 
viously /  and  D  denote  the  respective  length  and  diameter  of  the  cylinder. 

See  also  §  106. 


§  103.  Indeterminate  Funotions.* 

In  discussing  the  velocity  of  reactions  of  the  second  order,  we 
found  that  if  the  concentration  of  the  two  species  of  reacting 
molecules  is  the  same,  the  expression 

fct  =  _J_log^.^, 
a  -  0       b  -  X   b 

assumes  the  indeterminate  form 

A;^  =  OD  X  0, 

by  substituting  a  =  5.     We  are  constantly  meeting  with  the  same 

sort  of  thing  when  dealing  with  other  functions,  which  may  reduce 

to  one  or  other  of  the  forms :  0/0,  oo/  oo,  oo  -  00,  1",  00°,  0^  .  .  . 

We  can  say  nothing  at  all  about  the  value  of  any  one  of  these 

expressions,  and,  consequently,  we  must  be  prepared  to  deal  with 

them  another  way  so  that  they  may  represent  something  instead 

of  nothing.     They  have  been  termed  illusory,  indeterminate  and 

singular  forms. 

Fractions  which  assume  the  form  ^  are  called  vanishing 
fractions^  thus,  {ax^  -  2arx  +  a^)l{bx'^  -  2abx  +  ba^)  reduces  to  Jf, 
when  x  —  a.  The  trouble  is  due  to  the  fact  that  the  numerator 
and  denominator  contain  the  common  factor  {x  -  a)^.  If  this  is 
eliminated  before  the  substitution,  the  true  value  of  the  fraction 
for  X  =  a  can  be  obtained,  W^.,  a/b. 

These  indeterminate  functions  may  often  be  evaluated  by  alge- 
braic or  trignometrical  methods,  but  not  always.  Taylor's  theorem 
furnishes  a  convenient  means  of  dealing  with  many  of  these  func- 
tions.   The  most  important  case  for  discussion  is  **  ^"  since  this 

*  In  one  sense,  the  word  "  indeterminate  "  is  a  misnomer,  because  it  is  the  object 
of  this  section  to  show  how  values  of  such  functions  may  be  determined. 
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form  most  frequently  occurs  and  most  of  the  other  forms  can  be 
referred  to  it  by  some  special  artifice. 

Case  i. — The  function  assumes  the  form  g.  As  already  pointed 
out,  the  numerator  and  denominator  here  contain  some  common 
factor  which  vanishes  for  some  particular  value  of  Xy  say.  These 
factors  must  be  got  rid  of.  One  of  the  best  ways  of  doing  this, 
short  of  factorising  at  sight,  is  to  substitute  a  +  ^  for  a;  in  the 
numerator  and  denominator  of  the  fraction  and  then  reduce  the 
fraction  to  its  simplest  form.  In  this  way,  some  power  of  h  will 
appear  as  a  common  factor  of  each.  After  reducing  the  fraction 
to  its  simplest  form^  put  /t  =  0,  so  that  a  —  x.  The  true  value  of 
the  fraction  for  this  particular  value  of  the  variable  x  will  then 
be  apparent. 

For  cases  in  which  a;  is  to  be  made  equal  to  zero,  the  numerator 
and  denominator  may  be  expanded  at  once  by  Maclaurin's  theorem 
without  any  preliminary  substitution  for  x.  For  instance,  the  trig- 
nometrical  function  (sin  x)lx  approaches  unity  when  x  converges 
towards  zero.  This  is  seen  directly.  Develop  sin  x  in  ascending 
powers  of  x  as  indicated  on  page  228.     We  thus  obtain 

/X       0?^       x^       x"^  \ 

sin^  _  yi  ""  3'1  "^  5!  "  71  7  _^  _x^      x^      afi 

X X  3!  "^  5!  "  7! 

The  terms  to  the  right  of  unity  all  vanish  when  a;  =  0,  therefore, 

X 

Examples. — (1)  Show  Lf,=o(a'  -  b^)jx  =  log  a/6,  page  87. 

(2)  Show  L^x  =  o(^  -  cosx)lx^  =  J. 

(3)  The  fraction  (x"  -  a**)/(j:  -  a)  becomes  0/0  when  x  ^  a.  Put  x  ==  a  +  h 
and  expand  by  Taylor's  theorem  in  the  usual  way.    Thus, 

Ltjc^a =  Ltk=a^  ——T. ^na"^-^,  etc. 

X  -  a  h 

It  is  rarely  necessary  to  expand  more  than  two  or  three  of  the  lowest  powers 

oth, 

(4)  Show  L^x  =  i^  "  ^^  =  -.    Put  X  =  1  +  7i  and  expand. 
^  1  -  X"       n 


•  The  symbol  "  x  =  0"  is  sometimes  used  for  the  phrase  "  as  x  approaches  zero ". 

"lim"       "Urn" 

n  or        .   ^   are  also  used  instead  of  our  "  Ltx=zQ"  meaning  "the  limit  of 
x=Ux  —  u 

-   .   .   as  X ^approaches  zero". 
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The  following  method  will  be  found  very  convenient  for  dealing 
with  indeterminate  functions  of  this  nature. 

Let  /Wi^  "  ^)    be  a  fraction  in  which /(a:),  f^(x)  are  the  parts 
fi{x){x  -  a)"*  •'^  ^'-'^^  ^  ^ 

not  containing  vanishing  factors,  n  and  m  are  positive  integers. 
First  let  m  ^  n.  By  differentiation  of  the  numerator  and  deno- 
minator m  times  and  then  substituting  a  for  x  we  get  f{x)lf^(x). 
For  instance,  the  value  of  the  expression, 

'=Hx^  +  xi  -  ix  -  i 
is  obtained  by  differentiating  once  so  that 

Tf  X 1 

If  n  >  m,  the  numerator  will  vanish  after  m  differentiations 
and  the  fraction  will  be  equal  to  zero.  If  n  <  m,  the  denominator 
will  vanish  after  n  differentiations  and  the  fraction  will  become 
infinitely  great.  Under  these  circumstances  we  proceed  by  the 
following  rule:  To  find  the  value  of  an  algebraic  fraction,  sub- 
stitute the  successive  differential  coefficients  of  the  numerator  and 
denominator  until  a  numerator  and  denominator  are  obtained 
which  do  not  vanish  for  the  value  of  x  under  consideration.  If 
the  numerator  vanishes  when  the  denominator  is  finite,  the 
limiting  value  is  zero.  Some  transcendental  functions  may  be 
treated  in  this  way. 

Examples. — (1)  Prove  that  /  _  =  logic,  by  means  of  the  general  formula 

far^da;  —  ,    Hint.  Show  that 

■'  n  +  1 

/j^  +  i 

Ijin^^x -.  =  loga:. 

w  +  1 

Differentiate  the  numerator  and  denominator  separately  with  regard  to  n  and 

substitute  n  =  -  1  in  the  result.    See  §  71. 

(2)  Show  L^=  ,_f_(  _1^  _  _J_^  =  0  log  '\     See  (4),  §  91,  (8).  §  92. 

Case  ii. — The  function  ass^imes  the  form  col  cd.  These  can  be 
converted  into  the  preceding  "  ^ "  case  by  interchanging  the 
numerator  and  denominator,  or  else  proceed  as  for  ^  by  the 
method  of  successive  differentiation. 

Examples. — (1)  Show  that 

^''  =  '^logsin2a:='^- 


§  103.  INFINITE  SERIES  AND  THEIR  USES.  245 

Simple  substitution  furnishes  -  00/  -  oo.    Differentiate  once  and 

cosar    sin  2a;      1      0 


=  «  X  s. 


2  COB  2a;  sin  X  ~~  2      0' 
Differentiate  the  second  factor  once  more  and  we  get 

2  cos  2a:/cos  x  ^  2,  etc. 
(2)  L^xsao^'/z**  »  Qo/oo,  when  n  is  positive.    Differentiate  n  times  and 

MX  fOt 


.2  .  .  .  n  05" 

Case  iii. — The  function  assumes  the  form  00  x  0.  Obviously, 
such  a  fraction  can  be  converted  into  the  **  0/0 ''  form  by  putting 
the  infinite  expression  as  the  denominator  of  a  fraction. 

Examples. — (1)  x  log  x  becomes  0  x  -  a>,  when  x  =  0.  Transpose  the 
infinite  term  to  the  denominator  and  differentiate. 

x/logx  becomes  on  differentiation  x^;  .*.  L^x=:o^logx  =:  0. 

(2)  Show  L/a  =  ft-^  log  (^  -  ^)*  _        * 


a  -  b        (6  -  x)a      a{a  -  x)' 
(3)  Show  Ltx=:^-'logx  =  0  X  00  =  0. 

Case  iv. — The  function  assumss  the  form  00-00.    First  reduce 
the  expression  to  a  single  fraction  and  treat  as  above. 


Examples. — (1)  Ltg^y 


X  1  xlogx  -  X  -  1 


X  -  1      log  X         ("C  -  1)  log  X 
Differentiate  twice  and 

^^-'xTi-l^^' 

(2)  Show  L^.  =  1-^  _  ^  =  1. 

logx      logx 

Case  V. — The  function  assvmies  one  of  ths  forms  1*,  od®,  0^, 
Take  logarithms  and  proceed  as  above. 

Examples. — (1)  Ltg^QX*  =  (fi.     Take  logs  and  the  expression  becomes 
-  00/  00 ;  differentiate  and  Ltx  =  QX*  ^  1. 
(2)  Show  L/,  =  o(l  +  nixy*  =  1»  =  e»». 

Sometimes  a  simple  substitution  will  make  the  value  apparent 
at  a  glance.     For  instance,  substitute  x  =  1/y  and  show  that 

X  +  0  1  +  oy 

Another  illustration  has  been  studied  in  §  16,  namely, 

i«»=o  I  log.  (1  +  ^)  =  i  log."  -  a;- 
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§  104.  *'  The  CalouluB  of  Finite  Differences." 

In  the  series, 

13,  23,  33,  43,  58,  ...  , 

subtract  the  first  term  from  the  second,  the  second  from  the  third, 

the  third  from  the  fourth,  and  so  on.    The  result  is  a  new  series, 

7,  19,  37,  61,  91,  ...  , 

called  the  first  order  of  differences.    By  treating  this  new  series 

in  a  similar  way,  we  get  a  third  series, 

12,  18,  24,  30 

called  the  second  order  of  differences.    This  may  be  repeated  as 

long  as  we  please,  unless  the  series  terminates  or  the  differences 

become  very^uregular. 

The  different  orders  of  differences  are  usually  arranged  in  the 

form  of  a  ''  table  of  differences  ".     To  construct  such  a  table,  it  is 

usual  to  begin  at  some  convenient  place  towards  the  middle  of  a 

series  of  corresponding  values  of  the  two  variables,  to  denote  the 

different  yalues  of  one  variable  by,  say, 

/>•  f}f^  ff*  />•  /¥• 

'*'  — 2»    **'— 1>    •*'0»       1»       2»    •    •    •    » 

and  corresponding  values  of  the  other  by,  say, 

y-2»  y -\^  2/0*  yi»  Vit  •  •  •  » 

The  differences  between  the  independent  variables  are  denoted  by 
the  symbol  "  A,"  with  a  superscript  to  denote  the  order  of  differ- 
ence and  a  subscript  to  show  the  relation  between  it  and  the 
independent  variable.     Thus, 

Ortlers  of  Differences. 


Argument. 

Function. 

^-2» 

2/-2» 

ar-i, 

2/-P 

*^o» 

yo» 

<^v 

Vi^ 

^2» 

2^2. 

'^^-2'  A  2 

Al  ^  -2'  A3 

Al  *^  -1»  A3  ^  -2' 

A\.  ^  o» 

where 

yi-yo^"  ^\\  yo  -  2/-1  =  ^^-1;  ^'0  =  ^\  -  ^V 
•••  ^\  =  ^2  -  %!  +  yo»  etc. 

Such  a  table  will  often  furnish  a  good  idea  of  any  sudden  change 
in  the  relative  values  of  the  variables  with  a  view  to  expressing  the 
experimental  results  in  terms  of  an  empirical  or  interpolation  for- 
mula. It  is  not  uncommon  to  find  faulty  measurements,  and  other 
mistakes  in  observation  or  calculation,  shown  up  in  an  unmistakable 
manner  by  the  appearance  of  a  marked  irregularity  in  a  member 
of  one  of  the  difference  columns.     It  is,  of  course,  quite  possible 
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that  these  irregularities  are  due  to  something  of  the  nature  of  a 
discontinuity  in  the  phenomenon  under  consideration. 

To  find  the  differential  coefficients  of  one  variable  with  respect 
to  another  from  a  table  of  differences.  If  corresponding  values  of 
two  variables  can  be  represented  in  the  form  of  a  mathematical 
equation,  the  differential  coefficient  of  the  one  variable  with  respect 
to  the  other  can  be  easily  obtained.  If  an  empirical  formula  is 
not  available,  the  tangent  to  the  *'  smoothed  "  curve,  obtained  by 
plotting  the  corresponding  values  of  x  and  y  on  coordinate  or 
squared  paper,  will  sometimes  allow  the  differential  coefficient  to 
be  deduced — but  not  always. 

According  to  Stirling's  interpolation  formula^ 

.  a;   Ai    +  AL,       a;2.         ,  xix^  -  1)   A^.,  +  A3_2 

x^x'^-l), 

(J.  Stirling's  Methodus  Differentialis,  London,  1730),  when  we 
are  given  a  set  of  corresponding  values  of  x  and  y,  say  Xf^y  y^ ; 
^vVv  '  •  •  »  ^®  ^^^  calculate  the  value  y  corresponding  to  any 
assigned  value  a;,  lying  between  x^  and  x^  (This  kind  of  opera- 
tion is  discussed  in  the  next  section.)  Stirling's  interpolation 
formula  supposes  that  the  intervals  x^  -  Xq^  Xq  -  x^^^  ,  ,  .  are 
unity.  If,  however,  h  denotes  the  equal  increments  in  the  values 
Xi-  Xq,  Xq-  x_i  .  .  .,  Stirling's  formula  is  written 

y-y    ^^     A^O  +  Al-l.       ^     .2  Ax  +  h)x(X-h)     A«_i  +  A^^^N 


{x  +  h)x\x-h) 

+  Wh^  ^  -2 

{x  +  2fe)  {x  -f  h)x{x  -  h)(x-  2h)     A^.g  +  A^-g 
■*■  5\h^  •  2  "^ 


(1) 


Differentiate  (1)  with  respect  to  x.     Put  x  —  0  in  the  result 

dx^h\ 2  6'"         2  "^aO"  2  •••j'W 

This  series  may  be  written  in  the  form, 

dy     1/AVtAL,     1*  AVL^2  ,  l'-2*  A^,  +  A^3_  \     ,3. 

dx°h\ 2 3!-         2         "^"S!  2  •  ■  ■)■  (^) 

The  following  method  of  deducing  (2)  is  instructive.    Assume  the  expansion 
y  =  A  +  Bx  +  Cx^  +  Dx^  +  Ex*  +  .  .  .  =  say,  y^. 
Difierentiate  with  respect  to  x, 

.-.  dyjdx  =  B  +  2Cx  +  SDx^  +  4.Ex^  + (4) 
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Let  X  reeeive  a  small  increment  +  h  and  also  a  small  increment  -  hf  then, 
from|the  original  equation, 

y  =  A  +  B{x  +  h)  +  C{x  +  h)^  +  D(x  +  fc)'  +  .  .  .  =  say,  y^ ; 
y  =i  A  -\-  B{x  -  h)  +  C{x  -  h)^  +  D{x  -  /i)'  +  .  .  .  =  say,  y  _  i. 

But  ^1  -  2/0  =  A^oi  Vo  -  y-\  =  A*-i»  •  •  • 

Therefore,  making  the  obvious  subtractions, 

A^o   =  Bh  +  C(2xh  +  ^«)  +  D(8x«;i  +  3x/i«  +  /i')  +  .  .  . 

A»-i=  B/i  +  C(2ir;*  -  7t«)  +  D(8a-a;i  -  Sx^i'  +  7i»)  +  .  .  . 

Add  these  equations  and  divide  by  2/^, 

]t .  ^^0  +  ^^-1  =  5  +  2Cir  +  8Dx2  ^  x);j2  ^  4^Ex^  +  .  .  . 
A  2 

When  h  is  made  very  small,  the  terms  containing  h  may  be  neglected.    The 

resulting  series, 


Li 


incr.y      A^o  +  A*-i  1  _ 


^  =  LtH=Q{B  +  2Cx  +  3Z)aj2+(D/i«+4J?x/i«  +...)} ; 
h 


•  •  » 


tncr.  a:  2 

=  B  +  2Cx  +  3i>x«  + 

is  identical  with  that  just  developed  for  dy/dx  in  equation  (4).     As  a  first 

approximation,  therefore,  we  can  write 

dy      I   A%+ A'-^  ^gv 

dx      h  2 

If  a  greater  accuracy  than  this  is  desired,  substitute  x  +  2h  and  x  -  2h  for 
X  in  the  original  equation.    In  this  way  we  can  build  up  (2). 

To  illustrate  the  use  of  formula  (2),  let  the  first  two  columns 
of  the  following  table  represent  a  set  of  measurements  obtained 
in  the  laboratory.  It  is  required  to  find  the  value  of  dy/dx 
corresponding  to  a;  =  6*2. 


X 

4.7 

4-8 
4-9 
50 
5-1 
5-2 
6-3 
6-4 
6-5 
6-6 
6-7 


y 

109-947 


A» 

11-663 


121-610 

12-780 

1-217 

0-126 

134-290 

14-123 

1-343 

0-143 

0-017 

148'418 

16-609 

1-486 

0-165 

0-012 

164-022 

17*250 

1-641 

0*174 

0-019 

181*272 

19*065 

1*815 

0*189 

0*015 

200-387 

21069 

2-004 

0-213 

0-024 

221-406 

23-286 

2-217 

0-231 

0-018 

244-692 

25-734 

2-448 

0-269 

0-028 

270-426 

28-441 

2-707 

298-867 

Make  the  proper  substitutions  in  (2).     In  the  case  of  6*2  only  the 
block  figures  in  the  above  table  are  required.     Thus, 
dy       1  /17-250  +  19065      1   0174  +  0-189       1 
dx 


1  /17-250  +  19065  _  1   0174  +  0-189       1    0'009  -  0004^ 
0-lV  2  '      6 2  "^30 2  / 


2  6*  2  '30'  2 

=  181-273. 

The  second  and  third  terms  are  not  often  used.    They  have  the 
nature  of  correction  terms. 
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In  the  same  way  it  can  be  shown  by  differentiating  (1)  twice, 
and  putting  x  =  0, 

^^4(^--iV-sV"-»- •  •  •>  •••(«) 

„      d^     1/2.2        2..     _^2.2''.e       2.2^3^.8    _^  \    /^x 

Examples. — (1)  From  Horstmann's  observations  on  the  dissociation  pres- 
sure {p)  of  the  ammonio-chlorides  of  silver  at  different  temperatures  {$) : 

e^8,  12,  16,  .  .  .      °C. 

p  =  43-2,        52-0,        65-3,  .  .  .  cm.  Hg., 
show  that  at  12**,  dpide  =  2-76. 

(2)  Find  dsjdS  at  0°  G.  from  the  following  data  :— 

a=  1,  p-5,  0,  -0-6,  -10,  .  .  .  ; 

108  X  5  =  1288-3,        *1290-7,        1293-1,         1295-4,         1297-8,  .  .  . 
Ansr.  dslde  =  6*7  x  10^. 

(3)  Find  the  value  of  d'y/dx"  for  2/ =5-2  from  the  above  table.  Ansr.  181-37. 
Also  plot  the  dyldXt  y-Qurve  from  the  data  given. 

The  difference  columns  should  not  be  carried  further  than  is  consistent 
with  the  accuracy  of  the  data,  otherwise  the  higher  approximations  will  be 
less  accurate  than  the  first.  Do  not  carry  the  differences  further  than  the 
point  at  which  they  begin  to  exhibit  marked  irregularities. 

(4)  The  variation  in  the  pressure  of  saturated  steam  (p)  with  temperature 
(d)  has  been  found  to  be  as  follows : — 

e  =  90,  96,  lOOi  105,  110,  115,  120,  ...  ; 

p  =  1463,         1766,        2116,        2626,         2994,        3534,        4152,  .  .  . 
Hence  show  that  at  106°  dpjde  =  87-6,  df^jjdef^  =  2-48. 

Everett's  papers  in  the  Quarterly  Journal  of  Pure  and  Applied  MatJie- 
viatics,  ao,  367,  1900 ;  31,  304,  1901,  may  be  consulted  for  some  recent  work 
on  this  subject.     See  also  Nature,  60,  271,  365,  390,  1899. 


§  105.  Interpolation  and  Empirical  Formulae. 

After  a  set  of  measurements  of  two  interdependent  variables 
has  been  made  in  the  laboratory,  it  is  necessary  to  find  if  there  is 
any  simple  relation  between  them,  that  is,  to  find  if  a  general  ex- 
pression of  the  one  variable  can  be  obtained  in  terms  of  the  other 
so  that  intermediate  values  can  be  calculated.  The  process  of 
computation  of  the  numerical  values  of  two  variables  intermediate 
between  those  actually  determined  by  observation  and  measure- 
ment, is  called  interpolation.  When  we  attempt  to  obtain  values 
lying  beyond  the  limits  of  those  actually  measured,  the  process  is 
called  extrapolation. 

It  is  apparent  that  the  correct  formula  connecting  the  two  vari- 
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ables  must  be  known  before  exact  interpolation  can  be  performed, 
so  much  so  that  the  method  of  testing  a  supposed  formula  is  to 
compare  the  experimental  values  with  those  furnished  by  interpo- 
lation as  exemplified  in  §§  18,  88,  96  and  elsewhere. 

Interpolation  is  based  on  the  fact  that  when  a  law  is  known 
with  fair  exactness,  we  can,  by  the  principle  of  continuity,  antici- 
pate the  results  of  any  future  experiments. 

If  only  two  experimental  results  are  known,  we  must  assume 
that  the  two  quantities  vary  in  a  proportional  manner.  The 
geometrical  meaning  of  this  is  that  if  the  positions  of  two  points 
are  known,  we  must  assume  that  the  curve  passing  through  these 
points  is  a  straight  line,  because  an  infinite  number  of  curved 
lines  could  be  drawn  through  these  two  points. 

If  the  differences  between  the  succeeding  pairs  of  values  are 
small  and  regular,  any  intermediate  value  can  be  calculated  by 
simple  proportion  on  the  assumption  that  the  change  in  the  value 
of  the  function  is  proportional  to  that  of  the  variable.  Interpola- 
tion is  employed  in  the  graduation  of  a  thermometer  between  0° 
and  100°,  extrapolation  beyond  these  points.  In  Gauss'  ynethod  of 
double  weighing,  the  mean  weight  of  the  substance  weighed  in  each 
pan  is  regarded  as  the  true  weight. 

The  position  of  rest  of  a  balance  is  deduced  from  the  amplitude 
of  the  oscillations  on  each  side.  Three,  five,  or  some  odd  number 
of  observations  are  made,  the  arithmetical  mean  of  the  observations 
on  each  side  are  added  together,  the  mean  of  this  sum  is  the  null 
pointy  or  position  of  rest  of  the  balance. 

Weighing  by  the  method  of  vibrations  is  another  example  of 
interpolation.  Let  x  denote  the  zero  point  of  the  balance,  let  w^ 
be  the  true  weight  of  the  body  in  question.  This  is  measured  by 
the  weight  required  to  bring  the  index  of  the  balance  to  zero  point. 
Let  x^  be  the  position  of  rest  when  a  weight  w^  is  added  and  x,^ 
the  position  of  rest  when  a  weight  w^  is  added.  Assuming  that 
for  small  deflections  of  the  beam  the  difference  in  the  two  positions 
of  rest  will  be  proportional  to  the  difference  of  the  weights,  the 
weight  (Wq)  necessary  to  bring  the  pointer  to  zero  will  be  given  by 
the  simple  proportion : 

{Wq  -  w^) :  (rco  -  ajj)  =  {w.^  -  to,) :  {x^  -  xj, 
or,  Wq=-w^  +  (Xq  -  x^)  (w^  -  w^)/(x2  -  Xj). 

When  the  intervals  between  the  two  terms  are  large,  or  the 
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differences  between  the  various  members  of  the  series  decrease 
rapidly,  this  simple  proportion  cannot  be  used  with  confidence. 

To  take  away  any  arbitrary  choice  in  the  determination  of  the 
intermediate  values,  it  is  commonly  assumed  that  the  function  can 
be  expressed  by  a  limited  series  of  powers  of  one  of  the  variables. 
Thus  we  have  the  interpolation  formulae  of  Newton,  Bessel,  Stirling, 
Lagrange,  and  Gauss. 

Let  j:_2,  y_2 ;  x.^,y_^;  x^,  y^ ;  x^,  y^ ;  x.^,  7/2  ^  corresponding 
values  of  the  two  variables  x  and  y.  It  is  required  to  calculate  the 
value  y  corresponding  to  some  value  x  lying  between  x^  and  x^, 

Newton's  interpolation  formula  is 

yy.^  f A.,  +  ^>-^)a-^o  +  ^^-i^.V^^A3„  +  . . . .   (1) 

continued  until  the  differences  become  negligibly  small  or  irregular. 

Example. — The  use  of  Newton's  formula  may  be  illustrated  by  the  follow- 
ing problem:  What  is  the  cube  root  of  60*25,  given  the  first  two  columns  in 
the  subjoined  table  ?    llie  cube  root  of 

60  =  3-914868  ^,  ^      0-021629 

61  =  8-936497  J  ^  ^  ^,^^^^        A%  =  -  0-000236. 

62  =  8-957891  ^,^^0-021166    '    ^^  =  "  0-000228. 

63  =  3-979057  ^,^  ^      ^,^^^^        A«,  =  -  0-000223. 

64  =  4-000000 

If  an  increase  downwards  is  reckoned  positive,  a  decrease  downwards  is  to  be 
reckoned  negative.  The  first  orders  of  differences  are,  therefore,  positive; 
the  second,  negative ;  and  the  third,  positive.     Substitute  x  =  |  in  (1) 

y  =  2/0  +  \^\  -  tAtA'o  +  tU£^\  -  •  •  . 
=  3-914868  +  0-005407  +  0-000022  +  0-000000. 

=  3-920297. 

The  number  obtained  by  simple  proportion  is  3-920295.    The  correct  number 

is  a  little  greater  than  3-920297. 

La^ange's  interpolation  formula  is  more  general  than  the 
above.  "Given  n  consecutive  values  of  a  function,  to  find  any 
other  intermediate  value." 

Let  y  become  y^,  y^,  y.^,  ^a*  •  •  •  »  2/«  when  x  becomes  a,  h,  c, 
df  ,  ,  ,  n.  The  value  of  y  corresponding  to  any  given  value  of  x, 
can  be  determined  from  the  formula 


{x-h){x-'C),  .  .{x-n)        {X''a){x-c)  .  .  .(x-n) 

^     (a^h)(a-c),  .  .(a-np^(6-.a)(6-c)  .  .  .(ftlnp  j,^) 

^{x-a)(x-c)  .  .  .  i^-n)  [ 

(w  ~  a)  (n  -  6)  .  .  .  (w  -  m)  "'  j 


) 
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If  the  function  is  periodio,  Gauss'  interpolation  formula  may 
be  used.     This  has  a  close  formal  analogy  with  Lagrange's.* 

^  sin  i{x  -  b) .  sin  |(a;  -  c)  .  .  .  sin  ^{x  -  n)     +  (3) 

sin  i(a  -  b) .  sin  ^(a  -  c)  ...  sin  i(a  -  nf^ 

Lagrange's  formula  may  be  employed  for  the  conversion  of 
the  scale  readings  of  the  spectroscope  into  wave-lengths.  Assum- 
ing that  the  indices  of  refraction  (y^j,  yp  72*  •  •  •)  ^^®  inversely  as 
the  squares  of  the  wave-lengths  (n^,  n^,  n^,  .  .  .)  if  the  scale  readings 
of,  say,  three  lines  near  together  are  given  and  the  wave-lengths  of 
two  of  the  lines,  the  wave-length  of  the  third  can  be  found  by 
simple  substitution  in  Lagrange's  formula  (2),  which  now  assumes 

the  form, 

1   _    1    n^  -  ng        1    n^  -  n^  ,.. 

Examples. — (1)  For  the  three  bright  magnesium  lines,  yQ=:51BBf  7, =5167, 
Hg  =  74'5, 71}  =  74*8,  71^  =  75  (Lupton).  Required  the  wave-length  y^  of  the 
third  Mg  line. 

i   -       ^        ^  1        0-3        ^  g.„Q 

7«,  "  (5183)' ' 0-6  ■*"  (5167)«*0"5'  '^' 
Actual  measurement  gives  5172. 

(2)  The  scale  readings  of  the  Li,  Tl  and  Na  lines  were  found  to  be  re- 
spectively 6*15,  10-55,  and  8*0.  Required  the  wave-length  of  the  Na  line 
given  Li  =  6708,  Tl  ^  5351  (Schuster  and  Lees).    Ansr.  5932. 

The  most  satisfactory  method  of  finding  a  formula  to  express 
the  relation  between  the  two  variables  in  any  set  of  measurements, 
is  to  deduce  a  mathematical  expression  from  known  principles  or 
laws,  and  then  determine  the  value  of  the  constants  from  the  ex- 
perimental results  themselves.  Such  expressions  are  said  to  be 
theoretioal  formulae  as  distinct  from  empirical  formulae,  which 
have  no  well-defined  relation  with  known  principles  or  laws.f 

It  is,  of  course,  impossible  to  determine  the  correct  form  of  a 
function  from  the  experimental  data  alone.     An  infinite  number 

of  formulae  might  satisfy  the  numerical  data,  in  the  same  sense 

— — — — 1 — 

*  For  the  theoretical  bases  of  these  reference  interpolation  formulae  the  reader 
must  consult  Boole's  work,  A  Ti  eatise  on  tfie  Calcnlvs  0/  Finite  IHffertncea,  p.  38, 1880. 

t  Tlie  terms  "formula"  and  "function"  are  hy  no  means  synonymous.  The 
formula  is  not  the  function,  it  is  only  its  dress.  The  (it  may  or  may  not  be  a  good 
one.  In  other  words,  the  function  is  the  relation  or  law  involved  in  the  process.  The 
relation  may  be  represented  in  a  formula  by  symbols  which  stand  for  numbers.  This 
must  be  borne  in  mind  when  the  formal  relations  of  the  symbols  are  made  to  represent 
some  physical  process  or  concrete  thing.  See  the  remarks  on  page  394  with  reference 
to  the  rejection  of  certain  roots  of  nu  merical  equations. 
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that  an  infinite  number  of  curves  might  be  drawn  through  a  series 
of  points.  (See  "Contact  of  Curves,"  "Multiple  Points,"  etc.) 
For  instance,  over  thirty  empirical  formulae  have  been  proposed 
to  express  the  unknown  relation  between  the  pressure  and  tem- 
perature of  saturated  steam. 

As  a  matter  of  fact,  empirical  formulae  frequently  originate 
from  a  lucky  guess.  Good  guessing,  here  as  elsewhere,  is  a  fine 
art.  A  hint  as  to  the  most  plausible  form  of  the  function  is  some- 
times obtained  by  plotting  the  experimental  results.  It  is  useful 
to  remember  that  if  the  curve  increases  or  decreases  regularly,  the 
equation  is  probably  algebraic ;  if  it  alternately  increases  and  de- 
creases, the  curve  is  probably  expressed  by  some  trignometrical 
function. 

If  the  curve  is  a  straight  line,  the  equation  will  be  of  the  form, 
y  =  mx  +  b.  If  not,  try  y  =  aof,  or  y  =  ax/{l  +  bx).  If  the  rate 
of  increase  (or  decrease)  of  the  function  is  proportional  to  itself  we 
have  the  compound  interest  law.  In  other  words,  if  dy/dx  varies 
proportionally  with  y,  y  ^  be'""  or  be'".  If  dy/dx  varies  pro- 
portionally with  x/y,  try  y  =  to*.  If  dy/dx  varies  as  x,  try 
y  =  a  +  bx^.  Other  general  formulae  may  be  tried  when  the 
above  prove  unsatisfactory,  thus, 

a  +  X 
y  =  i^r^ ;  2/  =  10^  +  ** ;  y  =  a  +  blogx;  y  =^  a  +  b<f,  etc. 

Otherwise  we  may  fall  back  upon  Maclaurin's  expansion  in  ascend- 
ing powers  of  x,  the  constants  being  positive,  negative  or  zero. 
This  series  is  particularly  useful  when  the  terms  converge  rapidly, 
§  96,  2. 

When  the  results  exhibit  a  periodicity,  the  general  formula  to 
be  tried,  is 

2/  =!  a^  +  a^  sin  X  +  b^  cos  a;  +  a^  sin  2a;  +  b^  cos  2a;  +  .  .  . 
If  the  cycles  are  regular,  only  the  first  three  terms  on  the  right 
need  be  used.  Such  phenomena  are  the  ebb  and  flow  of  tides, 
annual  variations  of  temperature  and  pressure  of  the  atmosphere, 
cyclic  variations  in  magnetic  declination,  etc.  See  also  **  Fourier's 
Series  ". 

Empirical  formulae,  however  closely  they  agree  with  facts,  do 
not  pretend  to  represent  the  true  relation  between  the  variables 
under  consideration.  They  do  little  more  than  follow,  more  or 
less  closely,  the  course  of  the  graphic  curve  representing  the  re- 
lation between  the  variables  within  a  more  or  less  restricted  range. 
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Thus,  Eeguault  employed  three  interpolation  formulae  for  the  vapour 
pressure  of  water  between  -  32°  F.  and  230°  F.*  For  example, 
from  -  32°  F.  to  0°F.,  he  used  p  =  a  +  ba^ ;  from  0°  to  100°  F., 
log  j?  =  a  +  6a«  +  c^ ;  from  100°  to  230°  F.,  log j9  =  a  +  6a«  -  c/3  . 
Eopp  required  four  formulae  to  represent  his  measurements  of  the 
thermal  expansion  of  water  between  0°  and  100°  C.  Each  of  Kopp's 
formulae  was  only  applicable  within  the  limited  range  of  25°  C. 

Dulong  and  Petit*s  memoir,  referred  to  on  page  48,  is  well  worth  reading 
for  some  instructive  artifices  useful  in  deducing  empirical  formulae. 

Graphio  interpolation.  If  all  attempts  to  deduce  or  guess  a 
satisfactory  formula  are  unsuccessful,  the  results  are  simply  tabu- 
lated, or  preferably  plotted  on  squared  paper,  because  then  ''it  is 
the  thing  itself  that  is  before  the  mind  instead  of  a  numerical 
symbol  of  the  thing  ". 

Intermediate  values  may  be  obtained  from  the  graphic  curve 

by  measuring  the  ordinate  cor- 
responding to  a  given  abscissa 
or  vice  versd. 

In  measuring  high  tem- 
peratures by  means  of  the  Le 
Chatelier-Austen  pyrometer, 
the  deflection  of  the  galvano- 
meter index  on  a  miUimetre 
scale  is  caused  by  the  electro- 
motive force  generated  by  the 
heating  of  a  thermo  -  couple 
{Pt  -  Pt  with  10°/^  Rd)  in 
circuit  with  the  galvanometer. 
The  displacement  of  the  index 
is  nearly  proportional  to  the 
temperature.  The  scale  is  cali- 
brated by  heating  the  junction 
2o  ^  m^  ^j^a»jfp/a0ist?s0ff  ^Q  well-defined  temperatures 
Fig.  I04.-Calibration  Chart.  ^^^  ^j^^^-^g  ^^^  temperatures 

as  ordinates,  the  scale^readings  as  abscissae.  The  resulting  graph 
or  '\calibration  curve  "  is  shown  in  Fig.  104.      The  ordinate  to 

*  Rankiue  was  afterwards  lucky  euough  to  find  that 

represeDted  Regnault's  results  for  the  vapour  pressure  of  water  throughout  the  whole 
range -3B°F.  to  230°  F. 
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the  curve  corresponding  to  any  scale  reading,  gives  the  desired 
temperature. 

Examples. — (1)  What  temperature  corresponds  to  a  scale  reading  of  160 
scale  divisions  in  the  above  diagram  ?     Ansr.  1800''. 

(2)  Construct  a  series  of  curves  from  the  exposure  formula  of  a  thermo- 
meter, §  43,  (12),  between  $  =  01°  0.  and  3-0°;  a-  =  0  to  a:  =  300°,  y  =  0  to 
y  =  200°.     What  use  is  the  resulting  diagram  ? 

(3)  By  plotting  on  squared  paper  corresponding  values  of  centimetres 
and  inches,  litres  and  pints,  grams  and  ounces,  Fahrenheit  and  Centigrade 
degrees,  etc.,  etc..  the  mutual  conversion  of  the  one  into  the  other  can  be 
conveniently  effected  by  inspection  (i.e.,  without  calculation).  Try  this : 
given  1  oz.  »  28*34  grms.,  2  oz.  =  56*69  grms.,  8  oz.  =»  226*75  grms., 
1  lb.  =»  453*60  grms. 


§  106.  To  Evaluate  the  Constants  in  Empirical  or 

Theoretical  Formulae. 

Before  a  formula  containing  constants  can  be  adapted  to  any 
particular  process,  the  numerical  values  of  the  constants  must  be 
accurately  known.     For  instance,  the  relation 

V  =  1  +  a^, 
represents  the  volume  (t;)  to  virhich  unit  volume  of  any  gas  expands 
when  heated  to  ff",  a  is  a  constant.  The  law  embodied  in  this 
equation  can  only  be  applied  to  a  particular  gas  when  a  assumes 
the  numerical  value  characteristic  of  that  gas.  If  we  are  deahng 
with  hydrogen,  a  =  0-00366 ;  if  carbon  dioxide,  a  =  000371 ;  if 
sulphur  dioxide,  a  =  0*00385. 

Again,  if  we  want  to  apply  the  law  of  definite  proportions,  we 
must  know  exactly  what  the  definite  proportions  are  before  it  can 
be  decided  whether  any  particular  combination  is  comprised  under 
the  law.  In  other  words,  we  must  not  only  know  the  general  law, 
but  also  particular  numbers  appropriate  to  particular  elements. 
In  mathematical  language  this  means  that  before  a  function  can 
be  used  practically,  we  must  know  : 

1.  The  form  of  the  function  (i.e.,  the  general  formula). 

2.  The  numerical  valtces  of  the  constants. 

The  determination  of  the  form  of  the  function  has  been  discussed 
in  the  preceding  section,  the  evaluation  of  the  constants  remains 
to  be  considered. 

Is  it  legitimate  to  deduce  the  numerical  values  of  the  constants 
from  the  experiments  themselves  ?    The  answer  is  that  the  numerical 
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• 
data  are  determined  from  experiments  purposely  made  by  different 

methods  under  different  oonditions.  When  ail  independently 
furnish  the  same  result  it  is  fair  to  assume  that  the  experimental 
numbers  include  the  values  of  the  constants  under  discussion. 
J.  F.  W.  Herschel's  A  Preliminary  Discourse  on  the  Study  of 
Natural  Philosophy ^  §§  221  et  seq.^  is  worth  reading  in  this  con- 
nection. 

In  some  determinations  of  the  volume  {v)  of  carbon  dioxide 
dissolved  in  one  volimie  of  water  at  different  temperatures  (^),  the 
following  pairs  of  values  were  obtained : 

^=0,  5,  10,  15; 

V  =  1-80,        1-45,        1-18,        100. 

As  Herschel  has  remarked,  in  all  cases  of  "  direct  unimpeded 
action,"  we  may  expect  the  two  quantities  to  vary  in  a  simple 
proportion,  so  as  to  obey  the  linear  equation, 

y  =s  a  +  bx]  we  have,  v  ==  a  +  bS,  .  .  (1) 
which,  be  it  observed,  is  obtained  from  Maclaurin's  series  by  the 
rejection  of  all  but  the  first  two  terms. 

It  is  required  to  find  from  these  observations  the  values  of  the 
constants,  a  and  &,  which  will  represent  the  experimental  data  in 
the  best  possible  manner. 

The  above  results  can  be  written, 

1.  1-80  =  a, 

2.  1-45  ^  a  +  6b, 

3.  1-18  =  a  +  106, 1        '        '        '       (2) 

4.  1-00  =  a  +  156,. 
which  is  called  a  set  of  obserTatioii  equations. 

From 

1  and  2,  a  =  1*80,  6  =  -  0*07, 

2  and  3,  a  =  064,  6  =  -  0-054, 

3  and  4,  a  =  082,  6  =  -  0*036,  etc. 

This  want  of  agreement  between  the  values  of  the  constants 
obtained  from  different  sets  of  equations  is  due  to  errors  of 
observation.  It  nearly  always  occurs  when  the  attempt  is  made 
to  calculate  the  constants  in  this  manner. 

The  numerical  values  of  the  constants  deduced  from  any 
arbitrary  set  of  observation  equations  can  only  be  absolutely 
correct  when  the  measurements  are  perfectly  accurate.  The 
problem  here  presented  is  to  pick  the  best  representative  values 
of  the  constants  from   the  experimental  numbers.      If  all  the 
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measarements  were  equally  trustworthy,  the  correct  method 
would  be  to  find  the  arithmetical  mean  of  all  the  values  of  the 
constants  so  determined. 

The  constants  must  satisfy  the  following  criterion  :  The  differ- 
ences between  the  observed  and  the  calculated  results  viust  be  the 
smallest  'possible  with  small  positive  and  negative  differences. 

One  of  the  best  ways  of  fixing  the  numerical  values  of  the 
constants  in  any  formula  is  to  use  what  is  known  as  the  method 
of  least  squares.  This  rule  proceeds  from  the  assumption  that 
the  most  probable  values  of  the  constants  are  those  for  which  the 
sum  of  the  squa/res  of  the  differences  between  the  observed  and  the 
calculated  results  are  the  smallest  possible  (see  page  433). 

To  take  the  general  case  first,  let  the  observed  magnitude  y 
depend  on  x  in  such  a  way  that 

y  s  a*+  bx (3) 

It  is  required  to  determine  the  most  probable  values  of  a  and  6. 

For  perfect  accuracy,  we  should  have  the  following  observation 
equations : 

a  -\-  bx^  -  y^  —  0\  a  -\-  bx^  -  y2  —  ^\  •  •  •  «  +  ^^n  -  y*  =  0- 
In  practice  this  is  unattainable.     Let  v^,  v^,  -  -  ^  v„  denote  the 
actual  deviations  so  that 

a  +  bx^-  y^^v^\  a  +  bx.2  -  y^  ^  v^;  .  .  .  a  +  bx„  -  y„  ^  t?,. 
It  is  required  to  determine  the  constants  so  that, 

2(t;2)  =  v{^  +  v.^  +  .  .  .  +  v^^  ig  a  minimum. 
This  condition  is   fulfilled   (page   240)    by  equating  the  partial 
derivatives  of  2(v'^)  with  respect  to  a  and  b  to  zero.     In  this 
way,  we  obtain, 

j^2(a  +  bx  -  yf  =  0,  hence,  2(a  +  bx  -  y)  =  0\ 

^S(a  +  bx  -  yY  =  0,  hence,  Sa;(a  +  bx  -  y)  =  0. 

If  there  are  n  observation  equations,  there  are  n  a's  and  2(a)  =  na, 
therefore, 

na  +  b^{x)  -  2(y)  =  0 ;  a^{x)  +  b^(x^)  -  :i{xy)  =  0. 
Now  solve  these  two  simultaneous  equations  for  a  and  b, 

^  2(a;).2(a:y)~2(a^).2(y) .      _  X(x)^{y)^n^(xy) 
^  "  [i{x)f  -  nl.{x^)         '  ^  -    [2(x)]2  -  n^x^y       W 

which  determines  the  values  of  the  constants. 

The  method  of  least  squares  assumes  that  the  observations  are 
all  equally  reliable  (see  "  Errors  of  Observation,"  Chapter  XI.). 

R 
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Beturoing  to  the  special  case  at  the  commencement  of  this 
section,  to  find  the  best  representative  value  of  the  constants  a  and 
b  in  formula  (1). 

Previous  to  substitution  in  (4),  it  is  best  to  arrange  the  data 
according  to  the  following  scheme : 


$, 

r. 

1-80 
1-45 
1-18 
100 

«2. 

»V. 

0 

5 

10 

15 

0 

25 

100 

225 

0 

7-25 
11-80 
15-00 

2(e)  =  80 

2(v)  =  5-48 

2(e«)  =  350 

2{er)  =  34-05 

Substitute   these  values  in   equation   (4),  n,  the   number  of 
observations,  «  4,  hence  we  get 

a-  1-758;  6  =  -  00534. 
The  amount  of  gas  dissolved  at  6^  is  obtained  from  the  inter- 
polation formula, 

V  «  1-768  -  00634^. 
To  show  that  this  is  the  best  possible  formula  to  employ,  in 
spite  of  1*758  volumes  obtained  at  0°,  proceed  in  the  following 
manner : 


Temp.  =s  B. 

Volame  of  gas  =  v. 

Difference  between 

Calculated  and 

Obsen'ed. 

1 

Square  of  Difference 

between  Calculated 

and  Obeerved. 

Calculated. 

Obsen-ed. 

0 

5 

10 

15 

1-758 
1-491 
1-224 
0-957 

1-80 
1-45 
1-18 
100 

-  0042 
+  0-041 
+  0-044 

-  0-043 

000176 
0-00168 
0-00194 
000185 

0-00728 

The  number  0*00723,  the  sum  of  the  squares  of  the  differences 
between  the  observed  and  the  calculated  results,  is  a  minimum. 
Any  alteration  in  the  value  of  either  a  or  6  will  cause  this  term  to 
increase.  This  can  easily  be  verified.  For  example,  if  we  try  the 
very  natural  a  =  1*80,  6  =  -  0065,  we  get  0039 ;  if  a  =  1-772, 
1=^  -  0*056  we  get  00082,  etc.  (see  method  of  §  102). 
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See  Nature,  63,  489, 1901.  The  above  method  of  treatment  is  founded  on 
that  of  KohlrauBch  in  his  Leitfaden  der  praktischen  Physik  (Teubner,  Leipzig, 
1896),  p.  8.  For  other  methods  of  calculating  the  constants,  see  Lupton's 
Notes  on  Observations,  p.  105, 1898 ;  and  §  186. 

ExAMFi<E8. — (1)  Find  the  law  connecting  the  length  {I)  of  a  rod  with 
temperature  (0),  when  the  length  of  a  metre  bar  at  0^  elongates  with  rise  of 
temperature  according  to  the  following  scheme : 

a=      20°,  48^  50°,  60°  C; 

I  =  1000-22,        1000-65,        1000-90,        1001  05  mm. 
(Kohlrausch,   l.c).     During  the  calculation,  for  the  sake  of  brevity,  use 
I  =  '22,  -65,  *9  and  1-05.     Assume  2  ==  a  +  60  and  show  that  a  =  999*804, 
b  =  0-0212. 

(2)  Find  a  formula  similar  to  (4)  for  the  general  equation  y  ==  a  tan  a  +  6, 
where  a  and  b  are  constants  to  be  determined. 

(8)  According  to  Bremer's  measurements  aqueous  solutions  of  sodium 
carbonate  containing  p  "/^  of  the  salt  expand  by  an  amount  v  as  indicated  in 
the  following  table : 

p  =  8-2420,        4-8122,        74587,        10-1400 ; 
10*  X  u  =  1-766,  2-046,  2-842,  2-782. 

Hence  show  that  if  v  =  a  +  &p,  a  =r  0-00012415,  6  =  0-00001528. 

Suppose  that   instead  of    the   general   formula  (3),   we  had 

started  with 

y  ^  a  +  bx  +  07^,    ....       (5) 

where  a,  h  and  c  are  constants  to  be  determined.     The  resulting 

formulae  for  h  and  c  (omitting  a),  analogous  to  (4),  are, 

_^  %a^) .  S(a^)  -  %^) .  %{xhi) 

^  "       S(rr2) .  2(a;*)  -  \%{p^)J      -         -         •       1^) 

These  two  formulae  have  been  deduced  by  a  similar  method  to 
that  employed  in  the  preceding  case,  a  is  a  constant  to  be 
determined  separately  by  arranging  the  experiment  so  that  when 

a;  =  0,  a  =  2^0- 

Examples. — (1)  The  following  observations  were  made  by  Bremer.  If  p 
denotes  the  density  of  an  aqueous  solution  of  calcium  chloride  at  9°  G. , 


$. 

p. 

«. 

p- 

B. 

p- 

15-65 

1-08336 

83-40 

1-02356 

32-76 

1-02051 

2011 

1-03278 

39-25 

102640 

63-23 

1-01516 

28-60 

1-02856 

46-01 

lD2d48 

Calculate  the  constants  a  and  b  in  the  formula, 

where  p^  =  103619.     Ansr.  6  =  -  0-000003301 ;  a  =  -  0-0001126. 

(2)  The  following  series  of  measurements  of  the  temperature  (B)  at  different 
depths  (x)  in  an  artesian  well,  were  made  at  Grenelle  (France) : 
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x=    28,           66,           173,         248,  298,          400,          606,         648; 

$  =  11-71,       12-90,       16-40,       20-00,  22-20,       28-76,       26-46,       27-70. 

The  mean  temperature  at  the  surface  was  10*6°.     Hence  show  that  at  a  depth 

of  X  metres,  the  temperature  will  be, 

$  =  10-6  +  0-042096ir  -  0-000020668ic«. 

(3)  If,  when  2;  =  0,  ^  =  1  and  when 

X  =  8-97,            20-56,            36-10,  49-96,            62-38,            83-73 ; 

y  =  1-0078,          1-0184,         10317  1-0443,          1-0668,          10769. 

Hence  show  that 

y  =  1  +  0-00084J:  +  O-OOOOOOgx-a. 

The  reader  will  himself  have  to  deduce  the  general  formulae 
for  a,  by  c,  when  still  another  correction  term  is  included,  namely, 

y  ^  ax  +  bx^  +  cx^.  ...       (8) 

Examples. — The  following  measurements  are  selected  from  a  paper  by 
Thompson  in  Wiedemann's  Annalen  (44,  653,  1891). 

(1)  If  when 

x=r0-2,  0-4,  0-6,  0-8,  1-0,  1-2, 

1?  =  6-631,  11-084,         16-671,  22-298,  27*949,  33*646, 

show  that 

X  =  27-678p  +  0-3193i)»  +  0-0638p». 

(2)  If  when 

X  =  0-2,  0-4,  0-6,  0-8,  1-0, 

p  =  7-078,  14-196,  21-368,  28-668,  36-792, 

show  that 

X  =  35-2726i>  +  0-6726p2  -  0-0625p'. 

If  three  variables  are   to   be  investigated,  we   may  use  the 

general  formula 

z  =  ax  +  by (9) 

The  reader  may  be  able  to  prove,  on  the  above  lines,  that 

_  SCx")  ■  2(a^)  -  %ixy) .  S(yg) . 

*  -      i{x^) .  SCy^*)  -  [%(xy)]^     '         ■        ■     ^^"^ 

S(a^)  ■  S(y^)  -  2(ay)  ■  i(xz) 

"-      5(a;«) .  2(y«)  -  [2(a:y)p     "  "         *     ^^^' 

A  rough  and  ready  method  for  calculating  the  constants  is  to 
pick  out  as  many  observation  equations  as  there  are  unknowns 
and  solve  for  x,  y,  z,  by  ordinary  a,  by  c,  say,  algebraic  methods. 
The  different  values  of  the  unknown  corresponding  to  the  different 
sets  of  observation  arbitrarily  selected  are  thus  ignored. 

Example. — Corresponding  values  of  the  variables  x  and  y  are  known,  say, 
^tVii  ^Vii  ^ty^'i  '  •  •  Calculate  the  constants  a,  6,  c,  in  the  interpolation 
formula 

y  =  o(10)*«/(»+«). 
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When  2;|=:0,  yi=a.    Thus  6  and  c  remain  to  be  determined.    Take  logarithms 
of  the  two  equations  in  a;,,  y^  and  x^,  y^  and  show  that, 

This  method  may  be  used  ^^ath  any  of  the  above  formulae  when 
an  exact  determination  of  the  constants  is  of  no  particular  interest, 
or  when  the  errors  of  observation  are  relatively  small. 

Graphio  Method.  Returning  to  the  solubility  determinations 
at  the  beginning  of  this  section,  prick  points  corresponding  to 
pairs  of  values  of  v  and  $  on  squared  paper.  The  points  lie 
approximately  on  a  straight  Hne.  Stretch  a  black  thread  so  as  to 
get  the  straight  line  which  lies  most  evenly  among  the  points. 
Two  points  lying  on  the  black  thread  Une  are  v  =  1*0,  0  =  14'6, 
and  V  =  1-7,  0  =  1*5, 

.*.  a  +  14-66  =  1 ;  a  +  Idb  =  1-7. 
By  subtraction,  6  =  -  0'64,  .-.  a  =  1'78. 

It  is  here  assumed  that  the  curve  which  goes  most  evenly 
among  the  points  represents  the  correct  law  (footnote,  page  123). 
In  the  example  just  considered,  there  is,  perhaps,  too  small  a 
number  of  observations  to  show  the  method  to  advantage.     Try 
these: 
p^    2,        4,        6,        8,      10,      20,     26,      30,      35,     40, 
8  =  102,  1-03,  106,  1-07,  1-09,  148,  1-23,  129,  134,  1-40, 
where  8  denotes  the  density  of  aqueous  solutions  containing  p  7o 
of  calcium  chloride  at  15°  C.     The  selection  of  the  best  **  black 
thread  "  line  is  more  uncertain  the  greater  the  magnitude  of  the 
errors  of  observation  affecting  the  measurements.     The  values 
deduced    for  the    constants  i^dll    differ    slightly    with    different 
workers  or  even  with  the  same  worker  at  different  times.     With 
care,  and  accurately  ruled  paper,  the  results  are  sufficiently  accurate 
for  most  practical  requirements. 

When  the  **  best "  curve  has  to  be  drawn  freehand,  the  results 
are  more  uncertain.  For  example,  the  amount  of  **  active  "  oxy- 
gen (y)  contained  in  a  solution  of  hydrogen  dioxide  in  dilute 
sulphuric  acid  was  found,  after  the  elapse  of  t  days,  to  be : 

i=   6,      9,      10,     14,     18,     27,     34,     38,     41,     64,    87, 

y  =  3-4,    3-1,    31,    2-6,    2-2,    13,    09,    07,    0*6,    04,   02, 
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where  y  =  3*9  when  i  =  0.     We  leave  these  measurements  with 
the  reader  as  an  exercise. 

In  Perry's  Practical  Mathematics  (published  by  the  Science  and 
Art  Department,  London,  1899,  6d.),  a  trial  plotting  on  **  logar- 
ithmic paper"  is  recommended  in  certain  cases.  On  squared 
paper,  the  distances  between  the  horizontal  and  vertical  Hues  are 
in  fractions  of  a  metre  or  of  a  foot.  On  logarithmic  paper,  the 
distances  between  the  lines  are  proportional  to  the  logarithms  of 
the  numbers.  If,  therefore,  the  experimental  numbers  follow  a 
law  Uke 

logio^j  +  aXogi^  =  constant, 
the  function  can  be  plotted  as  easily  as  on  squared  paper.     If  the 
resulting  graph  is  a  straight  line,  we  may  be  sure  that  we  are 
dealing  with  some  such  law  as 

xy*^  =  constant ;  or,  {x  +  a)  (y  +  by  =  constant. 

Example. — The  pressure  (p)  of  saturated  steam  in  pounds  per  square 
inch  when  the  volume  is  v  cubic  feet  per  pound  is 

j)=     10,  20,  30,  40,  60,  60, 

V  =  37-80,        19-72,        18-48,        10-29,        8-84,        6-62. 
(Gray's  Smithsonian  Physical  Tables^  1896.)    Hence,  by  plotting  correspond- 
ing values  of  p  and  v  on  logarithmic  paper,  we  get  the  straight  line : 

logioP  +  « logio^  =  logio^  I  hence,  pv^-^  =  882, 
since  logio6  =  2-5811,  .-.  b  =  382  and  a  =  1-066. 

Logarithmic  paper  is  not  difficult  to  make.  The  gradations  on 
the  slide  rule  give  the  correct  distances  without  calculation. 

A  semi-iogarithmio  paper  may  be  made  with  distances  be- 
tween say  the  vertical  columns  in  fractions  of  a  metre,  while  the 
distances  between  the  horizontal  columns  are  proportional  to  the 
logarithms  of  the  numbers.  Functions  obeying  the  compound 
interest  law  will  plot,  on  such  paper,  as  a  straight  line.  One 
advantage  of  logarithmic  papers  is  that  the  skill  required  for 
drawing  an  accurate  freehand  curve  is  not  required.  The  stretched 
black  thread  wiU  be  found  sufficient.  With  semi-logarithmic  paper, 
either 

X  +  logio^  =  constant ;  or,  z/  +  log^^  =  constant 
wiU  give  a  straight  line. 

Examples. — (1)  Plot  on  semi-logarithmic  paper  Harcourt  and  Esson's 
numbers  (I.e.) : 

t=    2,         6,         8,         11,        14,       17,  27,  81,       36,        44, 

y  =  94-8,    87-9,     81-3,     74-9,     687,     640,  49-8,  440,    391,    31-6, 
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for  the  amount  of  substance  y  remaining  in  a  reacting  system  after  the  elapse 
of  an  interval  of  time  t.    Hence  determine  values  for  the  constants  a  and  b  in 

y  =  a«  -  «,  ».«.,  in  logioj/  +  bt  =  log,oO, 
a  straight  line  on  *'  semi-log  "  paper. 

(2)  What  "law"  can  you  find  in  Perry's  numbers  {Proc,  Roy.  Soc.,  28, 
472,  1876), 

a  =  58,        86,       148,      166,     188,      202,      210, 
C  =  0,        -004,     -018,     -029,     -061,     -078,      090, 
for  the  electrical  conductivity  C  of  glass  at  a  temperature  of  (^  F.  ? 

(8)  Evaluate  the  constant  a  in  Arrhenius*  formtUa,  ni^a^^  for  the  viscosity 
il  of  an  aqueous  solution  of  sodium  benzoate  of  concentration  or,  given        • 

i|  =  1-6498,       1-2780,       1-1808.       10623, 

•2?  =      1,  h  h  i. 


§  107.  Approximate  Integration. 

We  have  seen  that  the  area  enclosed  by  a  curve  can  be  esti- 
mated by  finding  the  value  of  a  definite  integral.  This  operation 
may  be  reversed.  The  numerical  value  of  a  definite  integral  can  be 
determined  from  measurements  of  the  area  enclosed  by  the  curve. 
For  instance,  if  the  integral  J/(x) .  dx  is  unknown,  the  value  of 

I  f{x) .  dx  can  be  found  by  plotting  the  curve  y  =  f{x),  erecting 

ordinates  to  the  curve  on  the  points  x  ^  a  and  x  —  b  and  then 
measuring  the  surface  bounded  by  the  a;-axis,  the  two  ordinates 
just  drawn  and  the  curve  itself. 

This  area  may  be  measured  by  means  of  the  planimeter,  an 
instnmient  which  automatically  registers  the  area  of  any  plane 
figure  when  a  tracer  is  passed  round  the  boundary  lines.* 

Another  way  is  to  cut  the  figure  out  of  a  sheet  of  paper,  or 
other  uniform  material.  Let  w^  be  the  weight  of  a  known  area  Oj 
and  w  the  weight  of  the  piece  cut  out.  The  desired  area  x  can 
then  be  obtained  by  simple  proportion, 

w^  :  a  —  w  :  X. 

Interpolation  formulae  may  be  used  for  the  approximate  evalu- 
ation of  any  integral  between  certain  limits.  The  problem  may 
be  stated  thus:  Divide  the  curve  into  n  portions  bounded  by 
n  +  1  equidistant  ordinates  y^,  yit  y^t  •  •  •»  y«>  whose  magnitude 
and  common  distance  apart  is  known,  it  is  required  to  find  an 


*  A  good  description  of  these  instruments  will  be  found  in  the  British  AsaociatioiCs 
Reports  for  1894,  page  496. 
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approximate  expression  for  the  area  so  divided,  that  is  to  say,  to 
evaluate  the  integral 


p 

Jo 


f{x) .  dx. 


Assuming  Newton's  interpolation  formula  we  may  write, 

f(x)  «  yo  +  ^^'o  +  Yi^(^  -  1)^%  + (1) 

.-.  J  f{x)  ^dx  =^  yA  dx  +  ^\\  x.dx  +      2f^(^  ~  ■^)^^  +  .  •  -,   (2) 

which  is  known  as  the  Newton-Gotes  integration  formula.  We 
may  now  apply  this  to  special  cases,  such  as  calculating  the  valiie 
of  a  definite  integral  from  a  set  of  experimental  measurements,  etc. 

1.  Parabolic  Formulas.    Take  three  ordinates.    Reject  all  terms 

after  ^\  Remember  that  A^q  =  ^i  -  ^o  *°^  ^^o  —  ^2  "  ^Vi  +  Vo- 
Let  the  common  difference  be  unity, 


£ 


fix) .  dx  =  2y,  +  2^\  +  iA%  =  iiVo  +  %i  +  2^2)-        (3) 


If  h  represents  the  common  distance  of  the  ordinates  apart,  we 
have  the  familiar  result  known  as  Simpson's  one-third  rule,  thus, 


£ 


f(x) .  dx  =  ih{y^  +  4^1  +  y^). 


(4) 


A  graphic  representation  will  perhaps  make  the  assumptions  in- 

1^     volved  in  this  formula 
more  apparent. 

Make  the  construc- 
tion shown  in  Fig.  106. 
We  seek  the  area  of 
the  portion  ANN'A' 
corresponding  to  the 
integral    f{x) .  dx    be- 

^    ^p j] — ff — li'     tween  the  limits  x^x^ 

Fig.  105.— Approximate  Integration.  and  X  =  a;„,  where  f{x) 

represents  the  equation  to  the  curve  ABC  .  .  .  MN. 

Assume  that  each  strip  is  hounded  on  one  side  by  a  parabolic  curve. 
Area  CDEE'C  =  Area  of  trapezium  GEE'C  +  Area  parabolic 

segment  CED, 
From  well-known  mensuration  formulae  (15),  page  491, 

CDEE'C  =  C'E'[^{CC'  +  EW)  +  §{DD'  -  J(OC'  -i-  EE')\]  ; 
=  2h{^CC'  +  %DU  +  \EE) ; 
=  \h{CC/  +  iDU  +  EE') (6) 
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Extend  this  discussion  to  inolude  the  whole  figure, 

Area  ANNA'  =  ^h{l  +  4  +  2  +  4  +  .  .  .  +  2  +  4  +  1),  (6) 
where  the  successive  coefficients  of  the  perpendiculars  AA',  BB\  .  .  • 
alone  are  stated ;  h  represents  the  distance  of  the  strips  apart.  The 
greater  the  number  of  equal  parts  into  which  the  area  is  divided, 
the  more  closely  will  the  calculated  correspond  with  true  area. 

Put  OA'  —  Xq  ;  ON  =  x„ ;  A'N'  ^  x„  -  Xq  and  divide  the  area 
into  n  parts ;  h  =^  (x„  -  XQ)/n,  Let  y^,  2/1,  ^2*  •  •  •  Vn  denote  the 
successive  ordinates  erected  upon  Ox,  then  equation  (6)  may  be 
written  in  the  form, 


r 


f{x).dx  -  ^h{{yQ  +  y„)  +  4(^1  +  2/3  +  .  .  .  +  y^_^)  \ 


/: 


.    (7) 

+  %2  +  2^4  +  •  •  •  +y»-.)-  I 

In  practical  work  a  great  deal  of  trouble  is  avoided  by  making 
the  measurements  at  equal  intervals  ajj  -  ^Cq,  ajg  -  ajj,  .  .  .,  ic„  -  ar,  _  j. 

Example. — In  meaBuring  the  magnitude  of  an  electric  current  by  means 
of  the  hydrogen  voltameter,  let  Cq,  C^,  C„  .  .  .  denote  the  currents  passing 
through  the  galvanometer  at  the  times  t^j  fj,  ^,  .  .  .  minutes.  The  volume  of 
hydrogen  liberated  (v)  will  be  equal  to  the  product  of  the  intensity  of  electri- 
city (C  amperes),  the  time  (/),  and  the  electrochemical  equivalent  of  the 
hydrogen  a;,  (v  =  xCt). 

Arrange  the  observations  so  that  the  galvanometer  is  read  after  the  elapse 
of  equal  intervals  of  time.  Hence  /i-/„=^-^  =  ^,  -^  =  ...  =  /i. 
From  (7), 

^V.d^=i/i{(Co+C„)  +  4(C,  +  C,+  .  .  .  +Cn-i)  +  2(C^+C^+  .  .  .  +C„.^)\. 

In  an  experiment,  v  »  0*22  when  t  —  S,  and 

t  =  1-0,  1-6,  2-0,  2-6,  8-0,    .  .  . ; 

C  =  1-68,         1-aS,        0-90,        0-84,        067,  .  .  . 

C  .d«  =    /{(I -63  +  0-67)  +  4(103  +  0-84)  +  2  x  0*90}  =  1*897. 

.-.  X  =  •22/1-897  =  0-1169. 
This  example  also  illustrates  how  the  value  of  an  integral  can  be  obtained 
from  a  table  of  numerical  measurements. 

The  result  0*1159,  is  better  than  if  we  had  simply  proceeded  by  what 
appears,  at  first  sight,  the  correct  method  (see  (IS)  below),  namely, 

y.dt  =  (/,  - 1,)9±^  +  (t,  -  t,f^  +_^2  + . . .  =  1-91. 

for  then  x  =  •22/1-91  =  01152. 

The  correct  value  is  0*116  nearly. 

If  we  take  four  instead  of  the  three  ordinates  in  the  preceding 
discussion,  we  obtain 

Jy(a:) .  dx  =  ^h(y^  +  3(2/1  +  2/2)  +  yz)f     •         •       (Q) 


f.' 


f 

J  0 
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where  h  denotes  the  distance  of  the  ordinates  apart,  y^,  ^i,  •  •  * 
the  ordinates  of  the  sucoessiye  perpendiculars  in  the  preceding 
diagram.  This  formula  is  known  as  Simpson's  three-eighths 
rule. 

If  five,  six  or  seven  ordinates  are  taken,  the  corresponding 
formulae  are  respectively 


fix) .  dx  =  j%h(7y,  +  32yi  +  12^.,  +  S2y^  +  ly,). 


(9> 


fix) .  dx  =  iUHnVo  +  ^Vi  +  %2  +  %3  +  %,  +  ^y,y    (10) 
fix) .  dx  =  ^hiy^  +  5^1  +  ^a  +  ^s  +  2^4  +  ^^5  +  2^6)-     (H) 


i 

The  last  result,  known  as  Weddle's  rule,  is  said  to  give  very 
accurate  results  in  mensuration  problems. 

All  these  formulae  are  discussed  in  Boole's  Calculiis  of  Finite  Differences 
(I.e.)  under  the  heading  "  Mechanical  Quadrature  ". 

Example. — Evaluate  the  integral  Jx' .  dx  between  the  limits  1  and  1 1  by 
the  aid  of  formula  (6),  given  fe  =  1  and  y^,  y^,  y^  ^s,  .  •  .  l/a*  Vi^  ^lo  ^J*©  respec- 
tively 1,  8,  27,  64,  ...  ,  1000,  1381.  Compare  the  result  with  the  absolutely 
correct  value.     From  (6), 

l^^xr^.dx  =  i(10970)  =  8656|. 

By  actual  integration,  the  perfect  result  is, 

r^x^.dx^^  J(ll)*  -  J(l)*  =  3660. 

The  reader  will  perhaps  have  met  some  of  the  above  formulae  in  his- 
arithmetic  (mensuration). 


2.  Trapezoidal  Formulae. 

n  ^ 


Instead  of  assuming  each  strip  to- 
be  the  sum  of  a  trapezium  and  a 
parabolic  segment,  we  may  suppose 
that  each  strip  is  a  complete  tra- 
pezium. In  Fig.  106,  let  AN  be  a 
curve  whose  equation  is  y  =  fix) ; 
AA\  BR,  .  .  .  perpendiculars 
drawn  from  the  x-axis.  The  area 
of  the  portion  ANNA'  is  to  be 
determined.  Let  OR  -  OA' =  OC  -  OR  ^  .  .  ^  -- h.  It  foUows 
from  known  mensuration  formulae,  (10),  page  491, 

Area  ANNA'  =  ^AA'  +  BR)  +  .  .  .  +  \iMM'  +  NN), 

=  \hiAA'+  2BB'=  2CC'+  .  .  .  +  2MM' +  NN'), 
=  hil  +  l  +  l+  ...  +1-^1  + i),       .         (12) 


Pig.  106. 
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where  the  coefficients  of  the  successive  ordinates  alone  are  written. 
This  result  is  known  as  the  trapezoidal  rule. 

Let  Xq,  Xj,  ajgf  •  •  •  >  ^«»  ^®  *^®  values  of  the  abscissae  corre- 
sponding to  the  ordinates  t/q,  y^.y^j  -  •  •  >  y^  then, 

I    7(^)-^a?  =  |(iCi-a;o) (2^0  +  2^1)+   •    •    •   +i{^n-^n-l){yn-l  +  yn)'      (13) 

It  x^  -  Xq  =  x,2  -  x^^  .  .  .  =  hy  we  get,  by  multiplying  out, 

f{x) .  dx  =  h{\{yQ  +  y„)  +  2/2  +  2^8  +  •  •  •  +2^«-i}-      (**) 

The  trapezoidal  rule,  though  more  easily  manipulated,  is  less 
accurate  than  those  based  on  the  parabolic  formula  of  Newton  and 
Cotes. 

The  following  expression, 

Area  ANNA'  =  /^(/g  +  jf  +  1  +  1  +  .  .  .  +  1  +  1  +  If  +  A)»  (1^) 
or, 

f{x).dx=^h{0'4:{yQ  +  y„)-\-l'l(y^  +  y,_^)  +  yi  +  y^+  . . .  +2^n-i},  (16) 

is  said  to  combine  the  accuracy  of  the  parabolic  rule  with  the 
simplicity  of  the  trapezoidal.    It  is  called  Durand's  rule. 

Example.— Evaluate  the  integral  /    — ,  by  the  approximate  formulae 

J2  ^ 
(7),  (14)  and  (16),  assuming  ^i  =  1,  n  ==  8.    Find  the  absolute  value  of  the 

result  and  show  that  these  approximation   formulae   give   more   accurate 

results  when  the  interval  h  is  made  smaller.     Ansr.  (7)  gives  1*611,  (12) 

gives  1*629,  (15)  gives  1*616.    The  correct  result  is  1*610. 

Lemoine  (Annales  de  Chimie  et  de  Physique  [4],  27, 289, 1872)  encountered 

some  non-integrable  equations  during  his  study  of  the  action  of  heat  on  red 

phosphorus.    In  consequence,  he  adopted  these  methods  of  approximation. 

The  resulting  tables  *'  calculated  "  and  "  observed "  were  very  satisfactory. 

For  these,  see  the  cited  memoir. 

Another  method  of  approximate  integration,  of  special  import- 
ance in  practical  work,  will  now  be  indicated. 

§  108.  Integration  by  Infinite  Series. 

It  is  a  very  common  thing  to  find  expressions  not  integrable 
by  the  ordinary  methods  at  our  disposal.  We  may  then  resort 
to  the  methods  of  the  preceding  section,  or,  if  the  integral  can 
be  expanded  in  the  form  of  a  converging  series  of  ascending 
or  descending  powers  of  x,  we  can  integrate  each  term  of  the 
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expanded  series  separately  and .  thus  obtain  any  desired  degree  of 
accuracy  by  summing  up  a  finite  number  of  these  terms. 

If  f{x)  can  be  developed  into  a  converging  series,  f{x) .  dx  is  also 
convergent.     Thus  if 

f{x)  ^l^-x  +  x^  +  a^-k-  .  .  .  +a?"-i  +  x"  +  .  .  .        (1) 

J/(x).da:  =  a;  +  L»  +  ^x»+  .  .  .  +-a;"+  _L-ar+i+  ...       (2) 
^-^^  '  2        3  n        n  + 1  ^  ' 

Series  (1)  is  convergent  when  x  is  less  than  unity,  for  all  values  of 

n.     Series  (2)  is  convergent  when  nxl(n  +  1)  and  therefore  when 

X  is  less  than  unity.     The  oonvergency  of  the  two  series  thus 

depends  on  the  same  condition.      If  the  one  is  convergent,  the 

other  must  be  the  same. 

If  the  reader  is  able  to  develop  a  function  in  terms  of  Taylor's 
series,  this  method  of  integration  will  require  but  few  words  of 
explanation.     One  illustration  will  suffice. 

By  division,  or  by  Taylor's  theorem, 

(1  +  a;2)-i  =  l-a:2  +  a^-aj«+... 

.-.  I -— ?  -  =^  \dx  -  \x^ ,  dx  ■¥  \x^  ,  dx  -  \afi ,  dx  +  .  .  . 
J 1  +  a;-^ 


page  229,  (6). 


=  ic  -  -ic*  +  -a^  -  .  .  .  =s  tan  ~  '^x, 

o  O 


Examples. — (1)  Using  the  approximation  of  Simpson,  (7)  preceding  seo- 
tion,  show  that 


/ 


^  ,  =  tan  - 12  -  tan  -  U  =  0-821761. 


Verify  the  following  results. 

(i)j{i-^-^dx  =  «  +  a'^g  +  ^^  +  .  .  .  +  c. 


,     [    dx         o   /-; — /,       1  sin"*      1 . 3  sin**  \      „ 

*^>i  VS^=  ^""K^  +  2-  ^-  +  274-  -9-+  ■■■)  +  C. 

(4)/<,-x'<ix  =  l-i   3  +  1-2^3-1   2   3-7+.  ••+C.         ^ 

,6,r,i-«.v,w.i{i-i(!.)v|(i^!^)v...}. 


(7)  How  would  you  propose  to  integrate  /(logioX .  dx)l(l  -  x)  in  series? 
See  also  pages  188  and  865. 

(8)  The  result  of  the  following  discussion  is  required  later  on.     To  find  a 

value  for  the  integral 

'*6-'"(ia:.  .        .        .        .        .        (8) 

0 


/: 
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Integrals  of  this  type  are  extensively  employed  in  the  solution  of  physical 
problems.  E.g.j  in  the  investigation  of  the  path  of  a  ray  of  light  through  the 
atmosphere  (Kramp) ;  the  conduction  of  heat  (Fourier) ;  the  secular  cooling  of 
the  earth  (Kelvin),  etc.    One  solution  of  the  important  differential  equation 

dv  _  ^' 

is  represented  by  this  integral.  See  also  Chapter  VIII.,  §§  152  and  154.  On 
account  of  its  paramount  importance  in  the  theory  of  enors  of  observation 
(q.v.),  (3)  is  sometimes  called  the  error  function,  and  written  **  erf  x  ". 

Glaisher  {PhU.  Mag.  [4],  42,  294,  421,  1871)  and  Pendlebury  (t6.,  p.  437) 
have  given  a  list  of  integrals  expressible  in  terms  of  the  error  function.    The 
numerical  value  of  any  integral  which  can  be  reduced  to  the  error  function, 
may  then  be  read  off  directly  from  known  tables.    See  Chapter  XI.,  §  180 
also  Burgess,  Trans,  Roy,  Soc,  Edin.,  S9,  257,  1898. 

Note. — The  error  function  (8)  may  be  expressed  as  a  gamma  function, 

K(i)»  o'  i>'^*»  ^m  (12),  §  88. 

The  following  ingenious  method  of  integration  is  due  to  Gauss :  If  a  sur- 
face has  the  equation 

i^c-Cx'+j^), (4) 

the  volume  included  between  this  surface,  the  j?-plane  (for  which  z  =  0),  the 
a>plane  (between  the  limits  x  =  0  and  x  —  cc)  and  the  y-plane  (between  the 
limits  0  and  ao),  is  given  by  the  expression, 

volume  =  /      /   e-<'^  +  »^idx,dy  =  j  e-'^dxj  e-^dy.        .        ^) 

Let  u  denote  the  integral  of  the  original  equation,  (3),  then,  it  follows  that 
the  volume  in  (6)  =  m*. 

Again,  if  we  express  z  in  polar  coordinates,  since  a^  +  y^  __  ^a^  ^f  =  e-'*^  ^^tioJh^S^ 
the  area  of  an  element  in  the  ir-plane  becomes  r  ,dB,dr,  instead  of  dy . dx. 
In  order  that  the  limits  may  extend  over  the  same  part  of  the  solid  as  before, 
the  integration  limits  must  be  transformed  so  that  r  extends  over  0  and  oo 
and  0  over  0  and  ^r.    Therefore  the  volume  of  the  solid  in  polar  coordinates,  is 

rnt%  {^ 

volume  =  1  e-^r.dd.  dr. 

Integrate  with  respect  to  d  and 

volume  =  i»  r  e  -  r'r .  dr. 

Now  multiply  and  divide  by  -  2  and  integrate. 

.*.  volume  =  - Jirl  e-*^  I    =  Jir. 

.'.  u*  =  Jir ;  or,  ti  =  4  V». 

By  successive  reduction  (§  75), 

r       o       ^        (n  -  1)  (n  -  3)  .  .  .  2  /--      „     ^ 
j  e-'^x^,dx=^ 2S^-i)n j^e-^x,dx,   .        .        (6> 

when  n  is  odd,  and 
when  n  is  even. 
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All  these  integrals  are  of  considerable  importance  in  the  kinetic  theory 
of  gases  and  in  the  theory  of  probability.  Ck>mmon  integrals  in  the  former 
theory  are 

— j^-\  e - *"r* .  dar  and   — /- /   e-*^x^.dx.         .        .        (8) 

From  (7),  the  first  one  may  be  written  jA'^na',  the  latter,  ^Naj  Vt. 
If  the  limits  are  finite,  as,  for  instance,  in  the  probability  integral, 

\frJ  0 
Put  hx  ^  tf  then 

Develop  e-^  into  a  series  by  Maclaurin's  theorem,  as  just  done  in  exsunple  (4) 
above.    The  result  is  that 

2  /  ^  fi  \ 

^  ^  7iV  "r73"^1.2.6"-'7         ...       (9) 

may  be  used  for  small  values  of  /. 

For  large  values,  integrate  by  parts, 

=  -  2?*         +  2^F^''"'^  +  2V  T^^^ 
/•   -/«  s/l         1         3         16  \ 

...  -  j  e       dt   ^  «"'\2^  "■  4?  "^  8F  "  16^  ■*■  •  •  7' 

From  (4),  page  185, 

-'•fe-^dt  ^Te-^dt  ^p^e-^dt 

The  first  integral  on  the  right-hand  side  =  i^/x.    Integrating  the  second 
between  the  limits  ao  and  t 

g-«Y  1        1.3       1.3.6  \ 

F-l  -  ^^f-\l  -  2P'^  (2^y  "    (2^)»    +     '    J'     '        '       (10) 

This  series  converges  rapidly  for  large  values  of  t.     From  this  expression  the 
value  of  P  can  be  found  with  any  desired  degree  of  accuracy. 
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PART  II. 

ADVANCED. 
CHAPTER  VI. 

HYPERBOLIC  FUNCTIONS. 

i  109.  Euler's  Exponential  Values  of  the  Sine  and  Cosine. 

There  are  certain  combinations  of  the  exponential  functions  which 
are  frequently  employed  in  the  various  branches  of  physics.  These 
functions  bear  the  same  formal  resemblance  to  one  half  of  a  rect- 
angular hyperbola  that  the  circular  functions  of  trignometry  do  to 
the  circle,  hence  their  name  hyperbolic  functions. 

Hyberbolic  functions  have  now  become  so  incorporated  with 
practical  formulae  that  it  is  necessary  to  have  at  least  an  elementary 
knowledge  of  their  properties. 

Eeturning  to  the  imaginary  V-  1,  i  has  no  physical  meaning, 
it  is  an  abstract  mathematical  concept  to  which  mathematicians 
have  arbitrarily  applied  the  fundamental  laws  of  algebra — distri- 
butive law,  commutative  ("  relatively  free  ")  law,  and  the  index 
law.     See  footnotes,  pages  175  and  304. 

In  §  98,  (9)  and  (11),  the  following  series  were  developed : — 
x^       3^  _  x^       a^ 

If  we  substitute  ix  in  place  of  x  (see  footnote,  page  175),  we  obtain, 

tx       x^       lx^       x^       iX^ 
^        ^  ^  1       2!      31^41^51        •  •  •' 

[         x^       x^  \        /x      x^       a^  \ 

="  V^  "  21  ■*■  47  ~  •  •  7  "^  \T  "■  3T  ■*■  5T  -  •  •  •/    (^) 

By  reference  to  page  229,  we  shall  find  that  the  first  expression  in 
brackets,  is  the  cosine  series,  the  second,  the  sine  series.     Hence, 

e«  =  cos  a;  +  t  sin  ic.  .         .         .       (3) 
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In  the  same  way,  it  can  be  shown  that 

nf  />«2  rifA  .7«4  'V& 

«(/  •</  M/  M/  VU 


e-u.=3i_--  —+  ---  + 


1      2!   '  3!   •  4!       5! 


•  •  ♦ 


/  x^       x^  \        /x       x^       x^  \ 

^V'  2T  "^  4T  "■  •  :  7  -  \i  "  31  "^  5T  "  •  '  7'  (^^ 
Or,  e  -  **  =  cos  a;  -  t  sin  a;.  .       (5) 

Combining  equations  (3)  and  (5), 

J(e«  -  e  -  «)  =  t  sin  x  ;  ^{e'^  +  e  - '')  =  cos  a?.       .       (6) 


§  110.  The  Derivation  of  Hyperbolic  Functions. 

Every  point  on  the  perimeter  of  a  circle  is  equidistant  from  the 
centre,  therefore,  the  radius  of  any  given  circle  has  a  constant 
magnitude,  whatever  portion  of  the  arc  be  taken. 

In  plane  trignometry,  an  angle  is  conveniently  measured  as  a 
function  of  the  arc  of  a  circle.  Thus,  if  V  denotes  the  length  of 
an  arc  of  a  circle  subtending  an  angle  0  at  the  centre,  /  the  radius 
of  the  circle,  then 

arc     _  I' 
"  radius  ""  r'" 
This  is  called  the  circular  measure  of  an  angle  and,  for  this  reason^ 
trignometrical  functions  are  sometimes  called  circular  ftinctions. 

This  property  is  possessed  by  no  plane  curve  other  than  the 
circle.  For  instance,  the  hyperbola,  though  symmetrically  placed 
with  respect  to  its  centre,  is  not  at  all  points  equidistant  from  it. 
The  same  thing  is  true  of  the  ellipse.     The  parabola  has  no  centre. 

If  I  denotes  the  length  of  the  arc  of  any  hyperbola  which  cuts 

the  a;-axis  at  a  distance  r  from  the  centre,  the  ratio 

I 
«  =  / 

is  called  an  hyperbolic  function  of  u,  just  as  the  ratio  I'/r'  is  a 
circular  function  of  0, 

To  find  a  value  for  the  ratio  u  =  l/r.  For  the  rectangular 
hyperbola 

y  =  J{x^  -  a'') ;  .-.  dyldx  =  x/ Jix^  -  a^).  .       (1) 

The  length  of  any  small  portion  dl  of  the  arc  of  an  hyperbola  is^ 
by  §  81, 
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The  distance  r  of  any  point  (x^  y)  from  the  origin  on  this  curve,  is 

,__- _       dl  ax 

.-.r  =  vac*  -  a%  .-.  -  = 


If  Xi  is  the  abscissa  of  any  point  on  the  hyperbola,  a  the 
abscissa  of  the  starting  point, 

J«  r     J.  Va;2  -  a*  a 

Put  X  for  2;^  and,  remembering  that  log^  »  1, 

l^  log  e  =  log  (a?  +  s/x^  -  a^)la ; 

or,  e»  =  (a?  +  Jx^  -  a?)la ; 

.-.  (fi-  -  a;/a)2  =  jj2/a2  -  1,  or  aw/a  =  e**  +  1 ; 

X 


a 


i(e"  +  e-"). 


But  this  relation  is  practically  that  developed  for  cos  x,  (6),  of 
the  preceding  section,  u;,  of  course,  being  written  for  u.  The  ratio 
xia  is  defined  as  the  hyperbolic  cosine  of  u.  It  is  usually  written 
cosh  u  and  pronounced  "  cosh  u**  or  "  h-cosine  u  ".     Hence, 

cosh  u  =  J(e«  +  e--)«l+27  +  4l  +  ---  (2) 

In  the  same  way,  proceeding  from  (1),  it  can  be  shown  that 


I- -^^ ' -f^^F^^  -  4 


e2«  .  2  +  e 


2« 


a  relation  previously  developed  for  i  sin  x.  The  ratio  ^/a  is  called 
the  hyperbolic  sine  of  u,  written  sinh  u,  pronounced  '*  shin  u^* 
or  "  h-sine  u*\     As  before 


u^      u^ 


sinh  u  =  J(c'*  ~e~")  =  w  +  Q7+5T+---  (3) 

The  remaining  four  hyperbolic  functions,  analogous  to  the 

remaining  four  trignometrical  functions,  are  tanh  u  (pronounced 

"  h-tan  w,"  or  "tank  w"),  cosech  u,  sech  u  and  coth  u.    Values  for 

each  of  these  functions  may  be  deduced  from  their  relations  with 

sinh  u  and  cosh  u.     Thus, 

^     ,  sinh  u         .  1 

tanh  u  =  — r —  ;  sech  u  « 


cosh  u '  cosh  t« '     I  /^\ 

coth  u  =  .  7 — r —  ;  cosech  u  =  -r-r — 
tanh  u  sinh  i^. 

Unlike  the  circular  functions,  the  ratios  x/a,  y/a^  when  referred 
to  the  hyperbola,  do  not  represent  angles.    An  hyperbolic  fwnctum 

s 
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expresses  a  certain  relation  between  the  coordinates  of  a  given  point 
on  the  arc  of  a  rectangular  hyperbola. 

Let  O  (Fig.  107)  be  the  centre 
of  the  hyperbola  APB,  described 
about  the  coordinate  axes  Ox,  Oy. 
From  any  point  P(x,  y)  drop  a  per- 
pendicular PM  on  to  the  a;-axis. 
Let  OM  =  x,PM  ^  y,  OA  ^a, 
.*.  coshtA  =  xla\  sinhi^  »  yja. 

For     the     rectangular     h3rperbola, 
Pig.  107.  Q^i  _  ^a  =,  ^2. 

.-.  a^sinh^  -  a'-^oosh^  =  a^ ;  or,  sinh^  -  oosh^t^  =  1. 
The  last  formula  thus  resembles  the  well-known, 

cos^aj  +  sin^aj  =  1. 
Draw  FM  a  tangent  to  the  circle  AF  at  P.    Drop  a  perpendicular 
FM  on  to  the  2;-axis.     Let  the  angle  MOF  =  0. 

.-.  xia  =  sec(?  =  cosht^ ;  yja  =  tan^  =  sinht*.     .        (6) 

In  example  (5),  page  279,  it  is  shown  that  the  area  AOF  =  \aW 

and  of  AOP  =  \aHb,    From  equations,  page  273,  it  follows  that 

6** »  cosh  u  +  sinh  u  =  sec  $  +  tan  $. 

u  «  log(sec  ^  +  tan  ^)  =  log  tan(^ir  +  ^^),  (6) 

and  tanh  \u  =  tan  |^.  .        .        (7) 

When  0  is  connected  with  u  by  any  of  the  four  relations  (5), 

(6)  and  (7),  0  is  said  to  be  the  Oudermannian  of  u  and  written 

$  =  gdu.     The  Gudermannian  function,  therefore,  connects  the 

circular  with  the  hyperbohc  functions. 

§  111.  The  Oraphic  Bepresentatioii  of  the  Hyperbolic 

Functions. 

We  have  seen  that  the  trignometrical  sine,  cosme,  etc.,  are 
periodic  functions.  The  hyperbolic  functions  are  exponential,  not 
periodic*    This  will  be  evident  from  the  following  diagrams  (Figs. 

*  Since  cos  x  and  sin  x  are  periodic  functions,  cos  x  +  tsinx  repeats  its  value  every 
time  X  is  increased  by  2ir ;  it  therefore  follows  that  e*-*  also  repeats  its  value  every  time 
X  is  increased  by  2ir.  In  this  particular  case  e^'  is  said  to  be  an  imaginary  periodic: 
fu nciicn  of  X,  

To  illustrate  the  periodic  nature  of  the  symbol  i,  suppose  \/  - 1  represents  the 
symbol  of  an  operation  which  when  repeated  twice  changes  the  sign  of  the  subject  of 
the  operation,  and  when  repeated  four  times  restores  the  subject  of  the  operation  to 

its  original  form.    For  instance,  if  we  twice  operate  on  .r  with  \^  -  1,  we  get  -  x,  or 
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108,   109,   110),   which  represent  graphs  of  the  six  hyperbolio 
functions. 


Fio.  109. — Graphs  of  cosh  x  and 
sechz. 


108.— Graphs  of  tanh  x  and 
ootha;. 


{sj  -Xfx^  sj  ^\,  V  -  1 .  a:  =  -  a; ; 

( V~-  \fx  =  X, 

and  so  on  in  cycles  of  four.  If  the  imaginary  quantities  ix,  -  to;,  .  .  .are  plotted  on 
the  y-azis  {axis  qf  imaginariea)^  and  the  real  quantities  x,  -  x,  ...  on  the  avazis 

(axis  qf  real8\  the  operation  of  \/  - 1  on  x  will  rotate  x  through  90°,  two  operations 
will  rotate  x  through  180°,  three  operations  will  rotate  x  through  270°,  and  four 
operations  will  carry  x  back  vq  its  original  position. 

Since  2i  sin  a;  =  «**-«  ~  *',  if  a;  =  »,  sin  ir  =  0, 

. '.  c*»  -  e  -  '«■  =  0  ;  or,  «*""  =  «-  *"", 

meaning  that  the  function  e^  has  the  same  value  when  a;  =  ir  and  when  x  =  -  ir.  From 
the  last  equation, 

e2*'  =  1. 
But 

a:  =  X  X  1  =  .T  X  e2*«r  =  « log*  +  2nr, 

which  means  that  the  addition  of  2iir  to  the  logarithm  of  any  quantity  has  the  effect 
of  multiplying  it  by  unity,  and  will  not  change  its  value.  Rvery  real  quaTUit^f  there- 
forty  hcts  one  real  logarithm  and  an  infinite  number  of  ima^nary  logarithms  differing 
by  2inir,  where  n  is  an  integer. 

When  any  function  has  two  or  more  values  for  any  assigned  real  or  imaginary 
value  of  the  independent  variable,  it  is  said  to  be  a  multlpla-valuod  fUnetlon.  Such 
are  logarithmic,  irrational  algebraic,  and  inverse  trignometrical  functions.  The 
imaginary  values  in  no  way  interfere  with  the  ordinary  arithmetical  ones.  A  iln^la- 
valuod  ftinctlon  assumes  one  single  value  for  any  assigned  (real  or  imaginary)  value  of 
the  independent  variable.  For  example,  rational  algebraic,  exponential  and  trigno- 
metrical functions  are  single-valued  functions. 

There  are  several  interesting  relations  between  sin  x  and  e'.     Thus,  if 

y  =  asiuqt  +  h sin qt^  cPy/dt^  =z  -q'h/;  dy^jdt^  =  qhf ; 
y  =  ««,  d^/dfi  =  q^;  d^/dt*  =  q*y,  etc. 
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The  graph 

'if  »  cosh  x^ 

is  known  in  statics  as  the  "  c<Uenary  ".     Tanhx  and  Gothx  have 

an  imaginary  period  in,  the  remaining  hyperbolic  functions  have 

the  imaginary  period  2iri. 

y 


S&-4^ 


Fio.  110. — Graphs  of  sinh  x  and  cosech  x, 

§  112.  TransfoFiiiatioii  and  Ckinvenion  Fonniilae. 

(i.)  To  pass  from  trignometrical  to  hyperbolic  functions  and  vice 

versd.    By  substituting  V  -  1 .  ^,  or,  la;  in  place  of  tt  in  equations 
(2)  and  (3),  §  110,  we  obtain 

.  .  =  cos  2;.       .        .        (1) 


X' 


Or, 


coshia;  =  l--  +  j^  -  .  . 

.  1  (txY      (ix)^ 

smn  tx  =  tx  +  1— f  +  i— f-  +  .  .  .  =  t  sm  a?. 

o!  0! 

cosx  =  i(e**  +  e'")  =  coshio;. 

sinrr  =  --{e"  -  e'"')  =  -sinhix. 
2(  I 


(2) 
(3) 
(4) 


This  set  of  formulae  allows  the   trignometrical  and  hyperbolic 

functions  to  be  mutually  converted  into  each  other. 

(ii.)  Conversion  formulae.     Corresponding  to  the  trignometrical 

formulae  there  is  a  great  number  of  relations  among  the  hyperbolic 

functions,  such  as 

coshers  -  sinh^aj  =  1. (6) 

cosh  2aj «  1  +  2  sinh^a;  =  2  cosh2a;  +  1.  (6) 

sinh  X    -  sinh  y  =  2  cosh  ^{x  +  y) .  sinh  ^{x  -  y),  (7) 

and  so  on.    These  have  been  summarised  in  the  chapter,  **  Collection 

of  Beference  Formulae  ". 


Example. —Show 


tanh  tx  zsz  I  tan  x. 
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§  118.  Invepse  Hyperbolio  Fmiotions. 

The  inverse  hyperbolio  functions  are  defined  in  the  same  way 
as  the  inverse  trignometrical  functions,  that  is  to  say, 

sinh  -  ly  =  a?, 
is  another  way  of  stating  that 

y  =s  sinh  a;. 
These  inverse  functions  can  be  expressed  as  logarithmic  func- 
tions, since, 

y  =  sinhx  =  J(e*  -  c~'), 

r.  e^  -  2y«'  -1  =  0. 
Solve  as  a  quadratic.  

.-.  6*  =  y  ±  Vy^  +  1. 
For  real  values  of  x,  the  negative  sign  is  excluded  in  the  case  of 
sinh  ~  ^,  and 

.-.  sinh-^      =-  log{y  +  Vy^  +  l}-  •  •        (1) 

Similarly             cosh  -^y     =  log  {y  ±  Jy^  -  1}  I  .  .        (2) 
Here  (Fig.  109)  we  can  use  either  value. 

tanh  -  ly     =  i  log(l  +  y)/{l  -  y) ;  .  (3) 

coth-^     »ilog(y  +  l)/(y-l);  .  (4) 

sech-»y     =  log{l  +  Jl  -  y^\ly ;    .  (5) 

cosech-iy  =  log  {1  +  Vl  +  y*}/y.     .  (6) 

§  Hi.  DiffeFentiatioii  and  Integration  of  the  Hyperbolio 

Functions. 

The  functions  may  be  differentiated  in  a  similar  manner  to  the 

ordinary  trignometrical  functions.     The  symbol  V  -  1  is  treated 

as  if  it  were  a  constant  real  quantity.     Thus,  let 

y  -s  smhx  =»/(a?),  .'./(a?  +  ^)  =  sinh(x  +  h), 

dy      J.      sinh(iF  +  /t)  -  sinh h 
.-.  ^  -  hh^, ^ . 

J.      2  sinh  \h .  cosh(a;  +  hh) 
-  M,^,- J . 

=  Lt^^^       *    .cosh(a?  +  \h). 
in 

The  limit  of  sinh  u/u  when  i^  «  0,  is  unity  (page  505),  just  as  in 

the  somewhat  analogous  sin  0/0—1,  when  0  becomes  vanishingly 

small. 

.-.  dy/dx  =  d{BiDhx)ldx  =  cosh  re. 
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This  is  proved  more  directly  as  follows : 

d(smhx)ldx  =  d{^(e'  -  e-')}/dx 

=     J(e*  +  e*')  =  oosha?. 

For  the  inverse  hyperbolic  functions,  let 

y  =  sinh~ia;, 

.'.  dx/dy  =  cosh^. 
From  (6),  §  112, 

cosh^  =  Vsinh^  +  1 ;  .•.  coshy  «  Jx^  +  1, 
from  the  original  function  to  be  differentiated. 

.-.  dyldx^  1/Vi^n^. 

ExAMPLB. — If  y  s  cosh  mx  +  sinh  mx,  show  that 

A  standard  collection  of  results  of  the  differentiation  and  inte- 
gration of  hyperbolic  functions,  is  set  forth  in  the  following  table: — 

'  Table  III. — Stanbabd  Intbobai^. 


Function. 


y  =  sinh  x. 
y  =  cosh  X. 


y 
y 
y 
y 

y 
y 
y 
y 
y 
y 


tftnha;. 
coth  X. 
sechx. 
oo8ech;r. 

sinh  -  *x. 
cosh  -  ^x, 
tanh  -  ^x, 
coth  -  ^x. 

seoh— ^x. 
cosech  -  ^x. 


Differential  Calculus. 


dy 

dx 
dy 

dx 
dy 

dx 

dx 
dy 

dx 
dy 

dx 
dy 

dx 
dy 
dx 
dy 
dx 
dy 
dx 
dy 

dx 
dy 
dx 


=  cosh  X,    • 
=  sinh  X. 
—  sech'z. 

=  -  cosech'x. 

_      sinh  X 

~~      coshx* 
coshx 

"  sinhx* 
_    _J  _ 

1 


Integral  Calculus. 


Jcosh  X        = 
Jsinh  X        = 


N'.r«  -  1 
1 


1  -  X 
1 


,.  a:  <  1. 


ja-  1 
1_ 

1 


Jsech^x 

Jcosech'ic 

sinh  X 

cosh  X 
coshx 

sinh  X 
dx 


V  a-a  +  1 
dx 


v/x2  -  1 
dx 

1  -  x« 
/'    dx 

dx 


f 


I 


dx 


sinh  X. 

•    (1) 

coshx. 

(2) 

tanhx. 

(3) 

-  cothx. 

W 

-  sechx. 

.        (S) 

-  cosech  X.  , 

(6) 

sinh  -  *x. 

(7) 

cosh  -  *x. 

(8) 

tanh  -  *x.     . 

(9) 

coth  -  *x. 

(10) 

-  sechx.     . 

(11) 

-  cosech  X.  . 

(12) 

ExAMPUSs. — When  integrating  algebraic  expressions  involving  the  square 
root  of  a  quadratic,  hyperbolic  functions  may  frequently  be  substituted  in 
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place  of  the  independent  variable.    Such  equations  are  very  common  in 
electrotechnics.    It  is  convenient  to  remember,  as  in  §  78,  that  a;  «  a  tanh  u, 

or  a;  =  tanh  u  may  be  put  in  place  of   Va*  -  a",  or  s/1  -  a;* ;  similarly, 

X  ^  a  cosh  u  may  be  tried  in  place  of  \^x'*  -a*;  x  ^  a  sinh  u  for  Va^  +  a*. 

(1)  Evaluate  J  Va^  ±  a'  .  <iar.     Substitute  a;  =  a  sinh  u  in  Va*+a*,  and 

a;  =s  ^  cosh  t*  in  \'j:'  -  a*. 

.•.  j  v^x*  ±  fl*.  da;  =  Ja*J(oosh*M  ±  1) .  dt* ; 

=  |a'  sinh^  +  ^*m  =  ^a  sinh  u .  a  cosh  u  +  ^^. 
=  ix  ^/(x"  ±  «•)  ±  Ja»  log  {x  +  V(a:«  ±  a«)}/a  +  C. 

fl'  a; 

The  "  log "  terms  can  be  written   -q-  sinh  ~  ^~  in  the  one  case,  and 

a*  X 

Q-  cosh  -  *-  in  the  other.     Verify  the  next  three  results : 


(8)j 


dx                  X  +  v/(a;»  +  a')        .   ,     ,a; 
(^T^  =  log smh-i-  +  C. 


I  ^^     T.     ^      =  sinh  - 1-  -  >-^     ^     ^  +  C.   Substitute  x  =  a  sinh  u. 
xr  ax 

i*      x^dx 

(See  page  506.) 

(5)  Find  the  area  of  the  segment  OPA  (Fig.  107)  of  the  rectangular 
hyperbola  x'  -  y*  =  1. 

Put  X  =  cosh  u;  y  =  sinh  u.     (See  (5),  §  112.) 

.-.  Area  APM  =  I  y.dx=  j   sinhhi .  du, 

=  i /    (cosh  2u  -  l).du  =  i  sinh  2u  -  ^u. 
J  0 

.-.  Area  0PM  =  i  Area  PAT .  OAf  -  Area  APM  =  Ji*. 
Note  the  area  of  the  circular  sector  OP* A  (same  figure)  =  Jtf,  where  e  is 
the  angle  il  OP". 

(6)  Rectify  the  catenary  curve  y  =  cosh  x/c  measured  from  its  lowest 
point.    Ansr.  I  =  c  sinh  x/c.    Note  1  =  0  when  x  »  0,  .'.  C  =  0. 

(7)  Rectify  the  curve  y*  =  4ax  (see  example  (1),  page  187).  The  expres- 
sion 1^/(1  +  a/x)dx  has  to  be  integrated.  Hint.  Substitute  x  =  a  sinh^u. 
2aJcosh^ .  du  remains.  Ansr.  =  aj(l  +  cosh  2u)dUj  or  a{u  +  }  sinh  2u),  At 
vertex,  where  x  =  0,  sinh  ti  =  0,  C  =  0. 

Show  that  the  portion  bounded  by  an  ordinate  passing  through  the 
focus  has   I  =  2-296a.      Hint.  Diagrams  are  a  great  help  in  fixing  limits. 

Note  X  =  a,  .*.  sinh «  =  1,  cosh  u  =  \^.  from  (5),  §  112.     From  (1).  §  118, 

sinh  -  ^1  =  u  =  log(l  +  V^.     From  (20),  page  505,  sinh  2u  =  2  sinh  u .  cosh  u, 

Z  =  [tt  +  J  sinh  2uT  =  m  +  sinh  u .  cosh  u  =  log(l  +  ^^2)  +  \'2. 

Use  Table  of  Natural  Logarithms,  Chapter  XIII. 

(8)  Show  that  y  =  A  cosh  mx  +  B  sinh  nix,  satisfies  the  equation  of 
d^lda^  =  m^,  where  m,  A  and  B  are  undetermined  constants.  Note  the 
resemblance  of  this  result  with  a  solution  of  d^lda?  =■  -  n'x,  which  is 
y  =  A  cos  ttx  +  B  sin  nx. 
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§  116.  DemoiYre's  Theorem. 

Refer  to  the  footnote,  page  175.     Since 

COS  Xi  =  i(e'^  +  e  -  »*i) ;  i  sin  x^  =  ^{c*^  -  e  -  »^), 
and         e*^  =  cos  a?i  +  i  sin  a?i ;  e  ~  **i  —  cos  a?i  -  t  sin  Xj, 
if  we  substitute  nx  for  2^,  where  n  is  any  real  quantity,  positive  or 
negative,  integral  or  fractional, 

cos  nx  -  J(fi»*"  +  e  -  *»*) ;  sin  nx  =  i{e^^  -  e  -  *»«). 
By  addition  and  subtraction  and  a  comparison  with  the  preceding 
expressions, 

cos  na?  +  I  sin  nx  =  e""     =  (cos  x  +  t  sin  x)""! 
cos  nx  -  I  sin  nx  «  c  -  "^  =■  (cos  x  -  i  sin  x)*/ *  '  * 

Note  e*  =  y,  («*)"=  y",  or,  e"*  =  y". 
Equations  (1)  are  known  as  DemoiYPe's  theorem. 

ExAXPiiBS. — (1)  Verify  the  following  result  and  compare  it  with  Demoivre's 

theorem : 

(cob  X  +  I  sin  x)*  =  (co8^  -  sin'x)  +  2i  sin  x .  coe  x ; 

=  cos  2^  +  1  sin  2x. 

(2)  Show «*  +  l^  =  e^^  =  e«(cos $  +  isin 3), 

(3)  Show  Je«(co8  /to  +  1  sin  /to)da?  =  e^{oos  $«  4-  c  sin  /to)/(a  +  </i) ; 

_^(oo8  fix  +  isin/8a;)(a  -  ifi) . 

{acwfix  +  $  sin«/3a:)  +  i(  -  /i  cos  /to  +  a  sin  3ar)       ^ 

a»  +  /5" 
Demoivre's  theorem  is  employed  in  algebra  in  the  solving  of  certain  cubic 
equations.    The  integration  of  quadratic  expressions  of  the  type 

Ax  +  B 
{(X  +  a)«  +  6"}"' 
may  sometimes  be  effected  by  substituting  x  +  a  ^  b  tan  $ ;  at  others,  it  is 
rec(»nmended  to  split  the  quadratic  into  its  so-called  conjugate  factors, 
X  -^  a  +  lb,  and  x  -{■  a  ~  tb.    Integrate  and  reduce  the  result  to  a  real  form 
by  means  of  Demoiyre*s  theorem. 

For  a  fuller  discussion  on  the  properties  of  hyperbolic  functions,  consult 
Ohrystal's  Textbook  of  Algebra,  Part  ii.  (A.  &  C.  Black,  London),  also  Merriman 
and  Woodward's  Higher  MathematiM  (Wiley  &  Sons,  New  York,  1898),  page 
107;  and  Greenhill's  A  Chapter  in  the  Integral  Calculus  (F.  Hodgson,  London). 


§  116.  Numerical  Values  of  the  Hyperbolic  Sines  and 

Ckieines. 

Tables  IV.  and  V.  (pages  510  and  511)  contain  numerical  values 
of  the  hyperbolic  sines  and  cosines  for  values  of  x  from  0  to  5,  at 
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intervals  of  0*01.  They  have  been  oheoked  by  comparison  with 
Des  IngerUeurs  Taschenbuch,  edited  by  the  Hiitte  Academy  (von 
Ernst  &  Kom,  Berlm,  1877). 

The  tables  are  used  exactly  like  the  ordinary  logarithmic  tables. 

Numerical  values  of  the  other  functions  can  be  easily  deduced 
from  those  of  sinh  x  and  cosh  x  by  the  aid  of  equations  (4),  §  110. 
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CHAPTEK  VII. 

HOW  TO  SOLVE  DIFFERENTIAL  EQUATIONS. 

This  chapter  may  be  looked  upon  as  a  sequel  to  that  on  the 
integral  calculus,  but  of  a  more  advanced  character.  The 
''  methods  of  integration  "  already  described  will  be  found  ample 
for  most  physico-chemical  processes,  but  chemists  are  proving 
every  day  that  more  powerful  methods  will  soon  have  to  be 
brought  in.  As  an  illustration,  I  may  refer  to  the  set  of  differ- 
ential equations  which  Geitel  encountered  in  his  study  of  the 
velocity  of  hydrolysis  of  the  triglycerides  by  acetic  acid  (Journal 
fur  praktische  Chemie  [2],  66,  429,  1897). 

I  have  previously  pointed  out  that  in  the  effort  to  find  the 
relations  between  phenomena,  the  attempt  is  made  to  prove  that 
if  a  limited  number  of  hypotheses  are  prevised,  the  observed  facta 
are  a  necessary  consequence  of  these  assumptions.  The  modus 
operandi  is  as  follows : 

1.  To  "  anticipate  Nature "  by  means  of  a  "  working  hy- 
pothesis," which  is  possibly  nothing  more  than  a  **  convenient 
fiction  ". 

"  From  the  practical  point  of  view,"  says  Professor  Bucker  (Presidential 
Address  to  the  B.  A.  meeting  at  Glasgow,  September,  1901),  *'  it  is  a  matter  of 
secondary  importance  whether  our  theories  and  assumptions  are  correct,  if 
only  they  guide  us  to  results  in  accord  with  facts.  .  .  .  By  their  aid  we  can 
foresee  the  results  of  combinations  of  causes  which  would  otherwise  elude  us.'' 

2.  Thence  to  deduce  an  equation  representing  the  momentary 
rate  of  change  of  the  two  variables  under  investigation. 

3.  Then  to  integrate  the  equation  so  obtained  in  order  to 
reproduce  the  "  working  hypothesis "  in  a  mathematical  form 
suitable  for  experimental  verification  (see  §§  18,  69,  88,  89,  and 
elsewhere). 

So  far  as  we  are  concerned  this  is  the  ultimate  object  of  our 
integration.  By  the  process  of  integration  we  are  said  to  solve 
the  equation. 


§  117.      HOW  TO  SOLVE  DIFFERENTIAL  EQUATIONS.         283 

For  the  sake  of  convenience,  any  equation  containing  differ- 
entials or  differential  coefficients  will,  after  this,  be  called  a 
differential  equation. 


§  117.  The  Solntion  of  a  Differential  Equation  by  the 

Separation  of  the  Variables. 

The  different  equations  hitherto  considered  have  required  but 
httle  preliminary  arrangement  before  integration.  For  example, 
when  preparing  the  equations  representing  the  velocity  of  a 
chemical  reaction  of  the  general  type : 

dxidt  =  kf{x),  ....  (1) 
we  have  invariably  collected  all  the  x'%  to  one  side,  the  ^'s,  to  the 
other,  before  proceeding  to  the  integration. 

This  separation  of  the  variables  is  nearly  always  attempted 
before  resorting  to  other  artifices  for  the  solution  of  the  differential 
equation,  because  the  integration  is  then  comparatively  simple. 
The  following  examples  will  serve  to  emphasise  these  remarks : 

Examples. — (1)   Integrate  the  equation,  y  ,dx  -\-  x  ,dy  =  0,    Bearrange 

the  terms  so 'that 

dx      dy      ^  fdx      fdy       _ 

—  +  -^  =  0 ;  or,  /  —  +  /—=  C, 

X      y  'J  X     J  y 

by  multiplying  through  with  1/xy.    Ansr.  log  x  +  log  y  =  C. 

Two  or  more  apparently  different  answers  may  be  the  same.  Thus,  the 
solution  of  the  preceding  equation  may  also  be  written, 

log  xy  =  log  e^,  ».«.,  xy  =:  e^ ;  or  log  xy  =  log  C,  i.e.,  xy  =  C. 
C  and  log  C  are,  of  course,  the  arbitrary  constants  of  integration. 

(2)  The  equation  for  the  rectilinear  motion  of  a  particle  under  the  in- 
fluence of  an  attractive  force  from  a  fixed  point  is 

V  ,  dvjdx  +  fAJx^  -  0. 
Solve.     Ansr.  ^v*  =  pijx  +  C 

(3)  Solve  (l-\-x^)dy  =  »Jy.dx,    Ansr.  2s!y  -  tan-^x  =  C. 

(4)  Solve  y  -  x.  dyjdx  =  a(y  +  dyjdx),    Ansr.  y  =  C(a  +  x)<*  -  «). 

(5)  In  conseqaenoe  of  imperfect  insulation,  the  charge  on  an  electrified 
body  is  dissipated  at  a  rate  proportional  to  the  magnitude  E  of  the  charge. 
Hence  show  that  if  a  is  a  constant  depending  on  the  nature  of  the  body,  and 
Eq  represents  the  magnitude  of  the  charge  when  t  (time)  =  0, 

E  =  E^-^. 
Hint.    Compound  interest  law.    Integrate  by  the  separation  of  the  variables. 
Interpret  your  result. 

(6)  Ahegg's  formula  for  the  relation  between  the  dielectric  constant  (D)  of 
a  fluid  and  temperature  0,  is 

-  dDlde  =  i)/190. 
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Hence  show  that  D  =  C7«-^'^,  where  C  is  a  constant  whose  value  is  to  be 
determined  from  the  conditions  of  the  experiment.  Pat  the  answer  into 
words. 

(7)  What  curves  have  a  slope  -  xjy  to  the  a;-axis  ?  Ansr.  The  rectangular 
hyperbolas  xy  —  C.    Hint.  Set  up  the  proper  differential  equation  and  solve. 

(8)  The  relation  between  small  changes  of  pressure  and  volume  of  a  gas 
under  adiabatic  conditions,  is  ypdv  -(-  vdp  »  0.    Hence  show  that  ptft = constant. 

(9)  A  lecturer  discussing  the  physical  properties  of  substances  at  very  low 
temperatures,  remarked  *'  it  appears  that  the  specific  heat  of  a  substance  de- 
creases with  decreasing  temperatures  at  a  rate  proportional  to  the  specific 
heat  of  the  substance  itself  ".  Set  up  the  differential  equation  to  represent 
this  "law"  and  put  your  result  in  a  form  suitable  for  experimental  verification. 

(10)  Helmholti'a  equation  for  the  strength  of  an  electric  current  (C)  at  the 
time  tt  is 

where  E  represents  the  electromotive  force  in  a  circuit  of  resiBtanoe  R  and 
self-induction  L,  If  E,  B,  L,  are  constants,  show  that  BC  =  E{1  -  e-^'^) 
provided  C  »  0,  when  t  —  0. 

A  sabstitution  will  often  enable  an  equation  to  be  treated  by 
this  simple  method  of  solution. 

Example. — Solve  {x  -  ^')<2x  -(-  ^xydy  =  0.  Ansr.  zs^'*  =  C,  Hint,  put 
y'  =  t;,  divide  by  x",  .•.  dxjx  +  d{vlx)  —  0,  etc. 

If  the  equation  is  homogeneous  in  x  and  y,  that  is  to  say,  if 
the  sum  of  the  exponents  of  the  variables  in  each  term  is  of  the 
same  degree,  a  preliminary  substitution  of  x  »  ty,  or  y  »  to,  ac- 
cording to  convenience,  will  always  enable  variables  to  be  separated. 
The  rule  for  the  substitution  is  to  treat  the  differential  coefficient 
which  involves  the  smallest  number  of  terms. 

Examples.— (1)  Solve  x-k-  y.  dyjdx  -  2y  =  0.    Substitute  y  =  tx, 

•••/(i^  +  /v  -  ^'  •■•  i4i  +  '"^^^  -  «  +  "^^  =  ^- 

Ansr.  (a;  -  y)e*'^*-9)  =  C. 

(2)  If  {y  -  x)dy  +  ydx  =  0,  y  =  Ce-'lf. 

(3)  If  x*dy  -  y^x  -  xydx  =.0,x  =  e^i'  +  C. 

(4)  {ofl  +  y^dx  -  2xydy,  ar«  -  y«  =  Cx. 

Non-homogeneous  equations  in  x  and  y  can  be  converted  into 
the  homogeneous  form  by  a  suitable  substitution. 

The  most  general  type  of  a  non-homogeneous  equation  of  the 
first  degree  is, 

{ax  +  by  +  c)dx  +  {a'x  +  b'y  +  c')dy  =  0.        .        (2) 
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To  convert  this  into  an  homogeneous  equation,  assume  that 

a;  =  V  +  ^  and  y  ^  w  -^  k, 
and  substitute  in  the  given  equation  (2),     Thus,  we  obtain 

{av  +  bv}  +  {ah  +  ftAr  +  c)}dv  +  {a'v  +  b'w  +  {a'h  +  b'k  +  c')}dtv  =  0.  (3) 
Find  h  and  k  so  that 

aA  +  6A?  +  c  =  0 ;  a'fe  +  6'Ar  +  c'  =  0. 

T  __b'c  —  be'     ,       ac'  —  a'c  ^^v 

•'  5^6^^*''  *"    '6- oft'*       •         •        ^^ 

Substitute  these  values  of  h  and  /?  in  (3).     The  resulting  equation 

{av  +  bw)dv  +  (a'v  +  b'w)dw  =  0,      .         .        (6) 
is  homogeneous  and,  therefore,  may  be  solved  as  just  indicated. 

ExAMPLBS.— (1)  Solve  (8y  -  7a;  -  1)dx  +  (ly  -  8x  -  3)dy  =  0.  Anar. 
(y  -  a;  -  1)%  +  a;  +  1)»  =  C.  Hints.  Prom  (2),  a  =  -  7.  6  =  8,  c  -  -  7  r 
a'  =  -  3,  6'  =  7,  c'  =  -  3.    Prom  (4),  fc  =  -  1,  A;  =  0.     Hence,  from  (8), 

Swdv  -  Ivdv  +  Itodw  -  Bvdw  =  0. 
To  solve  this  homogeneous  equation,  substitute  v;  =  v^,  as  above,  and  separate 
the  variables* 

.   dv _ s-it^.    ,  „cdv    cut     cm 

.-.  7  logi?  +  21og(i  -  1)  +  6  log(i  +  1)  =  C ;  or,  v''{t  -  Vf(t  +  If  =  C. 

But  X  =  V  •\-  h^  ,\v  —  X  '\-  \\  y  =  w  +  k,  ,\  y  —  w  \  ,\  t  =  wjv  =  yl{x  +  1),  etc^ 

(2)  If  (2y  -  a;  -  l)dy  +  (2a;  -  y  +  \)dx  =  0,  a^-xy-^-^  +  x-y^C. 

If  in  (3), 

a :  ft  =  a' :  ft'  =  1 :  m  (say), 
h  and  A;  are  indeterminate,  since  (2)  then  becomes, 

{ax  +  by  +  c)dx  +  {m{aas  +  by)  +  c'}dy  =  0. 
The  denominators  in  equations  (4)  also  vanish.     In  this  case  put 

z  =^  ax  +  by 
and  eliminate  ^,  thus,  we  obtain, 

a  +  ftA±l  +  ^  ==  0,      .  .        (6> 

mz  +  c      ax  ^  ^ 

an  equation  which  allows  the  variables  to  be  separated. 

Examples. — (1)  Solve  (2a;  +  8y  -  6)dy  +  (2a;  +  3y  -  l)dx  =  0. 

Ansr.  a;  +  y  -  4.4og(2a;  +  8y  +  7)  =  C. 
(2)  Solve  (8y  +  2a;  +  4)dx  -  (4x  +  6y  +  5)dy  =  0. 

Ansr.  9  log{(21y  +  14a;  +  22)/7}  -  21(2y  -  x)  =  C, 

When  the  variables  cannot  be  separated  in  a  satisfactory  manner^ 
special  artifices  must  be  adopted.  We  shall  find  it  the  simplest 
plan  to  adopt  the  routine  method  of  referring  each  artifice  to  the 
particular  class  of  equation  which  it  is  best  calculated  to  solve.. 
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These  special  devices  are  sometimes  far  neater  and  quicker  pro- 
cesses of  solution  than  the  method  just  described. 

We  shall  follow  the  conventional  x  and  y  rather  more  closely 
than  in  the  earlier  part  of  this  work.  The  reader  will  know,  by 
this  time,  that  his  x  and  ^'s,  his  p  and  t;'s  and  his  s  and  ^'s  are 
not  to  be  kept  in  ''  water-tight  compartments  ", 

It  is  perhaps  necessary  to  make  a  few  general  remarks  on  the 
nomenclature. 


§  118.  What  is  a  DifTepential  Equation? 

We  have  seen  that  the  straight  line, 

y  =  mx  +  6,      .         .         .         .         (1) 
fulfils  two  special  conditions  : 

1.  It  cuts  one  of  the  coordinate  axes  at  a  distance  b  from  the 
origin. 

2.  It  makes  an  angle  tan  a  =  m,  with  the  a?-axis. 
By  differentiation. 

$  =  m (2) 

ax 

This  equation  has  nothing  at  all  to  say  about  the  constant  b. 

That  condition  has   been  eliminated.      Equation   (2),  therefore, 

represents  a  straight  line  fulfilling  one  condition,  namely,  that 

it  makes  an  angle  tan~^m  with  the  a;-axis. 

Now  substitute  (2)  in  (1),  the  resulting  equation, 

yff  +  b (3) 

in  virtue  of  the  constant  6,  satisfies  only  one  definite  condition, 
(3),  therefore,  is  the  equation  of  any  straight  line  passing  through 
b.     Nothing  is  said  about  the  magnitude  of  the  angle  tan  ~  ^m. 
Differentiate  (2).     The  resulting  equation, 

d^~^'  '         '         •         ^^ 

represents  any  straight  line  whatever.  The  special  conditions 
imposed  by  the  constants  m  and  b  in  (1),  have  been  entirely 
eliminated.  Equation  (4)  is  the  most  general  equation  of  a 
straight  line  possible,  for  it  may  be  applied  to  any  straight  line 
that  can  be  drawn  in  a  plane. 

Let  us  now  find  a  physical  meaning  for  the  differential  equa- 
tion. 
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In  §  7,  we  have  found  that  the  third  differential  coefficient, 
d^s/dt^  represents  'Hhe  rate  of  change  of  acceleration  from  moment 
to  moment ".  Suppose  that  the  acceleration  dH/dt^,  of  a  moving 
hody  does  not  change  or  vary  in  any  way.  It  is  apparent  that  the 
rate  of  change  of  a  constant  or  uniform  acceleration  must  be  zero. 
In  mathematical  language,  this  is  written, 

dhi'dt^^O,       ....        (5) 
Now  integrate  this  equation  once.     We  obtain, 

dHldiP^  =  constant,  say  —  g,  .         (6) 

Equation  (6)  tells  us  not  only  that  the  acceleration  is  constant,  but 
it  fixes  that  value  to  the  definite  magnitude  g  ft.  per  second. 

But  acceleration  measures  the  rate  of  change  of  velocity.  In- 
tegrate (6),  we  get, 

dsldt  =^  gt  -\-  C^ (7) 

From  §  72,  we  have  learnt  how  to  find  the  meaning  of  C^.  Put 
^  =  0,  then  dx/dt  =  Cy  This  means  that  when  we  begin  to  reckon 
the  velocity,  the  body  may  have  been  moving  with  a  definite  velocity 
C^.  Let  C^  =  Vq  ft.  per  second.  Of  course,  if  the  body  started  from 
a  position  of  rest,  0^  =  0. 

Now  integrate  (7)  and  find  the  value  of  C^  in  the  result, 

s  =  yt^  +  v^t  +  C.,,  ...       (8) 

by  putting  ^  =  0.  It  is  thus  apparent  that  C^  represents  the  space 
which  the  body  had  traversed  when  we  began  to  study  its  motion. 
Let  C^  =  ^oft.     The  resulting  equation 

tells  us  three  different  things  about  the  moving  body  at  the  instant 
we  began  to  take  its  motion  into  consideration. 

1.  It  had  traversed  a  distance  of  Sq  ft.  To  use  a  sporting 
phrase,  if  the  body  is  starting  from  **  scratch,"  Sq  =  0. 

2.  The  body  was  moving  with  a  velocity  of  v^  ft.  per  second. 

3.  The  velocity  was  increasing  at  the  uniform  rate  of  g  ft.  per 
second. 

Equation  (7)  tells  us  the  two  latter  facts  about  the  moving 
body ;  equation  (6)  only  tells  us  the  third  fact ;  equation  (5)  tells 
us  nothing  more  than  that  the  acceleration  is  constant.  (5),  there- 
fore, is  true  of  the  motion  of  any  body  moving  with  a  uniform 
acceleration. 

Example. — If  a  body  falls  in  the  air,  experiment  shows  that  the  retarding 
effect  of  the  resisting  air  is  proportional  to  the  square  of  the  velocity  of  the 
moving  body.    Instead  of  g^  therefore,  we  must  write  g  -  fiv\  where  fi  is  the 
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variation  constant  of  page  487.    For  the  sake  of  simplioity,  put  0  «  gfa!^  and 
show  that 

V  -  <C~- — ;  a  =  --  logi- — T^ =  —  log  cosh  *'*, 

since  i;  =  0  when  t  s  0,  and  «  »  0  when  t^O, 

Similar  reasoning  holds  good  from  whatever  sources  we  may* 
draw  our  illustrations.  We  are,  therefore,  able  to  say  that  a 
differential  equation^  freed  from  constants,  is  the  most  general  way 
of  expressing  a  natural  law. 

Any  equation  can  be  freed  from  its  constants  by  combining  it 
with  the  various  equations  obtained  by  differentiation  of  the  given 
equation  as  many  times  as  there  are  constants.  The  operation  ia 
called  elimination. 

Examples. — (1)  Eliminate  the  arbitrary  constants  a  and  6,  from 

y  =  ox  +  feaJ". 
Differentiate  twice  and  combine  the  results  with  the  original  equation.    The- 
result, 

is  quite  free  from  the  arbitrary  restrictions  imposed  in  virtue  of  the  presence- 

of  the  constants  a  and  h  in  the  original  equation. 

(2)  Eliminate  m  from  ^  =  Amx,     Ansr.  y'^  =  2x  ,  dyjdx, 

(8)  Eliminate  a  and  fi  from  y  =  a  cos  a;  +  /3  sin  x.    Ansr.  d^ldx^  +  y  =  Q^ 

(4)  Eliminate  «  and  fi  from  y  »  ae"  +  /Stf**. 

Ansr.  dPyjdi^  -  (a  +  6) .  dyjdx  +  dby  =  0. 

(5)  Eliminate  k  from  dxjdt  =  k{a  -  ^)  of  §  69.  What  does  the  resulting 
equation  mean  ? 

We  always  assume  that  every  differential  equation  has  been 
obtained  by  the  elimination  of  constants  from  a  given  equation 
called  the  primitiTB.  In  practical  work  we  are  not  so  much 
concerned  with  the  building  up  of  a  differential  equation  by  the 
elimination  of  constants  from  the  primitive,  as  with  the  reverse 
operation  of  finding  the  primitive  from  which  the  differential 
equation  has  been  derived.  In  other  words,  we  have  to  find 
some  relation  between  the  variables  which  will  satisfy  the  differ- 
ential equation.  Given  an  expression  involving  x,  y,  dx/dy^ 
d^x/dy^y  .  .  .,  to  find  an  equation  containing  only  x,  y  and 
constants  which  can  be  reconverted  into  the  original  equation 
by  the  elimination  of  the  constants. 

This  relation  between  the  variables  and  constants  which  satisfies 
the  given  differential  equation  is  called  a  general  eolation,  or  a 
complete  eolation,  or  a  complete  integral  of  the  differential 
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equation.  A  solution  obtained  by  giving  particular  values  to  the 
arbitrary  constants  of  the  complete  solution  is  a  particular  solution. 

Thus  y  =  mx  is  a  complete  solution  of  y  =  a; .  dyldx ;  y  =  x  tan  45°, 
is  a  particular  solution. 

A  differential  equation  is  ordinary  or  partial,  according  as 
there  is  one  or  more  than  one  independent  variables  present. 
Ordinary  differential  equations  will  be  treated  first. 

Equations  like  (2)  and  (3)  above,  are  said  to  be  of  the  first 
order,  because  the  highest  derivative  present  is  of  the  first  order. 
For  a  similar  reason  (4)  and  (6)  are  of  the  second  order,  (5)  of  the 
third  order.  The  order  of  a  differential  equation,  therefore,  is 
fixed  by  that  of  the  highest  differential  coefficient  it  contains.  The 
degree  of  a  diflferential  equation  is  the  highest  power  of  the 
highest  order  of  differential  coefficient  it  contains.     Thus, 


S  t 'd)'-'-  -  "■ 


is  of  the  second  order  and  Imgfl  degree. 

It  is  not  difficult  to  show  that  the  complete  integral  of  a  differ- 
ential equation  of  the  nth  order,  contains  «  and  only  n  arbitrary 
constants. 

We  shall  first  consider  equations  of  the  first  order. 

§  110.  Exact  Differential  Equations  of  the  First  Order. 

The  reason  many  differential  equations  are  so  difficult  to  solve 
is  due  to  the  fact  that  they  have  been  formed  by  the  elimination 
of  constants  as  well  as  by  the  elision  of  some  common  factor  from 
the  primitive.  Such  an  equation,  therefore,  does  not  actually  re- 
present the  complete  or  total  differential  of  the  original  equation 
or  primitive.  The  equation  is  then  said  to  be  inexact.  On  the 
other  hand,  an  exact  differential  equation  is  one  that  has  been 
obtained  by  the  differentiation  of  a  function  of  x  and  y  and  per- 
forming no  other  operation  involving  x  and  y. 

Easy  tests  were  described  in  §§  24,  25,  to  determine  whether 
any  given  differential  equation  is  exact  or  inexact.  It  was  pointed 
out  that  the  differential  equation, 

M,dx-\-  N.dy  =  Q,  .         .         .       (1) 

is  the  direct  result  of  the  differentiation  of  any  function  u,  provided, 

T 
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This  last  result  was  called  the  oriterion  of  integrability,  because, 
if  an  equation  satisfies  the  test,  the  integration  can  be  readily 
performed  by  a  direct  process.  This  is  not  meant  to  imply  that 
only  such  equations  can  be  integrated  as  satisfy  the  test,  for  many 
equations  which  do  not  satisfy  the  test  can  be  solved  in  other 
ways. 

Examples. — (1)  Apply  the  test  to  the  equations, 

ydx  +  xdy  =  0,  and  ydx  -  xdy  =  0. 
In  the  fonner,  M  =  y^  N  =  x ; 

.'.  dMjdy  =  1,  dNj-dx  =  1 ;  .-,  dMjdy  =  dN/dx. 
The  test  is,  therefore,  satisfied  and  the  equation  is  exact.     In  the  other 
equation,  M  =  y,  N  =  -  x, 

.-.  dMfdy  =  1,  dNIdx  =  -  l. 
This  does  not  satisfy  the  test.    In  consequence,  the  equation  cannot  be  solved 
by  the  method  for  exact  differential  equations. 

(2)  Is  the  equation,  (x  +  ^y)xdx  +  (a?*  -  y'^)dy  =  0,  exact  ?  Af  =  x(x  +  2y), 
^  =  x*  -  y«;  ,'.  dMfdy  =  2x,  dNj'dx  =  2x.  The  condition  is  satisfied,  the 
^uation  is  exact. 

(8)  Show  that  (a*y  +  a^dx  +  (6'  +  a^x)dy  =  0,  is  exact. 

(4)  Show  that  (sin  y  ■{■  y  cos  x)dx  +  (sin  x  -^  x  cos  y)dy  =  0,  is  exact. 

To  integrate  an  equation  which  satisfies  the  criterion  of  in- 
tegrahUity^  we  must  remember  that  M  is  the  differential  coefficient 
of  u  with  respect  to  a;,  ^  being  constant,  and  N  is  the  differential 
coefficient  of  u  with  respect  to  y,  x  being  constant.  Hence  we 
may  integrate  Mdx  on  the  supposition  that  y  is  constant  and  then 
treat  Ndy  as  if  x  were  a  constant.  The  complete  solution  of  the 
whole  equation  is  obtained  by  equating  the  sum  of  these  two 
integrals  to  an  undetermined  constant.     The  complete  Integral  is 

w  =  0 (3) 

Examples.— (1)  Integrate  x(x  +  2y)dx  +  (x*  -  y^)dy  =  0,  from  the  pre- 
ceding set  of  examples.    Since  the  equation  is  exact, 

M  =  x(x  +  2y) ;  iST  =  jc'  -  y* ; 
.-.  \Mdx  =  jx{x  +  2y)dx  =  Jx'  +  a^  =  F, 
where  F  is  the  integration  constant  which  may,  or  may  not,  contain  ^,  because 
y  has  here  been  regarded  as  a  constant. 
Now  the  result  of  differentiating 

^x^  +  x^=  y, 
should  be  the  original  equation.    On  trial, 

a^dx  +  2xydx  +  xHy  —  dY. 
On  comparison  with  the  original  equation,  it  is  apparent  that 

dF  =  j/«dy;  .-.  F=i2r»+  C. 
Substitute  this  in  the  preceding  result.    The  complete  solution  is,  therefore, 

Jx»  +  xV  -  Jy'  =  C. 
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To  summarise :  The  method  detailed  in  the  example  just  given  may  be 
put  into  a  more  practical  shape. 

To  integrate  an  exact  differential  equation,  first  find  jM.dx  on  the  as- 
sumption that  y  is  constant  and  substitute  the  result  in 

JMdx  +  ifN  -  S-  (Mdx\dy  =  C.        .        .        .        (i) 

With  the  old  example,  therefore,  having  found  ^Mdx^  we  may  write  down  at 
once 

.-.  |x8  +  j«y  +  \(3^  -  2/«  -  x^y  =  C. 
And  the  old  result  follows  directly.    If  we  had  wished  we  could  have  used 

^Ndy  +  ((m  -  ^jNdy\dx  =  C, 

in  pl8M3e  of  (4). 

In  practice  it  is  often  convenient  to  modify  this  procedure.  If  the  equa- 
tion satisfies  the  criterion  of  integrability,  we  can  easily  pick  out  terms  which 
make  Mdx  +  Ndy  =  0,  and  get 

Mdx+  Y  And  Ndy  +  X, 
where  Y  cannot  contain  x  and  X  cannot  contain  y.     Hence  if  we  find  Mdy 
and  NdXj  the  functions  X  and  Y  will  be  determined. 

In  the  above  equation,  the  only  terms  containing  x  and  y  are  2xydx  -h  x^yt 
which  obviously  have  been  derived  from  xh/.  Hence  integration  of  these  and 
the  omitted  terms  gives  the  above  result. 

(2)  Solve  (x*  -  4ry  -  2y^dx  +  (y*  -  Axy  -  2x^)dy  =  0.      Pick  out  terms 

in  X  and  y,  we  get 

-  {^xy  +  2y^)dx  -  {^xy  +  2x^)dy  =  0. 

Integrate.  .*.  -  2jc*y  -  ixy^  —  constant. 

Pick  out  the  omitted  terms  and  integrate  for  the  complete  solution.     We  get, 

ixHx  +  \y*dy  -  2x^  -  2xy^  =  ar^  -  6xh^  -  6xy^  +  y^  =  constant. 

(3)  Show  that  the  solution  of  {ahf  +  x^)dx  +  (6"  +  a^x)dy  =  0,  is 

a^xy  +  6^2^  +  ijc"  =  C.    Use  (4). 

(4)  Solve  (x«  -  y^)dx  -  2xydy  =  0.     Ansr.  ix«  -  y*  =  Cjx,     Us^  (4). 

Equations  made  exact  by  means  of  integrating  factors.  As  just 
pointed  out,  the  reason  any  differential  equation  does  not  satisfy  the 
criterion  of  exactness,  is  because  the  **  integrating  factor  "  has  been 
cancelled  out  during  the  genesis  of  the  equation  from  its  primitive. 

If,  therefore,  the  equation 

Mdx  +  Ndy  =  0, 
does  not  satisfy  the  criterion  of  integrabiUty,  it  will  do  so  when 
the  factor,  previously  divided  out,  is  restored.      Thus,  the  pre- 
ceding equation  is  made  exact  by  multiplying  through  with  the 
integrating  factor  fA.     Hence, 

fi{Mdx  +  Ndy)  =  0, 
satisfies  the  criterion  of  exactness,  and  the  solution  can  be  obtained 
as  described  above. 
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§  120.  How  to  find  Integrating  Factors. 

Sometimes  integrating  factors  are  so  simple  that  they  can  be 
detected  by  simple  inspection. 

Examples. — (1)  ydx  -  xdy  =  0  is  inexact.  It  becomes  exact  by  multipli- 
cation with  either  a;-',  «-* .  y-^  or  y-', 

(2)  In  (y  -  x)dy  +  ydx  =  0,  the  term  containing  ydx  •>  xdy  is  not  exact, 
but  becomes  so  when  multiplied  as  in  the  preceding  example. 

.  dy  _  xdy -ydx  =  q  ;  or  log  y  -  f  =  C. 

y  y^  y 

For  the  general  theorems  concerning  the  properties  of  integrating  factors, 
the  reader  must  consult  some  special  treatise,  say  Boole's  A  Treatise  on 
Differential  Equations,  pages  55  et  seq.,  1865. 

We  have  already  established,  in  §  26,  that  an  integrating  factor 

always  exists  which  will  make  the  equation 

Mdx  +  Ndy  =  0, 
an  exact  dififerential. 

Moreover,  there  is  also  an  infinite  number  of  such  factors,  for 
if  the  equation  is  made  exact  when  multiplied  by  /x,  it  will  remain 
exact  when  multiplied  by  any  function  of  /n. 

The  different  integrating  factors  correspond  to  the  various  forms 
in  which  the  solution  of  the  equation  may  present  itself.  For 
instance,  the  integrating  factor  x~^y~^,  of  ydx  +  ocdy  =  0,  corre- 
sponds with  the  solution  logx  +  logy  ==  C,  The  factor  y~^  corre- 
sponds with  the  solution  xy  =  C\ 

Unfortunately,  it  is  of  no  assistance  to  know  that  every 
differential  equation  has  an  infinite  number  of  integrating  factors. 
No  general  practical  method  is  known  for  finding  them.  Here 
are  a  few  elementary  rules  applicable  to  special  cases. 

Rule  I.  Since 

d{x^y")  =  x**  ~  ^y"  "  \nvydx  +  nxdy), 
an  expression  of  the  type  mydx  +  nxdy  »  0,  has  an  integrating 
factor  a;""^""^;  or,  the  expression 

x^^{mydx  +  nxdy)  =  0,      .         .         .         (1) 
has  an  integrating  factor 

or  more  generally  still, 

^^^-l-aykn-l-fi^  ...  (2) 

where  k  may  have  any  value  whatever. 

ExAHFiiB. — Find  an  integrating  factor  of  ydx  -  xdy  =  0.  Here,  a  =  0» 
/B  =  0,m=l,n  =  -  l.'.y^isan  integrating  factor  of  the  given  equation. 
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If  the  expression  oan  be  written 

xf^^{mydx  +  noody)  +  x^'y^\m'ydx  +  n'xdy)  =  0,  .         (3) 
the  integrating  factor  can  be  readily  obtained,  for 

a^m- 1  -«y*«- 1  -^ .  and  a?*'"" - 1  -«'y*'»' - 1  -^', 

are  integrating  factors  of  the  first  and  second  members  respectively. 
In  order,  that  these  factors  may  be  identical, 

few  -  1  -  a  =  Wm'  -1-a';  A;n-l-/8  =  k'n'  -  1  -  )8'. 
Values  of  k  and  h'  can  be  obtained  to  satisfy  these  two  conditions 
by  solving  these  two  equations.     Thus, 

^  _  n'ja  -  a)  -  w»'(/8  -  /y) .  ^,  ^  n(a  -  a)  -  m(fi  -  |8') 

^ExAMPUCS. — (1)  Solve  i/^{ydx  -  2xdy)  +  x^{2ydx  +  xdy)  =  0.  Hints.  Show 
that  a  =  0,  3  =  8,  w  =  1.  n  =  -  2 ;  a  =  4.  /3'  =  0,  w'  =  2,  n'  =  1 ;  .\ 
/|a-i|^-tt-4  ig  j^n  integrating  factor  of  the  first,  a:**'-'y*'-*  of  the  second 
member.  Hence,  from  (4),  &  =r  >  2,  ft'  =  1,  .*.,  x-'  is  an  integrating  factor 
of  the  whole  expression.     Multiply  through  and  integrate  for  2a^  -  V*  =  ^^^' 

(2)  Solve  (2^  -  2ya^dx  +  {2xy*  -  x^dy  =  0.  Ansr.  a:V(y'  -  ^)  =  <^-  In- 
tegrating factor  deduced  after  rearranging  the  equation  is  xy. 

Rule  11.    If  the  eqtuition  is  homogenecms  and  of  the  form  : 
Mdx  +  Ndy  ==  0,  then  {Mx  +  Ny)  ~  ^  is  an  integrating  factor. 
Let  the  expression 

Mdx  +  Ndy  =  0, 
be  of  the  mth  degree  and  /x  an  integrating  factor  of  the  nth  degree, 

.-.  fjLMdx  +  fiNdy  =  du,  ...  (5) 
is  of  the  (w  +  n)th  degree,  and  the  integral  u  is  of  the  (m  +  n +  l)th 
degree. 

By  Euler's  theorem,  §  22, 

.*.  fiMx  +  fiNy  =  (w  +  n  +  l)u.  .        (6) 

Divide  (5)  by  (6), 

Mdx  +  Ndy  __         1  du 

Mx  +  Ny    ""  w  +  n  +  1     u' 

The  right  side  of  this  equation  is  a  complete  differential,  conse- 
quently, the  left  side  is  also  a  complete  differential.  Therefore, 
{Mx  +  Ny)~^  has  made  Mdx  +  Ndy  =  0  an  exact  differential 
equation. 

Examples. — (1)  Show  that  (x^y  -  xy'^)-^  is  an  integrating  factor  of 
(a%  +  y»)dx  -  2xy'dy  =  0. 

(2)  Show  that  l/(j;*  -  nyx + y^)  is  an  integrating  factor  of  ydy  -\-{x-  ny)dx = 0. 

The  method,  of  course,  cannot  be  used  if  Mx  +  Ny  is  equal  to  zero.  In 
this  case,  we  may  write  y  =  CXj  a  solution. 
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Rule  III.  If  the  equation  is  of  the  form, 

fii^f  y)yd^  +  /2(«»  y)^y  =  o» 

then  {Mx  -  Ny)  "^  is  an  integrating  factor. 

Example. — Solve  (1  +  xy)ydx  +  (1  -  xy)xdy  =  0.  Hint.  Show  that  the 
integrating  factor  is  l/2x^.  Divide  out  j[.  .*.  \Mdx  —  Ijxy  +  log  x.  Ansr. 
x=Cy« -*/*». 

If  Mx  -  Ny  —  0,  the  method  fails  and  xy  =s  C  is  then  a  solution  of  the 
equation.    E.g.,  (1  +  xy)ydx  +  (1  +  xy)xdy  ^  0. 

Rule  lY.  If  U^  -  ^-^  is  a  function  of  x  only,  e'^'^  is  an 

1  /'dN     'dMx 
integrating  factor.     Or,  if  irA^ 5—  )  =  /(y),  then  ef^^'  %s  an 

integrating  factor.     These  are  important  results. 

Examples, — (1)  Solve  (a;^  +  y^dx  -  2xydy  =  0.  Ansr.  a^  -  y^  =  Cx, 
Hint.  Show  f{x)  =  -  2lx,    The  integrating  factor  is,  therefore, 

C  */2*c/*  =  c  log  l/x«  =  Ijx'i, 

(Why?)  Prove  that  this  is  an  integrating  factor,  and  solve  as  in  the  pre- 
ceding section. 

(2)  Solve  {y*  +  2y)dx  +  {xy^  +  2y*  -  Ax)dy  =  0.     Ansr.  xy^  •\- y*  •\- 2x  =  Cy*. 

(8)  We  may  prove  the  rule  for  a  special  case  in  the  following  manner. 
The  steps  will  serve  to  recall  some  of  the  principles  established  in  some 
earlier  chapters. 

Let  g  +  Py  =  Q, (7) 

where  P  and  Q  are  either  constant  or  functions  of  x.  Let  /t  be  an  integrating 
factor  which  makes 

dy  +  {Py  -  Q)dx.  =  0 (8) 

an  exact  differential. 

.'.  fjidy  +  f4.{Py  -  Q)dx  ^  Ndy  +  Mdx, 

ox        ox    dy  oy 

.•.|?      ={Py-Q)^  +  P^. 

OX  oy 

.-.  I^da:  =  {Py  -  Q)^dx  +  Pfjdx ; 

ox  oy 


dy 


,;'^dx  +  '^y  =  dfji  =  PpuJ.x. 

dx         oy 

.-.P       =!t^'';.-.  fPdir  =  log/i. 
fidx        ■' 

and  since  logo<;  =  1. 

(/Pda:)log e  =  log fi;  .*.  /i  -  e'^*^.        .         .         .         (9) 
This  result  will  be  employed  in  dealing  with  linear  equations,  §  122. 
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§  121.  The  First  Law  of  Thermodynamios. 

According  to  the  discuBsion  at  the  end  of  the  first  chapter,  one 
way  of  stating  the  first  law  of  thermodynamics  is  as  follows : 

(ig  =  d(7  +  dW, 
which  means  that  when  a  quantity  of  heat,  dQ,  is  added  to  a 
substance,  one  part  of  the  heat  is  spent  in  changing  the  internal 
energy,  dU,  of  the  substance  and  another  part,  dW,  is  spent  in 
doing  work  against  external  forces.  In  the  special  case,  when 
that  work  is  expansion  against  atmospheric  pressure,  dW  —  p  ,  dv^ 
as  shown  in  §  91.     See  (11),  page  524. 

We  know  that  the  condition  of  a  substance  is  completely 
defined  by  any  two  of  the  three  variables  p,  v,  0,  because  when 
any  two  of  these  three  variables  is  known,  the  third  can  be  deduced 
from  the  relation 

pv  =  Re, 

Hence  it  is  assumed  that  the  internal  energy  of  the  substance  is 

completely  defined  when  any  two  of  these  variables  are  known. 
Now  let  the  substance  pass  from  any  state  A  to  another  state 

B  (Fig.  111).     The  internal  energy  of  the  substance  in  the  state  B 

is  completely  determined  by  the  coordin- 
ates of  that  point,  because  U  is  quite 
independent  of  the  nature  of  the  trans- 
formation from  the  state  A  to  the  state  B. 
It  makes  no  difference  to  the  magnitude  of 
U  whether  that  path  has  been  vid  APB 
or  AQB.  In  this  case  U  is  said  to  be  a 
Fig.  111.  single- valued  function  completely  defined 

by  the  coordinates  of  the  point  corresponding  to  any  given  state. 

In  other  words,  dU  is  b,  complete  differential.     Hence 

dU^y^dx+  ^-dy. 

is  an  exact  differential  equation,  where  x  and  y  represent  any  pair 
of  the  variables  j?,  t\  6. 

On  the  other  hand,  the  external  work  done  during  the  trans- 
formation from  the  one  state  to  another,  depends  not  only  on  the 
initial  and  final  states  of  the  substance,  but  also  on  the  nature  of 
the  path  described  in  passing  from  the  state  A  to  the  state  B, 
For  example,  the  substance  may  perform  the  work  represented  by 
the  area  AQBB'A'  or  by  the  area  APBB'A',  in  its  passage  from  the 
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state  A  to  the  state  B,  In  fact  the  total  work  done  in  the  passage 
from  A  \Ki  B  and  back  again,  is  represented  by  the  area  APBQ 
(page  183).  In  order  to  know  the  work  done  during  the  passage 
from  the  state  A  to  the  state  B,  it  is  not  only  necessary  to  know 
the  initial  and  final  states  of  the  substance  as  defined  by  the  co- 
ordinates of  the  points  A  and  B,  but  we  must  know  the  nature  of 
the  path  from  the  one  state  to  the  other. 

Similarly,  the  quantity  of  heat  supplied  to  the  body  in  passing 
from  one  state  to  the  other,  not  only  depends  on  the  initial  and 
final  states  of  the  substance  but  also  on  the  nature  of  the  trans- 
formation. 

All  this  is  implied  when  it  is  said  that  ^'dW  and  dQ  are  not 
perfect  differentials  ".    Although  we  can  write 

'dx^y  ~  'by'dx* 
we  must  put,  in  the  case  of  W  or  Q, 

'  or  — 


^x'by  ^  'dy'dx '  'dxby  'dy'dx ' 
Therefore  the  partial  diiferentiation  of  x  with  respect  to  ^,  furnishes 
a  complete  differential  equation  only  when  we  multiply  through 
with  the  integrating  factor  /x,  so  that 

where  x  and  y  may  represent  any  pair  of  the  variables  y^  v,  $, 

The  integrating  factor  is  proved  in  thermodynamics  to  be  equiva- 
lent to  the  so-called  GamoVs  function  (see  Preston's  Theory  of  Heat), 
To  indicate  that  dW  and  dQ  are  not  perfect  differentials,  some 
writers  superscribe  a  comma  to  the  top  right-hand  corner  of  the 
differential  sign.     The  above  equation  would  then  be  written, 

d'Q  =  dU  -\-  d'W, 


§  122.  Linear  Differential  Equations  of  the  First  Order. 

A  linear  differential  eqtuition  of  the  first  order  involves  only 
the  first  power  of  the  dependent  variable  y  and  of  its  first 
differential  coefficients.     The  general  type  is, 

%  +  Py  =  ^ (1) 

where  P  and  Q  may  be  functions  of  x,  or  constants. 
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We  have  just  proved  that  ^"^  is  an  integrating  factor  of  (1), 

therefore 

e^'^{dy  +  Pydx)  «  eJ''*'Qdx, 

is  an  exact  differential  equation.    The  general  solution  is, 

yef^^  =  ^e^'^Qdx  +  C.  .         .       (2) 

The  linear  equation  is  one  of  the  most  important  in  applied  mathe- 
matics. In  particular  cases  the  integrating  factor  may  assume  a 
very  simple  form. 

In  the  following  examples,  remember  that  e^^'  ^  x,  .'.  if 
\Pdx  =  logo;,  e^**^  =  x. 

Examples. — (1)  Solve  (1  +  x'*)dy  =  (m  +  xy)dx.     Reduce  to  the  form  (1) 

And  we  obtain 

dy  X        _      m 

/C  xdx 
^^  =  -  jrr^  =  -  4iog(i  +  x»)  =  -  log  v(i  +  ^)' 

Remembering  log  1  =  0,  loge  s  1,  the  integrating  factor  is  evidently, 

log^/'-'  =  log  1  -  log  N^m?,  or  d/««  =  'J^TT^' 
Multiply  the  original  equation  with  this  integrating  factor,  and  solve  the 
resulting  exact  equation  as  §  119,  (4),  or,  better  still,  by  (2)  above.     The 
solution :  y  =  mx  -^  C  ,J{1  +  a;*)  follows  at  once. 

(2)  Ohm^s  law  for  a  variable  current  flowing  in  a  circuit  with  a  coefficient 
of  self-induction  L  (henries),  a  resistance  R  (ohms),  and  a  current  of  C 
^amp^res)  and  an  electromotive  force  E  (volts),  is  given  by  the  equation, 

at 
This  equation  has  the  standard  linear  form  (1).    If  E  is  constant,  show  that 

the  solution  is, 

C=  EIR  +  Be-^"-, 
where  B  is  the  arbitrary  constant  of  integration  (page  159).     Show  that  C 
approximates  to  E/R  after  the  current  has  been  flowing  some  time  (t).    Hint 
for  solution.  Integrating  factor  is  e*^'^. 

(3)  The  equation  of  motion  of  a  particle  subject  to  a  resistance  varying 

directly  as  the  velocity  and  as  some  force  which  is  a  given  function  of  the 

time,  is 

dv/dt  +  kv  =  f(t). 

Show  that  V  =  Ce  -  «  +  e  -  '*]e¥f(t)dL 

If  the  force  is  gravitational,  say  ^, 

V  =  Ce     *^  +  gjk, 

(4)  Solve  xdy  +  ydx  =  x^dx.     Integrating  factor  =  x.     Ansr.  y-\x^+  Cjx, 

Many  equations  may  be  transformed  into  the  linear  type  of 
equation,  by  a  change  in  the  variable.  Thus,  in  the  so-called 
Bernoalli's  equation, 

dyldx  +  Py  =^  Qy'* (3) 


298  HIGHER  MATHEMATICS.  §  123. 

Divide  by  y",  multiply  by  (1  -  n)  and  substitute  y^  ~ "  =  v,  in  the 
result.     Thus, 

and  dvldx  +  (1  -  n)Pv  =  Q(l  -  w), 

whioh  is  linear  in  v.     Hence,  the  solution  is 

^g(i -«)//«.  =  (1  -  n)lQe^^-^^^'^dx  +  C. 
.  yi-n^ii-n)/P^  =  (1  -  n)JQe"--»^'^da:  +  0. 

Examples. — (1)  Solve  dyjdx  +  y/x  =  y^.  Treat  as  above,  subatituting 
V  =  1/y.     The  integration  factor  is  e  -f'^i*  =c  ->«»«  =  1/x. 

Ansr.  Cjry  -  xy  log  a;  =  1. 

(2)  Solve  dyldx  +  x  sin*y  =  xr^  cos*^.     Divide  by  co8*y.     Put  tan  y  =  v.. 

The  integration  factor  is  «>*««*,  i.e.,  <?^.  Ansr.  e^tan  y  -  ie^(3^  -  1)  =  C 
Hint  to  solve  t;€**«=  J  A'^dar  +  C.  Put  x*  =  iP,  .-.  2{Fda;  =  dg,  and  this  integral 
becomes  ^jse^gf  or  ^(^  -  1),  etc. 

(3)  Here  is  an  instructive  differential  equation,  which  Harcourt  and  Esson 
encountered  during  their  work  on  chemical  dynamics  in  *66. 

1    dy      K      K 

y*  dx      y      X 
I  shall  give  a  method  of  solution  in  full,  so  as  to  revise  some  preceding  work.. 
The  equation  has  the  same  form  as  Bernoulli's.    Therefore,  substitute 

1 .  .      dv  1     dy 

7/  dx         y^    dx 

%(tX  X 

an  equation  linear  in  r.     The  integrating  factor  is 

e'^,  or,  c - *' ;  g,  in  (2),  =  -  iT/x, 

t'K 
therefore,  from  (2)  vc  -*'  =  -/  ii«  -  i^'dx  +  C. 

From  §  108, 

„-=-.,]^.-,i^.,.<f^<5!l....(,<..o. 

J  \x  1.2         1.2.3  J 

But  V  =  Ijy.    Multiply  through  with  ye*',  and  integrate. 

'—■{«■-'"— -s' *■-*?&-•■> 

We  shall  require  this  result  on  page  333. 

§123.  Differential  Equations  of  the  First  Order  and  of  the 
First  or  Higher  Degree. — Solution  by  Differentiation. 

Case  i.  The  equation  can  he  split  up  into  factors.  If  th& 
differential  equation  can  be  resolved  into  n  factors  of  the  first 
degree,  equate  each  factor  to  zero  and  solve  each  of  the  n  equa- 
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tions  separately.    The  n  solutions  may  be  left  either  distinct,  or 
combined  into  one. 

ExAiun>LE8. — (1)  Solve  x{dxldy)^  =  y.  Resolve  into  factors  of  the  first 
degree, 

dxidy  =  +  \'ylx. 
Separate  the  variables  and  integrate, 

n/j:  ±  N^y  =  ±  sic, 
which,  on  rationalisation,  becomes 

(x  -  y)«  -  2C(x  +  y)  +  C  =  0. 

Geometrically  this  equation  represents  a  system  of  parabolic  curves  each 
of  which  touches  the  axis  at  a  distance  C  from  the  origin.  The  separate 
equations  of  the  above  solution  merely  represent  different  branches  of  the 
same  parabola. 

(2)  Solve  xy{dyldx)^  -  (j:«  -  y^dy/dx  -xy  =  0.  Ansr.  xy  =  C.  or  jc»  -  y«  =  C. 
Hint.  Factors  {xp  +  y)  {yp  -  x),  where/)  =  dyjdx. 

(8)  Solve  {dyjdxY  -  Idyfdx  +  12  =  0.     .\nsr.  y  =  4ar  +  C,  or  3x  +  C. 

Case  ii.  The  equation  cannot  he  resolved  into  factors,  hut  it  can 
he  solved  for  x,  y,  dy!dx,  or  yix.  An  equation  which  cannot  be 
resolved  into  factors,  can  often  be  expressed  in  terms  of  x,  y,  dyjdx, 
or  yix,  according  to  circumstances.  The  differential  coefficient  of 
the  one  variable  with  respect  to  the  other  may  be  then  obtained 
by  solving  for  dyldx  and  using  the  result  to  eliminate  dyjdx  from 
the  given  equation. 

Examples.— (1)  Solve  dyjdx  +  2xy  =  x*  +  y^     Since  (x  -  y)*  =  x'  -  2xy + y», 

y  =  X  +  \  dyjdx. 

Differentiate  dyldx  =  1  +  i(g)/(g)*- 

Separate  the  variables  x  and  p,  where  p  =  dyjdx,  and  solve  for  dyjdx, 

1 1      \  P  -  1      ,      r^         Idy      C  +  e^ 

.-.  Ansr.  y  =  X  +  (C  +  e'^')j{C  -  e^). 

(2)  Solve  x(dyjdxY  -  2y(dyldx)  +  ax  =  0.  Ansr.  y  =  ^C(x^  +  ajC).  Hint. 
Substitute  for  p.  Solve  for  y  and  differentiate.  Substitute  pdx  for  dy,  and 
clear  of  fractions.  The  variables  p  and  x  can  be  separated.  Integrate. 
p  =  xC.     Substitute  in  the  given  equation  for  the  answer. 

(3)  Solve  y(dyjdxf  +  2x{dyldx)  -  y  =  0,  Ansr.  y^  =  C{2x  +  C).  Hint. 
Solve  for  x.  Differentiate  and  substitute  dyjp  for  dx,  and  proceed  as  in 
example  (2).     yp  =  C,  etc. 

Case  iii.  The  eqication  cannot  be  resolved  into  factors,  x  or  y  is 
absent.  If  x  is  absent  solve  for  dy/dx  or  y  according  to  conveni- 
ence ;  if  y  is  absent,  solve  for  dx/dy  or  x.  Differentiate  the  result 
with  respect  to  the  absent  letter  if  necessary  and  solve  in  the 
regular  way. 
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Examples. — (1)  Solve  (dyjdxf  +  x(dyldx)  +  1  =  0.    For  the  sake  of  greater 
«ase,  substitute  p  for  dxjdy.    The  given  equation  thus  reduces  to 

a;  =  jp  +  1/p (1) 

Differentiate  with  regard  to  the  absent  letter  y^  thus, 

p  =  (1  -  lljo^dpldy ;  or,  dyfdp  =  Ijp  -  l/p^. 

.-.  y  =  logi>  +  l/2p«  +  C (2) 

Combining  (1)  and  (2),  we  get  the  required  solution. 
(2)  Solve  dy/dx  =  y  +  1/y.  Ansr.  y»  =  Ce'^  -  1. 
(8)  Solve  dyjdx  =  a;  +  1/x.     Ansr.  y  =  |x*  +  log  a;  +  C. 


§  124.  Clairaat's  Equation. 

The  general  type  of  this  equation  is, 


y^'^i^'- 


Kt)-    ■    ■.  •    <') 


or,  writing  p  =  dy/dx,  for  the  sake  of  convenience, 

y=px-\-f(p) (2) 

Many  equations  of  the  first  degree  in  x  and  y  can  be  reduced 
to  this  form  by  a  more  or  less  obvious  transformation  of  the  vari- 
ables, and  solved  in  the  following  way : — 

Differentiate  (2)  with  respect  to  x,  and  equate  the  result  to  zero. 

Hence  either  ^  =  0 ;  or,  a;  +  f(p)  =  0. 

dx        \ 

If  the  former,  ^ 

dp/dx  =  0;  ,',  p  ==  C, 

where  C  is  an  arbitrary  constant.     Hence, 

dy  =  Gdx ;  or,  y  ^  Cx  +  f{C), 
is  a  solution  of  the  given  equation. 

Again,  p  in  x  +  f{p)  may  be  a  solution  of  the  given  equation. 
To  find  p,  eliminate  p  between 

y  ^  px  +  f(p)y  and  x  +f{p)  =  0. 
The  resulting  equation  between  x  and  y  also  satisfies  the  given 
equation. 

There  are  thus  two  classes  of  solutions  to  Clairaut's  equation. 

Examples. — Find  both  solutions  in  the  following  equations : — 

(1)  y  =  px  +  2^-     Ansr.  Cx  •\-  C^  =  y  and  x»  +  4y  =  0. 

(2)  (y  -px){p-l)=p.  Ansr.  (y- Cx)(C-l)  =  C;  Vy+  v''*  =  1.  Read 
over  §  67. 
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§  12S.  Singalar  Solutions. 

Glairaut's  equation  introduces  us  to  a  new  idea.  Hitherto  we 
have  assumed  that  whenever  a  function  of  x  and  y  satisfies  an 
equation,  that  function  plus  an  arbitrary  constant,  represents  the 
complete  or  general  solution.  We  now  find  that  functions  of  x 
and  y  can  sometimes  be  found  to  satisfy  the  given  equation,  which, 
unlike  the  particular  solution,  are  not  included  in  the  general 
solution. 

This  function  must  be  considered  a  solution,  because  it  satisfie& 
the  given  equation,  fiut  the  existence  of  such  a  solution  is  quite 
an  accidental  property  confined  to  special  equations,  hence  their 
cognomen,  singular  solutions. 

To  take  the  simple  illustration  of  page  142, 

y  =  px  +  a/p (1) 

Bemembering  that  p  has  been  written  for  dyjdx,  differentiate  with 

respect  to  x,  we  get,  on  rearranging  terms, 

(x  -  a/p^)dp/dx  =  0, 

where  either  x  -  a/p^  —  0 ;  dp/dx  =  0. 

If  the  latter, 

p  =  G;  or,y=-Cx  +  a/C,  .         .         (2> 

If  the  former,  p  =  Ja/x,  which  gives,  when  substituted  in  (1), 

the  solution, 

y^  =  ^ax.        ,         .         .         .         (3) 

This  solution  is  not  included  in  the  general  solution,  but  yet  it 

satisfies  the  given  equation.     (3)  is  the  singular  solution  of  (1). 

Equation  (2),  the  complete  solution  of  (1),  has  been  shown  to 
represent  a  system  of  straight  lines  which  differ  only  in  the  value 
of  the  arbitrary  constant  C ;  equation  (3),  containing  no  arbitrary 
constant,  is  an  equation  to  the  common  parabola.  A  point  moving 
on  this  parabola  has,  at  any  instant,  the  same  value  of  dy/dx  as  if 
it  were  moving  on  the  tangent  of  the  parabola,  or  on  one  of  the 
straight  lines  of  equation  (2).  The  singular  solution  of  a  differential 
equation  is  geometrically  equivalent  to  the  envelope  of  the  family  of 
curves  represented  by  the  general  solution.  The  singular  solution 
is  distingmshed  from  the  particular  solution,  in  that  the  latter  is 
contained  in  the  general  solution,  the  former  is  not. 

Again  referring  to  Fig.  78,  it  will  be  noticed  that  for  any  point 
on  the  envelope,  there  are  two  equal  values  of  p  or  dy/dx,  one  for 
the  parabola,  one  for  the  straight  line. 
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(4) 
(5) 


In  order  that  the  quadratic 

ax^  +  Z>a?  +  c  =  0, 

may  have  equal  roots,  it  is  necessary  (page  388)  that 

h^  =  4ac ;  or,  h^  -  4ac  =  0.        . 

This  relation  is  called  the  disoriminant.    From  (1),  since 

y  =  j?a;  +  al'p ;  .*.  ay^  -  y|>  +  a  =  0. 

In  order  that  equation  (5)  may  have  equal  roots, 

y^  =  4aa:, 

as  in  (4).    This  relation  is  the  locus  of  all  points  for  which  two  values 

of  'p  become  equal,  hence  it  is  called  the  p-disoPiminant  of  (1). 

In  the  same  way  if  G  be  regarded  as  variable  in  the  general 

solution  (2), 

y  =  Car  +  a/(7 ;  or,  xG^  -  yC  -^  a  ^  0. 

The  condition  for  equal  roots,  is  that 

y2  =  4aa?, 
which  is  the  locus  of  all  points  for  which  the  value  of  C  is  the 
same.    It  is  called  the  C-diBcriminant. 

Before  applying  these  ideas  to  special  cases,  we  may  note  that 
the  envelope  locus  may  be  a  single  curve  (Fig.  78)  or  several 
(Fig.  79).  For  an  exhaustive  discussion  of  the  properties  of 
these  discriminant  relations  I  must  refer  the  reader  to  the 
numerous  textbooks  on  the  subject,  or  to  Cay  ley,  Messenger  of 
Mathematics^  2,  6,  1872.     To  summarise : 

1.  The  envelope  locus  satisfies  the  original  equation  but  is 
not  included  in  the  general  solution  (see  xx\  Fig.  112). 


•  s  fitfidallocu^ 


Fig.  112.— Nodal  and  Tac  Loci. 


2.  The  tao  loous  is  the  locus  passing  through  the  several 
points  where  two  non-consecutive  members  of  a  family  of  curves 
touch.  Such  a  locus  is  represented  by  the  line  AB  (Fig.  79),  PQ 
(Fig.  112).  The  tac  locus  does  not  satisfy  the  original  equation, 
it  appears  in  the  j9-discriminant,  but  not  in  the  C-discriminant. 
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3.  The  node  loous  is  the  loous  passing  through  the  different 
points  where  each  curve  of  a  given  family  crosses  itself  (the  point 
of  intersection — node — may  be  double,  triple,  etc.).  The  node 
locus  does  not  satisfy  the  original  equation,  it  appears  in  the 
(7-discriminant  but  not  in  the  jo-disoriminant.  BS  (Fig.  112)  is  a 
nodallocuspassingthrough  the  nodes  il,  .  .  ,,By  .  .  .,  C,  .  .  .,M. 

4.  The    cusp    loous 

passes  through  aU  the 
cusps  (page  136)  formed  by 
the  members  of  a  family       I         ^^    ^     ^       Jc^xuplgtuMi 


of  curves.     The  cusp  locus 

does  not  satisfy  the  original 

equation,  it  appears  in  the        y 

jp-  and  in  the  C-discrimin-  Fig-  1 13.— Cusp  Locus. 

ants.     It  is  the  line  Ox  in  Fig.  113.      Sometimes  the  nodal  or 

cusp  loci  coincides  with  the  envelope  locus.* 

Examples. — Find  the  singular  solutions  and  the  nature  of  the  other  loci 
in  the  following  equations : 

(1)  xV  -  22(p  +  oa;  =  0. 

For  equal  roots  \^  —  as^.  This  satisfies  the  original  equation  and  is  not 
included  in  the  general  solution :  jr*  -  2Cy  +  aC  =  0.  y'  =  oaj'  is  thus  the 
singular  solution. 

(2)  ^xp^  =  {Sx  -  a)«.    General  solution :  (x  +  C)«  =  x{x  -  a)«. 

For  equal  roots  in  p,  Ax(Hx  -  of  =  0,  or  x(Sx  -  a)*  =  0  ( ^^-discriminant). 
For  equal  roots  in  C,  differentiate  the  general  solution  with  respect  to  C 
Therefore  {x  +  C)dxldC  =  0,  or  C  =  -  z.  .*.  x{x  -  a)^  =  0  (C-discriminant) 
is  the  condition  to  be  fulfilled  when  the  C-discriminant  has  equal  roots, 
j;  =  0  is  common  to  the  two  discriminants  and  satisfies  the  original  equation 
^singular  solution) ;  x  =z  a  satisfies  the  C-discriminant  but  not  the  p-dis- 
criminant  and,  since  it  is  not  a  solution  of  the  original  equation,  x  =  a 
represents  the  node  locus ;  x  =  la  satisfies  the  p-  but  not  the  C-discriminant 
nor  the  original  equation  (tac  locus). 

(3)  p^  +  2xp  -  y  =  0. 

General  solution :  [2x*  +  Sxy  +  C)*  =  4(a;*  +  y)^ ;  2>-di8criminant :  oc*  +  y  =  0] 
C-discriminant:  (x^  +  y)*  =  0.  The  original  equation  is  not  satisfied  by 
either  of  these  equations  and,  therefore,  there  is  no  singular  solution.  Since 
(-^  +  y)  appears  in  both  discriminants,  it  represents  a  cusp  locus. 

(4)  Show  that  the  complete  solution  of  the  equation,  y*{p^  +  1)  =  ^\  is 
j/*  +  {x  -  C)^  •=  a' ;  that  there  are  two  singular  solutions,  y  =  ±  a ;  that 
there  is  a  tac  locus  on  the  x-axis  for  y  =  0  (Fig.  79,  see  also  §  138). 

*  The  second  part  of  van  der  Waals'  Tfie  CorUitiuUy  qf  the  Gaseous  and  Liquid 
States  qf  Aggregation-— Binary  Mixtures  (1900)  has  some  examples  of  the  preceding 
<<  mathematics". 
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§  126.  Trajectories. 

This  section  will  serve  as  an  exercise  on  some  preceding  work.  A  trajectory 
is  a  curve  which  cuts  another  system  of  curves  at  a  constant  angle.  If  thia 
angle  is  90°  the  curve  is  an  orthogooal  trajectory. 

EzAMFLBB. — (1)  Let  a:^  =  C  be  a  system  of  rectangular  hyperbolas,  to- 

find  the  orthogonal  trajectory,  first  eliminate  C  by  differentiation  with  respect 

to  or,  thus  we  obtain, 

xdyjdx  +  y  =  0. 

If  two  curves  are  at  right  angles  (|ir =90°),  then  from  (17),  §  32,  ^= (a'  -  a),, 
where  a,  a'  are  the  angles  made  by  tangents  to  the  curves  at  the  point  of 
intersection  with  the  x-axis.    But  by  the  same  formula, 

tan  (±  iw)  =  (tan  a  -  tan  a)/(l  +  tan  a .  tan  a'). 
Now  tan  ±  ^  =  oo  and  1  /  oo  =  0, 

.'.  tan  a  =  -  cot  a ;  or,  dyjdx  =  -  dxjdy* 

The  differential  equation  of  the  one  family  is  obtained  from  that  of  the 
other  by  substituting  dyldx  for  -  dxjdy.  Hence  the  equation  to  the  orthogonal 
trajectory  of  the  system  of  rectangular  hyperbolas  is,  xdx  ^  ydy  =  0,  or 
x^  -  y^  =  C,  2k  system  of  rectangular  hyperbolas  whose  axes  coincide  with 
the  asymptotes  of  the  given  system. 

(2)  For  polar  coordinates  show  that  we  must  substitute  -  drjr  .  d9  for 
r .  dBjdr, 

(3)  Find  the  orthogonal  trajectories  of  the  system  of  parabolas  y*  =  4ax. 
Ansr.  Ellipses,  2a;«  +  y«  =  C 

(4)  Show  that  the  orthogonal  trajectories  of  the  equipotential  curvea 
1/r  -  1/r'  =  C,  are  the  magnetic  curves  cos  B  +  cos  B'  =  C. 


§  127.  Symbols  of  Operation. 

It  will  be  found  convenient  to  denote  the  symbol  of  the  operation 
d/dx'*  by  the  letter  "D".  If  we  assume  that  the  infinitesimal  increments 
of  the  independent  variable  dx  have  the  same  magnitude,  whatever  be  the 
value  of  Xf  we  can  suppose  D  to  have  a  constant  value.     Thus 

D,  D»,iy,  .  ,  ..  stand  for  ^.^.^^.  •  ■  •; 

dy  <Py  cPy 
Dy,D^ ,  stand  for  ^^^,  ^a,  ^,  •  •  • 

The  operations  denoted  by  the  symbols  D^  Ifi^  .  .  .,  satisfy  the  elementary 
rules  of  algebra  except  that  they  are  not  commutative  f  with  regard  to  the 
variables.     For  example, 


(( 


*  No  doubt  the  reader  sees  that  in  (18),  §  12,  dxjdy  is  the  cotangent  of  the  angle 
whose  tangent  is  dyjdx. 

t  The  so-called  fundamental  laws  of  algebra  are :  I.  The  law  qf  association :  The 
number  of  things  in  any  group  is  independent  of  the  order.  11.  The  comimUaiive  law : 
(a)  Addition.  The  number  of  things  in  any  number  of  groups  is  independent  of  the 
order,     {b)  Multiplication.     The  product  of  two  numbers  is  independent  of  the 
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D(u  +  «+...)  =  Du  +  Dt?  +  .  .  .  ,  (distributive  law). 
D{Cu)  =  CDUt  (commutative  law)i 

where  C  is  a  constant.    We  cannot  write  D{xy)  =  D{yx).    But, 

j)miyH^i  -  X)m  +  nfi  (iudcx  law), 

is  true  when  m  and  n  are  positive  integers.    If 

Du  =  V]  u  =  D~^v ;  or,  tt  =  -^v  ; 

.'.  V  =  D.D-^v;  or,  D.  JD->  =  1; 
that  is  to  say,  by  operating  with  D  upon  Z)-^v,  we  annul  the  effect  of  the 
D-i   operator.     It  is   necessary  to  remember  later  on,   that   if  Dx  =  1,. 

2)8  ~  2     »   i>»  ~  2 . 8    *  •  '  ' 

In  this  notation,  the  equation 

is  written, 

{D^-  {a  +  fi)D  +  afi)y  =  0;  or,  (D  -  a){D  -  fi}y  =  0. 
Now  replace  D  with  the  original  symbol,  and  operate  on  one  factor  with  y. 
Thus, 

(i-.)(|-.>.«.(i-.)(4-„).o. 

By  operating  on  the  second  factor  with  the  first,  we  get  the  original  equation 
back  again. 


§  128.  The  Linear  Equation  of  the  nth  Order. 

(General  Bemarks.) 

As  a  general  rule  the  higher  orders  of  differential  equations 
are  more  difficult  of  solution  than  equations  of  the  first  order.  As 
with  the  latter,  the  more  expeditious  mode  of  treatment  will  be  to 
refer  the  given  equation  to  a  set  of  standard  cases  having  certain 
distinguishing  characters.  By  far  the  most  important  class  is  the 
linear  equation. 

A  linear  equation  of  the  nth  order  is  one  in  which  the  de- 
pendent variable  and  its  n  derivatives  are  aU  of  the  first  degree 
and  are  not  multiplied  together.  The  typical  form  in  which  it 
appears  is 

5S^  ^      'd^~^  +  .  .  .  +  ^„t/  -  A.    .         .         (1) 


order.  III.  The  distributive  law  :  (a)  Multiplicatioii.  The  multiplier  may  be  distri- 
buted over  each  term  of  the  multiplicand,  e.g.j  m{a  +  b)  =  ina  +  nib,  {b)  Division, 
(a  +  b)fm  =  a/m  +  b/m.  IV.  The  index  law :  (a)  Multiplication.  a"Ht"  =  «"•  +  »«. 
(6)  Division,     a^/a"  =  o"*  -  ". 

U 
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Or,  in  symbolio  notation, 

D^y  +  X^D^-hj  +  .  .  .  +  X„y  =  X, 
where  X,  X^,  .  .  .  ,  X„  are  either  constant  magnitudes,  or  func- 
tions of  the  independent  variable  x.  If  the  coefficient  of  the 
highest  derivative  be  other  than  unity,  the  other  terms  of  the 
equation  can  be  divided  by  this  coefficient.  The  equation  will 
thus  assume  the  typical  form  (1).  We  have  studied  the  linear 
equation  of  the  first  order  in  §  123.  For  the  sake  of  fixing  our 
ideas,  the  equation 

of  the  second  order,  will  be  taken  as  typical  of  the  class.     P,  Q,  R 
have  the  meaning  above  attached  to  Xj,  X^,  X. 

The  general  solution  of  the  lifiear  eqttation  is  made  up  of  two 
parts. 

1.  The  complementary  function  which  is  the  most  general 
solution  of  the  left-hand  side  of  equation  (2)  equated  to  zero,  or, 

d^/dx^  +  Pdy/dx  +  Qy  ^  0.  .        .        (3) 

The  complementary  function  involves  two  arbitrary  constants. 

2.  The  particular  integral  which  is  any  solution  of  the 
original  equation  (2),  the  simpler  the  better.  In  particular  cases 
when  the  right-hand  side  is  zero,  the  particular  integral  does  not 
occur. 

To  show  that  the  general  solution  of  (2)  contains  a  general  solu- 
tion of  (3).  Assume  that  the  complete  solution  of  (2)  may  be 
written, 

y  ==  t*  +  v,  .  .  .  .  (4) 
where  v  is  any  function  of  x  which  satisfies  (2),  that  is  to  say,  v  is 
the  particular  integral  *  of  (2),  u  is  the  general  solution  of  (3),  to 
be  determined.     Substitute  (4)  in  (2).  *t 

dhi       pdu  .   Q     .  dH       pdv  ,   q  .  _  tj 
dx'         dx  dx^         dx 

^"*  d^^^^d-x''^'^^' 

therefore,  ^  +  P^  +  (^  =  0. 

dx'         dx 

Therefore,  tt  must  satisfy  (3). 

Given  a  particular  solution  *  of  the  linear  equation,  to  find  the 

*  Not  to  be  confased  with  the  particular  solution  of  page  289. 
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complete  solution.      Let  y  =  v   be  a  particular  solution  of  the 
following  equation, 

where  P  and  Q  are  functions  of  a?.     Substitute  y  =  ui\ 


d^u      /g^      p  \du  _  Q 
dx^      \  dx  Jdx 


This  equation,  is  of  the  first  order  and  linear  with  dujdx  as  the 
dependent  variable.     Put  dujdx  =  z  and 

t-^f  +  h^JL  +  Pt,V  =  0;  ^  +  2*^^  +  Pdic  -  0 ; 
logj^  +  21ogv  +  JPdar  =  0;  or,  ^  =  C,ie-^"'. 

.',u  =  cAhR-'f-'^dx  +  C.^;  or,  y  =  Oivfie-^'^eiaj  +  C^v, 

where  C^  and  Og  are  arbitrary  constants. 

Examples. — (1)  If  t/  =  e**  is  a  particular  solution  of  cPyjdx^  =  ahf,  show 
that  the  complete  solution  is  y  =  Cje**  +  C^-*". 

(2)  If  y  =  a:  is  a  particular  solution  of  (1  -  x'^)d^fcb:^  -  xdyjdx  +  y  =  0, 
the  complete  solution  is  y  =  Cj  ^/(l  -  x'^)  +  C>^. 

If  a  particular  solution  of  the  linear  equation  is  known,  the 
order  of  the  equation  can  he  lowered  by  unity.  This  follows  directly 
from  the  preceding  result.  If  ^  =  'z;  is  a  known  solution,  then, 
ii  y  =  tv  be  substituted  in  the  first  member  of  the  equation,  the 
coefficient  of  t  in  the  result,  will  be  the  same  as  if  t  were  constant 
and  therefore  zero,  t  being  absent,  the  result  wiU  be  a  Unear  equa- 
tion in  t  but  of  an  order  less  by  unity  than  that  of  the  given  equation. 
It  follows  directly,  that  if  n  particular  solutions  of  the  equation  are 
known,  the  order  of  the  equation  can  be  reduced  n  times. 

For  the  description  of  a  machine  designed  for  solving  (3),  see 
Proceedings  of  the  Royal  Society,  24,  269,  1876  (Lord  Kelvin). 

§  129.  The  Linear  Equation  with  Constant  GoeflSoients. 

The  integration  of  these  equations  obviously  resolves  itself  into 
finding  the  complementary  function  and  the  particular  integral. 

First,  when  the  second  member  is  zero,  in  other  words,  to  find 
the  complementary  function  of  any  linear  equation  with  constant 
coefficients.     The  typical  equation  is, 
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where  P  and  Q  are  constants.     The  particular  integral  does  not 
appear  in  the  solution. 

If  the  equation  were  of  the  first  order,  its  solution  would  be, 
y  »  Ce^"^.     On  substituting  «""  for  y  in  (1),  we  obtain 

(m2  -h  Pw  +  (3)e""  =  0, 
provided  m^  +  Pm  +  Q  =  0.  .         .         .         (2) 

This  equation  is  called  the  auxiliary  equation.  If  nij  be  one 
value  of  m  which  satisfies  (2),  then  y  =  e^i',  is  an  integral  of  (1). 
But  we  must  go  further. 

Case  1.  When  the  atucillary  equatio7i  has  two  unequal  roots, 
say  m^  and  m^,  the  general  solution  of  (1)  may  be  written  down 
without  any  further  trouble. 

y  =  CiC'"i'  +  C.^"*^,         ...         (3) 

Examples.— (1)  Solve  {D^  +  14Z)  -  32)y  =  0.  Assunle  y  =  Ce""  is  a 
solution.  The  auxiliary  becomes,  m^  +  14m  -  82  =  0.  The  roots  are  m  =  2, 
or  -  16.    The  required  solution  is,  therefore,  y  =  CiB^  +  C^-^'^. 

(2)  Solve  cPyjdx^  -  m^y  =  0.     Ansr.  y  =  C^e"^  +  C^-"^  (see  page  819). 

(3)  Show  that  y  =  CjC^  +  C^  is  a  complete  solution  of 

cPyjdx'^  +  ^dyjdx  +  8i/  =  0. 

Case  2.  When  the  two  roots  of  the  auxiliary  are  equal.  If 
mi  =  m2,  in  (3),  it  is  no  good  putting  (6\  +  C\2)e™i'  as  the  solution, 
because  C^  +  C^  is  really  one  constant.  The  solution  would 
then  contain  one  arbitrary  constant  less  than  is  required  for  the 
general  solution.  To  find  the  other  particular  integral,  it  is  usual 
to  put 

Wg  =  Wj  +  hj 
where  h  is  some  finite  quantity  which  wiU  ultimately  be  made 
zero.     With  this  proviso,  we  write  the  solution, 

Hence,  y  =  Lt^^^e^^'{Gi  +  C^'^). 

Now  expand  e^  by  Maclaurin's  theorem  (page  230). 

.-.  y  =  Lt^^^^'[Ci  +  CgCl  +  hx+  \ri^^x^  +•••)}; 

=  Lt^  =  oe'"i'(^  +  Bx+  hC^h'^x^  +  CJR), 
where  R  denotes  the  remaining  terms  of  the  expansion  of  e**, 
^  =  (7j  +  Cg,  B  =  CM.    Therefore,  at  the  limit, 

y  =  e"'i'(il  +  Bx),  .....  (4) 
For  the  sake  of  uniformity,  we  shall  still  write  the  arbitrary  inte- 
gration constants  Cj,  Cg,  Cg,  .  .  . 
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For  an  equation  of  a  still  higher  degree,  the  preoeding  result 
may  be  written, 

y  -  fi'"i'(Ci  +  Ogx  +  Cja?^  +  .  .  .  +  C.^af-i).      .      (6) 
where  r  denotes  the  number  of  equal  roots. 

Examples. — (1)  Solve  cPy/djc^  -  cPyldx^  -  dyldx  +  y  =  0.  Assume 
y  =  Ce'^,  The  auxiliary  equation  is  m'  -  m*  -  m  +  1  =  0.  Thejroots  are 
1,  If  -  1.     Hence  the  general  solution  can  be  written  down  at  sight : 

y  =  C^e-'  +  (0,+  C:^)e'. 

(2)  Solve  (Z>»  -  3i>»  +  4)y  =  0.     Ansr.  a**(Ci  +  C^)  +  C,e  -*. 

Case  3.  When  the  auxiliary  equation  has  imaginary  roots,  all 
unequal.  Remembering  that  imaginary  roots  are  always  found  in 
pairs  in  equations  with  real  ooeffioients  (page  386),  let  the  two 
imaginary  roots  be 

nil  =  a  +  ifi;  ^^^  mj  =  a  -  t)8. 
Instead  of  substituting  y  »  e"^  in  (8),  we  substitute  these  values 
of  m  in  (3)  and  get 

y  =  C^et*  +  '^J*  +  C./(*  -  '^>^ ; 
=  e«((7i6*^  +  C^"  '^) ; 

=s  e«*Ci(cos  jSo;  +  t  sin  fix)  +  e«(72(oo8  px  -  i  sin  px).  (6) 
(See  the  chapter  on  ''Hyperbolic  Functions".)  Separate  the  real 
and  imaginary  parts,  as  in  Ex.  3,  p.  280, 

y  «  C(Oi  +  Cg)  cos  )8a;  +  1(0^  -  Cg)  sin  fix ; 
if  we  put  Cj  +  Cg  =  il,  i(Ci  -  Cj)  =  B, 

y  =  e«'(il  oospx  +  B  sin  px) (7) 

In  order  that  the  constants  A  and  B  in  (7)  may  be  real,  the 
constants  C^  and  C^  must  include  the  imaginary  parts. 

Examples. — (1)  Show  from  (6)  that 

y  =  (cosh  ax  +  sinh  ax)  (A^  cos  $x  +  B^  sin  fix). 
(Exercise  on  Chapter  VI.) 

(2)  Integrate  cPy/dx'*  +  dyjdx  +  y  =r  0.  The  roots  are  a  =  -  i  and  jS  =  ^  Vs  ; 
.•.y  =  e- *l^A  cos ^  \^8  .  x  +  <B  sin  ^  v^3  .  x). 

(3)  The  equation  of  a  point  vibrating  under  the  influence  of  a  periodic 
force,  is, 

^+a«x  =  aco8  2,r^. 

Find  the  complementary  function.    The  roots  are  +  m.     From  (7) 

y  =  A  cos  cur  +  -B  sin  ax. 
(3)  If  (D»  -  JD"  +  D  -  l)y  =  0,  y  =  Ci  cos  a:  +  C,  sin  x  +  C**. 

Case  4.  TT/ten  «om6  o/  the  imaginary  roots  of  the  auaMlary 
equation  are  equal.    If  a  pair  of  the  imaginary  roots  are  repeated, 
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we  may  proceed  as  in  Case  2,  since,  when  m^  =  m.^,  C^e"'^'  +  C./"^, 
is  replaced  by  {A  +  Bx)e"'^' ;  similarly,  when  rn^^m^,  C^"*^+C\e"'^ 
may  be  replaced  by  (G  +  X)a;)«'"»'.     If,  therefore, 

Ml  =  Titj  =  a  +  1^ ;  and  m^  =  m^  =  a  —  t)8, 
the  solution 

y  =  (Oi  +  C2a;)e(*  +  '^)'  +  (O3  +  C^x)e^''''PK 
becomes     y  =  6«*(il  +  Bx)  cos  )8a;  +  (0  +  Da?)  sin  fix,  .       (8) 

Examples.  —(1)  Solve  (D*  -  12Z)»  +  62D^  -  166Z)  +  169)y  =  0.    Given  the 
roots  of  the  auxiliary :  8  +  2i,  3  +  2i,  8  -  2{,  3  -  2i.    Hence, 

y  =  e^HCj  +  C^x)  sin  2j;  +  (C,  +  C^x)  cos  2x}. 
(2)  If  (Z>8+l)(I>-l)«j/=0,  y  =  (.4  +  J5x)8inx  +  (C  +  /)x)co8x  +  (£  +  F2)tf'. 

Second,  when  the  second  member  is  not  zero,  that  is  to  say  to 
find  both  the  complementary  function  and  the  particular  integral. 
The  general  equation  is, 

g*i.|.ft,-ir.       .      .      .     ,9) 

where  P  and  Q  are  constant,  i?  is  a  function  of  x.  We  have  just 
shown  how  to  find  one  part  of  the  complete  solution  of  the  linear 
equation  with  constant  coefficients,  namely,  by  putting  R,  in  (9), 
equal  to  zero.  The  remaining  problem  is  to  find  a  particular  in- 
tegral of  this  equation.  The  more  useful  processes  will  be  described 
in  the  next  section. 

In  the  symbolic  notation,  (9)  may  be  written, 

f(B)y^R (10) 

The  particidar  integral  is,  therefore, 

y=f{D)-^R;oT,y^j~y,        .         .       (11) 

The  right-hand  side  of  either  of  equations  (11),  will  be  found  to 
give  a  satisfactory  value  for  the  particular  integral  in  question. 

Since  the  complementary  function  contains  all  the  constants 
necessary  for  the  complete  solution  of  the  differential  equation,  it 
follows  that  no  integration  constant  micst  be  appended  to  the  par- 
ticular  integral. 


§  ISO.  How  to  find  Pai'tioulai'  Integrals. 

It  will  be  found  quickest  to  proceed  by  rule : 

GaM  1  (General).     When  the  operator  /{D)"}  can  be  resolved 
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into  factors.     We  have  seen  that  the  linear  differential  equation  of 

the  first  order, 

dy/dx  -  ay  —  B  ;  or,  y  =  RI(D  -  a),     .         .       (1) 
is  solved  by 

y  =  e^le  ~  '"Rdx (2) 

The  term  Ce"  in  the  solution  of  (1),  belongs  to  the  complementary 
function. 

Suppose  that  in  a  linear  equation  of  a  higher  order,  say, 

d^yldx^  -  bdyjdx  -  Gy  =  B, 
the  operator /(I>)~^  can  be  factorised.     The  complementary  func- 
tion is  written  down  at  sight  from, 

(i)2  -  62)  +  6)y  =  0 ;  or,  {D  -  3)  (jD  -  2)y  =  0, 

namely,  y  =  C^e^  +  C./^ (3) 

The  particular  integral  is 

^1  ^  (iT^  syjLr^  2)^  ^  uTTs  -  ir^^2r ' 

=  e^\e  -  ^Bdx  -  e^\e  -  '^Bdx,     ....       (4) 
from  (2).     The  general  solution  is  the  sum  of  (3)  and  (4), 
.-.  y  =  CyB^  +  Ce^  +  e^\e-^Bdx  -  e^\e-'^Bdx. 

Examples. — (1)  In  the  preceding  illustration,  put  R  =  e**  and  show  that 
the  general  solution  is,  C^e^  +  C^^  +  \e^. 

(2)  If  (1>»  -  41)  +  8)y  =  2€-^',  y  =  C^e'  +  C^''  +  xe^. 

Case  2  (General).  When  the  operator  f{D)~^  can  be  resolved 
into  partial  fractions  with  constant  numerators.  The  way  to 
proceed  in  this  case  is  illustrated  in  the  first  example  below. 

Examples.— (1)  Solve  d^yjdx^  -  Qdy/dx  +  2y  =  e^.  In  symbolic  notation 
this  will  appear  in  the  form, 

(D  -  1)  (Z)  -  2)y  =  e^. 
The  complementary  function  is  y  =  C^e*  +  C^'^.    The  particular  integral  is 
obtained  by  putting 

according  to  the  method  of  resolution  into  partial  fractions.    Operate  with 
the  first  symbolic  factor,  as  above, 

y,  =  e^je  -  ^e^dx  -  cje  -  'e^dx  =  ^^*. 
The  complete  solution  is,  therefore,  y  =  Cid*  +  df^  +  \^. 
(2)  Solve  (D  -  2)*y  =  x,     Ansr. 

Case  3  (Special).  When  B  is  a  rational  function  of  x,  say  a?". 
This  case  is  comparatively  rare.  The  procedure  is  to  expand 
f(D)  ~  ^  in  ascending  powers  of  D  as  far  as  the  highest  power  of 
X  in  B. 


312  HIGHER  MATHEMATICS.  §  130. 

Examples.— (1)  Solve  cPy/dx'*  -  4tdyldx  +  ^y  -  ar*.     The  complementary 
function  is  ^  =  ^{A  +  Bx) ;  the  particular  integral  is  : 

'  (2  -  2>)  -»x«  =  \(l  +  af  +  8^)j:»  =  |(2x«  +  ^x  +  3). 

^        (2)  UtPyldj^^-  y  =  2  +  5x,  y  =  Citf*  +  C^"*  +  Sx  -  2. 

Case  4  (Special).  When  B  contains  an  exponential  factor,  so 

that 

B  =  e'^X, 

where  X  may  or  may  not  be  a  function  of  x  and  a  has  some 

constant  value. 

i.  When  X  is  a  function  of  x.    Since  D"e"  =  a"e"',  where  n  is 

any  positive  integer  (page  38),  we  have  (page  25) 

D(e'"X)  =  e'"DX  +  ae'^X  =  e"(D  +  a)X, 

and  generally,  as  in  Leibnitz'  theorem  (page  49), 

D^e^'X  =  e'"(D  +  afX ; 

The  operation  JZ)  ~  ^e'"X  is  performed  (when  X  is  any  function  of  x) 
by  transplanting  e'"  from  the  right-  to  the  left-hand  side  of  the 
operator  f{D)-^  and  replacing  D  by  (D  +  a).  This  will,  perhaps, 
be  better  understood  from  the  following  examples  : 

Examples. — (1)  Solve  d^yjcb^  -  idy/dx  +  y  =  x^e^.    The  complete  solution 
by  page  308,  is  (C^  +  xCj^e'  +  (D  +  2Z)  +  l)-ix«e^.     Prom  (5), 

D^-2D+1  (D-1)(D-1) 

By  rule :  0-""  may  be  transferred  from  the  right  to  the  left  side  of  the  operator 
provided  we  replace  D  by  D  +  3. 

^{D  +  2)^'''' 
We  get  ^({x^  -  hx+  J), 

as  the  value  of  the  particular  integral. 

(2)  Evaluate  (D  -  Ij-^e'loga:.     Ansr.  xe'logxje. 

ii.  When  X  is  constant.     If  X  is  constant,  the  operation  (5) 
reduces  to 

^^  =  J-.^"'-  ...         (6) 


AD)         f{a) 
The  operation  f{D)-^e'"X  is  performed  by  replacing  D  +  a  by  a. 

Examples.— (1)    Find   the  particular  integral  in  (D»  -  8/)  +  2)y  =  e^. 
Obviously, 


Z>*  -  3Z)  +  2  32  -  8  . 3  +  2 

(2)  Show  that  ^,  is  a  particular  integral  in 

(^jdx^  +  2dyldx  +  1  =  f . 
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An  anomalous  oase  arises  when  a  is  a  root  of /(D)  =  0.    By  this 

method,  we  should  get  for  the  particular  integral  of  dyjdx  ~  ^  »  e*. 

1  e' 

e'  = ^  =  ooe*. 


2>  -  1        1-1 
The  difficulty  is  evaded  by  using  the  method  (5)  instead  of  (6). 
Thus, 

-e*  s  e'— .  1  =  xe'. 


D  -  1  D 

The  complete  solution  is,  therefore,  y  «  Ce'  -h  xe'. 

Another  mode  of  treatment  is  the  following :  Since  a  is  a  root 
of  /(D)  =  0,  by  hypothesis,  D  -  a  is  a  factor  of  f{D)  (page  386). 

Hence, 

f(D)  =  (i>  -  aY{D) ; 


xe" 


■  ■  f{D)         {D  -  a)  -fXD)         {D  -  a)  /(a)         /(a)'    ^  ' 
If  the  root  a  occurs  r  times  in  f{D)  =  0,  then  D  -  a  enters  r 
times  into/(Z>).     Therefore, 

/(2>)  (i)  -  a)V'(i))  (I>-a)'7(a)  i-fiaf      ^' 

Examples. — Find  the  particular  integrals  in,  (1)  (D  +  l^y  =  e-'.  Ansr. 
jfT^e-',     Hint.  Replace  D  by  Z)  -  1.  i'-'Z)    =',  etc.     See  page  812. 

(2)  (IP  -  l)y  =  xe*.  Ansr.  e'{\fX'^  -  \r).  Hint.  First  get  &'(D  -  1)  -»a:, 
then  e'(l  +  D  +  .  .  .)x,  etc. 

Case  S  (Special).  When  E  contains  sine  or  cosine  factors.  By 
the  successive  differentiation  of  8in(nx  +  a), 

(D2)"8in(wx  +  a)  =  ( -  n^Y%m{7ix  +  a).* 
where  n  and  a  are  constants. 

.'.  /(D2)sin(na;  +  a)  =  /( -  n-*)sin(7ia?  +  ic). 

1  .      ,  .         X  1 

.f        " 

fm 

It  can  be  shown  in  the  same  way  that, 

Examples. — (1)  Find  the  particular  integral  of 

cPylcLx^  +  cPyfdx^  +  dyjdx  +  y  —  sin  2x. 

Here,        _^  = -J sin  2j-  =  _    ^--^r-  -;r  sin  2x. 

•        /(D)       Z)=*  +  i>«  +  Z)  +  1  (D«  +  1)  +  Z)(7)a  +  1) 


-sin(?ia?  +  a)  = sin(?w;  +  a).  .         (9) 

/( -  ^  ) 


*  The  proof  resembles  a  well-known  result  in  trignometry,  §  19 :— 
Z)(sin  na:)  =  d(8in  nx)ldx  =  n  cos  nx ; 
/>*(sin  tw)  =  cP(8in  nx)}dx'^  =  -  n'sin  nx^  etc. 
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Substitute  for  !>*  =  (-  2^)  as  in  (9).    We  thus  get  -  i(D  +  l)-^8in  2x.    Mul- 
tiply  by  I>  -  1  and  again  substitute  D>  =  ( -  2^  in  the  result.    Thus 

^(D  -  1)  sin  2z,  or  ^^(2  cos  2x  -  sin  2x) 
is  the  desired  result. 

(2)  Solve  d^ldx^  -k^  =  cos  »ur.    Ansr.  C^e^  +  C^-^-  (cos  mjr)/(w« + k*), 

(3)  If  a  and  fi  are  the  roots  of  the  auxiliary  equation  derived  from 

cPyjdC^  +  mdyjdt  +  n^  =  a  sin  nt, 
{HebnholU*8  equation  for  the  vibrations  of  a  tuning-fork)  show  that 

Ci«**  +  Cjfi^*  -  (a  cos  n^)/t»n, 
is  the  complete  solution. 

An  anomalous  case  arises  when  D'^  in  D*  +  n^  is  equal  to  -  w'-^. 
For  instance,  the  complementary  function  of  d^hfjdoc^  +  v^hf  —  cos  nXy 
is  OjCosTiic  +  CgSinna;,  the  particular  integral  is  (D'^  +  n^)QO^nx, 
If  the  attempt  is  made  to  evaluate  this,  by  substituting  D^  ^  -  n^, 
we  get  (cos7w:)/(-  n^  +  n^)  =  oocosno;.  We  were  confronted  with 
a  similar  difficulty  on  page  243.  The  treatment  is  practically  the 
same.  We  take  the  limit  of  {D^  +  n2)cos  iix,  when  n  becomes  n  +  h 
and  h  converges  towards  zero. 

I  1/1.1 

=  i^^»  =  0  -  Q— r TaCcos  njr .  cos  hx  -  sin  nx .  sin  Jix) ; 

rt                1      /cos  war  .  *  i.\ 

=  Lith-^- -{  — xvmnx  -^  powers  of  h  ), 

2n  +  h\     h      ,  I 

But  cosnx  is  contained  in  the  complementary  function  and  hence,  when 
A  =  0,  we  obtain, 

—  -^  +  (a  term  in  the  complementary  function). 
2ra 

This  latter  may  be  disregarded  when  the  particular  integral  alone  is  under 

consideration.     The  complete  solution  is,  therefore, 

y  —  Cicos  nx  +  Casin  ixx  +  {x  sin  nx)Yln. 

Examples. — (1)  Show  that  -  ^x  cos  or,  is  the  particular  integral  of 

(D«  +  \)y  =  sin  x. 

(2)  Evaluate  (I>*  +  4)-*co8  2x.     Ansr.  Jx8in2x. 

(3)  Evaluate  (D^  +  4)- ^8in2j'.     Ansr.  Jxco8  2x. 

(4)  Solve  c^yldjt^  -  y  =  xainx.     The  particular  integral  consists  of  two 
parts,  i[(x  -  S)co8X  -  xsinxj.     The  complementary  function  is 

Cje*  +  Ca<?-"»sin(i\^Sx)  +  CjC'/'cosCi  n'3x). 
But  see  next  case. 

Case  6.  When  R  contains  some  power  of  x  as  a  fa^ctor.     Say, 
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where  X  is  any  function  of  x.     The  successive  differentiation  of 
two  products  gives,  §  20, 

D'^xX  =  xD^X  +  nD'^-^X, 
.-.  f{D)xX  =  xf{D)X  +  fiD)X, 
Substitute  Y  =  f{D)X,  where  Y  is  any  function  of  x.     Operate 
with  f{D)~^,  we  get 

Examples.  —(1)  Find  the  particular  integral  in  d^y/dx^  -  V  =  ^^'    From 
(11),  the  particular  integral  is 

(2)  Show  in  this  way,  that  the  particular  integral  of  (D*  -  1)^  =  2;8inx, 
is  ^(aj'cosa;  -  So- sin  or). 

(3)  Solve  cPylds^  -  y  =  J^ain  jr. 

Ansr.  y  =  C,6*  +  C^~'  -  iV^{(10x  +  2)cosj;  +  (5a;  -  14)8in  j;}. 

(4)  Integrate  d^jdo^  -  V  =  ic'cos  x. 

Ansr.  y  =  Cje*  +  C^-'  +  icsino:  +  ^cosx(l  -  a?'). 

§  131.  The  Linear  Equation  with  Variable  GoeflScients. 

Case  1.  The  homogeneotis  linear  differential  equation.  The 
general  type  of  this  equation  is: 

where  X  is  a  function  of  a; ;  a^^  a^t  .  .  .  ,  a„  are  constants.     This 
equation  can  be  transformed  into  one  with  constant  coefficients  by 

the  substitution  of 

X  =  e' ;  or  jer  =  log  x, 
we  then  have, 

dxjdz  =  e*  and  therefore,  xdy/dx  =  dy/dz.         .         (2) 
Just  as  we  have  found  it  very  convenient  to  employ  the  symbol 

"  D"  to  denote  the  operation  "  ^j-»"  so  we  shall  find  it  even  more 

dx 

convenient  to  denote  the  operation  "aj^-^,"  by  the  symbol  **S'\ 

dx 

**S"  is  treated  in  exactly  the  same  manner  as  we  have  treated 
"  D  "  *  in  §  128  and  subsequently. 

*  A  little  care  is  required  in  using  this  new  notation.  The  operations  of  differentia- 
tion and  multiplication  by  a  variable  are  not  commutative.  The  operation  a^IJf^  is  not 
the  same  as  ^,  or  as  xD .  xD,    But  we  must  write, 

xDy    =  ,^y ; 

j^D^  =  ^(^  -  i)y ; 

x'lyy  =  S{:^  -  1)  (S  '  2)y ; 

•     •     •  •     •      • 

x^Dny  =  ^(-^  -  1)  (^  -  2)  .  ,  .  (^  -  n  +  l)y. 
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Examples.— (1)  ^  =  a-/)  =  x^  =  ^• 

dx     dz 

(2)  Show  that  ^x"*  =  war*". 

i.  The  complementary  function.  From  the  first  of  equations  (2), 
we  have  §  12,  9, 

dy  ^dy   dz^^l   dy^  d^  ^  1^/d^  _dy\^  ^^ 
dx      dz'  dx      x'  dz'  dx^      x\da^      dz)  * 
Substitute  these  values  in  (1).     The  equation  reduces  to  one 
with  constant  coefficients  which  may  be  treated  by  the  methods 
described  in  the  preceding  sections. 

Examples. — (1)  Solve 

x^.d^ldx^  +  2x«.  d«y/dx«  +  Sx.dy/dx  -  3y  =  a;^  +  x. 
.-.  ^(^  -  1)  (^  -  2)y  +  2^J  -  1)2^  +  S^y  -  3y  =  «*  +  «•• 
.-.  (^-  l)W'  +  3)y  =  ^««  +  c*; 
.\y=  CiC  +  Cj  cos  z  Js  +  C3  sin  z  Vs  +  j«**  +  ^ze*. 

'  .\  y  =  CyC  +  Cj  cos  ( V3  log  x)  +  C,  sin  ( V3  log  x)  +  f a?  +  ^x  log  x. 
(2)  Solve  x» .  d^lds^  +  x .  dyjdx  +  g^  =  0 ;  i.«.  (^«.+  3«)y  =. 
Ansr.  y  =  Ci  sin  ($  log  x)  +  C,  cos  (q  log  x). 

The  linear  equation  with  variable  coefficients  bears  the  same 
relation  to  x,  that  the  equation  with  constant  coefficients  does  to 
e™'.  Hence  if  a?"*  be  substituted  for  y,  the  factor  aj™  will  divide  out 
from  the  result  and  an  equation  in  m  will  remain.  The  n  roots 
of  this  latter  equation  will  determine  the  complementary  function. 

Examples.— (1)  Solve  x* .  d^/dxi*  +  2x  .  dy/dx  -  2y  ^  0.     Put  y  =  z'\ 

We  get 

m(m  -  1)  +  ^m  -  1)  =  0 ;  or,  (w  +  2)  (w  -  1)  =  0. 

Hence  from  our  preceding  results,  we  can  write  down  the  complementary 

function  at  sight,  y  =  C^x  +  C,x  -  ^. 

(2)  Solve  x» .  dhfldofl  +  4x .  dyjdx  +  2^/  =  0.     Ansr.  y  =  Cj/x  +  Cj/x«. 

(3)  Find  the  complementary  function  in  {^(^  -  1)  -  3^  +  4}y  =  x*. 
Ansr.  y  =  (Cj  +  C,  log  x)x*. 

(4)  Integrate  {^(^  -  1)  -  2}y  =  0.     Ansr.  y  =  CjX^  +  Cjx. 

ii.  T/ie  particular  integral.  We  may  use  the  operator  ^,  to 
obtain  the  particular  integral  of  linear  equations  with  variable 
coefficients  in  the  same  way  that  D  was  used  to  determine  the 
particular  integral  of  equations  with  constant  coefficients. 

The  symbolic  form  of  the  particular  integral  is, 

R 

The  operator  f{3)  ~  ^  may  be  resolved  into  partial  fractions  or  into 
factors  as  in  the  case  of  P. 
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Examples.— (1)  Show  that  y  =  CiX*  +  C^lx  +  ^ar*  log  x  is  a  complete 
solution  of  x' .  cPylda^  -  2x .  dy/dx  -  4y  =  r*. 

(2)  Find  the  value  of  Qa/a,3\^'  Using  the  ordinary  method  just  described 

1       a^ 
vre  get  the  indeterminate  form  g  •  q^  _  r>.    In  this  case  we  must  adopt  the 

method  of  page  312  and  write 

(8)  Solve  x2 .  d^/dx*  +  7x .  dyjdx  +  5y  =  or*.     Write  this 

{MS-  -  1)  +  7^  +  5]y  =  x». 
The  particular  integral  is  ($-*  +  6^  +  6) "  'x*,  or  x*/60.     The  complementary 
function  is  CjX  ~  ^  +  C^  ~  *. 

(4)  Solve  x^dhildx'^  +  4x .  dyjdx  +  2y  =  e'. 

Ansr.  y  =  CJx  +  CJi^  +  c'/x". 

(5)  Solve  x* .  drh/ldx^  +  2x» .  d^jdx*  -  x .  dy/dx  +  y  =  x  +  x^*. 

Ansr.  y  =  Ci/x  +  C^c  +  C^x  log  x  +  i«c(log  x)*  +  x=*/16. 

(6)  Solve  x3 .  d^yjdx^  +  2x« .  c^^y/dx^  +  2y  =  lOx  +  10/x. 

Ansr.  y  =  C^x  cos  (log  x)  +  C^  sin  (log  x)  +  5x  +  CJx  +  (2  log  x)/x. 

(7)  Find  the  particular  integral  of  the  third  example  in  the  last  set. 
Ansr.  X*. 

(8)  Equate  example  (2),  of  the  preceding  set,  to  1/x,  instead  of  to  zero, 
and  show  that  the  particular  integral  is  then  (log  x)/x. 

Case  2.  Legendre's  Equation.    Type : 

(a  +  hxY^^  +  A^{a  +  6a:)--^^^  +  .  .  .  +  ^,^  =  ii,  (3) 

where  A-^,  A^,  .  .  .,  ^n  are  constants,  B  is  any  function  of  x.  This 
sort  of  equation  is  easily  transformed  into  the  homogeneous  equa- 
tion and,  therefore,  into  the  linear  equation  with  constant  co- 
efficients. To  make  the  former  transformation,  substitute  -2  =  a  +  fca;, 
for  the  latter,  e  ^  a  '\-  bx. 

Examples. — (1)  Solve 

(a  +  6x)' .  d^ldx^  +  h(a  +  6x) .  dyjdx  +  c*y  =  0. 
Ansr.  y  =  Ci  sin  [{cjb)  log  (a  +  6x)}  +  C^cos  {(cjb)  log  (a  +  bx)}, 
(2)  Solve  (x  +  a)^dhfjdx^  -  4(x  +  a) .  dyjdx  +  6y  =  x, 

Ansr.  y  =  Ci(x  +  o)«  +  C^(x  +  a)"*  +  ^(3x  +  2a). 

§  132.  The  Exact  Linear  Differential  Equation. 

A  very  simple  relation  exists  between  the  coefficients  of  an 
exact  diiferential  equation  which  may  be  used  to  test  whether  the 
equation  is  exact  or  not.     Take  the  equation, 
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where  Xq,  X^,  ,  .  ,,  B  are  functions  of  x.  Let  their  suooessive 
differential  coeffioients  be  indicated  by  dashes,  thus  X\  X\  .  .  . 

Since  X^ .  dh/lda^  has  been  obtained  by  the  differentiation  of 
-^0^  •  dhfl^^i  ^his  latter  is  necessarily  the  first  term  of  the  integral 
of  (1).     But, 

Subtract  the  right-hand  side  of  this  equation  from  (1), 

(^1  -  ^'«)^|  +  ^,^1  +  ^,y  =  B.     .       .     (2) 

Again,  the  first  term  of  this  expression  is  a  derivative  of 
{X^  -  X'^dyjdx,  This,  therefore,  is  the  second  term  of  the  in- 
tegral of  (1).     Hence,  by  differentiation  and  subtraction,  as  before, 

{X,-X;  +  T'f£  +  X^^B.        .        .      (3) 

This  equation  may  be  deduced  by  the  differentiation  of 
(X^  -  X\  +  X^')y,  provided  the  first  differential  coefficient  of 
(Xj  -  Xj  +  Xq)  with  respect  to  x,  is  equal  to  X3,  that  is  to  say, 
X2  -  X'\  +  X'\  =  X3 ;  or,  X3  -  X\  +  X'\  -  X'\  =  0.  (4) 
But  if  this  is  really  the  origin  of  (3),  the  original  equation  (1)  has 
been  reduced  to  a  lower  order,  namely, 

^0%  +  (^1  -  ^'o)a|  +  {X,  -  X,  +  X\)y  ^B+C,,      (5) 

This  equation  is  called  the  first  integral  of  (1),  because  the  order 
of  the  original  equation  has  been  lowered  unity,  by  a  process  of 
integration. 

Condition  (4)  is  a  test  of  the  exactness  of  a  differential  equation. 
If  the  first  integral  is  an  exact  equation,  we  can  reduce  it,  in 
the  same  way,  to  another  first  integral  of  (1).  The  process  of 
reduction  may  be  repeated  until  an  inexact  equation  appears,  or 
until  y  itself  is  obtained.  Hence,  an  exact  eqiiation  of  tJie  nth 
order  has  n  independent  first  integrals. 

Examples. — (1)  Is  the  equation 

X* .  d^y/dx^  +  15x* .  d«y/dic«  +  60x» .  dy/dx  +  mi^  =  e*  exact  ? 
From  (4),  X,  =  60jr«  ;   A",  =  180ja  ;  X'\  =  180x« ;   A""o  =  60j^.     Therefore, 
X,  -  X'2  +  X'\  +  X"'q  =  0  and  the  equation  is  exact. 
(2)  Solve  the  equation 

xdr^yjdx^  +  (x"  -  S)d<^ldx^  +  Ix .  dyjdx  +  2y  =  0. 
as  far  as  possible,  by  successive  reduction.    The  process  can  be  employed 
twice,  the  residue  is  a  linear  equation  of  the  first  order,  not  exact. 
(8)  Solve  the  equation  given  in  example  (1). 

Ansr.  x^y  =  e*  +  CjO:*  +  CjX  +  C,. 
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There  is  another  quick  practical  test  for  exact  differential  equa- 
tions (Forsyth)  which  is  not  so  general  as  the  preceding.  When 
the  terms  in  X  are  either  in  the  form  of  ax'^y  or  of  the  sum  of 
expressions  of  this  type,  x'^d'^yjdo^  is  a  perfect  differential  co- 
efficient, if  m  <  71.  This  coefficient  can  then  be  integrated  what- 
ever be  the  value  of  ^.  li  m  ^  n  or  m  >  n^  the  integration  cannot 
be  performed  by  the  method  for  exact  equations.  To  apply  the 
test,  remove  all  the  terms  in  which  m  is  less  than  n,  if  the  re- 
mainder is  a  perfect  differential  coefficient,  the  equation  is  exact 
and  the  integration  may  be  performed. 

Examples. — (1)  Apply  the  test  to 

jt'  .  d^/dx*  +  j' .  d^yjdx^  +  x  .  dyjdx  +  y  =  0. 
X .  dyjdx  +  y  remains.     This  has  evidently  been  formed  by  the  operation 
D(xy)j  hence  the  equation  is  a  perfect  differential. 
(2)  Apply  the  test  to 

(ar'IH  +  j^D^  +  s^D  +  2x)y  =  sin  x. 
x^ .  dyjdx  +  2x2/  remains.     This  is  a  perfect  differential,  formed  from  D(xh/). 
The  equation  is  exact. 

If  two  independent  first  integrals  are  known  the  equation  is 
sometimes  easily  solved.  The  elimination  of  dyjdx  between  two 
first  integrals  will  give  the  complete  solution. 

§  133.  The  Intention  of  Equations  with  Missing  Terms. 

Differential  equations  with  missing  letters  are  common. 

Firsty  the  independent  variable  is  absent.     Type  : 

d'^y/dx^  =  qy ;  or,  d'^y/dx^  ^  qf{y),        .         .       (1) 

This  equation  is,  in  general,  neither  linear  nor  exact. 

Case  1.  W}ienf{y)y  in  (1),  is  negative^  so  that 

d^x 

^  +  52a;  =  0,      .         .         .         .       (2) 

where  the  academic  x  and  y  have  given  place  to  t  and  x  respectively, 
in  order  to  give  the  equation  the  familiar  form  of  the  equation  of  the 
motion  of  a  particle  under  the  influence  of  a  central  attracting  force. 
Multiply  both  sides  of  the  equation  by  2dxldt,  and  integrate 
with  respect  to  a;, 

^dx  d^x  dx         /dx\^  ..   .      ^ 

Separate  the  variables  and  integrate  again, 

dx  X 

-jl^^i)  =  ±qdt;  cos-  1-  ^±{qt  +  c), 


320  HIGHER  MATHEMATICS.  ij  133 


.'s 


where  c  is  the  integration  constant  and  C  =»  q^a^.     The  solution 

involves  two  arbitrary  constants  a  and  c,  which  respectively  denote 

the  amplitude  and  epoch  of  a  simple  harmonic  motion,  whose 

period  of  oscillation  is  2ir/q,     Put  C^  =  a  cos  €,  and  Cg  =  -  a  sin  €. 

X  ^  C^  cos  qt  +  Cg  sin  qt. 

Case  2.     When  f{y)  in  (1)  is  positive^  the  solution  assumes  the 

form, 

X  =  Cje**  +  C^  ~  ** ;  or,  ic  =  il  cosh  gi  +  J9  sinh  qt^ 

as  on  page  309.     All  these  results  are  important  in  connection 

with  alternating  currents  and  other  forms  of  harmonic  motion. 

Another  way  of  treating  equations  of  type  (2),  occurs  with  an 

equation  like 

^5i-^(iy-2y^=o.  •  •  •  (3) 

which  has  the  form  of  the  standard  equation  for  the  small  oscilla- 
tions of  a  pendulum  in  air.  Under  this  condition,  the  resistance 
of  the  air  is  negligible.     Let 

p  =  dy/dXf  .-.  dhfldx^  =  dpjdx  =  p .  dp/dy. 
Substitute  these  results  in  the  given  equation,  multiply  through 
with  2/y. 

Multiply  by  y^  and 

d{p)^)  ^  4^3 .  or,  pY  ^t  +  G\ 
ay 

where  C*  is  an  arbitrary  constant.     The  rest  is  obvious. 

Examples. — (1)  The  solution  of  equation  (3)  is  sometimes  written  in  the 
form 

y^  =  C«i8inh(2x  +  CJ. 
Verify  this. 

(2)  Solve  cPx/dt^  +  /tx  +  v  =  0.    Put  x  =  x^ -k-  vjn  and  afterwards  omit  the 

suffix.     Ansr.  x  =  vjfi  +  Cicos  t  v^  +  CgSin  t  vV- 

(8)  If  the  term  fix  in  the  preceding  example  had  been  of  opposite  sign, 

show  that  the  solution  would  have  been,  x  =  vlfx  +  CjCosh  t  \^fi  +  C^inh  t  s^ fi^ 
where  fi  is  negative. 

(4)  Solve  cPylda^  -  a(dyjdx)'^  =  0.    Ansr.  C^x  +  C,  =  e-"*. 

(5)  Solve  1  +  (dy/dx)^  =  yd^yjdji?.    Ansr.  y  =  acosh(a-/a  +  6). 

(6)  Fourier^s  equation  for  tJie  propagation  of  heat  in  a  cylindrical  bar^  is 

d^Vjdx^  -  /3«7  =  0.     Hence  show  that  V  =  C,c^^  +  Ce'^. 

SecoTtd,  the  dependent  variaMe  is  absent.     Type  : 

d'^y/dx^  =  a; ;  or,  d'^dx^  =  f{x),        .         .         (4) 
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If  these  equations  are  exact,  they  may  be  solved  by  successive 
integration. 

If  the  equation  has  the  form 

dhjjda^  +  dyjdz  +  a;  =  0. 

dH      1   dv  _      P^ 
^^'  dr^  '^  T'dr"'  Ifi' 

a  familiar  equation  in  hydrodynamics,  it  is  usually  solved  by  sub- 
stituting p  »  dy/dx,  .*.  dp/dx  =  dh//dx^.  The  resulting  equation 
is  of  the  first  order,  integrable  in  the  usual  way. 

Examples. — (1)  The  above  equation  represents  the  motion  of  a  fluid  in  a 
cylindrical  tube  of  radius  r  and  length  I.  The  motion  is  supposed  to  be 
parallel  to  the  axis  of  the  tube  and  the  length  of  the  tube  very  great  in 
comparison  with  its  radius  r.  P  denotes  the  difference  of  the  pressure  ai 
the  two  ends  of  the  tube.  If  the  liquid  wets  the  walls  of  the  tube,  the  velocity 
is  a  maximum  at  the  axis  of  the  tube  and  gradually  diminishes  to  zero  at  the 
walls.  This  means  that  the  velocity  is  a  function  of  the  distance  (rj  of  the 
fluid  from  the  axis  of  the  tube.  Solve  the  equation,  remembering  that  ^  is  a- 
constant  depending  on  the  nature  of  the  fluid. 

Substitute  p  =  dv/dr, 

.-.  dpidr  ^.pjr  zz^  Pjlfx ; 

...  ^!^  =  _  ^r  +  ?! ;  t;  =  -  -^r«  +  C^logr  +  C^ 
dr  2//A         r  4Z/i  * 

To  evaluate  C]  in  (5),  note  that  at  the  axis  of  the  tube  r  =  0.  This  means- 
that  if  Ci  is  a  finite  or  an  infinite  magnitude  the  velocity  will  be  infinite. 
This  is  obviously  impossible,  therefore,  C]  must  be  zero.  To  evaluate  C^,  note 
that  when  r  =  rj,  v  vanishes  and,  therefore,  we  get  the  final  solution  of  the 
given  equation  in  the  form,  v  =  }P(»^i  -  f^llfi,  which  represents  the  velocity 
of  the  fluid  at  a  distance  r,  from  the  axis. 

(2)  Solve  ad^yjdx^  =  Ji  ^  (dyldx)^.  Make  the  necessary  substitutions  and 
integrate. 

a .  dpi  \/{l  +  J?*)  =  dx ;  becomes  z/a  =  log(p  +  Vp^  +  1)  +  C ; 
or,  in  the  exponential  form, 

Ci*"'  -p  =  V(p"  +  1) ;  and  dyjdx  =  iCi««'«  -  « - "•/2Ci, 
by  squaring.    On  integration 

y  =  JaCie*'«  +  Ja«-"»/Ci  +  Cj. 
(8)  Some  expressions  can  be  reduced  to  the  standard  form  by  an  obvious 
transformation.    Thus, 

d^yjdx^  -  d^y/dxr^  =  x. 
Substitute  p  for  d^fdoi?  and  differentiate  p  =  d^yfds?  twice.    Thus, 

d^lda^  -  p  =  X, 
whence  y  can  be  obtained  by  successive  integration  as  indicated  above. 

(4)  Solve  d^Vldr^  +  2dVln .dr  =  0,    This  equation  occurs  in  the  theory  of 

X 
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potential.     Put  dV/dr  for  the  independent  variable  and  divide  through.    On 
integration 

log(dV/dr)  +  2  logr  =  log  Ci, 
where  log  C^  is  an  arbitrary  constant.    Integrate  again 

dV/dr  =  CJr,  becomes  V  =  C^  -  CJr, 
(6)  If  X .  d^ldx*  =  1,  show  that  y  =  ar  log  ar  +  CyX  +  Cj. 

§  134.  Equations  of  Motion,  chiefly  Osoillatory  Motion. 

By  Newton* s  second  law,  if  a  oertain  mass  {m)  of  matter  is 
subject  to  a  constant  force  {F^  for  a  certain  time,  we  have,  in 
rational  units, 

Fq  =  {Mass)  X  {Acceleration  of  the  pwrticle). 
If  the  motion  of  the  particle  is  subject  to  friction,  we  must  regard 
the  friction  as  a  force  tending  to  oppose  the  motion  generated  by 
the  impressed  force.  But  friction  is  proportional  to  the  velocity 
(v)  of  the  motion  of  the  particle,  and  equal  to  the  product  of  the 
velocity  and  a  constant  called  the  coefficient  of  friction^  written, 
say,  fjL.  Let  F^  denote  the  total  force  acting  on  the  particle  in  the 
direction  of  its  motion, 

Fi  =  Fo  -  M^  =  mdh/dt^.    .         .         .        (1) 

If  there  is  no  friction,  we  have,  for  unit  mass, 

F^^dHjdt^ (2) 

The  motion  of  a  pendulum  in  a  medium  which  offers  no  resist- 
ance to  its  motion,  is  that  of  a  material  particle  under  the  influence 
of  a  central  force  {F)  attracting  with  an  intensity  which  is  pro- 
portional to  the  distance  of  the  particle  away  from  the  centre  of 
attraction.     That  is  (Fig.  7), 

F^-  qh (3) 

where  ^^  is  to  be  regarded  as  a  positive  constant  which  tends  to 
restore  the  particle  to  a  position  of  equilibrium — the  so-called  co- 
efficient of  restitution.  It  is  written  in  the  form  of  a  power  to 
avoid  a  root  sign  later  on.  The  negative  sign  shows  that  the 
attracting  force  {F)  tends  to  diminish  the  distance  {s)  of  the  par- 
ticle away  from  the  centre  of  attraction.  If  s  »  1,  ^^  represents 
the  magnitude  of  the  attracting  force  unit  distance  away.    From  (2), 

S  =  ~5'' (*^ 

This  is  a  typical  equation  of  harmonic  motion,  as  will  be  shown 
directly.     One  solution  of  (4)  is 

s  rs  CGO^{qt  -He).  .         .         .         (6) 
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This  equation  is  the  simple  harmonic  motion  of  §  50,  C  denotes 

the  amplitude  of  the  vibration.      If  c  »  0,  we  have  the  simpler 

equation, 

s  =  Ccosqt (6) 

When  the  particle  is  at  its  greatest  distance  from  the  central 
attracting  force,  qt  ^  w,  ^  50,  page  112.  For  a  complete  to  and 
fro  motion,  2^  =  7^  =  period  of  oscillation,  hence 

T,^2rrlq (7) 

Equation  (4)  represents  the  small  oscillations  of  a  pendulum ; 
also  the  undamped^  oscillations  of  the  magnetic  needle  of  a  galvano- 
meter. 

In  the  sine  galvanometer,  the  restitutional  force  tending  to  restore  the 
needle  to  a  position  of  equilibrium,  is  proportional  to  the  sine  of  the  angle  of 
deflection  of  the  needle.  If  J  denotes  the  moment  of  inertia  of  the  magnetic 
needle  and  G  the  directive  force  exerted  by  the  current  on  the  magnet,  the 
equation  of  motion  of  the  magnet,  when  there  is  no  retarding  force,  is 

For  small  angles  of  displacement,  ^  and  sin  ^  are  approximately  equal. 
Hence, 

^  =  .^^ (9) 

From  (4),  q  =  JOjJt  and  therefore,  from  (9), 

T^  =  2m'JjjQ (10) 

a  well-known  relation  showing  that  the  period  of  oscillation  of  a  magnet  in 
the  magnetic  fields  when  there  is  no  damping  action  exerted  on  the  magnet^  is 
proportional  to  the  square  root  of  tlie  motnent  of  inertia  of  the  magnetic  needle^ 
and  in/versely  proportunial  to  the  square  root  of  the  directive  force  exerted  by  the 
cutTent  on  the  magnet.    See  page  524. 

In  a  similar  manner,  it  can  be  shown  that  the  period  of  the  small  oscilla- 
tions of  a  pendulum  suspended  freely  by  a  string  of  length  Z,  is  2x  fJllg^  where 
g  denotes  the  ax;oeleration  of  gravity. 

Equation  (4)  takes  no  account  of  the  resistance  to  which  a 
particle  is  subjected  as  it  moves  through  such  resisting  media  as 

*  When  an  electric  current  passes  throogh  a  galvanometer,  the  needle  is  deflected 
and  begins  to  oscillate  about  a  new  position  of  eqailibrium.  In  order  to  make  the 
needle  come  to  rest  quickly,  so  that  the  observations  may  be  made  quickly,  some 
resistance  is  opposed  to  the  free  oscillations  of  the  needle  either  by  attaching  mica  or 
aluminum  vanes  to  the  needle  so  as  to  increase  the  resistance  of  the  air,  or  by  bringing 
a  mass  of  copper  close  to  the  oscillating  needle.  The  currents  induced  in  the  copper 
by  the  motion  of  the  magnetic  needle,  react  on  the  moving  needle,  according  to  Lenz's 
law,  so  as  to  retard  its  motion.  Such  a  galvanometer  is  said  to  be  damped.  Wlien 
the  damping  is  sufficiently  great  to  prevent  the  needle  oscillating  at  all,  the  galvano- 
meter is  said  to  be  "  dead  beat "  and  the  motion  of  the  needle  is  aperiodic.  In  ballistic 
galvanometers,  there  is  very  much  damping. 
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air,  "vi^ater,  eto.  This  resistance  is  proportional  to  the  velocity,  and 
has  a  negative  value.  To  allow  for  this,  equation  (4)  must  have 
an  additional  negative  term.     We  thus  get 

dh  ds        2 

where  /t  is  the  coefficient  of  friction.  For  greater  convenience,  we 
may  write  this  2/, 

l^2-^  +  «**  =  «-  •     •     •     (") 

Before  proceeding  further,  it  will  perhaps  make  things  plainer 
to  put  the  meaning  of  this  differential  equation  into  words.  The 
manipulation  of  the  equations  so  far  introduced,  involves  little  more 
than  an  application  of  common  algebraic  principles.  Dexterity  in 
solving  comes  by  practice.  Of  even  greater  importance  than  quick 
manipulation  is  the  ability  to  form  a  clear  concept  of  the  physical 
process  symbolised  by  the  differential  equation.  Some  of  the  most 
important  laws  of  Nature  appear  in  the  guise  of  an  '*  unassuming 
differential  equation".  The  reader  should  spare  no  pains  to  acquire 
familiarity  with  the  art.  The  late  Professor  Tait  has  said  that 
**  a  mathematical  formula,  however  brief  and  elegant,  is  merely  a 
step  towards  knowledge,  and  an  all  but  useless  one  imtil  we  can 
thoroughly  read  its  meaning  ". 

In  equation  (11),  the  term  dHjdt^  denotes  the  relative  change 
of  the  velocity  of  the  motion  of  the  particle  in  unit  time,  §  7 ; 
2f.dsfdt  shows  that  this  motion  is  opposed  by  a  force  which 
tends  to  restore  the  body  to  a  position  of  rest,  the  greater  the 
velocity  of  the  motion,  the  greater  the  retardation  ;  qh  represents 
another  force  tending  to  bring  the  moving  body  to  rest,  this  force 
§lpo  increases  directly  as  the  distance  of  the  body  from  the  position 
of  rest.  To  investigate  this  motion  further,  we  cannot  do  better 
than  follow  Professor  Perry's  graphic  method. 

The  first  thing  is  to  solve  (11)  for  s.     This  is  done  by  the  method  of 

§  180.    Put  s  ^  e^  and  solve  the  auxiliary  quadratic  equation.     We  thus 

obtain 

»»  =  -/±n/(/'-3») (12) 

And  finally, 

s  =  tf  -  (a  +  /SX  ;  or  rather,  8  =  Cje  -  a<  +  C^  -  ^<, 

where  a  =  -  /  +  ^f(P  -  2«)  and  /3  =  -  /  -  J(P  -  g").     The  solution  of  (11) 
thus  depends  on  the  relative  magnitudes  of  /  and  q. 

Suppose  that  we  know  enough  about  the  moving  system  to  be  able  to 
determine  the  integration  constants.     When  ^  =  0,  let  v  s  Vq  and  5  =  0. 


^ 
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Case  1.   The  roots  of  the  auxiliary  eqtiation  are  real  and  unequal.    The 

condition  for  real  roots  -   a  and  -  jS,  in  (12),  is  that  /  is  greater  than  q 

(page  388).    In  this  case, 

8  =  C^e-  at  +  C^-fit^         .        .        .        .      (18) 

solves  equation  (11).     To  find  what  this  means,  let  us  suppose  that  /  =  8, 
2  =  2,  /  =  0,  «  =  0,  Vq  =  0.    From  (12),  therefore, 

m  =  -  3  ±  \/9^I^  =  -  3  +  2-24  =  -  -76  and  -  6-24. 
Substitute  these  values  in  (18)  and  differentiate  for  the  velocity  v  or  dsldt. 
Thus, 


+  C^-^;  dsldt  -  -  5-24C,e - »■««  V  -IQC^ 
.'.  -  5-24Ci  +  -TSCa  =1.  ^ 


From  (13),  when  /  =  0,  s  =  0  and  C^  +  C^  =  0,  or  Cj  =  +  C,  =  i, 

.-.  s  =  i(«-*^- u-»"«0^   .        .        .        .      (14) 
Assign  particular  values  to  t,  and  plot  the  corresponding  values  of  s  by  means 

of  Tables  XXI.  and  XXII.      Curve  No.  1  (Fig.  114)  was  obtained  by  plotting 

corresponding  values  of  s  and  t  obtained  in  this  way. 


^e. 


i-jc 


Fig.  114  (after  Perry). 

Case  ii.    The  roots  of  the  atixillary  equation  are  real  and  equal.     The 
condition  for  real  and  equal  roots  is  that  f  =  q. 

.-.  «  =  (C,  +  Ca/)^-/* (16) 

As  before,  let  /  =  2,  g  =  2,  ^  =  0,  s  =  0,  t;^  =  1.    The  roots  of  the  auxiliary 
are  -  2  and  -  2.     Hence 

s=  (Ci  +  C^t)e  -  *  ;  and  dsjdt  =  CsU  -  «  -  2(Ci  +  C^t)e  -  *. 

.*.  Cj  -  2Ci  =  1,  Cj  =  0  and  Cg  =  1 ;  or  s  =  ee  -  *.       .        .       (16) 
Plot  (16)  in  the  usual  manner.     Curve  2  (Fig.  114)  was  so  obtained. 

Caae  ill.  The  roots  of  tJie  aujcillary  equation  are  real,  eqvnl  and  of  opposite 
sign.    For  equal  roots  of  opposite  sign,  say  ±  g,  we  must  have  /  =  0.     Then 

«  =  Ci  sin  qt  +  Cj  cos  qt (17) 

Let  /  =  0,  s  =  0,  Vo  =  1,  g  =  2,  /  =  0.     Differentiate  (17), 

ds/dt  =  gCj  cos  qt  -  gCj  sin  qt. 
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Hence  1  =  2Ci  x  1  -  2  x  Cg  x  0,  or  Ci  =  ^ ;  .*.  Cj  =  0.    Hence  the  equation, 

s=:\sin2t (18) 

A  graph  from  this  equation  is  shown  in  curve  4  (Fig.  114). 

Case  It.  The  roots  of  tlie  auxiliary  equation  are  imaginary.  For  imaginary 
roots,  -  /  ±  »^f{P  -  g*),  or,  say^  +  6i,  it  is  necessary  that  f  K  q  (F*ge  388). 
In  this  case, 

s  =  e~ «'(Ci  sin  ht  +  C,  cos  ht) (19) 

Let  the  coefficient  of  friction,  /  =  1,  g  =  2,  t  =  0,  s  =  0,  Vq  =  1.    The  roots  of 

the  auxiliary  are  m  =  -  1  +  \'l  -  4  =  1  +  \^  -  3  =  -  1  +  l-7i,  where 
4  =  \/  -  1.    Hence  a  =  1,  6  =  1-7.     Differentiate  (19), 

dsjdt  =  -  ae- ""(Cj  sin  bt  +  Cj  cos  bt)  +  be-  "»(Ci  cos  6^  -  Cj  sin  bt). 
From  (19),  C  =  0  and,  therefore,  C^  =  1/6  =  -67.     Therefore, 

s  =  •57tf-'8inl-7^ (20) 

Curve  3  (Fig.  114)  was  plotted  from  equation  (20)  in  the  usual  way. 

There  are  several  interesting  features  about  the  motions  re- 
presented by  these  four  solutions  of  (11),  shown  graphically  in 
Fig.  114.  Curves  Nos.  3  and  4  (Cases  iv.  and  iii.)  show  the 
conditions  under  which  the  equation  of  motion  (11)  is  periodic  or 
vibratory.  The  effects  of  increased  friction  due  to  the  viscosity  of 
the  medium y  is  shown  very  markedly  by  the  lessened  amplitude 
and  increased  period  of  curve  3.  The  net  result  is  a  damped 
vibration,  which  dies  away  at  a  rate  depending  on  the  resistance 
of  the  medium  (2/.v)  and  on  the  magnitude  of  the  oscillations 
(q^s).  Such  is  the  motion  of  a  magnetic  or  galvanometer  needle 
affected  by  the  viscosity  of  the  air  and  the  electromagnetic  action 
of  currents  induced  in  neighbouring  masses  of  metal  by  virtue  of 
its  motion;  it  also  represents  the  natural  osoillations  of  a 
pendulum  swinging  in  a  medium  whose  resistance  varies  as  the 
velocity.  Curve  4  represents  an  undamped  oscillation,  curve  3  a 
damped  oscillation. 

Curves  1  and  2  (Cases  i.  and  ii.)  represent  the  motion  when  the 
retarding  forces  are  so  great  that  the  vibration  cannot  take  place. 
The  needle,  when  removed  from  its  position  of  equilibrium,  returns 
to  its  position  of  rest  after  the  elapse  of  an  infinite  time.  (What 
does  this  statement  mean  ?  Compare  with  page  329.)  Eaymond 
calls  this  an  aperiodic  motion. 

To  sJunu  that  the  period  of  oscillation  is  augmented  by  damping.    From 

equation  (19)  we  can  show  that 

s  =  e-'^A  sinbt (21) 

§  50.    The  amplitude  of  this  vibration  corresponds  to  that  value  of   /  for 

which  8  has  a  maximum  or  a  minimum  value.    These  values  are  obtained 

in  the  usual  way,  by  equating  the  first  differentia]  coefficient  to  zero,  hence 

e  -  "'{b  cos  bt  -  a  sin  bt)  ^  0 (22) 
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If  we  now  define  the  angle  <f>  such  that  bt  —  ^,  or 

tan  <^  =  6/a, (2d> 

^,  lying  between  0  and  Jir  (t.£.,  90°),  becomes  smaller  as  a  increases  in  valae. 

We  have  just  seen  that  the  imaginary  roots  of  -  /  +  Jp  -  g*  are  -  a  ±  biy 

for  values  of  /  less  than  q.    Let 

a«  +  6»  =  2> (24) 

The  period  of  oscillation  of  an  undamped  oscillation  is,  by  (7),  Tq  =  2ir/f , 

of  a  damped  oscillation  T  =■  2iclh. 

.'.  T^IT^o  ==  2*/^  =  («'  +  ^W  =  1  +  <^W' 

.-.  T/To  =  \'(a^  +  b^)lb,         ....       (25) 

which  expresses  the  relation  between  the  periods  of  oscillation  of  a  damped 

and  of  an  undamped  oscillation.     The  period  of  vibration  is  thus  augmented 

on  damping. 

It  is  easy  to  show  by  plotting  that  tan  0,  of  (28),  is  a  periodic  function 

such  that 

tan  ^  -  tan  (^  +  »)  =  tan  (^  +  2ir)  =  .  .  . 

Hence  ^,  0  +  ir,  ^^  +  2t,  .  .  . 

satisfy  the  above  equation.    It  also  follows  that 

6^,  bt^  +  T,  6^3  +  2»,  .  .  . 

also  satisfy  the  equation,  where  ^,  t|,  ^3,  .  .  .  are  the  successive  values  of  the 

time.     Hence 

bt^  =  bt^  -\-  T,  6^3  =  6^,  +  2ir,  .  .  .  ; 

.'.  tii==fj  +  ^j,r3  =  tj+  J,  .  .  . 

Substitute  these  values  in  (21)  and  put  s,,  53,  s,,  .  .  .  for  the  corresponding 

displacements, 

,\  Si  =  Ae-  *»'i  sin  6/1 ;   -  s^^  Ae-'^^mbt^\  .  ,  , 

where  the  negative  sign  indicates  that  the  displacement  is  on  the  negative 
side.    Hence 

«2/«3  =  «»/54  =  .  .  .  =  ef'^^ (26) 

The  amplitude  thus  diminishes  in  a  constant  ratio.  Plotting  these  successive 
values  of  s  and  t,  we  get 
the  curve  shown  in  Fig. 
115.  This  ratio  is  called 
the  damping  ratio,  by  Kohl- 
rausch  (**  Dampfungsver- 
haltnis'*).  It  is  written 
k.  The  natural  logarithm  0 
of  the  damping  ratio,  is 
Gauss*  logaritlimic  decre- 
ment, written  A.  (the  or- 
dinary logarithm  of  k^  is 
written  L).     Hence 


and  from  (25), 


FiQ.  115.— Damped  Oscillation. 
A  =  log  fc  =  aT  log  e  —  aT  =  awlbt 

J^  =  H.5;orT=T.(n.|.^+...).         . 


(27) 
(28) 


Henoe,  if  the  damping  is  small,  the  period  of  oscillation  is  augmented  by  a 
small  quantity  of  the  second  order. 
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The  following  table  contains  six  observations  of  the  amplitudes  of  a 
seqaence  of  damped  oscillations : 


Obaeired 
DefleetioiL 

1;. 

X. 

L. 

69 
48 
88-5 
28-5 
16-5 
11-6 
8 

1-438 
1-434 
1-426 
1-425 
1-485 
1-438 

0-36d8 
0-8604 
0-8648 
0-3542 
0-3612 
0-3683 

01578 
0-1565 
0-1541 
0-1538 
0-1569 
01678 

Meyer,  Maxwell,  etc.,  have  calculated  the  viscosity  of  gases  from  the  rate 
at  which  the  small  oscillations  of  a  vibrating  pendulum  are  damped. 

When  the  motion  represented  by  equation  (11)  is  subject  to 
some  periodic  impressed  force  which  prevents  the  oscillations 
dying  away,  the  resulting  motion  is  said  to  be  a  foFoed  vibra- 
tion.   The  equation  representing  such  an  oscillation  is 

d^s      ds       „        ,,  ,  ,--^ 

5^  +  3i  +  2*=/('^)-       •        •        •      (29) 

When  f{x)  »  0,  the  equation  refers  to  the  natural  oscillations  of  a 
vibrating  electrical  or  mechanical  system.  The  impressed  force 
is,  therefore,  mathematically  represented  by  the  particular  in- 
tegral of  equation  (29)  (see  example  (3)  below). 

The  subjoined  examples  principally  refer  to  systems  in  harmonic 
motion. 

Examples. — (1)  Ohm*s  law  for  a  constant  current  ib  E  =  EC ;  for  a 
variable  current  of  C  amperes  flowing  in  a  circuit  with  a  coefficient  of  self- 
induction  of  L  henries,  with  a  resistance  of  R  ohms  and  an  electromotive 
force  of  E  volts,  Ohm's  law  is  represented  by  the  equation, 

E  =^RC  +  L,  dCldt,  ....      (80) 

where  dCldt  evidently  denotes  the  rate  of  increase  of  current  per  second, 
L  is  the  equivalent  of  an  electromotive  force  tending  to  retard  the  current. 

(i.)  When  E  is  constant,  the  solution  of  (30)  has  been  obtained  in  a  pre- 
ceding set  of  examples, 

C  =  Ejn  +  JBe-«/^ 
where  B  is  the  constant  of  integration.    To  find  By  note  that  when  ^  =  0, 
C  =  0.    Hence, 

C  =  E(l  -  e- ^I'-yR (81) 

The  second  term  is  the  so-called  "  extra  current  at  make,"  an  evanescent 
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factor  due  to  the  starting  conditions.    The  current,  therefore,  tends  to  assume 
the  steady  condition :  C  =  El  By  when  t  is  very  great, 
(ii.)  When  C  ia  an  harmonic  function  of  the  timet  say, 

C  —  Cq  sin  qt\  ,\  dC/dt  =  C^q  oo&qt. 
Substitute  these  values  in  the  original  equation, 

E  =  RCq  sin  qt  +  LCQq  cos  g/, 
or,  compounding  these  harmonic  motions  (§  60), 

E  =  Co  \'/i«  +  L V .  Bin  (qt  +  #), 
where  «  =  tan  -  ^(Lg//^),  the  so-called  lag*    of    the    current  behind  the 
electro-motive  force,  the  expression  ^/(i^  +  L*q^  is  the  so-called  imped- 
ance. 

(iii.)  When  E  is  a  funcHon  of  the  timet  say  /(Q, 

where  B  is  the  constant  of  integration  to  be  evaluated  as  described  above, 
(iv.)   When  E  ie  a  simple  harmonic  function  of  the  time,  say, 

E  =:  Eq  sin  qtt 
then,  C  =  Be-'^l'-  +  Eq  sin  (qt  +  c)/ v/(i?*  +  L\^. 

The  evanescent  term  e  —  ^l''  may  be  omitted  when  the  current  has  settled 
down  into  the  steady  state.     (Why  ?) 
(v.)   Wlten  E  is  zeroy 

C  =  Be-^i''. 
Evaluate  the  integration  constant  B  by  putting  C  =  Cq,  when  ^  =  0. 

(2)  The  relation  between  the  charge  (q)  and  the  electromotive  force  (E)  of 
two  plates  of  a  condenser  of  capacity  C  connected  by  a  wire  of  resistance  JR,  is 

E  ^B. dqjdt  +  g/C, 
provided  the  self-induction  is  zero.    Solve  for  q.    Show  that  when 

E  =f(t)t  q  =  h-"^<^je-'i«(^f(t).dt  +  Be-*>^<^\ 

E  =  0t     q  =  Qffi-^"^^\  (Qo  is  the  charge  when  t  =  0). 

E  =  constant,  q  =  CE  +  Be-fi^<^; 

E  =  Ef^mqtt  q  =  Be-"«<^  +  C-E7(sing^  +  BCqcoBqt)l(l  +  B^C^*). 

(3)  The  equation  of  motion  of  a  pendulum  subject  to  a  resistance  which 
varies  with  the  velocity  and  which  is  acted  upon  by  a  force  which  is  a  simple 
harmonic  function  of  the  time,  is 

Show  that  the  complementary  function  is 

X  =  A  cosiqt  -h  «)  +  J5sin(3/  -h  c). 


*  An  alternating  (periodic)  current  is  not  always  in  phase  (or,  "in  step")  with 
the  impressed  (electromotive)  force  driving  the  current  along  the  circuit.  If  there 
is  self-induction  in  the  circuit,  the  current  lags  behind  the  electromotive  force  ;  if 
there  is  a  condensor  in  the  circuit,  the  current  in  the  condenser  is  greatest  when  the 
electromotive  force  is  changing  meet  rapidly  from  a  positive  to  a  negative  value,  that 
is  to  say,  the  maximum  current  is  in  advance  of  the  electromotive  force,  there  is  then 
said  to  be  a  lead  in  the  phase  of  the  current. 
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To  solve  the  equation,  assume  that 

X  =  A  cos{qt  +  c)  +  Bsin{qt  +  «), 
is  a  solution.    Substitute  in  the  given  equation, 

...  -  Jg>  +  2/Bq  +  nM  =  1 ;  .-.  -  Aq^  +  2/Bq  +  n^B  =  0. 


Put  A  =  R  cos  c.     J3  =  i2  sin  c. 

The  solution  of  the  given  equation  is  then 

X  =  R  co6{qt  +  €  -  #1),         ....         (32) 

where  iJ  =  1/  y/{(n^  -  g*)*  +  4/^«} ;  tan  e  =  2fql(ti^  -  q^. 

The  forced  oscillations  due  to  the  impressed  periodic  force,  are  thus  de- 
termined by  (32).  The  complementary  function  gives  the  natural  vibrations 
superposed  upon  these. 

(4)  If  the  friction  in  the  preceding  example,  is  zero, 

^^  +  n'^x  =  coB(qt  +  f) (33) 

A  particular  integral  is  x  =  {f,coB(qt  +  «)}/(»^  -  q^-  This  fails  when  n  =  q.  In 
this  case,  assume  that  x=  C^sin(n^  +  «)  is  a  particular  integral.  (33)  is 
satisfied  provided  C  =  //2n.  The  physical  meaning  of  this  is  that  when  the 
pendulum  is  acted  on  by  a  periodic  force  *'  in  step  "  with  the  oscillations  of 
the  pendulum,  the  amplitude  of  the  forced  oscillations  will  increase  pro- 
portionally with  the  time,  until,  when  the  amplitude  exceeds  a  certain  limit, 
equation  (83)  no  longer  represents  the  motion  of  the  pendulum. 

(5)  When  an  electric  current,  passing  through  an  electrolytic  cell,  has 
assumed  the  steady  state,  show  that  the  ionic  velocity  is  proportional  to  the 
impressed  force  (electromotive  force).     By  Newton's  law,  for  a  moving  body, 

{Impressed  force)  =  (Mass)  x  (Acceleratioji), 

Friction  is  to  be  regarded  as  a  retarding  force  acting  in  an  opposite  direction 

to  the  impressed  force ;  this  frictional  force  is  proportional  to  the  velocity  of 

the  body. 

.'.  {Impressed  force  less  friction)  =  {Mass)  x  {Acceleration). 

Express  these  facts  in  symbolic  language.     See  (1)  above.     Integrate  the 

result  and  evaluate  the  constant  for  v  =  0,  when  t  =  0. 

.-.  fiv  =  F{i  -  e-'^i'-) (34) 

For  ionic  motion,  m  is  very  small,  ft  is  very  great.     When  t  is  great,  show 

that  the  exponential  term  vanishes,  and 

F<x>  V. 
Ohm*s  law.     Compare  with  (31). 

§  135.  The  Velocity  of  Simultaneous  and  Dependent 

Chemical  Reactions. 

While  investigating  the  rate  of  deoomposition  of  phosphine 
(§  88)  y  we  had  occasion  to  point  out  that  the  action  really  takes 
place  in  two  stages : — 

Stage  I.  PH^  ^  P  +  3H. 

Stage  II.         4P  =  P^ ;  2H  ^  H^, 
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The  former  change  alone  determines  the  velocity  of  the  whole 
reaction.  The  physical  meaning  of  this  is  that  the  speed  of  the 
reaction  which  occurs  during  stage  II.,  is  immeasurably  faster 
than  the  speed  of  the  first.  Experiment  quite  fails  to  reveal  the 
complex  nature  of  the  complete  reaction.* 

Suppose,  for  example,  a  substance  A  forms  an  intermediate 
compound  B,  and  this,  in  turn,  forms  a  final  product  C  If  the 
speed  of  the  reaction 

il  =  J5,  is  one  gram  per  ^^^^^^^  second, 
when  the  speed  of  the  reaction 

-B  =  0,  is  one  gram  per  hour, 
the  observed  "  order  '*  of  the  complete  reaction 

will  be  fixed  by  that  of  the  slower  reaction,  B  =  C,  because  the 
methods  used  for  measuring  the  rates  of  chemical  reactions  are  not 
sensitive  to  changes  so  rapid  as  the  assumed  rate  of  transformation 
of  A  into  B.  Whatever  the  "  order  "  of  this  latter  reaction,  B  ^  G 
is  alone  accessible  to  measurement.  If,  therefore,  ^  =  C  is  of  the 
first,  second,  or  nth  order,  we  must  understand  that  one  of  the 
subsidiary  reactions  {A  =s  B,  or  B  ^  G)  is 

(1)  an  immeasurably  fast  reaction,  accompanied  by 

(2)  a  slower  measurable  change  of  the  first,  second  or  nth 
order,  according  to  the  particular  system  under  investigation. 

If,  however,  the  velocities  of  the  two  reactions  are  of  the  same 
order  of  magnitude,  the  "  order  "  of  the  complete  reaction  will  not 
fall  imder  any  simple  type  (§§  88,  89),  and,  therefore,  some  changes 
will  have  to  be  made  in  the  differential  equations  representing  the 
course  of  the  reaction.     Let  us  study  some  of  the  simpler  cases. 

Case  i.  In  a  given  system,  a  substajice  A  forms  an  intermediate 
substance  B,  which  Jbially  forn%s  a  third  substance  G. 

Let  one  gram  molecule  of  the  substance  A  be  taken.  At  the  end  of  a  cer- 
tain time  tf  the  system  contains  x  of  Ayyoi  B^s  of  C.  The  rate  of  diminution 
of  X  is  evidently 

-  rff  —  ^i-^i  .....        (1) 

•  Professor  Walker  illustrates  this  by  the  following  analogy  ("  Velocity  of  Graded 
Reactions,"  Proc,  Royal  Soc,  Edin,,  Dec.,  1897):  "The  time  occupied  in  the  trans- 
mission of  a  telegraphic  message  depends  both  on  the  rate  of  transmission  along  the 
conducting  wire  and  on  the  rate  of  the  messenger  who  delivers  the  telegram  ;  but  it  is 
obviously  this  last,  slower  rate  that  is  of  really  practical  importance  in  determining  the 
total  time  of  transmission  ".  .  .  . 
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where  hi  denotes  the  velocity  constant  of  the  transformation  of  il  to  B.  The 
rate  of  formation  of  C  is 

if=*«j' <2) 

where  ft,  is  the  velocity  constant  of  the  transformation  of  B  to  C  Again, 
the  rate  at  which  B  accumulates  in  the  system  is  evidently  the  difference  in 
the  rate  of  diminution  of  x  and  the  rate  of  increase  of  «,  or 

^  =  fc,*-fc^ (3) 

The  speed  of  the  chemical  reactions, 

A=B  =  C, 
is  fully  determined  by  this  set  of  differential  equations.    When  the  relations 
between  a  set  of  variables  involves  a  set  of  equations  of  this  nature,  the  result 
is  said  to  be  a  system  of  simultaneous  differential  equations. 

In  a  great  number  of  physical  problems,  the  interrelations  of  the  variables 
are  represented  in  the  form  of  a  system  of  such  equations.  The  simplest  class 
occurs  when  each  of  the  dependent  variables  is  a  function  of  the  independent 
variable. 

The  simultaneous  equations  are  said  to  be  solved  when  each  variable  is 
expressed  in  terms  of  the  independent  variable,  or  else  when  a  number  of 
equations  between  the  different  variables  can  be  obtained  free  from  differential 
coefficients. 

To  solve  the  present  set  of  differential  equations,  first  differentiate  (2), 

Add  and  subtract  ^i^^i  substitute  for  dy/dt  from  (3)  and  for  k^  from  (2),  we 
thus  obtain 

But  from  the  conditions  of  the  experiment, 

x  +  y  +  «  =  1,  .-.  «  -  1  =  -  (x  +  y). 
Hence,  the  last  equation  may  be  written, 

?(^  +  (fc,  +  fej^<£_li)  +  fc,fe,(«  -  1)  =  0.       .        .        (4) 

This  linear  equation  of  the  second  order  with  constant  coefficients,  is  to  be 
solved  for  2r  -  1  in  the  usual  manner  (§  ISO).    At  sight,  therefore, 

z  -1  =  C,e-*i'  +  C^-V (5) 

But  «  =  0,  when  t  =  0, 

.-.  Ci  +  C,  =  -  1 (6) 

Differentiate  (5).  From  (2),  dz/dt  =  0,  when  ^  =  0.  Therefore,  making  the 
necessary  substitutions, 

-  Ci^i  -  CJc^  =  0 (7) 

From  (6)  and  (7), 

Cj  =  tcj[k2  -  kj) ;  Cg  =  kj{k^  -  k^. 
The  final  result  may  therefore  be  written, 

e  -  1  =       *«.  -e-«^  +  j^A^-*!'.         ...         (8) 
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Harconrt  and  Esson  have  studied  the  rate  of  redaction  of  potassium  per- 
manganate by  oxalic  acid. 

2KMnOi  +  ^MnSOt  +  ^HjO  =  K^SO^  +  2H^S0^  +  51fwOj  ; 
JfnOj  +  H^SO^  +  H^C^O^  =  MnSO^  +  2fl,0  +  2C0,. 

By  a  suitable  arrangement  of  the  experimental  conditions  this  reaction 
may  be  used  to  test  equations  (5)  or  (8). 

Let  X,  y,  g,  respectively  denote  the  amounts  of  Mn^O^f  MnO^  and  MnO 
(in  combination)  in  the  system.  The  above  workers  found  that  C,  =  28-5 ; 
C,  =  2-7 ;  «-*!  =  '82 ;  e-*»  =  -98.  The  following  table  places  the  above  sup- 
positions beyond  doubt. 


t 
Minntes. 

z-\. 

t 
Minutes. 

t-l. 

Found. 

Calculated. 

Found. 

Calculated. 

0-5 
1-0 
1-5 
20 
2-5 

25-85 

21-55 

17-9 

14-9 

12-55 

25-9 
21-4 
17-8 
14-9 
12-5 

30 
3-5 
4-0 
4-5 
5-0 

10-45 
8-95 
7-7 
6-65 
6-7 

10-4 
9-0 

7-8 
6-6 
5-8 

Case  ii.  A  solution  contains  a  gram  molectUes  of  each  of  A  amd 
C,  the  siLbstwnce  A  gradually  changes  to  B,  which,  in  turn,  reacts 
with  C  to  form  another  compound  D, 

Let  X  denote  the  amount  of  A  which  remains  untransformed  after  the 
elapse  of  an  interval  of  time  t,  y  the  amount  of  B^  and  z  the  amount  of  C 
present  in  the  system  after  the  elapse  of  the  same  interval  of  time  t.  Hence 
show  that 


dx       y  ^^      h  M 


(9) 


The  rate  of  diminution  of  B  is  proportional  to  the  product  of  its  active  mass  y 
into  the  amount  of  C  present  in  tlie  solution  at  the  time  t,  but  the  velocity  of 
increase  of  ^  is  equal  to  the  velocity  of  diminution  of  a;, 

(10) 


.-.  j?  =  k^x  -  k^z. 
at 


If  Xj  yy  £t  could  be  measured  independently,  it  would  be  sufficient  to  solve 
these  equations  as  in  case  i.,  but  if  x  and  y  are  determined  together,  we  must 
proceed  a  little  differently.  Note  z  ~  x  '\-  y.  From  the  first  of  equations  (9)» 
and  (10)  by  addition  and  the  substitution  ot  dt  =  -  dxjk^x  from  (9),  and  of 
z  -  X  =i  y,we  get 

1    dz      K     K     f.  /--. 

li-5i+7-«=®-         •       •       •       •     (11) 

where  K  has  been  written  in  place  of  kjk^.  The  solution  of  this  equation 
has  been  previously  determined  (page  298)  in  the  form 

Ke-'^'ic,  -logx  +  Kx-  ^{^^V  +  .  .  .  |«  =  1.  .      (12) 
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In  some  of  Harcourt  and  Eason's  experiments,  Cj =4*68 ;  ki  —  *69 ;  ^=  *006d64. 
From  the  first  of  equations'  (9),  it  is  easy  to  show  that  x  ss  ae-h*.  Where 
does  a  come  from  ?  What  does  it  mean  ?  Hence  verify  the  third  column  in 
the  following  table : — 


t 

Minutes. 

z. 

Found. 

Calculated. 

2 
3 
4 
5 

61-9 
42*4 
35*4 
29-8 

51-6 
42-9 
36-4 
29-7 

After  the  lapse  of  six  minutes,  the  value  of  x  was  found  to  be  negligibly 
very  small.  The  terms  succeeding  log  x  in  (12)  may,  therefore,  be  omitted 
without  committing  any  sensible  error.  Substitute  x  =  a4—h^  in  the  re- 
mainder, 

|(Ci  -  log  a  +  k,t)B  =  1 ;  or  (C\  +  t)2  =  ^, 

where  C'l  =  C,/^i  -  (log  a)lki,  Harcourt  and  Esson  found  that  C\  »  0*1,  and 
l//cg  s=  157.  Hence,  in  continuation  of  the  preceding  table,  these  investigators 
obtained  the  results  shown  in  the  following  table.  The  agreement  between 
the  theoretical  and  experimental  numbers  is  remarkable. 


t 

Minutes. 

z. 

t 
Minutes. 

z. 

Found. 

Calculated. 

Found. 

Calculated. 

15-5 
10-4 

7-8 

5-2 

6 

7 
8 
9 

25-7 
22-2 

19-4 
17-3 

26-7 
221 
19-4 
17-8 

10 
15 
20 
30 

16-5 

10-4 

7-8 

5-5 

The  theoretical  numbers  are  based  on  the  assumption  that  the  chemical 
change  consists  in  the  gradual  formation  of  a  substance  which  at  the  same 
time  slowly  disappears  by  reason  of  its  reaction  with  a  proportional  quantity 
of  another  substance. 

This  really  means  that  the  so-called  "  initial  disturbances  "  in  chemical 
reactions,  are  due  to  the  fact  that  the  speed  during  one  stage  of  the  reaction, 
is  faster  than  during  the  other.  The  magnitude  of  the  initial  disturbances 
depends  on  the  relative  magnitudes  of  k^  and  k^  The  observed  velocity  in 
the  steady  state  depends  on  the  difference  between  the  steady  diminution 
-  dx/dt  and  the  steady  rise  dzjdt.  If  k^  is  infinitely  great  in  comparison  with 
&j,  (8)  reduces  to 

z  =  a(l  -  «-*!*), 
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which  will  be  immediately  recognised  as  another  way  of  writing  the  familiar 
equation 

,  fci=     log- 


t       a  -  g 

So  far  as  practical  work  is  concerned,  it  is  necessary  that  the  solutions  of 
the  differential  equations  shall  not  be  so  complex  as  to  preclude  the  possibility 
of  experimental  verification. 

Case  iii.  In  a  given  system  A  combines  with  B  to  form  B,  B 
combines  with  B  to  form  C,  and  C  combines  with  B  to  form  D. 

In  the  hydrolysis  of  triacetin, 

(Triacetin)  {Olycerol) 

where  A  has  been  written  for  CH^ .  COO . ,  there  is  every  reason  to  believe 
that  the  reaction  takes  place  in  three  stages : 

CiH^.As  +  H.OH  =  A.H+  CJS^.A^.OH  (dicuietin); 

C^H^ .Ai.OH+  H.OH=A,H+  C^H^ .  A  .  {OH)^  {nwnacetin) ; 

CfH^.A.(OH)t  +  H.OH=A,n+  CjHg.COH),     {glycerol). 
These  reactions  are  interdependent.    The  rate  of  formation  of  glycerol  is  con- 
ditioned by  the  rate  of  formation  of  monaoetin ;  the  rate  of  monacetin  depends, 
in  turn,  upon  the  rate  of  formation  of  diacetin.    There  are,  therefore,  three 
simultaneous  reactions  of  the  second  order  taking  place  in  the  system. 

Let  a  denote  the  initial  concentration  (gram  molecules  per  unit  volume) 
of  triacetin,  b  the  concentration  of  the  water ;  let  x,  y,  «,  denote  the  number 
of  molecules  of  mono-,  di-  and  triacetin  hydrolysed  at  the  end  of  t  minutes. 
The  system  then  contains  a  -  m  molecules  of  triacetin,  b  -  y^  ot  diacetin, 
^  -  X,  of  monacetin,  and  6  -  (x+  y  +  si)  molecules  of  water.  The  rate  of 
hydrolysis  is  therefore  completely  determined  by  the  equations : 

dxjdt  =  k^{y  -  x){b  -  X  -  y  -  g);       .         .         .         (18) 

dyldt  =  k^(g  -y){b-x-y-  z);       .  .         (14) 

dg/dt  =  k^(a  -  g){b  -  X  -  y  -  z)]       .        .        .        (16) 

whore  k^^  Xf,,  k^,  represent  the  velocity  coellicients  (§  88)  of  the  respective 

reactions. 

Geitel  tested  the  assumption :  /Cj  =s  ^^  =:  k^.  Hence  dividing  (15)  by  (18) 
and  by  (14),  he  obtained 

dgfdy  =  (a  -  g)l{z  -  y) ;  dz/dx  =  (a  -  z)l(y  -  ar).   .        .        (16) 

From  the  first  of  these  equations, 

J  dz         z  .dz 

dy  +  y =     •-=-, 

a  -  z      a  -  z 

which  can  be  integrated  as  a  linear  equation  of  the  first  degree.  The  constant 
is  equated  by  noting  that  if  a  »  1,  ^  =  0,  ^  =  0.  The  reader  might  do  this  as 
an  exercise  on  §  128.     The  answer  is 

y  =^z-k-(a  -  «)log(a  -  z) (17) 

Now  substitute  (17)  in  the  second  of  equations  (16),  rearrange  terms  and  inte- 
grate as  a  further  exercise  on  linear  equations  of  the  first  order.  The  final 
result  is, 

X  =  z  +  (a  -  z)\og(a  -  a)  -  ^L:ii{log(a  -  z))\     .        .        (18) 
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Geitel  then  assigned  arbitrary  numerical  valaes  to  m  (say  from  O'l  to  1*0), 
calculated  the  corresponding  amounts  of  z  and  y  from  (17)  and  (18)  and  com- 
pared the  results  with  his  experimental  numbers.  For  experimental  and 
other  details  the  original  memoir  must  be  consulted  {vide  infra). 

EiCAMPLE. — Calculate  equations  analogous  to  (17)  and  (18)  on  the  supposi- 
tion that  ^  =^  Zcg  4=  ^3- 

A  study  of  the  differential  equations  representing  the  mutual  conversion 
of  red  into  yellow,  and  yellow  into  red  phosphorus,  will  be  found  in  a  paper 
by  Lemoine  in  the  AnncUes  de  Chimie  et  de  Physique  [4],  27,  289, 1872. 

There  is  also  a  series  of  interesting  papers  by  Bud.  Wegscheider  bearing 
on  this  subject  in  Zeit.  f.  phys.  Chem.,  30, 598,  1899 ;  id.,  34,  290,  1900 ;  i6.,  35, 
613,  1900;  Monatshefte  filr  Cheniie,  22,  749,  1901. 

The  preceding  discussion  is  based  upon  papers  by  Harcourt  and  Esson, 
Phil.  Trans.,  156,  193,  1866 ;  Geitel,  Joum.  fUr  prakt.  Chem.  [2],  55,  429, 
1897 ;  J.  Walker,  Proc.  Roy.  Soc.  Edin.,  22,  1897.  It  is  somewhat  surprising 
that  Harcourt  and  Esson's  investigation  has  not  received  more  attention  from 
the  point  of  view  of  simultaneous  and  dependent  reactions.  The  indispens- 
able differential  equations,  simple  as  they  are,  might  perhaps  account  for  this. 
But  chemists,  in  reality,  have  more  to  do  with  this  type  of  reaction  than  any 
other.  The  day  is  surely  past  when  the  study  of  a  particular  reaction  is 
abandoned  simply  because  it  **  won*t  go  "  according  to  the  stereotyped  velocity 
equations  of  §  88. 
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By  way  of  practice  it  will  be  convenient  to  study  a  few  more 
examples  of  simultaneous  equations. 

For  a  complete  determination  of  each  variable  there  must  be 
the  same  number  of  equations  as  there  are  independent  variables. 
Quite  an  analogous  thing  occurs  with  the  simultaneous  equations 
of  ordinary  algebra. 

I.  SimtUtcmeous  equations  with  constant  coefficients.  The 
methods  used  for  the  solution  of  these  equations  are  analogous 
to  those  employed  for  similar  equations  in  algebra.  The  opera- 
tions here  involved  are  chiefly  processes  of  elimination  and  sub- 
stitution, supplemented  by  differentiation  or  integration  at  various 
stages  of  the  computation.  The  use  of  the  symbol  D  often  shortens 
the  work.  Most  of  the  following  examples  are  from  results  proved 
in  the  regular  textbooks  on  physics. 

Examples. — (1)  Solve  dxidt  +  ay  =  0,  dy/dt  +  bx  =  0.  Differentiate  the 
first,  multiply  the  second  by  a.    Subtract  and  y  disappears.    Hence  writing 

ab  =  m*,  

X  =  Cje**'  +  Cjg  -  "^ ;  or,  y  =  Cj  -Jbla  .«-•»<-  Cj  v^fc/a .  c"»'. 
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We  might  have  obtained  an  equation  in  y,  and  substituted  it  ib  the  second. 
Thus  four  constants  appear  in  the  result.  But  one  pair  of  these  constants 
can  be  expressed  in  terms  of  the  other  two.  Two  of  the  constants,  there- 
fore, are  not  arbitrary  and  independent,  while  the  integration  constant  is 
arbitrary  and  independent.  It  is  always  best  to  avoid  an  unnecessary 
multiplication  of  constants  by  deducing  the  other  variables  from  the  first 
without  integration.  The  number  of  arbitrary  constants  is  always  equal 
to  the  sum  of  the  highest  orders  of  the  set  of  differential  equations  under 
consideration. 

(2)  Solve  dxidt  +  j/  =  3x ;  dxjjdt  -  y  =  x.  Differentiate  the  first.  Sub- 
tract each  of  the  given  equations  from  the  result.  (L^  -  4£>  -f-  4)x  remains. 
Solve  as  usual,  j;  =  (Cj  -f-  C^)6^.  Substitute  this  value  of  x  in  the  second 
of  the  given  equations  and  y  =  (Cj  -  Cj  -I-  C,/)**. 

(8)  The  equations  of  rotation  of  a  particle  in  a  rigid  plane,  are 

dxjdt  =  ity ;  dyjdt  =  ftx. 
To  solve  these,  differentiate  the  first,  multiply  the  second  by  fi,  etc.    Finally 
X  =  C^coB  fit  +  Ca  sin  fit ;  y  =  C\  cob  fxt  +  C'^  sin  id.    To  find  the  relation 
between  these  constants,  substitute  these  values  in  the  first  equation  and 

-  fiCi  sin  fit  4-  fiC^  cos  fit  =  fiC'i  cos  fit  +  fiC'2  sin  fit, 
or  C\  =  -  C'j  and  Cj  =  C\, 

(4)  Solve  dh:ld^  =  -  n^x    d^jdt^  =  -  n«y. 

X  —  C-i  cos  nt  -H  Cj  sin  nt;  y  ~  Cj  cos  nt  +  C'2  sin  nt. 
Eliminate  t  so  that 

(C\x  -  C,y)^  +  (C'ax  -  C^)^  =  (C.C^  -  C^C'j)^  etc. 
The  result  represents  the  motion  of  a  particle  in  an  elliptic  path,  subject  to  a 
central  gravitational  force. 

(6)  Solve  dxjdt  +  by  +  c2  =  0;  dyjdt  +  a^x  +  c^z  -k-0;  dgjdt  +  ci^'\-b^=0. 
Operate  on  the  first  with  D^  -  b^i,  on  the  second  with  6gC  -  bD,  on  the  third 
with  bci  -  cD.  Add.  The  terms  in  y  and  e  disappear.  The  remaining 
equation  has  the  integral, 

X  =  Ci6**'  +  Ca^^'  +  c^y\ 

where  a,  /3,  7,  are  the  roots  of 

«*  - .  {a^b  -»-  o^c  +  Vi)'  +  ^^  +  ^^  =  0- 
The  values  of  y  and  z  are  easily  obtained  from  that  of  x  by  proper  substi- 
tutions in  the  other  equations. 

(6)  If  two  adjacent  circuits  have  currents  t^  and  i^,  then,  according  to  the 
theory  of  electromagnetic  induction, 

ir^h      ^  ^*a       ^  .        ^       ,^dL      ^  di,       _  .       _ 
^dt  +  ^«d?  +  ^«*»  =  ^«^   ^dt  +  ^m  +  ^1*1  =^1' 

(see  J.J.  Thomson's  Elements  of  Electricity  and  Magnetism,  p.  882),  where 
i2i,  R^f  denote  the  resistances  of  the  two  circuits,  Lj,  L,,  the  coefficients  of 
self-induction,  Ei,  E^^  the  electromotive  forces  of  the  respective  circuits  and 
M  the  coefficient  of  mutual  induction.  All  the  coefficients  are  supposed 
constant. 

First,  solve  these  equations  on  the  assumption  that  E^^  E^  —  0.  Assume 
that 

tj  =  oc"^  and  tg  =  6e^, 
Y 
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satisfy  the  given  equations.  Differentiate  each  of  these  variables  with  respect 
to  t  and  substitute  in  the  original  equation 

aMm  +  b(L^m  +  iJJ  =  0 ;  hMm  +  a(L^m  +  R^)  =  0. 
Multiply  these  equations  so  that 

(LiZi,  -  jgw«  +  (LjiJ,  +  R^L^fn  +  R^R^  =  0. 
For  physical  reasons,  the  induction  L^L^  must  always  be  greater  than  M. 
The  roots  of  this  quadratic  must,  therefore,  be  negative  and  real  (page  388), 
and 

ij  =  aj«  -  •"!',  or  a^-*^;  i^  =  b^e-  "i',  or  b^  -  "t'. 
Hence,  from  the  preceding  equation, 

a^Mmi  +  bjj^n^  +  B^R^  =  0 ;  or  a^jbi  =  (L^m^  +  R^jMin^ ; 
similarly,  ajb^  =  MmJ{Ij^m^  +  R^. 

(Combining  the  particular  solutions  for  i^  and  t,,  we  get 

»!  =  o^e  -  •"!'  +  0^  -  "^ ;  i,  =  6if  -  "•^  +  6j<»  -  "^, 
the  required  solutions. 

Second,  if  E^  and  E^  have  some  constant  value, 
ii  =  EJR^  +  ajc-"*!'  +  a^-«ii«;  i,  =  EJR^  +  6,<^-"»i'  +  V""^» 
are  the  required  solutions. 

II.  Simultcmeous  equations  with  va/riable  coefficients.  The 
general  type  of  simultaneous  equations  of  the  first  order,  is 

P^x  +  Q.^y  +  R^z  =  0,  .  .  .  j '       *  ^  ^ 

where  the  coefficients  are  functions  of  rr,  ^,  z.  These  equations 
«an  often  be  expressed  in  the  form 

dx  _dy  _dz 

P"  Q  "  R*       '         '         '        '       (^) 

which  is  to  be  looked  upon  as  a  typical  set  of  simultaneous  equa- 
tions of  the  first  order.  If  one  of  these  equations  involves  only 
two  differentials,  the  equation  is  to  be  solved  in  the  usual  way, 
and  the  result  used  to  deduce  values  for  the  other  variables,  as  in 
the  first  of  the  subjoined  examples. 

When  the  members  of  a  set  of  equations  are  symmetrical,  the 
solution  can  often  be  simplified  by  taking  advantage  of  a  well- 
known  theorem  *  in  algebra  (ratio).     According  to  this, 

*  Perhaps  it  is  best  to  state  the  proof.    Let 

dx/P  =  dylQ  =s  dJs/R  =  k,  say ;  then, 
dx  =  Pk\  dy  =  Qk;  dz  ^  Rk\ 
or,  Jdx  =  IPk ;  indy  =  mQk\  ndz  =  nRk. 


Add  these  results, 


Idx  +  nidy  +  ndz  =  k(lP  +  mQ  +  nR). 

Idx  +  indy  +  ndz  _  r.  _  ^-^  _  ^V  _  ^^ 

lPTmQ~+nR    ~         T  "  ~Q  ~  li' 


,S  137.      HOW  TO  SOLVE  DIFFERENTIAL  EQUATIONS.         339 

dz  ^dy  _dz  __  Idx  +  mdy  +  ndz  _  I'dx  4-  m'dy  +  n'dz 
T^'Q'Ti"    IP  +  mQ  +  nB   "    IT  +  m'Q  +  nR   =  •  •  -  (^) 
where  I,  m,  n,  l',  m\  n\  .  ,  .  are  sets  of  multipliers  such  that 

ZP  +  wQ  +  w2?  =  0  ;  rP  4-  w'Q  +  ?i'i^  =  0 ;  .  .  .         (4) 

hence,  Idx  +  wkiy  +  ndz  =  0,  etc.    .         .         •       (5) 

The  same  relations  between  rr,  ^,  2r,  that  satisfy  (5),  satisfy  (2). 

If  (4)  be  an  exact  differential  equation,  equal  to  say  du,  direct 

integration  gives  the  integral  of  the  given  system,  viz., 

u  ^  a, (6) 

where  a  denotes  the  constant  of  integration. 
In  the  same  way,  if 

Idx  +  mdy  +  ndz  =  0, 
is  an  exact  differential  equation,  equal  to  say  di\  then,  since  dv  is 

also  equal  to  zero, 

r  =  6, (7) 

is  a  second  solution.     These  two  solutions  must  be  independent. 

Examples. — (1)  Solve  dxjy  =  dyfx  =  dzjz.  The  relation  between  dx  and 
'dy  contains  x  and  y  only,  the  integral,  y*  -  a*^  =  Cj,  follows  at  once.  Use 
this  result  to  eliminate  x  from  the  relation  between  dy  and  da.    The  result  is 

dBJz  =  dyl^l{y^  -  Ci) ;  or,  y  +  ^/(y«  ^  C^)  =  C^. 
These  two  equations,  involving  two  constants  of  integration,  constitute  a 
complete  solution. 

(2)  Solve  dxl(mx  -  ny)  =  dyl(nx  -  Iz)  =  dzl(ly  -  mx).  l,m,  n  and  x,  y,  z 
form  a  set  of  multipliers  satisfying  the  above  condition.     Hence, 

Idx  +  mdy  +  ndz  =  0 ;  xdx  +  ydy  -i^zdz  =  0. 
The  integrals  of  these  equations  are 

u  =  Ix  +  my  +  nz  =  Cj ;  r  =  a?"  +  y*  +  e«  =  C^, 
which  constitute  a  complete  solution. 

(3)  Solve  dxl(j^  -  y^  -  z*)  =i  dyj^xy  =  dzj^xz.  From  the  two  last  equa- 
tions y  =  CyZ,    Substituting  x,  y,  z  for  /,  m,  n,  each  of  the  given  ratios  is 

equal  to 

(xdx  +  ydy  +  zdz)l(x'^  +  t/«  +  z^.    .-.  x«  +  y«  +  a*  =  0,^, 

is  another  solution. 

{ 137.  Partial  Differential  Eqaations. 

Equations  obtained  by  the  differentiation  of  functions  of  three 

or  more  variables  are  of  two  kinds  : 

1.  Those  in  which  there  is  only  one  independent  variable, 

such  as 

Pdx  +  Qdy  4-  Bdz  =  Sdt, 

which  involves  four  variables — three  dependent  and  one  inde- 
pendent.   These  are  called  total  differential  equations. 
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2.  Those  in  which  there  is  only  one  dependent  and  two  or 
more  independent  variables,  suoh  as, 

^z       ^Tiz       ^T^z      ^ 

where  z  is  the  dependent  variable,  x,  y,  t  the  independent  variables. 
These  equations  are  classed  under  the  name  partial  differential 
equations. 

The  former  class  of  equations  are  rare,  the  latter  very  common. 
We  shall  confine  our  attention  to  partial  differential  equations. 

In  the  study  of  ordinary  differential  equations,  we  have  always 
assumed  that  the  given  equation  has  been  obtained  by  the  elimina- 
tion of  constants  from  the  original  equation.  In  solving,  we  have 
sought  to  find  this  primitive  equation.*  Partial  differential  equa- 
tions, however,  may  be  obtained  by  the  elimination  of  arbitrary 
functions  of  the  variables  as  well  as  of  constants. 

It  can  be  shown  from  Euler's  theorem  (page  56)  that  if 

be  a  homogeneous  function, 

^u        ^u       ^u  Jy  ^  \ 

"'SS  +  2^5^  +  ^§i  +  •  •  •  =  «^Ai'  X — j  =  «"• 

where  the  arbitrary  function  has  disappeared.f    Again,  if 

u  =  /{aac^  4-  V), 
is  an  arbitrary  function  of  x  and  y, 

^u  ^u  ^u        lyii 


*  Physically,  the  differential  equation  represents  the  relation  between  the  de- 
pendent and  the  independent  variables  corresponding  to  an  infinitely  small  change  in 
each  of  the  independent  variables. 

The  reader  yrill,  perhaps,  have  noticed  that  the  term  **  Indapandant  variabU  **  is 
an  equivocal  phrase.  (1)  If  u  —  f\z)y  it  is  a  quantity  whose  magnitude  changes  when 
the  value  of  z  changes.  The  two  magnitudes  u  and  z  are  mutually  dependent.  For 
convenience,  we  fix  our  attention  on  the  effect  which  a  variation  in  the  value  of  z  has 
upon  the  magnitude  of  u.  If  need  be  we  can  reverse  this  and  ¥nite  z  =/|[tf),  so  that 
u  now  becomes  the  ''independent  variable".  (2)  If  -o  —  f{xy  y\  x  and  y  are  ''inde- 
pendent variables "  in  that  X  and  y  are  mutually  independent  of  each  other.  Any 
variation  in  the  magnitude  of  the  one  has  no  effect  on  the  magnitude  of  the  other,  x 
and  y  are  also  "  independent  variables  "  with  respect  to  v  in  the  same  sense  that  z  has 
just  been  supposed  the  "  independent  variable  "  with  respect  to  u. 

t  This  is  usually  proved  in  the  textbooks  in  the  following  manner : 
Let  u  —  x'^f(ylx,  gjxy  .  .  .  ).    Put  yjx  =  F,  a/x  =  Z,  .  .  . 

.-.  dYfdx  =  -  y/a^,  dZTdx  =  -  ^/x^  .  .  . ;  dYfdty  =  1/x,  dZJ^y  =  0,  .  .  . 
Let  V  ss/[Yj  Z,  .  .  .  ),  for  the  sake  of  brevity,  therefore,  since  u  =  x*^. 
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Examples. — (1)  II  y  -  bu  =  f(x  -  aw),  a^-  +  6^  =  1. 

(2)  If  Ijz  -  Ijx  =  f(lly  -  1/x),  x^zfdx  +  y^-dzfdy  =  «». 

(3)  If  *  =  a(x  +  2/)  +  6,  32/dx  -  -dzfdy  =  0. 

For  this  reason  an  arbitrary  function  of  the  variables  is  added 
to  the  result  of  the  integration  of  a  partial  differential  equation 
instead  of  the  constant  hitherto  employed  for  ordinary  differential 
equations. 

If  the  number  of  arbitrary  constants  to  be  eliminated  is  equal 
to  the  number  of  independent  variables,  the  resulting  differential 
equation  is  of  the  first  order.  The  higher  orders  occur  when  the 
number  of  constants  to  be  eliminated,  exceeds  that  of  the  inde- 
pendent variables. 

If  tt  =  f(Xj  y),  there  will  be  two  differential  coeflficients  of  the 
first  order,  namely,  'bufbx  and  'bu/'dy;  three  of  the  second  order, 
namely,  T^^ufdx^,  ^HLJ'bx^y,  l^Hj^y'^  .  .  . 


i  138.  What  is  the  Solation  of  a  Partial  Differential 

Equation  ? 

Ordinary  differential  equations  have  two  classes  of  solutions 
— the  complete  integral  and  the  singular  solution.  Particular 
solutions  are  only  varieties  of  the  complete  integral.  Three 
classes  of  solutions  can  be  obtained  from  some  partial  differential 
equations,  still  regarding  the  particular  solution  as  a  special  case 
of  the  complete  integral.  These  are  indicated  in  the  following 
example. 

The  equation  of  a  sphere  in  three  dimensions  is, 

a;2  +  yi  -^  z2  ^  r^  ...  (1) 

when  the  centre  of  the  sphere  coincides  with  the  origin  of  the 


'du 


3x 

by  the  method  for  the  differentiation  of  a  function  of  a  function,  6  and  9,  §  12. 
Therefore, 

=  nx'*  -  y(r,  Z,  .  .  .)  -  J-"  -  ^y^Y  +  z'-^-j^  +•••)• 

Now  multiply  by  a:,  y,  2,  .  .  .  respectively,  and  add, 

'du       'du     '  3«  „  , 
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coordinate  planes  and  r  denotes  the  radius  of  the  sphere.  If  the 
centre  of  the  sphere  lies  somewhere  on  the  rc^-plane  at  a  point 
(a,  b),  the  above  equation  becomes 

{x  -  a)2  +  (y  -  by  +  z^^r^,  .         .         (2) 

When  a  and  b  are  arbitrary  constants,  each  or  both  of  which  may 
have  any  assigned  magnitude,  equation  (2)  may  represent  two 
infinite  systems  of  spheres  of  radius  r.  The  centre  of  any  mem- 
ber of  either  of  these  two  infinite  systems  (called  a  double  infinite 
system)  must  lie  somewhere  on  the  rc^-plane. 
Differentiate  (2)  with  respect  to  x  and  y. 

a:  -  a  +  ^^^  =  0;  y  -  6 +  -^^  =  0.    .         .         (3) 
ox  ^y  ^ 

Substitute  for  a;  -  a  and  y  -  b  in  (2).     We  obtain 

"m'^i:iM--  ■  •  <'> 

Equation  (2),  therefore,  is  the  complete  integral  of  (4).  By 
assigning  any  particular  numerical  value  to  a  or  6,  a  partioular 
solution  of  (4)  will  be  obtained,  such  is 

{X  -   1)2  +  (y  -   79)2  +  ^2  =,  ^2.  .  .  (5) 

If  (2)  be  differentiated  with  respect  to  a  and  6, 
A{(x  -  a)2  +  (y  -  6)2  +l^2  =  f^] ;  h^{x  -  a)2  +  (y  -  by  +  z^  ^  r^}, 

or,  X  -  a  =  0,  and  y  -  6  =  0. 

Eliminate  a  and  b  from  (2), 

z  ==  ±  r.  .         .         .         .         (6) 

This  result  satisfies  equation  (4),  but,  unlike  the  particular  solution, 
is  not  included  in  the  complete  integral  (2).  Such  a  solution  of 
the  differential  equation  is  said  to  be  a  singular  solution. 

Geometrically,  the  singular  solution  represents  two  plane  sur- 
faces touched  by  all  the  spheres  represented  by  equation  (2).  The 
singular  solution  is  thus  the  envelope  of  all  the  spheres  represented 
by  the  complete  integral,  li  AB  (Fig.  79)  represents  a  cross  sec- 
tion of  the  ic^-plane  containing  spheres  of  radius  a,  CD  and  EF 
are  cross  sections  of  the  plane  surfaces  represented  by  the  singular 
solution. 

If  the  one  constant  is  some  function  of  the  other,  say, 

a  =  6, 

(2)  may  be  written 

(X  -  a)2  +  (2/  -  ay  +  ^2  =  r'l.  .         .         (7) 
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Differentiate  with  respect  to  a.     We  find 

<»  =  i(a?  +  y). 
Eliminate  a  from  (7).     The  resulting  equation 

a^2  +  y^  +  a?^  -  2icy  ==  2r2, 
is  called  a  general  integral  of  the  equation. 

Geometrically,  the  general  integral  is  the  equation  to  the 
tuhular  envelope  of  a  family  of  spheres  of  radius  r  and  whose 
centres  are  along  the  line  x  ^  y.  This  line  corresponds  with  the 
axis  of  the  tube  envelope.  The  general  integral  satisfies  (4)  and 
is  also  contained  in  the  complete  integral. 

Instead  of  taking  a  =  6  as  the  particular  form  of  the  function 
connecting  a  and  6,  we  could  have  taken  any  other  relation,  say 
a  —  ^h.  The  envelope  of  the  general  integral  would  then  be  like 
a  tube  surrounding  all  the  spheres  of  radius  r  whose  centres  were 
along  the  line  x  =  Jy.  Had  we  put  a"^  -  6^  =  1,  the  envelope 
would  have  been  a  tube  whose  axis  was  an  hyperbola  x^  -  y-  =  1. 

A  particular  solution  is  one  particular  surface  selected  from  the 
double  infinite  series  represented  by  the  complete  solution.  A 
general  integral  is  the  envelope  of  one  particular  family  of  surfaces 
selected  from  those  comprised  in  the  complete  integral  A  singular 
solution  is  the  complete  envelope  of  every  surface  included  in  the 
complete  integral.* 

Theoretically  an  equation  is  not  supposed  to  be  solved  com- 
pletely until  the  complete  integral,  the  general  integral  and  the 
singular  solution  have  been  indicated.  In  the  ideal  case,  the 
complete  integral  is  first  determined ;  the  singular  solution  ob- 
tained by  the  elimination  of  arbitrary  constants  as  indicated  above ; 
the  general  integral  then  determined  by  eliminating  a  and  /(a). 

Practically,  the  complete  integral  is  not  always  the  direct  ob- 
ject of  attack.  It  is  usually  sutiicient  to  deduce  a  number  of 
particular  solutions  to  satisfy  the  conditions  of  the  problem  and 
afterwards  to  so  combine  these  solutions  that  the  result  will  not 
only  satisfy  the  given  conditions  but  also  the  differential  equation. 


•Tlie  study  of  Gibbs'  ^^  Surfaces  of  Dissipated  Energy ,*  ^*  Surfaces  of  iJissocia- 
tu/fif"  ^*  Surfaces  of  Chemical  Equilibrium^'*  as  well  as  *'van  der  Waals'  Surfaces,"  is 
the  natural  sequence  of  §^  68,  1*26  and  the  present  section.  But  to  enlarge  upon  this 
subject  would  now  cause  a  greater  digression  than  is  here  convenient.  Airy's  little 
book,  An  ElemeTUary  Treatise  on  Partial  Differential  Equatu/ns,  will  repay  careful 
study  in  connection  with  the  geometrical  interpretation  of  the  solutions  of  partial 
difi'erential  equations. 


I 
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Of  course,  the  complete  integral  of  a  differential  equation 
applies  to  any  physical  process  represented  by  the  differential 
equation.    This  solution,  however,  may  be  so  general  as  to  be  of  j 

little  practical  use.  To  represent  any  particular  process,  certain 
limitations  called  limiting  conditions  have  to  be  introduced. 
These  exclude  certain  forms  of  the  general  solution  as  impossible. 
See  examples  at  the  end  of  Chapter  YIII. ;  also  example  (1)  last 
set  §  133,  and  elsewhere. 

The  more  important  varieties  of  partial  differential  equations 
from  the  point  of  view  of  this  work  are  the  linear  equations  of  the 
second  and  higher  orders. 

i  139.  The  Solution  of  Partial  Differential  Equations  of  the 

First  Order. 

For  the  ingenious  general  methods  of  Lagrange,  Charpit,  etc., 
the  reader  will  have  to  consult  the  special  textbooks,  say,  For- 
syth's A  Treatise  on  Differential  Eqtiations  (Macmillan  &  Co., 
1888). 

There  are  some  special  types  classified  by  Forsyth  in  the 
following  order: 

Type  I.  The  va/riables  do  not  appear  directly.  The  general 
form  is, 

f{7^z/'dx,  ^zm)  =  0.  .         .         .        (I.) 

The  solution  is 

z  —  ax  -{■  by  '\-  Gy 
provided  a  and  h  satisfy  the  relation 

/(a,  6)  -  0,  or  6  =  /(a). 
The  complete  integral  is,  therefore, 

z  ^  ax  -^  yf{a)  +  C.        .        .        .        (1) 

Examples. — (1)  Solve  (dzj'dxf  +  (defdy)^  =  w*.     The  solution  is 

z  =  ax  +  by  +  C\ 
provided  a*  +  6'  =  w*.    The  solution  is,  therefore,  z  ^  ax  +  y  ^/(w''  -  a')  +  C. 
For  the  general  integral,  put  C=f(a),    Eliminate  a  between  the  two  equations, 

g  =  ax  +  ^(tn'^  -  a^y  +  f{a) ;  and  x  -  a/  ^/(ni*  -  a*)y  +  f{a)  =  0, 
in  the  usual  way. 

(2)  Solve  pq  =  1,     Ansr.  z  =  ax  -\-  yja  +  f(a). 

Note. — We  shall  sometimes  write,  for  the  sake  of  brevity, 

'dzfdx  =  p ;  ^^/^?/  =  q. 
(8)  Solve  a('p  +  q)  —  z.     Sometimes,  as  here,  when  the  variables  do  ap- 
pear in  the  equation,  the  function  of  ;r,  which  occurs  in  the  equation,  may 


I 
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be  associated  with  "defdxt  or  a  function  of  y  with  "d^fdy,  by  a  change  in  the 
variables.  We  may  write  the  given  equation  op/^  +  aqjg  ^  1.  Put  dxla  =  dZ ; 
dyla  —  dY^  dxja  =  dX,  hence,  'dZj'd  Y  +  'dZfdX  =  1,  the  form  required* 

(4)  Solve  icV  +  y»2«  =  «».    Put  X  =  log  x,  r  =  log  y ,  Z  =  log  «.     Proceed 
as  before.    Ansr.  z  =  Cx^  V{i  -  «'). 

If  it  is  not  possible  to  remove  the  dependent  variable  z  in  this 

way,  the  equation  will  possibly  belong  to  the  following  class : 

Type  IL  The  independent  variables  x  and  y  are  absent.     The 

general  form  is, 

f{z,  Tizllx,  Izl^y)  =  0.       .        .        .      (II.) 

Assume  as  a  trial  solution,  that 

^zj^y  =  a .  'dz/^x. 

Let  'dz/'dx  be  some  function  of  z  obtained  from  II.,  say  p  «  <^z). 

Substitute  these  values  in 

dz  ^  p  .dx  +  q,  dy. 

We  thus  get  an  ordinary  differential  equation  which  can  be  readily 

integrated. 

dz  =  <l>{z) .  dx  +  a<f>(z) .  dy, 

.*.  X  +  ay  =  ldz/4>{z)  +  C.    .         .         .         (2) 

ExAJiPLBS. — (1)  Solve  p^g  +  5*  =  4;     Here, 

(o«  +  z)  (dzjdxf  =  4.     ^I[a*  +  «) .  dzjdx  =  2, 
.\x  ^  C  ^  J  V(«'  +  #) .  d«  =  J(a«  +  zfP.     Ansr.  2(a«  +  «)»  =  8(ar  +  ay'+  C)». 
(2)  Solve  p(l  +  g^  =  g(2  -  a),    Ansr.  4C(;8r  -  a)  =  (x  +  Cy  +  6)«. 

If  ^  does  not  appear  directly  in  the  equation,  we  may  be  able 
to  refer  the  equation  to  the  next  type. 

Type  III.  z  does  not  appear  directly  in  the  equation,  but  x  arid 
i^zfdx  can  be  separated  from  y  and  'dz/'dy.     The  leading  type  is 

Mx,  7>z/2^x)  =  My,  Hz/ly).  .         .       (IIL) 

Assume  as  a  trial  solution,  that  each  member  is  equal  to  an 

arbitrary  constant  a,  so  that  "dz/T^x  and  l^zfby  can  be  obtained  in 

the  form, 

'dzftx  =  4>i{x,  a) ;  T^z/'dy  =  </».,(y,  a). 

dz  =  p  .dx  +  q, dy, 
then  assumes  the  form 

dz  =  fi{x,  a)dx  +  f^{y,  a)dy.    .  .       (3) 

Examples. — Solve  the  following  equations : 

(1)  q  -  p  =  X  -  y.     Put  dzld-c  -  x  =  dzjdy  -  y  =  a.    Write 

dzfdx  =  X  +  a,  etc. ;  'dzjdy  -  y  +  a. 
Hence,  «  =  J{j  +  a)*  +  i(y  +  a)*  +  C. 

(2)  q^  +  p^  =  X  +  y,     Ansr.  z  =  ^.r  +  a^ft  +  ^y  -  a)^f^  +  C. 
(8)  q  =  2yi]^.     Ansr.  z  =  ax  +  ahf  +  C. 
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Type  lY.  Analogous  to  ClairauVs  equation.  The  general 
type  is 

z  ^  p.x  -{-  q,y  +  fip.q).  .         .       (IV.) 

The  complete  integral  is 

z  ^  ax  +  by  +  f(a,  6).      .         .         .  (4) 

Examples. — Solve  the  following  equations : 

(1)  z  :=  px  ■\-  qy  +i>2.     Ansr.  z^ax-^hy  +  ab.     Singular  solution  irs=  -xi/. 

(2)  z  ^  px  -ir  qy  +  k  ^(l  +  i?"  +  g*)-  -^^^r.  «  =  ox  +  6y  +  k\'l  +  a«  +  6^- 
Singular  solution,  x^  +  y'  +  «^  =  r^.  The  singular  solution  is,  therefore,  a 
sphere  ;  r,  of  ceurse,  is  a  constant. 

(3)  z  =  px  ■{■  qy  -  n  Vpq.  Ansr.  z  =  ax  +  by  -n  Vab.  Singular  solution,. 
«  =  (2  -  n)(j;y)^ /(«-»). 


§  140.  Partial  Differential  Equatione  of  the  nth  Order. 

These  are  the  most  important  equations  that  occur  in  physical 
mathematics.  There  are  no  general  methods  for  their  solution,, 
and  it  is  only  possible  to  perform  the  integration  in  special  cases. 
The  greatest  advances  in  this  direction  have  been  made  with  the 
linear  equation.  Before  proceeding  to  this  important  equation,  it 
appears  convenient  to  solve  some  simpler  types. 

Examples. — Integrate  the  following  equations  : 

(1)  -^  '^  —a.    If-p-  =  p;  pp  =  fl.     Integrate  with  regard  to  ?/  and  we 

get  p  =  ay  -^  f'(^)'     It  is  very  possible  that  /'(x)  is  a  function  of  y.     Integrate 
with  respect  to  x  and  z  —  [[ay  +  f'(x)]dx  =  axy  +  f\(x)  +  U(y)' 

ly^z     X 

(2)  ^.^  '  y^^'    ^°^^'  '  "  *^^  ^^^  y  +  aj^y  +  /,(x)  +  f^(y). 

(3)  -^^  +  ^^f(x)  =  ^(y).   Ansr.z  =  j[e-'^^')\je».n'^{y)dy+f,(x)\]dx+Uy). 

There  are  many  points  of  analogy  between  the  partial  and  the 
ordinary  linear  dififerential  equations.  Indeed,  it  may  almost  be 
said  that  every  ordinary  differential  equation  between  two  variables 
is  analogous  to  a  partial  differential  in  the  same  class.  The  solu- 
tion is  in  each  case  similar,  but  with  these  differences  : 

First,  the  arbitrary  constant  of  integration  in  the  solution  of 
an  ordinary  differential  equation  is  replaced  by  a  function  of  a 
variable  or  variables. 

Second,  the  exponential   form,   C'e"",  of  the   solution  of   the 

ordinary  linear  differential  equation  assumes  the  form  e   ^y<f>(y)^ 
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The  expression,  e  ^^(^),  is  known  as  the  Bymbollo  form  of  Tliylor's 
theorem.    Having  had  considerable  practice  in  the  use  of  the  symbol  of 

operation  D  lot  ^,  we  may  now  use  D'  to  represent  the  operation  ^' 
By  Taylor's  theorem, 

^(y  +  mx)  =  <p(y)  +  rnx  -^  "^    2!    *    %«"   +  *  '  " 
where  x  is  regarded  as  constant. 

'-'My  +  "'^)  ="  (^^  ■*■  *'"^c^  ''"2!"  ^  "*"  •  •  7^<^** 

The  term  in  brackets  is  clearly  an  exponential  series  (page  230)  equivalent  to 
e     *y,  or,  writing  D'  for^, 

^(y  +  w-f)  =  ^"•'^Xy) (1) 

The  general  form  of  the  Hnear  equation  is, 
li-z  y^z  ^'^z  ^z  ^z 

where  A^,  -4^,  .  .  .,  A,  may  be  constants,  or  functions  of  x  and  y. 
As  with  ardinarry  linear  equations, 

Complete  Solution  =  Particular  Integral  +  Complementary  Function. 

The  complementary  function  is  obtained  by  solving  the  left- 
hand  side  of  equation  (2),  equated  to  zero.  We  may  write  (2)  in 
symbolic  form, 

(^0^2  +  AJ)U  +  A.J)''^  +  A.J)  +  AJ^'  +  A^)z  =  0,  .       (3) 

^  la  y^ 

where  D  is  written  for  ^  ;  U  for  ^  ;  DD'  for  <-<~-     Sometimes 

we  understand 

F(A-D>  =  0,      ....       (4) 
in  place  of  (2). 

§  141.  Linear  Partial  Equations  with  Constant  CoeflScientB. 
A.  Homogeneous  equations.    Type  : 

'd^z       ^z_        :)^ 

where  i^  is  a  function  of  x. 

To  find  the  complementary  function,  put  i^  =  0,  and  instead 
of  assuming,  as  a  trial  solution,  that  y  =  e*^,  as  was  the  case  with 
the  ordinary  equation,  suppose  that 

z  =  <f>(y  -{-  mx) (6) 
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is  a  trial  solution.  Differentiate  (6),  with  respect  to  x  and  y,  we 
thus  obtain, 

Substitute  these  values  in  equation  (5)  equated  to  zero,  and  divide 
out  the  factor  f'\y  +  mx).     The  auxiUary  equation, 

A^m^  +  A^m  +  ^Ig  ==  0.  .        .      (7) 

remains.  If  w  is  a  root  of  this  equation,  f"{y  +  mx)  =  0,  is  a 
part  of  the  complementary  function.  If  a  and  ^  are  the  roots  of 
(7),  then 

^  =  fi-'^^iCy)  +  e^^*2(y).  ...  (8) 
as  in  (3),  §  130.    From  (6),  therefore, 

^=/i(y  +  aa?)+/2(y  +  /Ja?)  ...  (9) 
since  a  and  ^  are  the  roots  of  the  auxiliary  equation  (7),  we  can 
write  (5)  in  the  form, 

(D  +  oD]  {D  +  pD')z  =  0.  .        ,        .      (10) 

Examples. — Solve  the  following  equations : 

^^)  3^  "  S^''  "^  ^-    ^***'  "^  ^^'^^  '*■'')+  ■^«<2^  "  ^)- 

^\o  O^  '^18 

(8)  2g^j  -  Sg^  -  23j^  =  0-    An"-  '  =  /i(2v  -  a^)  +  /.(»  +  2x). 

^*^  3^  ~     3?"     ^^^'-  ^  =  /i(**  +  ar)  +  /j(a^  -  x).    This  most  important 

equation,  sometimes  called  d'Alemberfs  equation,  represents  the  motion  of 
vibrating  strings,  the  law  for  small  oscillations  of  air  in  narrow  tubes  (organ 
pipes),  etc. 

We  cannot  say  much  about  the  undetermined  functions  fi{at  +  x)  and 
f^{at  -  x)  in  the  absence  of  data  pertaining  to  some  specific  problem.  Con- 
sider a  vibrating  harp  string,  where  no  force  is  applied  after  the  string  has 
once  been  put  in  motion.  Let  x  =  Z  denote  the  length  of  the  string  under  a 
tension  equal  to  the  weight  of  a  length  L  of  the  same  kind  of  string.  In 
order  to  avoid  a  root  sign  later  on,  a^  hsks  been  written  in  place  of  gL,  where 
g  represents  the  constant  of  gravitation.  Further,  let  u  represent  the  dis- 
*placement  of  any  part  of  the  string  we  please,  and  let  the  ordinate  of  one  end 
of  the  string  be  zero.  Then,  whatever  value  we  assign  to  the  time  ty  the 
limiting  conditions  are  u  =  0,  when  x  =  0 ;  and  u  =  0,  when  x  ^  L 

•••  /iH  +  hW  =  0 ;  fy{at  +  0  +  U(at  -  /)  =  0, 
are  solutions  of  d'Alembert's  equation.    From  the  former,  it  follows  that 

fi(at)  must  always  be  equal  to  -  fjfi'f)  \ 
.'.Mat  +  1)  -fi(at-  1)^0. 
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But  at  may  have  any  value  we  please.  In  order  to  fix  our  ideas,  suppose  that 
at  -  I  =  q^  .',  at  -\-  I  sz  q  +  21^  where  q  has  any  value  whatever. 

The  physical  meaning  of  this  solution  is  that  when  q  is  increased  or  diminished 
by  2ly  the  value  of  the  function  remains  unaltered.  Hence,  when  al  is  in- 
creased by  22,  or,  what  is  the  same  thing,  when  t  is  increased  by  2//a,  the 
corresponding  portions  of  the  string  will  have  the  same  displacement.  In 
other  words,  the  string  perfonns  at  least  one  complete  vibration  in  the  time 
22/a.  Hence,  we  conclude  that  d'Alembert's  equation  represents  a  finite 
periodic  motion,  with  a  period  of  oscillation  22/a. 

ExAMPLB. — Show  that 

UMat  +  0  +  Mat  -  0}  =  0, 
is  a  solution  of  d'Alembert's  equation,  and  interpret  the  result. 

A  further  study  of  d*Alembert*s  equation  would  require  the  introduction 
of  Fourier's  series.  Chapter  VIII. 

When  two  of  the  roots  are  equal,  say  a  =  /J.  We  know  that  the 
solution  of 

{D  -  afz  =  0,  is  -sr  =  e'^ifi^x  +  Cj),  §  130 ; 
by  analogy,  the  solution  of 

(D  «  aJTfz  =  0,  is  ^  =  «""{aj/i(y)  +  fly)\. 
or,  z  =  xf^{y  +  oo?)  +  ^(y  +  aa?).  .        .      (H) 

ExAMPLBS. — Solve : 

(2)  (Z)»  -  SD^D'  +  DD'^  +  D^)2  =  0. 

Ansr.  e  =  x^y  -  x)  +  f^(y  -  j)  +  /,(y  +  x). 

The  particular  integral  will  be  discussed  after. 
B.  Non-homogeneouB  equationB.    Type : 

,  ^H        ,    ^^z        ^^^z        ^^z       ^H^z 
^05^  +  ^15^  +  ^2^  +  ^35-^  +  ^,^  +  A,z  =  0.      (12) 

If  the  non-homogeneous  equation  can  be  separated  into  factors, 
the  integral  is  the  sum  of  the  integrals  corresponding  to  each  sym- 
bolic factor,  so  that  each  factor  of  the  form  D  -  mD\  appears  in 
the  solution  as  a  function  of  ^  -h  nuc,  and  every  factor  of  the  form 
D  -  mjy  -  a,  appears  in  the  solution  in  the  form  z  =  e**/(y  +  rnai). 

ExAMPLE8.-(l)  Solve  ^^  ^  ^'  +  I?  +  ^  =  0. 
Factors,  (D  -f  U)  (7)  -  D'  +  1)«  =  0.     Ansr.  »  =/i(y  -  «)  +  e-*U(y  +  x). 

Factors,  (D  +  1)  (D  -  iy)z  =  0.    Ansr.  «  =  e  "Vife)  +  A(ic  -  vY 
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It  is,  however,  not  often  possible  to  represent  the  solutions  of 
these  equations  in  this  manner.  When  this  is  so,  it  is  customary 
to  take  the  trial  solution, 

z  =  e«^+^y,        ....       (13) 
and  substitute  for  z  in  the  given  equation  (12).     Then, 

^z  ^z       a       ^^z         a 

ox  oy  oxoy 

Equate  the  resulting  auxiliary  equation  to  zero.  We  thus  obtain 
{A^a^  +  A^ap  +  A^  +  A^a  +  A^  +  A^)z  =  0.  (14) 

This  may  be  looked  upon  as  containing  a  bracketed  quadratic  in 
<L  and  p.  For  any  vaJue  of  p^  we  can  find  the  corresponding  value  of 
a,  or  the  value  of  a,  for  any  assigned  value  of  p.  There  is  thus  an 
infinite  number  of  particular  solutions  of  this  differential  equation. 

If  u^y  t*2»  ^3>  •  •  •  >  ^^^  particidar  solutions  of  any  partial  dif- 
ferential equation^  each  solution  can  he  multiplied  by  an  arbitrary 
constant  and  the  resulting  j^roducts  are  also  solutions  of  the  equation. 

Similarly^  it  is  not  difl&cult  to  see  that  the  sum  of  any  number 
of  particular  solutions  will  also  be  a  solution  of  the  given  equation. 

It  is  usually  not  very  difl&cult  to  find  particular  solutions,  even 
when  the  general  solution  cannot  be  obtained.  The  chief  difl&culty 
lies  in  the  combining  of  the  particular  solutions  in  such  a  way, 
that  the  conditions  of  the  problem  under  investigation  are  satisfied. 
Plenty  of  illustrations  will  be  found  at  the  end  of  the  next  chapter. 

If  the  above  quadratic  is  solved  for  a  in  terms  of  ^,  and  if  the 
resulting  /(a,  p),  is  homogeneous,  we  shall  have  the  roots  in  the 
form, 

a  =  mipf  a  =  m2pt   .    .    .    ,  a  =  Wj3. 

The  equation  will,  therefore,  be  satisfied  by  any  expression  of  the 

form, 

z  =  lCe^(if  +  ^\    ....       (15) 

where  m  has  any  value  m^,  m^t  .  .  .  and  C  may  have  any  value 
Op  Cg,  .  .  .  The  symbol  **  3  "  indicates  the  sum  of  the  infinite 
series,  obtained  by  giving  m  and  C  all  possible  values. 

The  above  solution  (15),  may  be  put  in  a  simpler  form  when  p 
is  a  linear  function  of  a,  say,  p=^aa  +  b.  This  apphes  to  equation 
(12).  Again,  we  can  sometimes  solve  the  equation  z  =  e«^+^y  =  0, 
for  a,  in  terms  of  p.  In  order  to  fix  these  ideas,  let  us  proceed  to 
the  following  examples. 
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Ex AMPLE8.--(1)  Solve  (D«-/)>=0.    Herea«-iB=0.    Hence, ^=Ce"^ "*■'»'*. 
Put  a  =  i,  a  —  1,  a  —  2,  .  .  .  and  we  get  the  particular  solutions 

Now  the  difference  between  any  two  terms  of  the  form  e^  "*"  ^y,  is  included  in 
the  above  solution,  it  follows,  therefore,  that  the  first  differential  coefificient 

of  e'^'^'^v,  is  also  an  integral,  and,  in  the  S8kme  way,  the  second,  third  and 
higher  derivatives  must  be  integrals.  Thus  we  have  the  following  particular 
solutions : — 

j)gax  +  aty    =  (3.  ^  2ay)e'^  +  »'•''. 

jy^  +  aiy  ^  .((3.  ^2ay)  +  &y(x  +  2«y)},  etc. 
If  a  =  0,  we  get  the  special  case, 

a  =  CiiT  +  C^{x^  +  22/):+  C,(ar'  +  6xy)  +  .  .  . 

(o  -  jB)  (o  +  jB  -  8)  =  0.     .-.  i3  =  a  and  jB  =  8  -  a. 
Hence     e  =  2Ci«-(*  +  y>  +  e^VxC^e^"^ "  ?') ;  a  =  /i(7/  +  ar)  +  ^y/^iy  -  x). 

(8)  Solve  ^|-  +  «|^  +  ^1^  +  a6^  =  0.    Ansr.  z  =  e- ^v^x)  +  e "  ^fM- 

(4)  Solve  (Z>2-i)''+D  + SIX -2)^=0.     Ansr.  z  =  ^/i(y-a:)  +  «  "  ^A(y  +  a:). 


§  142.  The  Particular  Integral  of  Linear  Partial  EqaationB. 

The  following  methods  for  finding  the  particular  integral  of 
homogeneous  or  non-homogeneous  equations,  are  deduced  by 
processes  analogous  to  those  employed  for  the  particular  integrals 
of  the  ordinary  equations. 

The  complementary  function  of  the  ordinary  linear  equation 

{D  -  m)z  =  0,  is,  Ce"^ ; 
so,  for  the  partial  equation 
{D  -  miy)z  =  0,  we  have,  c"*''*'</>(y),  or  the  equivalent  <f>{y  +  mx). 
This  analogy  extends  to  the  particular  integrals.    In  the  former 
case,  the  particular  integral  of 

{D  -  m)z  =  jR,  is,  ^  =  (D  -  my'^B ; 
while  for  F{D,  U)z  =  i?,  we  have,  z  =  F{D,  D')-^B. 

Case  1  (General).  When  F(D,  U)  can  he  resolved  into  factors^ 
€0  that, 

^  =  (2)  -  mU)f{x,  y).     .         .         .         (16) 
"     It  is  now  necessary  to  find  a  value  for  this  symbol   (16). 
First  show  that 

De'^'B  =  (Z)  +  a)jR, 
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by  putting  mD  in  plaoe  of  a,  and  f{x,  y),  in  place  of  R  (Case  4, 
§  131).  J  ^ 

=  e'-'^^fix,  y  -  mx).      .        .       (17) 

The  value  sought.      The  particular  integral  may,  therefore,  be 
found  by  the  following  series  of  operations : 

(1)  Subtract  mx  from  y  in  the  /{x,  y),  to  be  operated  upon. 
(2)  Integrate  the  result  with  respect  to  dx,  (3)  Add  mx  to  y, 
after  the  integration. 

If  there  is  a  succession  of  factors,  the  rule  is  to  be  applied  to 
each  one  seriatim,  beginning  on  the  right. 

Examples. — Find  particular  integrals  in  the  following  examples.  It  is 
well  to  be  careful  about  the  signs  of  the  diiferent  terms  added  and  subtracted. 
It  is  particularly  easy  to  err  by  want  of  attention  to  this. 

<'>  S - "'^  =  "^-  ■"•^^  ^''"'"  '"*"«"''  '"  D^aD- ■  whu^- 
Now  xy  becomes  x(y  -  ox).  This,  on  integration  with  respect  to  dx,  becomes 
Jjr*y  -  \oui?,  and  finally  ^s^  +  \a3^  -  ^x^.    Hence, 

1  1  _         1  3^      as? 

D^aD''  D^aD'^  ""  D  -  aU  '  "2"  "*"  HB"' 
Subtract  -  ax  from  y,  for  \x^(y  +  ax)  +  ^aa?.    Integrate  and  add  -  oar  to  the 
result.    \3?y  remains.    This  is  the  required  result. 

(2)  (D»  +  3DZy  +  2D')  -^x-^y,     Ansr.  ix«y  -  \x\ 

Case  2  (Special).  When  B,  has  tJie  form  f{ax  +  by).  Multiply 
F{D,  U)z  by  D"  and  get 

D^it>{D'/D)2  =  f{ax  +  by). 
Operate  on  ax  -{-  by  with  D'  and  D  respectively, 

^{a^  +  by)^-. 
As  on  page  313,  the  particular  integral  is 

:JS  .  .  .  J^(aa;  +  by)dx'. 


How  to  use  this  formula  will  appear  from  the  examples. 

Examples.— Find  particular  integrals  in,  (1)  (D»+ DD'  -  2ir»);f=sin(a;  +  2y). 
The  particular  integral  is 

I __.  8in(x  +  2y)  =  , \ — -J\«^(^  +  2y)<ia^; 

Z>»(1  +  L/jD  -  2D^IL^      ^  '      1  +  2  -  e-'-'      ^  *" 

^\%in{x  +  2y). 
(2)  (D«  -f  bDiy  +  eiy^z  =  l/(y  -  2x).    Ansr.  a;  log(y  -  2x). 
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The  above  process  cannot  be  employed  when  F{D,  D'),  or 
F{a,  b)  has  the  same  form  as  B,  because  a  vanishing  factor  then 
appears  in  the  result.  In  such  a  case,  use  the  above  method  for 
all  factors  which  do  not  vanish  when  a  is  put  for  D,  b  for  D.  The 
solution  is  then  completed  by  means  of  the  formula : 

^-——f{y  +  ma;)  «  xf{y  +  wkc).      .  (18) 

Example. — Evaluate  the  particular  integral  in 

{D  -  iy){D-{-  2iy)g  =  ar  +  y. 
For  the  first  factor,  use  th&  above  method  and  then 


D-  ly   3D^     "'      3D 

SD      D^      SD      ^      9^^r^ 

Case  8  (Special).  When  R  has  the  form  of  5w((M?  '\-  by)y  or 
cos(ax  +  by).     Proceed  as  on  page  313,  when 

and  in  the  same  way  for  the  cosine. 

Examples. — Find  the  particular  integrals  in : 

(1)  (L^  +  Diy  +  iy  -  1)«  =  sin  (j;  +  2y). 

/>'  +  4  1  , 

"  Zr»  -  16  "  "  10^°^®  <^  +  %)  +  2  sin  (x  +  2y)). 

(2)  (7>  +  Diy  -  2iy)z  ^  sin  (x  -  y)  +  sin  (x  +  y).  Find  the  particular 
integral  for  sin  {x  -  y),  then  for  sin  (x  ^  y).  Add  the  two  results  together. 
Ansr.  \  sin  (x  -  y)  +  \x  cos  (x  +  y). 

For  the  anomalous  case  proceed  as  in  §  181. 

Case  4  (Special).  When  R  has  the  form  e*"  "'■**',  proceed  as 
directed  on  page  312, 

F{D,Df         '  F{a,bf        '        '        •      (^^^ 
that  is  to  say,  put  a  for  D  and  b  for  D\ 

Examples. — Find  particular  integrals  in  the  following : 

(1)  (D»  -  Diy  -  2I>^  +  2i>  +  2iy)2  =  e^  +  ^. 

Ansr.  =  (1)8  -  Diy  -  2Zy«  +  2Z>  +  2D')-^^  +  ^;  =  -  ,J^+ »». 

(2)  (Diy  +  aD  +  feZK  +  a6)«  =  ««»+«.    Ansr.  e«i'  +  «/(?»  +  a)  (n  +  6). 

If  F{a,  b)  =  0,  proceed  as  on  page  313, 
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where  F\  or  F\  denotes  the  first  differential  coefficient  with  respect 
to  the  subscript.     The  two  results  agree  with  each  other. 

ExAMPLE.-.Solve  (!)■  -  Zy  -  3I>  +  %jy)z  ««  *  +  H. 

Ansr. /i(x  +  y)  +  f^fJiy  -  x)  -  ye*^^. 

Case  S  (Special).  When  B  has  the  form  x'tf,  where  r  and  s  are 
positive  integers.  Operate  with  F{D,  D')  ~  ^  on  x'^y'  expanded  in 
ascending  powers  of  r  and  s. 

ExAMPLBS. — (1)  Find  the  particular  integral  in  : 

(I>»  +  Diy  +  i>  -  1)^  =  a^. 
={l-(I>»+i)D'  +  i>')}-ij^=-{l  +  (Z>»+X)Z)'  +  /)')  +  (I>»+Z)Zy  +  D')*+  ...}a^. 

The  expansion  is  not  usually  carried  higher  than  the  highest  power  of  the 
highest  power  in  /(x,  y), 

(2)  Evaluate  (I>»  -  Z>^  -  SZ)  +  3D')  -»j^.     Ansr. 

-  T>i-r'  -  iJ^'  -  ifr.r  -h^  -  ^hj. 

iS)  (D»  -  a^U^z  =  X. 

=  ™  1  +  «  "^  +  .  .  .  Ij  =  ^  =  JJxdJ^  =  ^j:*. 

Case  6  (Special).  When  B  has  the  form  eT  +  **-X',  where  X  is  a 
function  of  x  or  y.     Use 

i^(Z),  jy)  -  ie«  +  *»JE'  =  e"  +  *''F(D  +  a,  2)  +  6)  -  ^Z,       (22) 
derived  as  on  page  315. 

Example. — Find  the  particular  integrals  in 

'd^zfds^  -  'dzfdy  =  x^  + "'". 

Ansr.  I-'  + ''  ''i>rqj:-2ai>-:rzy^  =  ^ "^  "  '2^  •  5^^  +  2^ j    ^ 
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Coefficients. 

These  may  sometimes  be  solved  by  transforming  them  into  a 
form  with  constants.    E,g,y 

(i.)  Any  term  afy'^r-;^  may  be  reduced  to  the  form  with  con- 
stant coefficients,  by  substituting  u  =  log  rr,  v  =  log  y, 
ExAtfPLES. — Solve  the  equations  : 
(1)  :r»^  -  y%  -  yl^  +  4x=  "•   This  reduces  to  ?Ma«'  -  3'«/3«»=0. 


§  144.      HOW  TO  SOLVE  DIFFERENTIAL  EQUATIONS.         356 

Hence  the  solution  of  this  equation,  z  =  ^j(tt  +  v)  +  ^{u  -  v),  must  be  re- 
converted into  the  form  in  x  and  y,  thus,  z  =  fi(xy)  +  M^ly)- 

^z  '^z  '^z 

(2)  ^3^  +  2xys^^+  2/a^,  =  0.    Ansr.  z  =  /,(y/a:)  +  xMy/x). 

?^z         dz 

Ansr.  z  =  /i(y)  +  j{x  +  yYf^^i^) .  f^J-. 

(ii.)   The    transfortliation    may  be    effected    by    substituting 

I)  ^ 

^  =  a^and  ^'  =  y^~,  and  treating  the  result  as  for  constant  co- 

efficients. 

Examples. — (1)  Solve  the  first  two  examples  of  the  preceding  set  in  this 
way. 

(2)  x^-^  +  2x//g^^^  +  y^^  -  nx^  -  ny^  +  nz  =  0. 

.-.  {3(S  -  1)  +  2^y  +  ^'(y  -  1)  -  »^  +  wy  +  n}^  =  0. 
Ansr.  z  =  J^fiiy/x)  +  xf^{ylx). 


§  lU.  The  Integration  of  Differential  Equations  in  Series. 

When  a  function  can  be  developed  in  a  series  of  converging 
terms,  arranged  in  powers  of  the  independent  variable,  an  ap- 
proximate value  for  the  dependent  variable  can  easily  be  obtained. 
The  degree  of  approximation  attained  obviously  depends  on  the 
number  of  terms  of  the  series  included  in  the  calculation.  The 
older  mathematicians  considered  this  an  underhand  way  of  getting 
at  the  solution  but,  for  practical  work,  it  is  invaluable.  As  a 
matter  of  fact,  solutions  of  the  more  advanced  problems  in  physical 
mathematics  are  nearly  always  represented  in  the  form  of  an  ab- 
breviated infinite  series.  Finite  solutions  are  the  exception  rather 
than  the  rule. 

Examples. — (1)  Evaluate  the  integral  in  f(x)  =  0.  Assume  that/(x)  can 
be  developed  in  a  converging  series  of  ascending  powers  of  ;r,  that  is  to  say, 

f{x)  =  ao  +  Ojo:  +  a^^  +  a^x^  + (1) 

By  integration 

jf(x)dx  -  f(ap  +  OjiF  +  (u^  -b  .  .   .)dx ; 

=jaf^x  +  joyxdx  +  ja^dx  +  ,  .  . ; 
=  OqJj  -I-  ^jx"  +  ^a^  +  .  .  . ; 

=  x{a^  -I-  ^Or^x  4-  i^iyC*  +..,)  +  C.  .        .         .       (2) 
(2)  It  is  required  to  find  the  solution  of  dyjdx  =  y^  in  series.      Assume 
that  y  =  f{x)f  has  the  form  (1)  above,  and  substitute  in  the  given  equation. 

{Oi  -  Oq)  +  (2aa  -  ai)x  +  (Sa,  -  cu^x  +  .  .  .  =  0.      .         .         (3) 
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This  equation  would  be  satisfied,  if 

Hence,  y  =  o^^^lx), 

where  ^(x)  =  l  +  x  +  ^  x«  +  ix»  +...=«*. 

A  I  O  I 

Put  a  for  the  arbitrary  function, 

.-.  y  =  ae*. 
That  this  is  a  complete  solution,  is  proved  by  substitution  in  the  original 
equation. 

Write  the  original  equation  in  the  form 

y  =  ^{^^h 
where  v  is  to  be  determined.    Hence, 

^4>{x)  +  t/{^'(x)  -  p{x)}  ^  0, 

since  ^(x)  satisfies  the  original  equation, 

dyldx  =  0,  or  i;  is  constant. 
For  equations  of  higher  degree,  we  must  proceed  a  little  differently.     For 
example : 

<8)  Solve  g-.|-cy  =  ,^.  ....        (4) 

(i.)  Ths  complementary  function.    As  a  trial  solution,  put  y  s  ox^.    The 

auxiliary  equation  is 

m{m  -  Ijo^x*-'  -  (w  +  c)x™  =  0.         .         .        .         (6) 

This  shows  that  the  difference  between  the  successive  exponents  of  x  in 
the  assumed  series,  is  -  2.    The  required  series  is,  therefore, 

y  =  o^x"*  +  OiX** - '  +  .  .  .  +  an.jX"* +  *•-'  + ana:'"  +  *", 
which  is  more  conveniently  written 

y  =  S"a«x-+9« (6) 

In  order  to  completely  determine  this  series,  we  must  know  three  things 
about  it.  Namely,  the  first  term,  the  coefficients  of  x  and  the  different  powers 
of  X  that  make  up  the  series. 

Substitute  (6)  in  (4), 

2*(w  +  2n)  (m  +  2n  -  l)anX'»  +  ^^  -  2  ^  (rn  +  2n -{■  c)a«x"»  +  **  =  0,        (7) 

where  n  has  all  values  from  zero  to  infinity.  If  x  is  a  solution  of  (4),  the 
coefficient  of  j-"*  +  ^  ~  '  must  vanish  with  respect  to  m.  Hence  by  equating 
the  coefficient  of  x"*  +  *•  -  *  to  zero,* 

(m  +  2n)  (w  +  2?i  -  !)«„  -  (w  +  2n  -  2  +  c)<in  -1  =  0.         .         (8) 
If  n  =  0,  m  =  0,  or  m  =  1.  ( 

When  n  is  greater  than  zero, 

^  *"  (m  +  2»)  (w  +  2n  -  1) ^  ' 

This  formula  allows  us  to  calculate  the  relation  between  the  successive 
coefficients  of  x  by  giving  n  all  integral  values  1,  2,  3,  .  .  . 

*  If  we  take  the  other  part  of  the  auxiliary  a  diverging  series  is  obtained,  useless 
for  our  purpose. 


a 
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First,  suppose  m  ==  0,  then  we  can  easily  calculate  from  (9), 

c  c  +  2         clc  +  2) 


From  (9)  a„  =  o...      nw^„      ».«» - 1- 


.-.  3^  =  0011  +  0^  +  0(0  +  2)11+ (10) 

Next  put  m  =  1,  and,  to  prevent  confusion,  write  6,  in  (9),  in  place  of  a. 

b   _  c  +  2n  -  1.        . 
''"~2«(2,i  +  l)^"-*' 
proceed  exactly  as  before  to  find  successively  6|,  6,,  6,,  .  .  . 

...  y"  =  b,^x  +  (c  +  l)g  +  (c  +  l)(c  +  3)|^  +  .  .  .  .       (11) 

The  complete  solution  of  the  equation,  is  the  sum  of  series  (10)  and  (11), 

or  if  ayi  =  y',  hy^  =  y", 

y  =  a^i  +  6yj, 

which  contains  the  two  arbitrary  constants  a  and  b. 

(ii.)  The  particular  integral.  By  the  above  procedure  we  obtain  the  com- 
plementary function.  For  the  particular  integral,  we  must  follow  a  somewhat 
similar  method.     E.g.,  equate  (8)  to  x^  instead  of  to  zero.    The  coefficient  of 

m  -  2,  in  (6),  becomes 

m{m  -  Vja^x^  -  *  =  jc' ; 

.'.  w  -  2  =  2  and  m(w  -  l)ao  =  1 ; 

.-.  w  =  4 ;  a^j  =  |. 

c  +  2n  +  2 

2{n  +  2)  {2n  +  8)' 

Substitute  successive  values  of  n  =  1,  2,  3,  ...  in  the  assumed  expansion, 

and  we  obtain 

{Particular  integral)  =  a^X^  +  aiX"*  +  ^  +  a^"*  +  ^  +  .  .  .  , 

where  a^,  o^,  a,,  .  .  .  and  m  have  been  determined. 

(4)  Solve  dh/ldx^  +  icy  =  0. 

Ansr.  y  =  o(l  >  ^  +  ^ -...)  +  6(x  -  ^^o^  +  ^^v  ...  .^ 

The  so-called  Riccati's  equation^ 

dy 

^-  +  62/»  =  CX-, 

has  attracted  a  lot  of  attention  in  the  past.  Otherwise  it  is  of  no  particular 
interest  here.  It  is  easily  reduced  to  a  linear  form  of  the  second  order.  Its 
solution  appears  as  a  conveiging  series,  finite  under  certain  conditions. 

Forsyth  {I.e.)  or  Johnson  {I.e.)  must  be  consulted  for  fuller  details.  A  de- 
tailed study  of  the  more  important  series  employed  in  physical  mathematics 
follows  naturally  from  this  point.  These  are  mentioned  in  the  next  section 
along  with  the  titles  of  special  textbooks  devoted  to  their  use. 

§  145.  Harmonic  Analysis. 

One  of  the  most  important  equations  in  physical  mathematics,  is 

-^v    d^v    a^F    idv  ... 

'^"'W'^  'dz'^'K'dt ^' 

It  has  practically  the  same  form  for  problems  on  the  conduction  of  heat,  the 
motion  of  fluids,  the  diffusion  of  salts,  the  vibrations  of  elastic  solids  and 


368  HIGHER  MATHEMATICS.  §  146. 

flexible  strings,  the  theory  of  potential,  electric  currents  and  numberless 

other  phenomena,    x,  y,  z  are  the  coordinates  of  a  point  in  space,  t  denotes 

the  time  and  Fmay  denote  temperature,  concentration  of  a  solution,  electric 

and  magnetic  potential,  the  Newtonian  potential  due  to  an  attracting  mass, 

etc.,  ic  is  a  constant.    If  the  second  member  is  zero,  we  have  Laplace's  equation, 

if  the  second  number  is  equated  to  4«rp,  where  p  is  a  function  of  x,  ^,  «,  the 

result  is  known  as  Poisson's  equation. 

3»F     38K     B»F     ^  . 

5^  +  ^  +  ^^  ==  0»  18  Laplaoe*8  Mmatton. 

9»r     3«F    3«F  .  . 

^^  +  ^s-j-  +  ^  =4*p,  IS  Poinon's  MinatioiL 

The  first  member  is  written  v'Fby  some  writers,  A^Fby  others.  The  equa- 
tion is  often  more  convenient  to  use  in  polar  coordinates,  viz,^ 

,,«F-^^4.^    S»F      2   3F      cota   3F  1  .g. 

where  the  substitutions  are  indicated  in  (11),  §  48.* 

Any  homogeneous  algebraic  function  of  2,  ^,  a,  which  satisfies  equation 
(1),  is  said  to  be  a  solid  spherical  harmonic.  These  functions  are  chiefly  used 
for  finding  the  potential  on  the  surface  of  a  sphere,  due  to  forces  which  are 
not  circularly  symmetrical,  f 

Particular  solutions  of  (1)  give  rise,  under  special  conditions,  to  the  so- 
called  surface  spherical  harmonics,  tesseral  harmonics  and  toroidal  harmonics. 

The  series 

2-r(»  +  1)\         2«(n  +  1)  ■*■  2*.  2  l(w  +  1)  (n  +  2)       '  '  J* 
is  called  a  Cylindrical  Hartnonic  or  a  BesseVs  function  of  the  nth  order.    The 
symbol  Jn(x)  is  used  for  it.     The  series  is  a  particular  solution  of  Bassel's 
•qnatioiL 

If  n  :s  0,  the  series  is  symbolised  by  Jq{x)  and  6alled  a  BesseVs  function  of  the 
zeroth  order.  These  functions  are  employed  in  physical  mathematics  when 
dealing  with  certain  problems  connected  with  equation  (1).  Another  particular 
solution  is 

X.  V,  J^  X*    /I       1\ 

•'oWiogaJ  +  28  ~  2^!1«\1  "•■  2/  "*"  •  *  " 

called  a  BesseVs  fimction  of  tJie  second  kind  (of  the  zeroth  order),  symbolised 
by  K^{x). 

Similarly,  the  solution  of  Leg^endre's  equation 

(1  -  x^^^  -  2x^  +  m{,n  +  1)  =  0, 
ax*'         ax 

is  the  series 

_  m{m  -h  1)  a  .  m(m  -  2)  (m  +  1)  (m  +  8)^  _ 

-21     ■      "*"  4! 


*  This  transformation  is  described  in  the  regalar  textbooks.  But  possibly  the 
reader  can  do  it  for  himself. 

t  A  point  is  said  to  be  circularly  symmetrical,  when  its  value  is  not  affected  by 
rotating  it  through  an  angle  about  the  axis. 
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written,  for  brevity,  Pm{x)-    This  furnishes  the  so-called  Surface  Zonal  Hot- 
monies,  Leg&ndre*3  coefficients^  or  Legendrians,    Another  particular  solution, 
(m  -  l)(m  +  2)^  ^  (m  ~  l)(w  -  3){m  -f  2)(m  +  A)^ 

written   Q«ii(^)i  gives  rise  to  Sttrface  Zonal  Harmonics  of  the  second  kind. 
Both  series  are  extensively  employed  in  physical  problems  connected  with 
equation  (1). 
The  equation 

(x«  -b*)(x*-  c«)f^  +  j:(x«  -  6«  +  3^8  _  c'*)^-{m{m  +  l)(a^-6«-f  c«)p}y=0, 

dx^  dx 

called  Lamp's  eqnatUm,  has  "  series  "  solution  which  furnishes  Lam^^s  fiinc- 

tions  or  Ellipsoidal  Harmonics^  used  in  special  problems  connected  with  the 

ubiquitous  equation 

K  df 
The  so-called  hypergeometric  or  Oattss*  series, 

^  "^ll/"^       2!c(c  +  l)      ■^+  •  •  •• 
appears  as  a  solution  of  certain  differential  equations  of  the  second  order,  say, 

""^^  -  ^)S  "^  •'  "  ^'^  ■*■  *  "^  ^)''d^  -  a6y  =  0, 
(CMiiiBs'  equation) ,  where  a,  b,  c,  are  constants. 

The  application  of  these  series  to  particular  problems  constitutes  that 
branch  of  mathematics  known  as  Hannonic  AnalsnUs. 

But  we  are  getting  beyond  the  scope  of  this  work ;  for  more  practical 
details,  the  reader  will  have  to  take  up  some  special  work  such  as  Byerly's 
Fourier*s  Series  a^id  Spherical  Harmonics.  Weber  and  Riemann's  Die  Par- 
tiellen  Differential- Gleichungen  der  Malhematischen  Physik  is  the  textbook 
for  more  advanced  work.  Gray  and  Mathews  have  A  Treatise  on  BesseVs 
Functions  and  their  Application  to  Physics  (Macmillan  &  Co.,  1895). 
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CHAPTER  VIII. 

FOURIER'S    THEOREM. 

"  Fourier's  theorem  is  not  only  one  of  the  most  beautiful  results  of 
modem  analysis,  but  may  be  said  to  furnish  an  indispensable 
instrument  in  the  treatment  of  nearly  every  reoondite  question 
in  modem  physics.  To  mention  only  sonorous  vibrations,  the 
propagation  of  electric  signals  along  a  telegraph  wire,  and  the 
conduction  of  heat  by  the  earth's  crust,  as  subjects  in  their 
generality  intractable  without  it,  is  to  give  but  a  feeble  idea  of 
its  importance." — Thomson  and  Tait. 

§  146.  Fourier's  SerieB. 

Just  as  a  musical  note  can  be  resolved  into  a  fundamental  note 
and  its  overtones,  so  every  periodic  vibration  can  be  resolved  into 
a  series  of  secondary  vibrations  represented,  in  mathematical  sym- 
bols, by  a  series  of  terms  arranged,  not  in  a  series  of  ascending 
powers  of  the  independent  variable,  as  in  Maclaurin's  theorem, 
but  in  a  series  of  sines  and  cosines  of  multiples  of  this  variable. 
Such  expansions  in  a  series  of  trignometrical  terms,  are  of  great 
importance  in  physical  problems  involving  potential,  conduction 
of  heat,  light,  sound,  electricity  and  other  forms  of  propagation. 
The  series,  developed  by  means  of  Fourier's  theorem,  is  called 
Fourier's  series. 

Any  physical  property  (density,  pressure,  velocity,  etc.)  which 
varies  periodically  with  time  and  whose  magnitude  or  intensity 
can  be  measured,  may  be  represented  by  a  Fourier's  series.  This 
means,  as  we  shall  soon  see,  that  every  vibration  can  be  resolved 
into  a  series  of  harmonic  vibrations. 

Fourier'B  theorem  determines  the  law  for  the  expcmsion  of  amy 
arbitrary  ftmction  in  terms  of  sines  or  cosines  of  multiples  of  the 
independent  variable  {x). 
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If  f{x)  is  a  periodic  function  with  respect  to  time,  space,  tem- 
perature, potential,  etc.,  Fourier's  theorem  states  that 

/(a;)  =  ilQ  +  ai8inrc  +  a2sin2a;+  .  .  .  +  ft^cos  a;  +  ^gcos  2a;  +  .  .  .  ,  (1) 
which  16  known  as  Fourier's  saries.  A  trignometrical  function, 
like  Fourier's  series,  for  example,  passes  through  all  its  changes 
and  returns  to  the  same  value  when  x  is  increased  by  2?r.  See  also 
d'Alembert's  equation,  page  348. 

Assuming  this  theory  to  be  valid  between  the  limits  rr  =  +  ir 
and  a;  =  -  IT,  we  shall  now  proceed  to  find  values  for  the  co- 
efficients, Aq,  a^.a^,  .  .  .  th^yh^y  .  .  .  ,  which  will  make  the  series 
true. 

In  view  of  the  fact  that  the  terms  of  Fourier's  series  are  all 
periodic  we  may  say  that  Fourier's  series  is  cm  artificial  way  of 
representing  the  propagation  or  progression  of  any  physical  quality 
by  a  series  of  waves  or  vibrations, 

§  147.  EYalaation  of  the  Constants  in  Fonrier's  Theorem. 

First,  to  find  a  value  for  the  constant  Aq.  Multiply  equation  (1) 
t>y  dx  and  then  integrate  each  term  between  the  limits  x  =  -h  v  and 
x=  -  IT.    Every  term  involving  sine  or  cosine  terms  vanishes,  and 

2TrAQ  =  I     f{x) .  dx ;  or,  ^o  =  o '  I     -^(^^  *  ^^»       '         (^) 

remains.     Therefore,  when  f{x)  is  known,  this  integral  can  be 
integrated.* 

Second,  to  find  a  value  for  the  coefficients  of  the  cosine  terms, 
say  6„,  where  n  may  be  any  number  from  1  to  n.  Equation  (1) 
must  not  only  be  multiplied  by  dx,  but  also  by  some  factor  such 
that  all  the  other  terms  will  vanish  when  the  series  is  integrated 
between  the  limits  +  v,  b^cosnx  remains.  Such  a  factor  is 
cos  nx .  dx.     In  this  case, 

cos^na: .  dx  =  6„7r, 


.(page  184),  all  the  other  terras  involving  sines  or  cosines,  when 
integrated  between  the  limits  +  tt,  will  be  found  to  vanish.  Hence 
■the  desired  value  of  b„  is 

COS  7ix .  dx.  .         .        (3) 


1  f+ir 


*  I  have  omitted  details  because  the  reader  should  find  no  difficulty  iu  working 
out  the  results  for  himself.    It  is  no  more  than  an  exercise  on  preceding  work. 
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This  formula  enables  any  coefficient,  b^,  63,  .  .  .  ,  6„  to  be  obtained. 
If  we  put  w  =  0,  the  coefl&cient  of  the  first  term  Aq  assumes  the 
form, 

Aq   =    JOq.  •  •  •   .  •  (4)« 

If  this  value  is  substituted  in  (1),  we  can  dispense  with  (2),  and 
write 

f{x)  =  ^Bq  +  ajsin  x  +  ^joos  x  +  a^sin  2x  +  62COS  2a;  +  .  .  .     (5) 

Finally f  to'  find  a  valvs  for  the  coefficients  of  the  sine  terms,  say 
a„.  As  before,  multiply  through  with  sin  nxdx  and  integrate  be-^ 
tween  the  limits  +  tt.     We  thus  obtain 

a„=  - 1     f(x) .  sin  na? .  dx.  .         .         (6) 

There  are  several  graphic  methods  for  evaluating  the  coefficients  of  a 
Fourier's  series.  See  Perry,  Electridany  Feb.  5,  1892 ;  Woodhouse,  the  same 
journal,  April  19,  1901 ;  or,  best  of  all,  Henrici,  Phil.  Mag.  [6],  88, 110,  1894, 
when  the  series  is  used  to  express  the  electromotive  force  of  an  alternating, 
current  as  a  periodic  function  of  the  lime. 


§  148.  The  DeYelopment  of  a  Fanotion  in  a  Trignometrioal 


1.  The  development  of  a  trignometrioal  series  of  sines.  Suppose 
it  is  required  to  find  the  value  of 

f{x)  =  X, 
in  terms  of  Fourier's  theorem.     From  (2),  (3)  and  (6), 

^H  =  -I     ^ .  COS  nx.dx  —  \j\a„^  - 1     x.%\nnx.dx  ^  ±    , 

according  as  n  is  odd  or  even ; 

A.=  ±~\     x.dx=  --.(-n^  -  -»r2)  =  0. 

27rJ_^  47r 

Hence  Fourier's  series  assumes  the  form 

x  =  2(sin  a?  -  ^  sin  2a;  +  J  sin  3a;  -  ...  ),  .  (7) 
which  is  known  as  a  sillQ  series ;  the  cosine  terms  have  disappeared 
during  the  integration. 

By  plotting  the  bracketed  terms  in  (7),  we  obtain  the  seriea 
of  curves  shown  in  Fig.  116.  .Curve  1  has  been  obtained  by 
plotting  y  =  sin  a; ;  curve  2,  by  plotting  y  =  J  sin  2a; ;  curve  3,  from 
^  —  ^  sin  3a;.  These  curves,  dotted  in  the  diagram,  represent  the 
overtones  or  harmonics.     Curve  4  has  been  obtained  by  drawing 
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ordinates  equal  to  the  algebraic  sum  of  the  ordinates  of  the  pre- 
ceding curves. 


Fia.  116. — Harmonics  of  the  Sine  Curve. 

As  a  general  rule,  any  odd  function  of  x  will  develop  into  a  series 
of  sines  only,  an  even  function  of  x  will  consist  of  a  series  of  cosines. 

The  general  form  of  the  sine  development  is 

f{x)  =  ajsinrc  +  ajsin  2x  +  a^sin  3a;  +  .  .  .,     [ .         (8) 
where  a  has  the  value  given  in  equation  (6). 


ar^ 


Fig.  117. — Harmonics  of  the  Cosine  Curve. 

2.  The  development  of  a  trignometrical  series  of  i 

example,  let 

f{x)  -  x^, 

be  expanded  by  Fourier's  theorem.     Here 


As  an 


a^ .  cos  wa; .  d^a;  =  +  — „ 


n' 
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aooording  as  n  is  odd  or  even.     Also, 

Henoe, 

rr*  =  ^TT^  -  4(cosa;  +  ^cos2a;  -  ^cosSx  +...).         (9) 

By  plotting  the  first  three  terms  enclosed  in  brackets  on  the  right 
side  of  (9),  we  obtain  the  series  of  curves  shown  in  Fig.  117  (p.  363). 
The  general  development  of  a  cosine  series  is  as  follows : 

f{x)  =  ^Bq  -  6^008  a;  +  ^^^osSx  +  .  .  .,  (10) 

where  b  has  the  values  assigned  in  (3). 

Examples. — (1)  Develop  unity  in  a  series  of  sines  between  the  limits 

X  s  ir  and  x  =  0.    Here 

fix)  =  1. 

On^^^rsmnxdx^  —(1  -  oosmr)  =  An  -  (-  mi.  orO, 

acoording  as  n  is  odd  or  even.     Henoe,  from  (8), 

4 
1  = -({c  +  isinSaj  +  ^sinSa;  +  .  .  .).      .        .        .      (11) 

The  first  four  terms  of  this  series  are  plotted  in  Fig.  118  in  the  usual  way. 


1 


oc 


e  = 


Fig.  118. — Harmonics  of  the  Sine  Development  of  Unity. 

(2)  Show  that  for  jr  =  ±  » 
28inh 


-{(i  -  icosa:  +  icos2j:  +...)  +  (^sin  j-  -  f  sin2j:  +  .  .  .)}.  (12) 


(8)  Show  that 

j:  sin  a;  =  1  -  ^  cos  x  -  f  cos  2a;  +  |  cos  Sj:  -  ^  cos  4x  +  .  .  .  (18) 

between  the  limits  ir  and  0. 


If  a:  =  '  then 
2 


^-i  +  i-  tV  +  tAt  -  .  .  . 
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(4)  Show      X  =  -  — (cos  X  +  ^  cos  3x  +  ^  cos  6x  +  .  .  .). 

2      V 


(i*> 


Hint,  bt 


2    »« 


0  »    2 


-/ 

bn—  -  I   xcosnx,dx=  __(co8 n»  -  1)  =  -^{( -  1)"  -  1}. 


(5)  Show  that  if  c  is  constant, 

4C/_. 


c  =  —(sin a;  +  ^sind;r  +  |sin6ar  +  •  .  .). 


(15> 


Plot  the  curve  as  indicated  above. 


or*  > 


3.  Comparison  of  the  sine  cmd  the  cosine  series.  The  sine  and 
cosine  series  are  both  periodic  functions  of  x,  with  a  period  of  %r. 
The  above  expansions  hold  good  only  between  the  limits  x  ^  ±  v, 
that  is  to  say,  when  x  is  greater  than  -  ir,  and  less  than  +  ir. 
When  X.  =  0,  .the  series  is  necessarily  zero,  whatever  be  the  value 
of  the  function. 

Now  any  function  can  be  represented  both  as  a  sine  and  as  a 
cosine  series.  Although  the  functions  and  the  two  series  will  be 
identical  for  all 
values  of  x  between 
X  —  IT  and  X  =  0,* 
there  is  a  marked 
difference  between 
the  sine  and  cosine 
developments  of  the 
same  function.  For 
instance       compare  ^^^*  ^^^' — I^i*gr»n*n**tic  Curve  of  the  Cosine  Series. 

the  graph  of  x  when  developed  in  series  of  sines  and  series  of 

cq^ines  between  the  limits  x  ^  0  and  a;  =  ir,  as  shown  in  (7)  and 

(14)  above.      Plot 

these  equations  for 

successive    values 

of  X  between  +  ir, 

etc.    In  the  case  of  ^ 

the    cosine    curve 

we    get   the  lines  y 

shown  in  Fig.  119. 

By     tracing     the 

curves  correspond-     ^^'  ^^* — I^iagnu^amatic  Curve  of  the  Sine  Series. 

ing  to  still  greater  values  of  tt,  we  get  the  dotted  lines  shown  in  the 
same  figure.    For  the  sine  curve  we  get  the  lines  shown  in  Fig.  120. 


-771 
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Note  the  isolated  points  (§  63)  for  a;  =  +  tt,  y  =  0 ;  a;  =  +  3  ir, 
3^  =  0;  .  .  . 

Both  these  curves  coincide  with  y  —  x  from  a?  =  0  to  a;  =  ir, 
but  not  when  x  is  less  than  -  ir,  and  greater  than  +  ir. 


§  149.  Extension  of  Fonrier's  Series. 

Fourier's  series  may  be  extended  so  as  to  include  all  values 
of  X  between  any  limits  whatever. 

(i.)  When  the  limits  are  x  =^  +  c,  x  =  -  c.  Let  <t>{x)  be  any 
function  in  which  x  is  taken  between  the  limits  -  c  and  +  c. 
Put  X  =  cz/tt,  or  z  =  vx/c.    Hence, 

<A(a?)  =  <A(c2r/7r)  == /W,  say.  .        .      (16) 

When  X  changes  from  -  c  to  +c,  z  changes  from  -  tt  to  +  tt,  and, 
therefore,  for  all  values  of  x  between  -  c  and  +  c,  the  function  f{z) 
may  be  developed  as  in  Fourier's  series  (5),  or 

f^z)  =  ^6q  +  ftjcos  z  +  ajsin  z  +  ^.^cos  2z  +  a^sin  2z  +  ,  ,  ,  (17) 

where,     K^-\     f{z)GOQnz.dz;  a„^  -\     f(z)smnz.dx,.       (18) 

or,  from  (16), 

<^(aj)  =  ^b^  +  b^Gos  —  +  a^sin  —  +  fejcos  —  +  .  .  .  ;     (19) 

c  c  c 

and  from  (18), 

^fi  =  - 1     <^(a?)co8 dx ;  a„  =  - 1     <^(a?)sin dx.         (20) 

cj_c  c  cj_^  c 

For  the  sine  series,  from  a?  =  0  to  a;  =  c, 

Mf   X  •     TaJ  AirX  ovX  /ckt  \ 

f{x)  =  a^sm  —  +  a^jsm +  agSm +  .  .  .   .        (21) 

c  c  c 

a„=?f7(rc)sin5^dT.        .         .         .       (22) 
cjo  c 

For  the  cosine  series,  from  a;  =  0  to  a?  =  c, 
f{x)  =  Ub^  +  6iCOS  ^  +  Vos  ?^  +  .  .  .)  +  (a^sin  !^  +  .  .  . Y  (23) 

6„  =  ?f7(a:)cos^^a;.       .         .         .       (24) 

If  ff>(x)  is  a  periodic  function  whose  period  is  equal  to  c,  then, 
(19)  is  true  for  all  values  of  a;.  Hence  the  rule :  A^iy  arbitrary 
function,  whose  period  is  T  =  2c,  can  be  represented  as  a  series  of 
triffnometrical  ftmctions  with  periods  T,  JT,  ^T,  .  .  . 
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Examples. — Prove  the  following  series  for  values  of  x  from  a:  =  0  to  a;  =  c. 

(1)  c  =  -(^8in  -  +  -sm  --  +  -  sm  _  +  .  .  .  j.  .        .      (25) 

(2)  ,„x  =  _^8.n  _  -  -am  _  +  gsm  _  -  .  .  .  j.        .        .      (26) 

(3)  «u:  =  _  -_(^co8_  +  ^co9_  +  ^8m-_+..  .j.      .      (27) 

Hint.  (26)  is  f(x)  =  nu:  developed  in  a  series  of  sines ;  (27)  the  same  function 
developed  in  a  series  of  cosines. 

(4)  If  f(x)  =  X  betvireen  +  c  and  -  c, 

X  =  ^(sm^^  -  hin?!^  +  .  .  .V       .        .        .       (28) 
ir\         c        2  c  / 

(ii.)  When  the  limits  are  +  c3o  and  -  oo.  Since  the  above 
formulae  are  true,  whatever  be  the  value  of  c,  the  luniting  value 
obtained  when  c  becomes  infinitely  great  should  be  true  for  all 
values  of  x. 

In  order  to  prevent  mistakes  iu  working,  it  is  usual  to  employ 
some  equivalent  sign,  say  X,  for  the  integrated  variable  x.  Hence 
in  place  of  equations  (20),  we  may  write 

^n^-]     <I>W  COS    ~'d\ ;  a„  =  -J  _  <f>(X)  sm  —dX.       (29) 
Substitute  these  values  in  (23), 

4-  I      f(k)  sin  — -  sin  —  d^A  +  .  .  .  I ; 
J-e  c  c  I 

If  "^S/vv  TV  (1    .  wX         trX    .      .     irX    .     irX  ) 

=  -)  , /W'^^ja  +  *^«  7  ^'^^  c  +  '''^  T '""  T  +  •  •  •} : 

=  3JI  ^/W^i^l^  +  008  J^  -  X)  +  .  .    .| ; 

=  4|*/(^)^^{l  +  °08|(X  -x)  +  008(-  J)(X  -  a;)  +.  .  A  ; 

=  ?^  I     /(^)^^-! .  .  .  +  -  COS  —(X  -  a;)  +  -  cos  -(X  -  x) 

2^J  _e  (  C  C^  '  C  C' 

+    JC08(-J)(X  -.)  +  ...}. 

since  cos  0=1;   for  the  other  trigQometrical  substitutions,  see 

page  499.     As  c  is  increased  indefinitely,  the  Hmiting  value  of  the 

r  +  00 

terra  in  brackets  is  I       cos  a(X  -  x)da,  where  a  =  Tnr/c,  n  being 

any  integer.     Hence,  the  limiting  form  off(x)  is 

1  r  +  00  r  +  » 

f{x)  =  2^1       /(X)^X|       cos  a(X  -  x)da,  .  (30) 


TtX  TTiC  _, 

COS  —  cos  — dk 
c  c 
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for  all  values  of  x.  The  double  integral  in  (30)  is  known  as. 
Foarier'B  integral. 

§  150.  Different  Forms  of  Fourier's  Integral. 

Fourier's  integral  may  be  written  in  different  equivsJent  forms. 
From  §  80, 

I       cos  xdx  »  I     cos  xdx  +  I   cos  xdx ; 

J  -00  J— ce  Jo 

rro  ro 

cos  xdx  =  I  cos  ( -  x)d(  -x)  —  -\  cos  xdx ; 
-00  Jco  Joo 

r  +  00  p» 

I      COS  xdx  =  2 1   cos  xdx. 
J  -00  Jo 

Hence,  we  may  write  in  place  of  (30), 

f{x)  =  -J     */(^)d\r C0Sa(X  -  x)da,      .  .        (31> 

where  the  integration  limits  in  (31)  are  independent  of  a  and  A,  and 
therefore  the  integration  can  be  performed  in  any  order. 
Let  f{x)  =  -  /(  -  x).    Then, 

If  +  oo  p  +  oo  lf  +  *         f+* 

/(a;)  =     I       /(A.)(ixl      C06a{\-x)da  =  ~\       da\     f{K)0OBa{k-'X)d\; 

'"'J  -on  Jo  ''^Jo  J-oo 

=  -I        da\      /(X)  cos  a(X  -  x)dk  +  I  /(X)  cos  a(X  -  x)dk ; 

""J-ooJ-oo  Jo 

2  f  + »      ro  r» 

=  -         ^    /(  -  A.)co8o(  -  X  -  x)d{  -  X)  +      /(X)  cos  a(X  -  x)dX. ;. 

"■J  0  Joo  Jo 

=  ~\  da\-  \f(X) COS  a(X  +  x)dK i  +  I  /(X) cos a(X  -  x)dX  ; 

=  -I   dal  /(X){cosa(X  ~  x)  -  C08a(X  +  x)}d\ ; 

^Jo      Jo 

2r     f* 
=     1   da\  /(X)  sin  eiX .  sin  cur  .  (iX  ; 

'"^Jo      Jo 

=  -1  /(X){ix|  sin  eiX .  sin  aoj .  dia, (32) 

'tJo  Jo 

which  is  true  for  all  odd  functions  of  f(x)  and  for  all  positive  values 
of  X  in  any  function. 

Let  f{x)  =  /(  -  re),  we  can  then  reduce  (31)  in  the  same  way  to 

2r        r 

/(a?)  = -|  f{k)d\\  cos  oX .  cos  cue .  {2a,    .         .       (33} 
''"Jo  Jo 

which  is  true  for  all  values  of  rr,  when  f{x)  is  an  even  fimotion  of 
a;,  and  for  all  positive  values  of  x  in  any  function.  For  the  trigno- 
metrical  reductions,  see  page  499. 
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Although  the  integrals  of  Fourier's  series  are  obtained  by  inte- 
grating the  series  term  by  term,  it  does  not  follow  that  the  series 
can  be  obtained  by  differentiating  the  integrated  series  term  by 
term,  for  while  differentiation  makes  a  series  less  convergent, 
integration  makes  it  more  convergent.  In  other  words,  a  con- 
verging series  may  become  divergent  on  differentiation.  This 
raises  another  question,  the  convergency  of  Fourier's  series. 

§  ISl.  The  ConYergency  of  Fourier's  Series. 

In  the  preceding  developments  it  has  been  assumed : 

1.  That  the  trignometrical  series  is  uniformly  convergent. 

2.  That  the  series  is  really  equal  to  f{x). 

Most  elaborate  investigations  have  been  made  to  find  if  these 
assumptions  can  be  justified.  The  result  has  been  to  prove  that 
the  above  developments  are  valid  in  every  case  when  the  function 
is  single- valued  *  and  finite  between  the  timits  ±  tt,*  and  has  only 
a  finite,  number  of  maximum  or  minimum  values,*  between  the 
limits  a?  =  +  IT. 

The  curve  y  =  f{x)  need  not  follow  the  same  law  throughout 
its  whole  length,  but  may  be  made  up  of  several  entirely  different 
curves.     A  complete  representation  of  a  periodic  function  for  all 


*  The  terms  marked  with  the  asteriRk  may,  perhaps,  need  definitions.     According 
to  }  78,  the  integral 

represents  the  area  included  between  the  curve  y  =  l/^c^,  the  a;-ajci8,  and  the  ordinates 
drawn  from  x  -  I  and  x  =  —  l.  Plot  the  curve  and  you  will  find  that  this  result  is 
erroneous.  The  curve  sweeps  through  infinity,  whatever  that  may  mean,  as  x  passes 
from  +  1  to  —  1  (see  1 52).  The  method  of  ijitegnUimi  is,  ther^ore,  unreliable  when  the 
function  to  be  integrated  becomes  infinite  or  otherwiae  diseontinuous  at  or  between  the 
limits  of  integration.  Consequently,  it  is  necessary  to  examine  certain  functions  in 
order  to  make  sure  that  they  are  finite  and  continuous  between  the  given  limits,  or 
that  the  functions  either  continually  increase  or  decrease,  or  alternately  increase 
(maxima)  and  decrease  (minima)  a  finite  number  of  times.  This  subject  is  discussed  in 
the  opening  chapters  of  Riemann  and  Weber's  The  Partial  inferential  Equations  of 
Mathematical  Physics  (German — F.  Vieweg  &  Sons,  Braunschweig,  1900-1901),  to 
which  the  student  must  refer  if  he  intends  to  go  exhaustively  into  these  questions. 

Single- valued  and  multiple- valued  functions  have  been  defined  on  page  275. 
y  =:  tan'^a;  is  a  multiple-valued  function,  because  the  ordinates  corresponding  to 
the  same  value  of  x  differ  by  multiples  of  ir.  Verify  this  by  plotting.  Obviously,  if 
X  =  a  and  x  =  b  are  the  limits  of  integration  of  a  multiple-valued  function,  we  must 
make  sure  that  the  ordinates  x  =  a  and  x  =  b  belong  to  the  same  branch  of  the  curve 

AA 
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values  of  x  would  provide  for  developing  eaeh  term  as  a  periodic 
series,  eaoh  of  which  would  itself  be  a  periodic  function,  and  so  on. 

A  discussion  of  the  conditions  of  convergency  of  Fourier's  series  must  be 
omitted  from  this  chapter.  Byerly*s  An  Elementary  Treatise  on  Fottrier*s 
SerieSf  etc.,  is  one  of  the  best  practical  works  on  the  use  of  Fourier's  integrals 
in  mathematical  physics.  Fourier's  ancient  Thiorie  analytique  de  la  Chaleur 
of  1822  is  perhaps  as  modem  as  any  other  work  on  this  subject.*  See  also 
WUliams,  Phil.  Mag.  [6],  42,  125,  1896  ;  Iiord  Kelvin's  Collected  Papers;  and 
Weber- Biemann's  work  (I.e.). 

1S2.  The  Saperposition  of  Papticular  Solutions  to  Satisfy 

given  Conditions. 

The  following  remarks  will  amplify  what  has  already  been  said 
in  connection  with  this  important  principle. 

The  reader  knows  that  ordinary  and  partial  differential  equa- 
tions differ  in  this  respect :  While  ordinary  differential  eqiuUions 
have  only  a  finite  number  of  independent  particular  integrals^  pa/rtial 
differential  equations  have  an  infinite  number  of  such  integrals. 

To  show  that  a  value  of  F,  in  Laplace's  equation,  can  be  ob- 
tained to  satisfy  Fourier's  integral  (31).  Suppose  that  a  value  of 
V  is  required  in  the  equation 

()ic2  ■*■  ;)y-'  -  ^»    •       •       •       •      (^*) 

such  that  when  y  =  oo,  F  =  0,  and  when  y  =  0,  7  =  f{x).     First 
assume  that 

is  a  solution,  when  a  and  fi  are  constant.     Substitute  in  (34)  and 

divide  by  e*y  +  ^. 

.-.  a2  +  ^2  ^  0, 

if  this  condition  holds,  the  above  value  of  F  is  a  solution  of  (34). 

Hence  F  =  e»y  ±  *«*,  are  solutions  of  (34),  therefore  also  e^e^"  and 

^ay^  —  iax  are  solutions.     Add  and  divide  by  2,  or  subtract  and 

divide  by  2,  §  112,  (3)  and  (4),  thus 

V  —  e^  cos  ax ;  and  F  =  e*^  sinax,  (35) 

are  solutions  of  (34).     Multiply  the  first  by  cos  oA.  and  the  second 

of  (35)  by  sin  aX.    The  results  still  satisfy  (34).    Add,  (22),  page  499, 

and 

e  — ««yco8a(A  -  x) 

*  Freeman's  translation  can  sometimes  be  obtained  from  the  second-hand  book- 
dsellers. 
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satisfies  (34).     Multiply  by  f{X)d\  and  the  resalt  is  still  a  solution 
of  (34) 

e  -  •^'/(A.) .  cos  a(A,  -  x)d)L 
Multiply  by  l/w  and  find  the  limits  when  a  has  different  values 
between  0  and  oo.     Hence 

V  -  -  Maj     «  -  -y/(X)  cos  a(X  -  x)dK  .      (96) 

satisfies  the  required  conditions.     According  as  /{x)  is  an  odd  or 
an  even  function,  the  right-hand  side  of  (36)  reduces  to 


|£da£«  -  •v/(X) 


cos  ax  cos  aX .  (2\  ; 


or  to  -I  da\  e  - '^/(X)  ^n  ax  sin  aX. ,  d\, 

EzAMPLVfi. — (1)  A  l&Tge  iron  plate  w  cm.  thick  and  at  a  nnifonn  temperatnTe 
of  100°  is  suddenly  placed  in  a  bath  at  zero  temperature  for  10  seoonds.  Re- 
quired the  temperature  of  the  middle  of  the  plate  at  the  end  of  10  seconds, 
supposing  that  the  diffusivity  k  of  the  plate  is  0*2  C.G.S.  units,  and  that  the 
surfaces  of  the  plate  are  kept  at  zero  temperature  the  whole  time. 

If  heat  flows  perpendicularly  to  the  two  faces  of  the  plate,  any  plane 
parallel  to  these  faces  will  have  the  same  temperature.  Thus  V  depends  on 
one  space  coordinate,  equation  (1),  §  145,  reduces  to 

The  conditions  to  be  satisfied  by  the  solution  are  that  V  »  100,  when  9  »  0 ; 
V  =  0,  when  a:  =  0  ;   T'  =  0,  when  x  =  ir. 

First,  to  get  particular  solutions.  Assume  F  «  e**  "^  ^  is  a  solution  when 
a  and  3  are  constants.  Substitute  in  (87)  and  divide  by  e^-^^.  Hence 
/3  =  Ko?,  provided  F  =  «"^  +  ^*,  is  a  solution  of  (37).  This  is  true  whatever 
be  the  value  of  a,  hence  V  —  e'^'^^  '\%  also  a  solution  of  (37)  for  all  values  of 

a.     Put  a=i^,  where  1  «  kI'^,    Then  F  =  c  "  "^'^e*'*',  and  7=«  -  *"'*«  "  *'*', 
are  solutions  of  (37). 

.-.  V  =  Jc  -  ''^'«(«»'*'  +  e  -  ''^^  =  tf  -  «'*^  cos  Auc,  .      (38) 

is  a  solution  of  {6t).     Similarly, 

F  =  c  -  »^'«  sin  /u: (89) 

is  a  solution  of  (87),  whatever  be  the  value  of  /i.     By  assigning  particular 
values  to  /i,  we  shall  get  particular  solutions  of  (37).     Cf.  footnote,  p.  306. 

Second,  to  combine  these  particular  solutions  so  as  to  get  a  solution  of  (87) 
to  satisfy  tJie  three  given  conditions,  we  must  observe  that  (89)  is  zero  when 
a;  =  0,  for  all  values  of  ^  and  that  (89)  is  also  zero  when  a;  =  ir  if  fi  is  an 
integral  number.    If,  therefore,  we  put   F  equal  to  a  sum  of  terms  of  the 

form  Ae~  'f*"^  sin  nx,  gay, 

F  =  Oje  ~  *•  sin  x  +  0^  "  ***  sin  2ar  +  flj^  ~  *"*  sin  8a;  -I-  .  .  .,    .      (40) 
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to  n  terms,  this  solution  will  satisfy  the  second  and  third  of  the  above 
conditions,  because  sin  ir  =  0  =  sin  0.    When  0  =  0,  (40)  reduces  to 

F  s  Oj  sin  a;  +  a,  sin  2a;  +  a,  sin  So;  + (41) 

But  for  all  values  of  x  between  0  and  ir,  (11), 

4  ^  • 

1  =  -(sin  a;  +  i  sin  8j;  +  I  sin  5j;  +  .  .  .),  .        .        .       (42) 

if  F  =  100,  we  must  substitute  the  coefficients  of  this  series  multiplied  by 
100,  for  Oj,  a,,  a,,  .  .  •  in  (40),  to  get  a  solution  satisfying  all  the  required 
conditions.    Note  a^a^,  .  .  .,  in  (42),  are  zero.    We  thus  obtain 

400 

r=— (e-'^8ina;  + ie-^*8in3a;+ .  .  .)         .        .       (43) 

This  is  the  solution  required. 

To  introduce  the  numerical  data.  When  a;  =s  Jir,  0  =  10,  k  =  0*2.  Hence 
use  a  table  of  logarithms.  The  result  is  accurate  to  the  tenth  of  a  degree  if 
all  terms  of  the  series  other  than  the  first  be  suppressed.    Hence  use 

y  =  *??tf-«sinjir, 

w 

for  the  numerical  calculation.    Use  Table  XXII.    Ansr.  17*2^  0. 

Byerly  (/.c.)  hoA  a  splendid  collection  of  problems  of  this  nature.  I  have 
arranged  a  set  of  greater  interest  to  the  chemist  at  the  end  of  this  chapter. 

(2)  If  the  plate  is  c  centimetres  instead  of  ir  centimetres  thick,  use  the 
development 


s  -(  Bin  —  +  -sin  —  +  .  .  .  I, 
w\        c       9         c  / 


from  X  =  1  to  X  =s  c, 

(3)  An  infinitely  large  solid  with  one  plane  face  has  a  uniform  tempera- 
ture f(x).  If  the  plane  face  is  kept  at  zero  temperature,  what  is  the  tempera- 
ture of  a  point  in  the  solid  x  feet  from  the  plane  face  at  the  end  of  t  years  ? 

Let  the  origin  of  the  coordinate  axes  be  in  the  plane  face.  We  have  to 
solve  equation  (37)  subject  to  the  conditions 

F  =  0  when  x  =  0 ;  F  =  /{x)  when  t  =  0. 
Proceed  according  to  the  above  methods  for  (38),  (39),  and  (.36).     We  thus 
obtain 

F  =  -T  dof     «"»*^/(A)cosa(A  -  x),dK\ 
'Jo       J  -» 

since  positive  values  of  x  are  wanted  we  can  write 

F  =  -l     da  I    e'"****/(A)8inctc.8inoA.<iA, 
*■  J  0       Jo 
as  above.    Hence  from  (26),  page  499, 


1    /**  /**  4 

V==-l  f{\)d\  /    e~**  '{cos  a(A  -  x)  -  cos  o(A  +  x)}d€t, 
*J  0  Jo 


is  the  required  solution. 

This  last  integration  needs  amplification.    To  illustrate  the  method,  let 

e  ~  "'^•^'^  cos  bx .  dx. 

0 

Ijaplace  (1810)  first  evaluated  the  integral  on  the  right  by  the  following 


"■/ 
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ingenious  device  which  has  been  termed  InteffraUon  hy  dlfRBrmtiAtloii.    Dif- 
ferentiate the  given  equation  and 

— -  =  -  /    xe~  ***'^*  sin  bx .  da:, 
»o         Jo 

provided  b  is  independent  of  x.    Now  integrate  the  right  member  by  parts  in 
the  usual  way  (page  168), 


Integrate,  and 


du  b  du  b   J,, 

db  2a^  u  2a* 

log  ti  =  -  j-j  +  C;  or  u^  Ce  ~  ia* 


J  0 


6« 


To  evaluate  C,  put  6  ;=  0,  whence 

as  in  (12),  page  191.    Therefore 

e "***■** cos 6aj. die  =  ^r— «  ~  4«^ 

2a 

Returning,  after  this  digression,  to  the  original  problem,  it  follows  that 
if  we  write  for  brevity  /B  =  (\  -  a?)/2  s^icf, 

y  =  7^{j^  _x_«  "  "'/(SiBx^Ki  +  x)diB  -  r  _^_  e  -  fi''f{2$sf7t  -  x)dift|.* 
If  the  initial  temperature  is  constant,  say  =»  Vq, 

from  (4),  page  185,  and  page  368. 

For  numerical  computation  it  is  necessary  to  expand  the  last  integral  in 
series  as  described  on  page  270.    Therefore 

y^2Vo(_X__  X'^^  I 

s!ir  12 s^Kt  S.{2\Utf  *  ■  7' 
If  100  million  years  ago  the  earth  was  a  molten  mass  at  7,000  F.,  and, 
ever  since,  the  surface  had  been  kept  at  a  constant  temperature  0°  F.,  what 
would  be  the  temperature  one  mile  below  the  surface  at  the  present  time, 
taking  Lord  Kelvin's  value* =400?  Ansr.  104°  F.  (nearly).  Hints.  Fo= 7,000; 
X  ^  5,280  f  t. ;  /  =  100,000,000  years. 

Y   -      -^^    -  -    U  104 
V2  X  20  X  10,000/ 

Lord  Kelvin,  "On  the  Secular  Cooling  of  the  Earth"  (Thomson  and  Tait's 
Treatise  on  Natural  Philosophy,  1,  711,  1867),  has  compared  the  observed 
values  of  the  undeiground  temperature  increments,  d  F/dx,  with  those  deduced 
by  assigning  the  most  probable  values  to  the  terms  in  the  above  expressions. 
The  close  agreement  (Calculated :  i°  increment  per  ^  ft.  descent.    Observed  : 


,,  ^  2  X  7,000/  5280 

x^3^i416 


*  Note,  oo  +  a  finite  quantity  =:  x .    It  is  not  ditticult  to  show  either  by  graphic 
construction  or  by  integration  that 

/  (t  -  x)t.dt=::j       z(2  +  x)d2 ;j  (t -\- x)t . dt  =  l        2(2  -  x)dz. 
J  a  J  tt-x  J  a  J  a  +  x 
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1°  increment  per  ^  ft.  descent)  leads  him  to  the  belief  that  the  data  are 
nearly  correct.  He  extends  the  calculation  in  an  obvious  way  and  concludes : 
"  I  think  we  may  with  much  probability  say  that  the  consolidation  cannot 
have  taken  place  less  than  20,000,000  years  ago,  or  we  should  have  more 
underground  heat  than  we  really  have,  nor  more  than  400,000,000  years  ago, 
or  we  should  not  have  so  much  as  the  least  observed  underground  increment 
of  temperature  ".     Vide  Heaviside's  Electromagnetic  Tlieory^  2, 12,  1899. 


§  ISS.  Fourier's  Linear  Diffusion  Law. 

Let  AB  be  any  plane  surface  in  a  metal  rod  of  unit  sectional  area 
(Fig.  121).  Let  this  surface,  at  any  instant  of  time,  have  a  uni- 
form temperature  (equithermal  surface),  and  let  the  temperature 
on  the  left  side  of  the  plane  AB  be  higher  than  that  on  the  right. 
In  consequence,  heat  will  flow  from  the  hot  to  the  cold  side,  in 
the  direction  of  the  arrow,  across  the  surface  AB. 

Fourier  assumes, 

1.  The  direction  of  the  flow  is  perpendicular  to  the  surface  AB; 

2.  The  rate  of  flow  of  heat  across  any  given  surface,  is  pro- 
portional to  the  di£ference  of  temperature  on  the  two  sides  of  the 
plate. 

Now  let  the  rate  of  flow  be  uniform,  the  temperature  of  the 
plane  AB,  0,     The  rate  of  rise  of  temperature  at  any  point  in  the 

plane  AB,  is  ddjds  (this  ratio 
measures  the  so-called  tem- 
perature gradient).  The 
amount  of  heat  which  flows, 
per  second,  from  the  hot  to 
the  cooler  end  of  the  rod,  is 
-  c.dO/dSy  where  c  is  a  con- 
stant denoting  the  heat  that 
flows,   per   second,   through 


s 


B 


D 

Fig.  121. 
unit  area,  when  the  temperature  gradient  is  unity.     (Why  the 
negative  sign?) 

Consider  now  the  value  of  -  c .  dO/ds  at  another  point  in  the 
plane  CD,  distant  S  s  from  AB ;  this  distance  is  to  be  taken  so  small, 
that  the  temperature  gradient  may  be  taken  as  constant.      The 

d6 
temperature  at  the  point  5  -h  Ss,  will  be  (tf  -  jSs),  since -dO/ds  is 

the  rate  of  rise  of  temperature  along  the  bar,  and  this,  multiplied 
by  &8,  denotes  the  rise  of  temperature  as  heat  passes  from  the 
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(44) 


point  s  to  5  +  ^.  Hence  the  amount  of  heat  flowing  through  the 
small  section  ABCD  will  be 

will  denote  the  difference  between  the  amount  of  heat  which  flows 
in  at  one  face  and  out  at  the  other.  This  expression,  therefore, 
denotes  the  amount  of  heat  which  is  added  to  the  space  ABCD 
every  second.  If  o-  denotes  the  thermal  capacity  of  unit  volume, 
the  thermal  capacity  of  the  portion  ABCD  is  (1  x  Ss)a:      Hence 

the  rate  of  rise  of  temperature  is  o-jj^-     Therefore, 

(m.       do. 

Put  cjo-  =  K ;  this  equation  may  then  be  written, 

^^l   do 

ds^  ^  k' dt* 
where  k  is  the  difFusivity  of  the  substance.* 

Equation  (44)  represents  Fourier's  law  of  diffusion.  It  covers 
all  possible  cases  of  diffusion  where  the  substances  concerned  are 
in  the  saipe  condition  at  all  points  in  any  plane  parallel  to  a  given 
plane.     It  is  written 

Lord  Kelvin  calls  V  the  quality  of  the  substance  at  the  time  t, 
at  a  distance  x  from  a  fixed  plane  of  reference.  The  differential 
equation  (45),  therefore,  shows  that  the  rate  of  increase  of  quality 
per  unit  time,  is  equal  to  the  product  of  the  difFusivity  and  the 
rate  of  increase  of  quality  per  unit  of  space  of  quality.  The  quality 
depends  on  the  subject  of  the  diffusion.  For  example,  it  may 
denote  one  of  the  three  components  of  the  velocity  of  the  motion 
of  a  viscous  fluid,  the  density  or  strength  of  an  electric  current  per 
unit  area  perpendicular  to  the  direction  of  flow,  temperature,  the 
potential  at  any  point  in  an  isolated  conductor,  or  the  quantity  of 
salt  diffusing  in  a  given  solution. 

Ohm's  law  is  but  a  special  case  of  Fourier's  linear  difiusion 
law.  Fick's  law  of  diffusion  is  another.  The  transmission  of 
telephonic  messages  through  a  cable  and  indeed  any  phenomenon 
of  linear  propagation  is  included  in  this  law  of  Fourier. 


*  This  equation  is  obtained  from  (1 ),  §  145,  by  remembering  that  we  are  dealing 
only  with  linear  flow,  in  one  direction  ;  the  y  and  z  terms  do  not,  therefore,  come  in  at 
all.    (44)  is  a  special  case  of  that  more  general  equation. 
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Examples. — (1)  Show  by  actual  differentiation  that  (45)  is  satisfied  by 
V=  e-'^sin(0t  -  cur),  where  a,  jS  are  two  constants  such  that  /3/2a'  =  k.  ^int, 
first  show  that  9»F/3x«  =  e-«*2a^s(/S^  -  aa;),  then  that 

•  dVfdt  =  e-**$ooB($t  -  ax),  etc, 

(2)  Show  that  (45)  is  satisfied  by  making 

F=  tf-*'2a'co8(iB/  -  ax), 
or   V=  Aq  +  AjC  -  «i*8in(i5i^  -  a^x  +  €,)  +  A^-  «t«sin(i8,/  -  a^  +  •  J  +  .  .  ., 
where  Aq,  ^„  .  .  .,«!«<««  •  •  •<  ftre  constants.    See  page  850. 

(8)  Deduce  Fick's  law  of  diffusion,  similar  in  form  to  (45),  for  a  salt  solu- 
tion in  a  vertical  vessel  of  uniform  sectional  area,  the  solution  being  more 
concentrated  in  the  lower  part  of  the  vessel.  Assume  (1)  the  rate  of  diffusion 
(quantity  of  salt  passing  through  unit  sectional  area  in  unit  time)  is  pro- 
portional to  the  difference  in  the  concentration  on  each  side  of  a  given 
horizontal  plane,  (2)  the  substance  diffuses  in  a  vertical  direction.  Hint, 
follow  the  discussion  preceding  (44),  and  make  the  proper  changes. 

If  V  denotes  the  concentration  of  the  solution  in  any  plane  x,  at  any  time 
t,  Fick*s  law  is  written, 

where  «c  depends  on  the  nature  of  the  diffusing  substance. 

§  164.  The  Solution  of  Fick'8  Equation  in  terms  of  a 

Foupiep'8  Series. 

The  experimental  basis  of  the  followiDg  disoussion  will  be 
found  in  a  memoir  by  Simmler  and  Wild  in  Poggendorff's  Annalen 
for  1857  (100,  217,  1857) :  Fill  a  small  cylindrical  tube  of  unit 
sectional  area,  and  height  x,  with  a  solution  of  salt.  Let  the  tube 
and  contents  be  submerged  in  a  vessel  containing  a  great  quantity 
of  water  so  that  the  open  end  of  the  cylindrical  vessel,  containing 
the  salt  solution,  dips  just  beneath  the  surface  of  the  water.  Salt 
solution  passes  out  of  the  diffusion  vessel  and  sinks  towards  the 
bottom  of  the  larger  vessel.  The  upper  brim  of  the  didusion 
vessel,  therefore,  is  assumed  to  be  always  in  contact  with  pure 
water.  Let  h  denote  the  height  of  the  liquid  in  the  diffusion  tube, 
reckoned  from  the  bottom. 

(i,)  To  find  the  concentration  (F)  of  the  dissolved  substance  m 
different  parts  (x)  of  the  diffusion  vessel  after  the  elapse  of  any 
stated  interval  of  time  (t). 

This  is  equivalent  to  finding  a  solution  of  Fick's  equation,  (46), 
of  the  preceding  section,  which  will  satisfy  the  conditions  under 
which  the  experiment  is  conducted.  These  so-called  **  limitinrj 
conditions  "  are  : — 
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When  a?  =  /t,  F=0;        .  .         .         (1) 

when  a?  =  0, 7>Vfdx  =  0 ;  .  .         (2) 

when  i  =  0,  F  =  Fo (3) 

The  reader  mast  be  quite  clear  about  this  before  going  any  further. 
What  do  F,  x  and  t  mean  ?  Vq  evidently  represents  the  6onden- 
tration  of  the  solution  at  the  beginning  of  the  experiment ;  at  the 
top  of  the  diffusion  vessel,  obviously  x  ^  h,  and  F  is  zero,  becatise 
there  the  water  is  pure ;  the  seoond  condition  means  that  at  the 
bottom  of  the  diffusion  vessel,  the  concentration  may  be  assumed 
to  be  constant  during  the  experiment. 

First,  deduce  particular  solutions  exactly  as  in  the  first  example 
of  the  preceding  section.     Thus 

F=  o^-'^'^cos/Lur,  .         .         .         (4) 

and  V  =  be-'*^\infjLX,  .         ...         (5) 

are  particular  solutions,    a  and  b  simply  denote  arbitrary  constants. 

Differentiate  (4)  and  we  get 

'dV/'dx  =  -  afi£-'t^\mfjLX, 
Now  when  a?  =  0,  suifxx  vanishes,  therefore,  when  x  —  0,  condi- 
tion (2)  is  satisfied.     But,  in  order  that  (4)  mayl^tisfy  the  first 
condition,  we  must  have 

cos  /x/i  =  0,  when  x  —  h. 

But  cos  \ir  =  cos  f  tr  =   .    .   .   =  COS  J(2n  -  l)ir  =  0, 

where  tt  =  180**  and  n  is  any  integer  from  1  to  oo.  Hence,  we 
must  have 

_    tr  37r        6tr  (2»  -  l)7r 

^  "■  2%'      W      2h*  '  '  "        2h       ' 

in  order  that  cos  fxh  may  vanish. 

Substitute  these  values  of  /a  successively  in  (4)  and  add  the 
results  together,  we  thus  obtain 

F=  a^e   ^2A/     Qog       ^  ^^   \2A/     cos  2^  +  ...  to  mf.,    (6) 

which  satisfies  two  of  the  required  conditions,  namely  (1)  and  (2). 

We  must  now  determine  the  coefficients  a^,  ag,  .  .  .  in^(6)^  in 
order  that  the  third  condition  may  be  satisfied  by  the  particular 
solution  (4),  or  rather  (6).  This  is  done  by  allowing  for  the  initial 
conditions,  when  f  =  0,  in  the  usual  way.  When  i  =  0,  F  =  Fq. 
Therefore,  from  (6), 

ttX  SttX 

Vq  =  ai  cos  2^  +  ag  cos  27^  +  .  .  .,       .         .       (7) 
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is  trae  for  all  values  of  x  between  0  and  h.    Hence,  as  on  page  322^ 
2F,f»      irx,  27,f»      Zjrx,  4Fo 

"»  '  IT],^^'  *«  =  irJo°°' IT^*:  .  .  •*.  =  (2„  +  1),- 

These  results  have  been  obtained  by  equating  each  term  of  (7)  to 
zero,  and  integrating  between  the  limits  0  and  h. 

Substituting  these  values  of  a^,  a^,  .  .  .  in  (6),  we  get  a  solu- 
tion satisfying  the  limiting  conditions  of  the  experiment.  If  desired, 
we  can  write  the  resulting  series  in  the  compact  form, 

4J^^-  =  «      11       -(--,)«.        2«-l 


TT 


y^-z'^L  o;r-l^    '    ^*        '       COS^rr-^X,  (8) 


2h 


where  the  summation  sign  between  the  limits  n  =  oo  and  n  —  1 
means  that  n  is  to  be  given  every  positive  integral  value  1,  2,  3.  .  .  • 
to  infinity,  and  all  the  results  added  together. 

Example. — If  we  reckon  h  from  the  top  of  the  diffusion  vessel,  show  that 
we  mast  use  (5)  exactly  as  we  have  just  employed  (4).  In  this  case  *'  cos " 
(8)  becomes  "  sin  ". 

Note. — If  the  limits  in  (8)  are  o  and  oo ,  write  "  2n  +  1 "  for  **  2n  -  1 ". 

(ii.)  To  find  the  quantity  of  salt  {Q)  which  diffuses  through  any 

horizontal  section  in  a  given  time  (T). 

Differentiate  (6)  with  respect  to  x,  multiply  the  result  through 

^F 
with  Kdt,  so  as  to  obtain  -  '^>~^^-     ^^  ^  represents  tbe  height  of 

DF 
any  horizontal  section,  -  Kq^dty  will  represent  the  quantity  of 

salt  which  passes  through  this  horizontal  plane  in  the  time  dt, 
q  represents  the  area  of  that  section  (example  (3),  page  374). 
Let  g  =  1. 

•'•  ^  =  -  '^Jo'^^*  =  mv''      «^^  2S  +  •  •  -r^ 

Integrate  between  the  limits  0  and  T.  The  result  represents  the 
quantity  of  salt  which  passes  through  any  horizontal  plane  {x)  of 
the  diffusion  vessel  in  the  time  T,  or, 

(iil)  To  find  the  quantity  of  salt  {Q^  which  ^passes  from  the 
diffusion  vessel  in  any  given  tim£  (T). 

Substitute  h  ^  x  in  (9).  The  sine  of  each  of  the  angles 
iw,  |w,   .  .  .,  ^(2n  -  1),  is  equal  to  unity.     Therefore, 

«, .  %,{i  -  .-&•-)  -  s„,(i  -  ,-©"-)  ....}.  ,10) 
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(iv.)  To  find  the  value  of  k,  the  coefficient  of  diffusion, 
SiDce  the  members  of  series  (10)  converge  very  rapidly,  we 
may  neglect  the  higher  terms  of  the  series.  Arrange  the  experi- 
ment so  that  measurements  are  made  when  x  ^  h,  ^h,  \hy  .  .  ., 
in  this  way,  sin7ra;/2/t,  ...  in  (9)  become  equal  to  unity.  We 
thus  get  a  series  resembling  (10).  Substitute  for  the  coefficient 
and  we  obtain,  by  a  suitable  transposition  of  terms, 

2ha^      y-      *        J'  "      Ti,^ '°8 \2fea,      '■J 


(v.)  To  find  the  quantity  of  salt  (Qg)  u^hich  remains  in  the 
diffusion  vessel  after  the  elapse  of  a  given  time  (T). 

The  quantity  of  salt  in  the  solution  at  the  beginning  of  the 

experiment  may  be  represented  by  the  symbol  Qq.     Qq  may  be 

determined  by  putting  <  —  0  in  (9)  and  eliminating  sin  irxl2h,  .  .  . 

as  indicated  in  (iv.). 

2h/  \ 

Vo  =  ~\(^i  -  ^^2  +  .  .  . j ; 

and  (?2  =  Qo  -  Oi ' 


(12) 


(vi.)  To  findi  the  concentration  of  the  dissolved  substance  in 
different  parts  of  the  diffusion  vessel  when  the  stationary  state  is 
reached. 

After  the  elapse  of  a  sufficient  length  of  time,  a  state  of  equili- 
brium is  reached  and  the  concentration  of  the  substance  in  di£ferent 
parts  of  the  vessel  remains  stationary.     In  this  case, 

Integrate  the  latter,  we  get 

V  ^ax^-h (13) 

where  a  and  h  are  constants  to  be  determined  from  the  experi- 
mental data,  as  described  in  §  106.  See  Ostwald's  Solutions^ 
Chapter  vi.  (Longmans,  Green  &  Co.,  1891),  for  experimental  work. 
The  chief  difficulty  in  the  application  of  Fourier's  theorem  to 
diffusion  experiments  is  to  make  the  series  satisfy  the  limiting 
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conditions.  The  following  examples  will  serve  to  show  how 
Fourier's  series  is  to  be  employed  in  practical  work.  For  the 
experimental  details,  the  original  memoirs  must  be  consulted. 

ExAMPLBS. — It  will  be  found  convenient  to  refer  to  the  following  alter- 
native way  of  writing  Fourier's  series: 

true  for  any  value  of  x  between  0  and  c  (see  pages  865  and  866). 

(1)  Find  an  expression  equal  to  v  when  x  lies  between  0  and  a,  and  equal 
to  zero,  when  x  lies  between  a  and  b.    Here  f(K)  =  r,  from  A.  =  0  to  X  —  a,  and 

/(A)  =  0,  from  A  =  atoA  =  6;c  =  6;  co8!^/(a)  .  d\,  becomes  v  /'"cos!i^<iA, 

c  J  0  ^ 

or,  —  sin  ^^.     Hence  the  required  expression  is, 

M  \       va      2v/  .    wa         tx      ,    .    2ira         2ira:  \ 

m  -  -^H-  -(sin-^.oos^  +  Jgmf^.cos-^  +...). 

when  X  =  a,  this  expression  reduces  to  }t\ 

(2)  Fick*8  diffusion  experiments  (Pogg,  Ann.,  M,  69,  1866 ;  translated  in 
the  Phil  Mag.,  July,  1866).  When  deducing  Fick's  equation,  if  the  area  of 
the  diffusion  vessel  is  some  function  of  its  height  x,  show  that  Fiok's  equation 
assumes  the  form 

^^-"W^r^'-dx}      •    •    •    ^^^^ 

where  q  denotes  the  area  of  the  diffusion  vessel  at  a  distance  x  in  the  direction 
of  the  diffusion. 

Before  this  formula  can  be  of  any  practical  use,  the  equation  to  the  curve 
described  by  the  walls  of  the  vessel  must  be  known.  For  a  conical  vessel, 
q  =s  vm^x^,  where  the  apex  of  the  cone  is  at  the  origin  of  the  coordinate  axes, 
in  is  the  tangent  of  half  the  angle  included  between  the  two  slant  sides  of  the 
vessel.  Fick  has  made  a  series  of  crude  experiments  on  the  steady  state  in  a 
conical  vessel  with  a  circular  base  (funnel-shaped).     Hence  show  that. 

The  integration  constants  C^  and  C,  are  to  be  evaluated  by  meanft  of  the 
experimental  data,  §  106. 

(8)  QrahanCs  diffusion  experiments  (Phil.  Trans.,  151, 188, 1861).  A  cylin- 
drical vessel  162  mm.  high,  and  87  mm.  in  diameter,  contained  0*7  litre  of 
water.  Below  this  was  placed  0  1  litre  of  a  salt  solution.  The  fluid  column 
was  then  127  mm.  high.  After  the  elapse  of  a  certain  time,  successive  portions 
of  100  cc,  or  I  of  the  total  volume  of  the  fluid,  were  removed  and  the  quantity 
of  salt  determined  in  each  layer. 

The  limiting  conditions  are :  At  the  end  of  a  certain  time  /,  f or  x  ==  0  and 
X  =  H,  dVjdx  =  0.  (Why?)  Note  that  x  is  here  reckoned  from  the  top  of 
tlie  liquid.  H  denotes  the  total  height  of  the  liquid  column.  Let  h  denote 
the  height  of  the  salt  solution  at  the  beginning  of  the  experiment,  Fq  its  con- 
centration, .-.  h^^H;  /(A),  in  (14),  =  T'o  from  j  =  0  to  x  =  /i  and  /(A)  =  F«  0, 
from  X  =  /i  to  X  =  if ,  when  ^  =  0. 
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To  adapt  these  results  to  Fourier's  solution  of  Fick*B  equation,  first  show 
that 

F=s  (a  COS  fuc  +  6  sin /ix)*"''*"^  ....  (17) 
is  a  particular  integral  of  Fick's  equation,  a,  6,  are  constants  to  he  determined 
from  the  conditions  of  the  experiment.  Differentiate  (17)  with  respect  to  x 
and  we  get 

^7/^J;  =  (- fiasin/ur  +  ^6oos/*a;)«"'*'*'.  .  (18) 

In  the  layer  x  ^s  0,  dV/dx  »  0,  whatever  the  value  of  t,  because  no  salt 
goes  out  from  and  no  salt  enters  the  solution  at  this  point.  The  concentra- 
tion V  must  at  all  times  satisfy  Fick's  elementary  law,  at  all  points  between 
a;  a  0  and  x  =  H,     When  x  =^0,  cos  x  =  1,  but  sin  :e  =  0,  therefore,  from  (18), 

asin^tx  -  boos  fix  ^  0, 
b  jnust  be  zero,  and,  since  sin  v  =  0,  |i  must  be  so  chosen  that 

fiH  =  nw ;  or,  |i  =  fvrlHy 
where  n  has  any  value  0,  1,  2,  3,  .  .  . 

Add  up  all  these  particular  integrals  for  the  general  equation 


.nscB 


mrx 


F=2       Oncos'-!^^ -».«»«««/««.  .        .      (19) 

where  the  constant  a  has  still  to  be  determined  from  the  initial  conditions. 
For  t  =  0, 

7  «  V       a„co8(  '^  )  =  Vt  'rom  x  «  0,  to  x  =  /i ; 

V  =  2""*«»co8/^"f,■^^  =  0,  from  x  =  h,tox  =  H. 
»«  =  o  \  ■"  / 

Since /(A)  =  Vo.  in  (1*).  ^^en  n  =  0, 
In  the  same  way  it  can  be  shown  that 

2Ko    1    ,    mrfc 


IT     n         H 


Taking  all  these  conditions  into  account,  the  general  solution  appears  in  the 
form, 

±1  ir  n  =  in  ±i  11  ^       ' 

which  is  a  standard  equation  for  this  kind  of  work.  In  Graham's  experi- 
ments, h  =s  \U.  Hence  the  concentration  V  in  any  plane  x  of  the  diffusion 
vessel,  is  obtained  from  the  infinite  series : 

K=:^»  +  2Iov"=-l  sin ^.oob!^. «-««»».«///«.   .        .      (21) 
8         ir      n  =  i  n         8  H 

As  indicated  in  Chapter  V.,  an  infinite  series  is  practically  useful  only 
when  the  series  converges  rapidly,  and  the  higher  terms  have  so  small  an 
influence  on  the  result  that  all  but  the  first  terms  may  be  neglected.  This  is 
often  effected  by  measuring  the  concentration  at  different  levels  x,  so  related 
to  H  that  cos(nvj;/ff)  reduces  to  unity;  also  by  making  t  very  great,  the  second 
and  higher  terms  become  vanishingly  small.    See  Weber's  experiments  below. 
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The  quantity  of  salt  Qr  in  the  rth  layer,  is  given  by  the  integral  of  Vdx^ 
between  the  limits  x  =  |(r  -  1)H  and  x  =»  |r£f,  or, 

Qr^Y^fi  +  ?L2V'=-1  .8in^.sin^.cosi?lJli)!55,-n2.a«<//l«^     (22) 
^  8    VS       ir"^«  =  in«  8  16  16        ^  /*    *"' 

where  ^VqH  multiplied  by  the  cross  section  of  the  vessel  (here  supposed  unity) 

denotes  the  quantity  of  salt  present  in  the  diffusion  vessel. 

Unfortunately,  a  large  number  of  Graham^s  experiments  are  not  adapted 
for  numerical  discussion,  because  the  shape  of  his  diffusion  vessels,  even  if 
known,  would  give  very  awkward  equations.  A  simple  modification  in  ex- 
perimental details,  will  often  save  an  enormous  amount  of  labour  in  the 
mathematical  work. 

(4)  Stefan's  diffusion  experiments  (Wien.-Akad.  Ber,^  79,  ii.,  161, 1879).  If 
Q^  denotes  the  quantity  of  salt  present  in  the  diffusion  vessel  of  Graham,  when 
t  is  very  great,  show,  preceding  example,  that 

Oi  +  Q4  +  05  +  Q8  =  J?^o^  =  Wo»      •       .  (28) 

where  q  denotes  the  area  of  a  cross  section  of  the  vessel. 

When  deducing  (23)  from  (22),  it  is  most  instructive  to  compile  a  table  of 
values  of  the  factor  cos(2r  -  l)nir/16,  for  values  of  r  from  r  =:  1  to  r  s  8,  and 
from  n  ~  1  to  n  ~  4.  Then  show  that  for  n  =  1,  2,  S,  the  sums,  for  values  of 
r  =  1,  4,  5,  d,  mutually  cancel  each  other,  and  that  the  value  of  t  in  the  higher 
terms  makes  them  negligibly  small.    Here  is  the  table  : 


r 
r 
r 
r 

T 

r 
r 
r 


1 
2 
8 
4 
5 
6 
7 
8 


+  cos  ^w 
+  cos^ 
+  cos^ 
+  cos  /uir 
-  cos  tV"- 

-  cos  ^T 

-  cos  fV 

-  cos  iV* 


+  008  Jir 
+  cos  fir 

-  cos  fir 

-  cosJ^ 

-  cos^ir 

-  cosfir 
+  cos  fir 
+  oos^ 


+  COStV 

-  cos  ^jfV 

-  COS,lj» 

-  cos^^rir 
+  cos  ,»yir 

+  cosTiyir 
+  cos  T-Vr 

-  cos^W 


+  cos^ir 

-  cos^«> 

-  cos^v 
+  cos  Iw 
+  cos^ 

-  cos^ir 

-  oos^ir 
+  cos^ir 


Equation  (28)  has  been  verified  by  Stefan.  He  made  Qq  =  lOgrms.  of 
salt.  The  successive  layers,  from  r  =  1,  to  r  =  8,  contained,  after  7  days, 
8-294,  2-844,  1-907,  1-100,  0-529,  0215,  0-079  and  0-080  grms.  of  salt.  The  ex- 
perimental details  were  similar  to  those  of  Graham  already  described.  Show 
that  theory  requires  iQ^  =  5,  and  that  the  above  numbers  furnish  iQ^  =  4*963 
— a  very  good  agreement. 

(5)  Weber's  diffusion  experitnents  {Wied.  Ann,,  7,  469,  636,  1879).  A  con- 
•centrated  solution  of  zinc  sulphate  (0*25  to  0*35  grm.  per  c.c.  of  solution)  was 
placed  in  a  cylindrical  vessel  on  the  bottom  of  which  was  fixed  a  round  smooth 
amalgamated  zinc  disc  (about  11  cm.  diam.).  A  more  dilute  solution  (0*15  to 
0*20  grm.  per  c.c.)  was  poured  over  the  concentrated  solution,  and  another 
amalgamated  zinc  plate  was  placed  just  beneath  the  surface  of  the  upper 
layer  of  liquid.  It  is  known  that  if  F|,  V,  denote  the  respective  concentra- 
tions of  the  lower  and  upper  layers  of  liquid,  the  difference  of  potential  E,  due 
to  these  differences  of  concentrations,  is  given  by  the  expression 

E  =  A(\\  -  V,){1  +  B(V^  +  V,)},         .        .        .       (24) 
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where  A  and  B  are  known  constants,  B  being  very  small  in  comparison  with 
A,  This  diSerenoe  of  potential  or  electromotive  foroe,  can  be  employed  to 
determine  the  difference  in  the  concentrations  of  the  two  solutions  about  the 
zinc  electrodes. 

To  adapt  these  conditions  to  Pick's  equation,  let  hy  be  the  height  of  the 
lower,  h^  of  the  upper  solution,  therefore,  hy  +  h^=  H.  The  limiting  con- 
ditions to  be  satisfied  for  all  values  of  ^,  are  'dVfdx  =  0,  when  x  =»  0,  and 
3  Vj'dx  =  0,  when  x  ^  H.  The  initial  conditions  when  ^  =  0,  are  V  =  Tj,  for 
all  values  of  x  between  x  =  ^  and  x  ^  H,  From  this  proceed  exactly  as  in 
example  (8),  and  show  that 

and  the  general  solution 

M  ft  n=i  n         H  H 

This  equation  only  applies  to  the  variable  concentrations  of  the  boundary 
layers  x  =^0  and  x  =  H.  It  is  necessary  to  adapt  it  to  equation  (24).  Let 
the  layers  x  »  0  and  x  ^  H,  have  the  variable  concentrations  V  and  V" 
respectively. 


-n  IT  ^^         if  ii  J 


IT  (^  il  jCi  J 


4ira 


r.,+  r  =  iYA±^  -  *iLL^{  J  sin  ?^"  fi-    +  J.  etc.  . .  A. 

In  actual  work,  H  was  made  very  small.  After  the  lapse  of  one  day 
(/  =  !),  the  terms  }  sin  4ir/ii/H,  etc.,  and  I  sin  bwhJH,  etc.,  were  less  than  ^i^. 
Hence  all  terms  beyond  these  are  outside  the  range  of  experiment,  and  may, 
therefore,  be  neglected.  Now  h  was  made  as  nearly  as  possible  equal  to  ^if, 
in  order  that  the  term  |  sinSx/^i/H,  etc.,  might  vanish.     Hence, 

7"  -  F  =  ^(^a  ~  ^i)  sin  '  p-  n^Ktim . 

H  IT  8^  • 

Now  substitute  these  values  of  V"  -  F  and  V"  +  F'  in  (24),  observing  that 
ir,  Vsi  ^v  ^7  ^>  sin  ir/d,  sin  2ir/8  and  H,  are  all  constants.  The  difference  of 
potential  JE7,  between  the  two  electrodes,  due  to  the  difference  of  concentration 
between  the  two  boundary  layers  V  and  V'\  is 

E^Aye-'^'^^lB^- B,e-^^^''^l^\  .        .      (26) 

where  A^  and  By  are  constant.  Since  B  is  very  small  in  comparison  with  A^ 
the  expression  reduces  to 

E=^Aye-''*''^'^\ (27) 

in  a  very  short  time. 
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This  equation  was  used  by  Weber  for  testing  the  accuracy  of  Pick's  law. 
The  values  of  the  constant,  A/H^,  after  the  elapse  of  4,  5,  6,  7,  8,  9, 10  days 
were  respectively  -2082,  -2066,  -2046.  -2027,  -2027,  -2049,  -2049.  A  very  satisfac- 
tory result. 

(6)  A  gas  A,  obeying  Dalton's  law  of  partial  pressures,  diffuses  into  an- 
other gas,  show  that  the  partial  pressure  p^  of  the  gas  ^,  at  a  distance  a-,  in 
the  time  i^  is 

dt         3x2 (28) 

(7)  Lo3chmidt*8  diffusion  experiments  (Wien.-Akad.  Ber,,  61,  367,  1870; 
82,  468,  1870).  Loschmidt  arranged  two  cylindrical  tubes  vertically,  so  that 
communication  could  be  established  between  them  by  a  sliding  metal  plate. 
Each  tube  was  48-76  cm.  high  and  2-6  cm.  in  diameter  and  closed  at  one  end. 
The  two  tubes  were  then  ^led  with  different  gases  and  placed  in  communica- 
tion for  a  certain  time  t.    The  mixture  in  each  tube  was  then  analysed. 

Let  a  =  97-5  cm.  It  is  required  to  solve  equation  (28)  so  that  when  «  =  0, 
Pi  =  p^,  from  ir  =  a  to  X  =  Ja ;  Pi  =  0,  from  x  =  Ja  to  x  =«  « ;  dpifdx  =  0,  when 
a:  =  0  and  X  =  a,  for  all  values  of  L  Note,  p^  denotes  the  original  pressure  of 
the  gas.     Hence  show  that 

i'l  =  -2  +  ^^  ^    n  *^°  2  °®*  ~r^  ~  n^n%ctla\  ^  (29) 

The  quantity  of  gas  contained  in  the  upper  and  lower  tubes,  after  the  elapse 
of  the  time  t^  is,  respectively, 

ra/2  ro 

Q'  =  qj^  Pi-dx;  Q"  =  9J^^2«/2pi.  dx,.         .  (30) 

.vhere  q  is  the  sectional  area  of  the  tube.     Hence  show  that 

from  which  the  constant  k  can  be  determined.     If  the  time  is  sufficiently  long, 

where  D  and  8  respectively  denote  the  sum  and  difference  of  the  quantity  of 
gas  contained  in  the  two  vessels.  Loschmidt  measured  A  8^  t,  and  a,  and 
found  that  the  agreement  between  observed  and  calculated  results  was  very 
close. 

(8)  The  velocity  of  the  solution  of  solids  is  a  special  case  of  diffusion.  The 
layer  of  liquid  in  immediate  contact  with  the  solid  is  to  be  regarded  as  a 
saturated  solution,  the  rate  of  solution  thus  depends  upon  the  rate  of  the 
diffusion  of  the  salt  from  the  saturated  solution  to  the  adjoining  layers  of 
solvent.  This  problem  can  be  attacked  by  the  above  method.  For  experi- 
mental work  based  upon  the  relation 

dx        ^  1  g 

Jf  =  qG{Q  -  x) ;  OP.  7  log  Q  ^  X  ~  °o°**^**^^        •        •      (32) 

(see  Noyes  and  Whitney,  Zeitschrift  filr  physikalische  Chemie,  23,  689,  1897  ; 
Bruner  and  ToUoczko,  ibid.,  35,  283,  1900) ;  in  this  formula  Q  denotes  the 
quantity  of  salt  contained  in  a  saturated  solution,  x  the  amount  dissolved  in 
the  time  t,  q  the  area  of  the  dissolving  surface,  C  the  velocity  constant. 
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PART  III. 

USEFUL  RESULTS  FROM  ALGEBRA  AND 

TRIGNOMETRY. 

CHAPTEE  IX. 

HOW  TO  SOLVE  NUMERICAL  EQUATIONS. 

§  188.  Some  General  Properties  of  the  Roots  of  Equations. 

The  solution  of  algebraic  and  transcendental  equations  is  an  im- 
portant branch  of  practical  mathematics.  The  object  of  solving 
these  equations  is  to  find  what  value  or  values  of  the  unknown 
will  satisfy  the  equation,  or  will  make  one  side  of  the  equation 
equal  to  the  other.  Such  values  of  the  unknown  are  called  roots 
or  solutions  of  the  equation. 

General  methods  for  the  solution  of  algebraic  equations  of  the 
first,  second  and  third  degree  are  treated  in  regular  algebraic  text- 
books; it  is,  therefore,  unnecessary  to  give  more  than  a  brief 
rdstmi^  of  their  more  salient  features. 

B.  N.  Abel  and  Wantzel  have  brought  forward  demonstrations 
with  the  object  of  proving  that  general  methods  for  the  solution 
of  equations  of  a  higher  degree  than  the  fourth  are  impossible. 
M'Ginnis  has  recently  published  a  method  which  he  claims  can  be 
employed  for  equations  as  high  as  the  twelfth  degree. 

Equations  of  higher  degree  than  the  fourth  are  comparatively 
rare  in  practical  work.*  Indeed  we  nearly  always  resort  to  the 
approximation  methods  for  finding  the  roots  of  the  numerical 
equations  found  in  practical  calculations. 


*  otherwise  I  should  take  advantage  of  the  generosity  of  Professor  M'Giunis,  and 
summarise  his  methods.  They  will,  however,  be  found  in  The  Universal  SUution^  1900 
(Swan,  Sonnenschein  &  Go. ). 

BB 
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The  reader  must  distinguish  between  Identical  equations  like 

(ar  +  1)«  =  a:r«  +  2ir  +  1, 
which  are  true  for  all  values  of  z,  and  conditional  equations  like 

x«  +  2jr  +  1  =  0, 
which  are  only  true  when  x  has  some  particular  value  or  values.    In  this  case, 
tor  X  =  -  1. 

An  equation  like 

X*  +  2jr  +  2  =  0, 
has  no  real  roots  because  no  real  values  of  x  will  satisfy  the  equation.     By 
solving  8bs  if  the  equation  had  real  roots,  the  imaginary  again  forces  itself  on 

our  attention.    The  imaginary  roots  of  this  equation  are  -  1  ±  V  -  1,  or  - 1  ±  i. 

The  general  equation  of  the  nth  degree  is 

a:"  +  aa;"~'i  +  fex""^  -{..,,+  sx  +  B  ^  0.  .  (1) 
The  term  R  is  called  the  absolute  term.  If  n  ==  2,  the  equation 
is  a  quadratic,  x^  +  ax  +B  =  0;  if  t^  ~  3,  the  equation  is  said  to 
be  a  cubic ;  if  n  =  4,  a  biquadratic,  etc.  If  x"  has  any  coefficient, 
we  can  divide  through  by  this  quantity,  and  so  reduce  the  equa- 
;tion  to  the  above  form.  When  the  coefficients  a,  6,  .  .  »,  instead 
•of   being  literal,  are  real  numbers,  the  equation  is   said  to  be 

numerical. 

The  following  synopsis  of  results  proved  in  the  regular  text- 
books is  convenient  for  reference  : 

« 

1.  Every  equation  of  the  nth  degree  has  n  equal  or  unequal  roots  and  no 
more  (Oauu*  law).    E.g.^ 

x^-^x*  +  x  +  l  =  Oy 

has  five  roots  and  no  more. 

2.  If  an  equation  can  be  divided  by  jt  ~  a,  without  remainder,  a  is  a  root 
of  the  equation.  More  generally,  if  a,  fi,  7,  are  the  roots  of  an  equation  of  the 
third  degree, 

ar^  +  ax^  +  bx  +  c  =  {x  ^  a)  {x  -  fi)  {x  -  y).  .         .       (2) 

8.  If  the  results  obtained  by  substituting  two  numbers  are  of  opposite 
signs,  at  leabst  one  root  lies  between  the  numbers  substituted. 

4.  An  equation  of  an  even  degree,  with  its  absolute  term  negative,  has  at 
least  two  real  roots  of  opposite  sign. 

5.  An  equation  of  an  odd  degree  has  at  least  one  real  root,  the  same  in 
sign  as  the  absolute  term. 

6.  Imaginary  roots  in  an  equation  with  real  coefficients  occur  in  pairs. 

E.g.,  if  a  +  3  \^^1  is  one  root  of  the  equation,  a  -  $  'J  -  1  is  another. 

7.  The  sum  of  the  roots  of  an  equation  is  equal  to  the  coefficient  -  6  of 
the  second  term ;  the  sum  of  the  products  of  the  roots  taken  two  at  a  time  is 
equal  to  +  c  ;  the  products  of  the  roots  taken  three  at  a  time  is  equal  to  -  d, 
etc. ;  the  product  of  all  the  roots  is  equal  to  -  [absolute  tenn),  if  n  is  odd,  and 
to  +  (absolute  term),  if  n  is  even. 
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8.  An  equation,  /(x),  cannot  have  more  positive  roots  than  there  are 
changes  of  sign  in  /(  -  x)  (Daaoartes'  rale  of  signs).    E.g.^  in 

ar»  +  »8_jps^a.^l^0=  f{x) ;   -a!*  +  a*  +  x'-a:  +  l=0=s/(-a;), 
there  are  two  changes  of  sign.     Hence  the  equation  has  no  more  than  three 
negative  and  two  positive  real  roots.    The  remainder  are  imaginary  roots. 

a.  If  the  coefficients  are  all  positive,  the  equation  cannot  have  a  positive 

root.    Such  is 

ar*  +  ar'  +  x  +  l=0. 

b.  If  the  coefficients  of  the  even  powers  of  the  unknown  have  the  same 
sign,  and  the  coefficients  of  the  odd  powers  of  the  unknown  have  the  opposite 
sign,  the  equation  hsks  no  negative  root.    E.g., 

x"'+a!?'-ir*+ar3-ar«+a;-l=0. 

c.  If  an  equation  has  only  even  powers  of  a:,  with  its  coefficients  all  of  the 
same  sign,  there  is  no  real  root.    Thus, 

d.  If  the  equation  has  only  odd  powers  of  x,  with  coefficients  all  of  the 
same  sign,  there  are  no  real  roots  other  than  x  r=  0.    For  instance, 

x'  +  ic*  +  x^  +  x  =  0. 


§  156.  The  General  Solution  of  Quadratio  Equations. 

To  recapitulate  the  results  of  the  elementary  textbooks  : 

After  suitable  reduction,  every  quadratic  may  be  written  in  the  form  : 

ax*  +  6x  +  c  =  0 (1) 

If  a  and  fi  represent  the  roots  of  this  equation,  x  must  be  equal  to  a  or  /3, 
where 

a=  ^^ ;and,^= ^ .        .       (2) 

The  sum  and  product  of  these  roots  are 

a  +  /3  =  -  6/a ;  a/3  =  cja. 
Hence  if  one  of  the  roots  is  known,  the  other  can  be  deduced  directly.    If 
a  =  1,  the  sum  of  the  roots  is  equal  to  the  coefficient  of  the  second  term  with 
its  sign  changed,  the  product  of  the  roots  is  equal  to  the  absolute  term. 
Equation  (1),  may  be  variously  written 

a!x«-  (a  +  iB)x  +  a/3}  =  0; 

fl{x2-  (Sum  of  Hoots)x  +  (Product  of  Roots)}  =  0; 

a(x  -  «)  (x  -  3)  =  0;  x«  +  -r  +  ^  =  0. 

From  (2),  we  can  deduce  many  important  particulars  respecting  the  nature  of 
the  roots  of  the  quadratic.    These  are : 
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Hekitioii  between  the  CoeflScients. 


{positive, 
zero, 
negative, 
peiiect  square, 
not  a  peziect  square, 
a,  6,  c,  have  the  same  sign, 
a,  6,  differ  in  sign  from  c, 
a,  c,  differ  in  sign  from  6, 

a=0 

6  =  0, 

c  =  0, 

c  =  0,  6  =  0,      . 


The  Nature  of  the  Boots. 


real  and  unequal. 

real  and  equal. 

imaginary  and  unequal. 

rational  and  unequal.    . 

irrational  and  unequal. 

negative. 

opposite  sign. 

positive. 

one  root  infinite.    . 

equal  and  opposite  in  sign. 

one  root  zero. 

both  roots  zero. 


(3) 

W 
(5) 

(6) 
(7) 
(8) 

M 
(10 

(11) 
(12) 

(13) 

(14) 


In  the  table,  the  words  '*  equal "  and  "  unequal "  refer  to  the  numerical  values 
of  the  roots.  On  account  of  the  important  rdle  played  by  the  expression 
6"  -  4ac,  in  fixing  the  character  of  the  roots,  "6*  -  4ac,"  is  called  the  dis- 
criminant of  the  equation. 


§  187.  Oraphio  Methods  for  the  Approximate  Solution  of 

Numerioal  Equations. 

In  practical  work,  it  is  generally  most  convenient  to  get  ap- 
proocimate  values  for  the  real  roots  of  equations  of  higher  degree 
than  the  second.  Cardan's  general  method  *  for  equations  of  the 
third  degree,  is  generally  so  unwieldy  as  to  he  almost  useless. 
Trignometrical  methods  are  better.  For  the  numerical  equations 
pertaining  to  practical  work,  one  of  the  most  instructive  methods 
for  locating  the  real  roots,  is  to  trace  the  graph  of  the  given 
function.  Every  point  of  intersection  of  the  curve  with  the 
X-axis,  represents  a  root  of  the  equation. 

g  The  location  of  the  roots  of  the  equation  thus  reduces  itself  to 
the  determination  of  the  points  of  intersection  of  the  graph  of  the 
equation  with  the  a;-axis. 

ExAMPiiEs. — (1)  Find  the  root  of  the  equation  x  +  2  =  0.  At  sight,  of 
course,  we  know  that  the  root  is  ~  2.  But  plot  the  curve  ^  =  x  +  2,  for 
values  of  y  when  -  3,  -  2,  -  1,  0,  1,  2,  8,  are  successively  assigned  to  x.  The 
curve  (Fig.  122)  cuts  the  a;-axis  when  jt  =  -  2.  Hence,  x  =  -  2,  is  a  root  of 
the  equation. 

Another  way  is  to  proceed  as  in  the  next  example. 

(2)  Solve  x^  +  X  -  2  =  0,    Here  x^  =  -  x '\- 2,    Put  y  =  or*  and  y  =  -  jc  +  2. 


*  Found  in  the  regular  textbooks. 
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Plot  the  graph  of  each  of  these  equations,  using  the  table  of  cubes,  page  618. 
The  abscissa  of  the  point  of  intersection  of  these  two  carves  is  one  root  of  the 
given  equation,    x  »  OM  (Fig.  123)  is  the  root  required. 


iX 


Fio.  122. 


(3)  Locate  the  roots  of  x^  -  8j;  +  9  =  0.  Proceed  as  before  by  assigning 
successive  values  to  x.    Boots  occur  between  6  and  7  and  1  and  2. 

(4)  Show  that  oi?  -  62:*  +  11^  -  6  =  0  has  roots  in  the  neighbourhood  of 
1,  2,  3. 

The  method  indicated  in  the  second  example,  may  be  employed  to  find 
the  roots  of  simultaneous  equations,  thus 

(5)  Solve  aj"  +  ya  =  1 ;  x«  -  4a?  =s  ys  -  8y. 
Plot  the  two  curves  as  shown  in  Fig.  124, 
hence  a*  =  ±  OM  are  the  roots  required. 

The  graphic  method  can  also  be  em- 
ployed for  transcendental  equations. 

(6)  If  a:  +  cos  a;  =  0,  we  may  locate  the 
roots  by  finding  the  point  of  intersection  of 
the  two  curves  y  z=.  -  x  and  y  =  cos  ar. 

(7)  If  X  +  c*  =  0,  plot  y=e'  and  y—  -  x. 
Table,  page  518. 

(8)  Show,  by  plotting,  that  an  equation 
of  an  odd  degree  with  real  coefficients,  has 
either  one  or  an  odd  number  of  real  roots. 

For  large  values  of  cr,  the  graph  must 
lie  on  the  positive  side  of  the  ar-azis,  and  on 
the  opposite  side  for  large  negative  values  of  x.  Therefore  the  graph  must 
cut  the  X-axis  at  least  once ;  if  twice,  then  it  must  cut  the  axis  a  third  time, 
etc. 

(9)  Show,  by  plotting,  that  an  equation  of  an  even  degree  with  real  00- 
efficienin,  has  either  2,  4,  ...  or  an  even  number  of  roots,  or  else  no  roots 
at  all. 

(10)  Prove,  by  plotting,  (3),  §  155. 

(11)  Plot  x*  -  2x  -H  1  »  0.  The  curve  touches  but  does  not  cut  the  x-axis. 
This  means  that  the  point  of  contact  of  the  curve  with  the  x-axis,  corresponds 
to  two  points  infinitely  close  together.  That  is  to  say,  that  there  are  at  least 
two  equal  roots. 

The  graphic  method  may  be  applied  to  the  most  complicated  equations. 
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(12)  Find  numbers,  correct  to  three  significant  figures,  which  will  satisfy 
the  following  equations : 

(i.)  9x^  -  41x0-8  +  o-ssx  «  92  =  0.  (iii.)  «'-«"*  +  0-4x  -  10  =  0. 

(ii.)  2-42ar»  -  816 log^  -  205  =  0.         (iv.)  2j:»i  -  3x  -  16  =  0. 
(London  S.  and  A.  Depart.,  1899  and  1900  Examinations.)     Ansrs.  (i.)  2*35 ; 
(ii.)  2-11 ;  (iii.)  2-22  ;  (iv.)  2-18. 

The  accuracy  of  the  graphic  method  depends  on  the  scale  of  the  diagram 
and  the  skill  of  the  draughtsman. 

§  188.  Newton's  Method  for  the  Approximate  Solution  of 

Numerioal  Equations. 

The  above  method  indicates  that  the  equation 

/(aj)  =  2/  =  x«-7x  +  7,  .  .  .  (1) 
has  a  root  lying  somewhere  between  -  3  and  -  4.  We  can  keep 
on  assigning  intermediate  values  to  x  until  we  get  as  near  to  the 
exact  value  of  the  root  as  our  patience  will  allow.  Thus,  if  a:  =  -  3, 
y  =  +  1,  if  a;  =  -  3*2,  y  =  -  3*3.  The  desired  root  thus  lies  some- 
where between  -  3  and  -  3 '2.  Assume  that  the  actual  value  of 
the  root  is  -  3*1.  To  get  a  close  approximation  to  the  root  by 
plotting  is  a  somewhat  laborious  operation.  Newton's  method, 
based  on  Taylor's  theorem,  allows  the  process  to  be  shortened. 

Let  a  be  the  desired  root,  then 

/(a)  =  a3  -  7a  +  7.  .  .  .  (2) 

As  a  first  approximation,  assume  that  a  =  -  3*1  +  /i,  is  the  required 
root. 

From  (1),  by  differentiation, 

dy/dx  =  3a?^  -  7  ;  d-^y/dx^  =  6x ;  d^y/da^  =  6.      .         (3) 
All  succeeding  derivatives  are  zero. 

By  Taylor's  theorem, 

fia,^h)^y^h£^-,^^^^^,^. 

Put  v  =  -  34  and  a  =  v  +  h. 

/(„)  =/(„  +  h)  =/(.)  +  A^  +  _._+_  .^. 

Neglecting  the  higher  powers  of  h,  in  the  first  approximation, 

fi>^)^kp^-0;or,h^-M,       .        .        (4) 

where /'(v)  =  dv/dx.  The  value  of  f{v)  is  found  by  substituting 
-  3-1,  in  (2),  and  the  value  of  f{v),  by  substituting  -  3-1,  in  the 
first  of  equations  (3),  thus,  from  (4), 

h  =  f{v)lf{v)  =  -  1-091/21-83  =  -  0-04999. 
Hence  the  first  approximation  to  the  root  is  -  3*05. 
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As  a  second  approximation,  assume  that 

a  =  -  3*05  H-  /ij  =  Vj  +  hy 
As  before, 

^  =  -  /(Uj)//(t?i)  =  -  O22625/20-9081  =  -  -001082. 

The  second  approximation,  therefore,  is  -  3-048918.     We  can,  in 

this  way,  obtain  third  and  higher  degrees  of  approximation.    Here 

is  another  example  to  try  : 

j:^  -  2a;  -  5  =  0, 

has  a  root  between  2  and  3.     The  first  approximation  is  2-0946, 

the  second  2-09455148.     Genera'ly,  the  first  approximation  gives 

all  that  is  required  for  practical  work. 

Examples. — (1)  In  the  same  way  show  that  the  first  approximation  to 
one  of  the  roots  of  ar^  -  4j*  -  Sj-  +  4  =  0,  is  a  =  4-2491  .  .  .  and  the  second 
a  =  4-2491406.  .  .  . 

(2)  If  y»  +  2a"«  +  3jr  -  60  =  0,  or  =  2-9022834.  .  .  . 

(3)  If  ^-2  +  4  sin  jr  =  0,  J  =  -  1-933.  .  .  . 

§  159.  How  to  Separate  Eqaal  Roots  from  an  Equation. 

This  is  a  preliminary  operation  to  the  determination  of  the 
roots  by  a  process,  perhaps  simpler  than  the  above. 

If  a,  )3,  y,  .  .  .  are  the  roots  of  an  equation  of  the  nth  degree, 
X"  +  ax"'^  +  .  .  .  +  sjc  +  J?  =  0, 
{x  -  a){x  -  P)  .  .  .  (x  -  rj)  =  0. 

If  two  of  the  roots  are  equal,  two  factors,  say  x  -  a  and  x  -  p, 
will  be  identical  and  the  equation  will  be  divisible  by  {x  -  a)*^ ;  if 
there  are  three  equal  roots,  the  equation  will  be  divisible  by  [x  -  a)^, 
etc. 

If  there  are  n  equal  roots,  the  equation  will  contain  a  factor 
{x  -  a)",  and  the  first  derivative  will  contain  a  factor  n{x  -  a)"  ~  ^ 
or  a;  -  a  will  occur  n  -  1  times. 

The  highest  common  factor  of  the  original  equation  and  its 
first  derivative  must,  therefore,  contain  x  -  a,  repeated  once  less 
than  in  the  original  equation.  If  there  is  no  common  factor,  there 
are  no  equal  roots. 

Examples. — (1)  j'  -  5j**  -  8j-  +  48  =  0  has  a  first  derivative  3x*  -  \0x  -  8. 
The  common  factor  is  j;  -  4.  This  shows  that  the  equation  lias  two  roots 
equal  to  j:  -  4. 

(2)  X*  +  1j^  -  3jr*  -  65x  +  60  =  0  has  two  roots  each  equal  to  x  +  5. 
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§  160.  Starm's  Method  of  Locating  the  Real  and  Unequal 

Roots  of  a  Numerical  Equation. 

Newton's  method  of  approximation  does  not  give  satisfactory 
results  when  the  two  roots  have  nearly  equal  values.     For  instance, 

the  curve 

y  ^  x^  -  Ix  ■¥! 

has  two  nearly  equal  roots  between  1  and  2,  which  do  not  appear 
if  we  draw  the  graph  for  the  corresponding  values  of  x  and  y,  viz.: 

a:  =  0,  1,  2,  3,  .  .  . ; 
y  =  7,  1,  1,  13,  ...  . 
The  problem  of  separating  the  real  roots  of  a  numerical  equa- 
tion is,  however,  completely  solved  by  what  is  known  as  Sturm's 
theorem.  It  is  clear  that  if  x  assumes  every  possible  value  in 
succession  from  +  od  to  -  od,  every  change  of  sign  will  indicate 
the  proximity  of  a  real  root.  The  total  number  of  roots  is  known 
from  the  degree  of  the  equation,  therefore  the  number  of  imaginary 
roots  can  be  determined  by  difference. 

Number  of  real  roots  +  Number  of  imaginary  roots  =  Total  number  of  roots. 

Sturm's  theorem  enables  these  changes  of  sign  to  be  readily 

detected.     The  process  is  as  follows : 

First  remove  the  real  equal  roots,  as  indicated  in  the  preceding 

section,  let 

y  ^  x^  -  Ix  -^1,    .         .         .         .       (1) 

remain.     Find  the  first  differential  coefficient, 

dyjdx  =  3a;2  -  7 (2) 

Divide  the  primitive  (1)  by  the  first  derivative  (2),  thus, 

(xa  -  7a;  +  7)/(3a:'^  -  7). 

Change  the  sign  of  the  remainder  and  divide  by  7,  the  result 

i^  =  2a;  -  3,        .         .         ,         .       (3) 

is  now  to  be  divided  into  (2).     Change  the  sign  of  the  remainder 

and  we  obtain, 

-B  =  1 (4) 

The  right-hand  sides  of  equations  (1),  (2),  (3),  (4), 

ar*  -  7a;  +  7  ;  3a;*^  -  7 ;  2a;  -  3 ;  1, 
are  known  as  Sturm's  functions. 

Substitute  -  oo  f or  a:  in  (1),  the  sign  is  negative ; 

(2),  ,,        positive; 

(3),  „        negative ; 

(4),  „        positive. 
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Note  that  the  last  result  is  independent  of  x, 
sign  may,  therefore,  be  written 

-  +  -  +. 
In  the  same  way, 


The  changes  of 


VaJuA  of  JT 

Corresponding  Signs 

Number  of  Changes 

of  Sturm's  Functions. 
-    +    -    + 

of  Sign. 

m 

-   OD 

8 

-  4 

-    +   -    + 

8 

-  8 

+   +    -    + 

2 

-  2 

+   +    -    + 

2 

-  1 

+    -    -    + 

2 

+  0 

+    -    -    + 

2 

+  1 

+    -    -    + 

2 

+  2 

+   +    +   + 

0 

+  00 

1 

+   +    +   + 

1 

0 

There  is,  therefore,  no  change  of  sign  caused  by  the  substitution 
of  any  value  of  x  less  than  -  4,  or  greater  than  +  2 ;  on  passing 
from  -  4  to  -  3,  there  is  one  change  of  sign ;  on  passing  from 
1  to  2,  there  are  two  changes  of  sign.  The  equation  has,  there- 
fore, one  real  root  between  -  4  and  -  3,  and  two,  between  1  and  2. 

It  now  remains  to  determine  a  sufficient  number  of  digits,  to 
distinguish  between  the  two  roots  lying  between  1  and  2.  First 
reduce  the  value  of  x  in  the  given  equation  by  1.  This  is  done  by 
substituting  tt  +  1  in  place  of  x,  and  then  finding  8turm's  functions 
for  the  resulting  equation.     These  are, 

1*3  +  Su^  -  4w  +  1 ;  3^2  +  6«  -  4 ;  2m  -  1 ;  1. 
As  above,  noting  that  if  a:  =  +  1,  ^  =  +  0*1,  etc.. 


VaJue  of  X. 

Corresponding  Signs 

Number  of  Changes 

of  Sturm's  Functions. 

+    -    -    + 

of  Sign. 
2 

1 

2 

+    -    -    + 

2 

8 

+    -    -    + 

2 

4 

-    -    -    + 

1 

5 

-    -    +   + 

1 

6 

-    +   +   + 

1 

7 

.  +   +   +   + 

0 

The  second  digits  of  the  roots  between  1  and  2  are,  therefore, 
3  and  6,  and  three  real  roots  of  the  given  equation  are  approxi- 
mately -  3,  1-3,  1-6. 
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Examples. — Locate  the  roots  in  the  following  equations  : 

(1)  x'  -  3-c*  -  4j  +  13.     Ansr.  Between  -  3  and  -  2  ;  2  and  2-6 ;  25  and  3. 

(2)  x^  -  4x«  -  dr  +  8.     Ansr.  Between  0  and  1 ;  6  and  6 ;  -  1  and  -  2. 

(8)  or*  +  Jt'  -  X*  -  2j;  +  4.  We  have  five  Sturm's  functions  for  this  equa- 
tion. Gall  the  original  equation  (1),  the  first  derivative,  42^  +  Sjr*  -  2j*  -  2,  (2) ; 
divide  (1)  by  (2)  and  or*  +  2x  -  6  (3)  remains ;  divide  (2)  by  (3)  and  -  x  +  1  (4) 
remains ;  divide  (3)  by  (4)  and  change  the  sign  of  the  result  for  +  1  (5).  Now 
let  ar  =  +  OD  and  -  od,  we  get 

+  +  +  -  +  (2  variations  of  sign)  :  +  -  +  +  +  (2  variations). 
This  means  that  there  are  no  real  roots.    All  the  roots  are  imaginary. 

(4)  The  equation,  x^  -  3rx*  +  4r*p  =  0,  is  obtained  in  problems  referring 
to  the  depth  to  which  a  floating  sphere  of  radius  r  and  density  p  sinks  in 
water.  Solve  this  equation  for  the  case  of  a  wooden  ball  of  unit  radius  and 
specific  gravity  0'65.  Hence,  jt*  -  3j:  +  2*6  =  0.  The  three  roots,  by  Sturm's 
theorem,  are — a  negative  root,  a  positive  root  between  1  and  2,  and  one  over  2. 
The  depth  of  the  sphere  in  the  water  cannot  be  greater  than  its  diameter  2. 
The  negative  root  has  no  physical  meaning.  These  two  roots  must,  therefore, 
be  excluded  from  the  solution.  The  other  root,  by  Newton's  method  of 
approximation,  is  j*  =  1*204.  .  .  . 

In  this  last  example  we  have  rejected  two  roots  because  they  were  incon- 
sistent with  the  physical  conditions  of  the  problem  under  consideration.  This 
is  a  very  common  thing  to  do.  Not  all  the  solutions  to  which  an  equation 
may  lead  are  solutions  of  the  problem.  Of  course  every  solution  has  some 
meaning,  but  this  may  be  quite  outside  the  requirements  of  the  problem. 
Imaginary  roots  may  be  obtained,  when  the  problem  requires  real  numbers, 
the  roots  may  be  negative  or  fractional,  when  the  problem  requires  positive 
or  whole  numbers.  Sometimes,  indeed,  none  of  the  solutions  will  satisfy  the 
conditions  imposed  by  the  problem,  in  this  case  the  problem  is  indeterminate. 

To  illustrate : 

1.  A  is  40  years,  B  20  years  old.  In  how  many  years  will  .-1  be  three 
times  as  old  as  B  ?    Let  x  denote  the  required  number  of  years. 

.-.  40  +  X  =  3(20  +  x) ;  or  x  =  -  10. 
But  the  problem  requires  a  positive  number.    The  answer,  therefore,  is  that 
A  will  never  be  three  times  as  old  as  B.     (The  negative  sign  means  that  A 
luas  three  times  as  old  as  B,  10  years  ago.) 

2.  A  number  x  is  squared ;  subtract  7 ;  extract  the  square  root  of  the 
result ;  add  twice  the  number,  5  remains.     What  was  the  number  x  ? 

.-.  2x  +  s,/(x2  -  7)  =  5. 

Solve  in  the  usual  way,  namely,  square  5  -  2x  =  \'x^  -  7 ;  rearrange  terms 
and  use  (2),  §  156.     Hence  x  =  4  or  §. 

The  ultimate  test  of  every  solution  is  that  it  shall  satisfy  the  eqiuitimi  when 
substituted  in  place  of  tJie  variable.  If  not  it  is  no  solution.  On  trial  both 
solutions,  X  =  4  and  x  =  2||,  fail  to  satisfy  the  test.  These  extraneous  solutions 
have  been  introduced  during  rationalisation  (by  squaring). 
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§  161.  Horner's  Method  for  Appro:dmatiiig  to  the  Real 

Roots  of  Numerical  Equations. 

When  the  first  significant  digit  or  digits  of  a  root  have  been 
obtained,  by,  say,  Sturm's  theorem,  so  that  one  root  may  be 
distinguished  from  all  the  other  roots  nearly  equal  to  it,  Horner's 
method  is  one  of  the  simplest  and  best  ways  of  carrying  the 
approximation  as  far  as  may  be  necessary.  So  far  as  practical 
requirements  are  concerned.  Homer's  process  is  perfection.  The 
arithmetical  methods  for  the  extraction  of  square  and  cube  roots 
are  special  cases  of  Horner's  method,  because  to  extract  v  9,  or 
4/9,  is  equivalent  to  finding  the  roots  of  the  equation  x^  -  9  =  0, 
or  ^3  -  9  =  0.* 

In  outline,  the  method  is  as  follows  :  Find  by  means  of  Sturm's 

theorem,  or  otherwise,  the  integral  part  of  a  root,  and  transform 

the  equation  into  another  whose  roots  are  less  than  those  of  the 

original  equation  by  the  number  so  found.     Suppose  we   start 

with  the  equation 

a^  -7x-\-7  =  0 (1) 

which  has  one  real  root  whose  first  significant  figiures  we  have 

found  to  be  1'3.      Transform  the  equation  into  another  whose 

roots  are  less  by  1*3  than  the  roots  of  (1).     This  is  done  by 

substituting  u  +  1'3  for  x.     In  this  way  we  obtain, 

u  4-  3-95^2  -  1-932^  4-  -097  =  0.  .         .       (2) 

The  first  significant  figure  of  the  root  of  this  equation  is  '05.    Lower 

the  roots  of  (2)  by  the  substitution  of  v  +  '05  for  u  in  (2).     Thus, 

i;3  +  4-05^2  -  1-6325!;  +  -010375  -  0.     .         .       (3) 

The  next  significant  figure  of  the  root,  deduced  from  (3),  is  -006. 

We  could  have  continued  in  this  way  until  the  root  had  been 

obtained  of  any  desired  degree  of  accuracy. 

*  Chrystal,  Textbook  qf  Algebra  {k,  k  C.  Black,  London,  1898,  Part  I.,  page  346), 
says :  **  Considering  the  remarkable  elegance,  generality,  and  simplicity  of  the  method,  it 
is  not  a  little  surprising  that  it  has  not  taken  a  more  prominent  place  in  current  mathe- 
matical textbooks.  Although  it  has  been  well  expounded  by  several  English  writers, 
...  it  has  scarcely  as  yet  found  a  place  in  English  curricula.  Out  of  five  standard 
(Continental  textbooks  where  one  would  have  expected  to  find  it  we  found  it  mentioned 
in  only  one,  and  there  it  was  expounded  in  a  way  which  showed  little  insight  into  its 
true  character.  This  probably  arises  from  the  mistaken  notion  that  there  is  in  the 
method  some  algebraic  profundity.  As  a  matter  of  fact,  its  spirit  is  purely  arith- 
metical ;  and  its  beauty,  which  can  only  be  appreciated  after  one  has  used  it  in 
particular  cases,  is  of  that  indescribably  simple  kind  which  distinguishes  the  use  of 
position  in  the  decimal  notation  and  the  arrangement  of  the  simple  rules  of  arithmetic. 
It  is,  in  short,  one  of  those  things  whose  invention  was  the  creation  of  a  commonplace." 
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Practically,  the  work  is  not  so  tedious  as  just  outlined.  Let  a,  6,  c, 
be  the  coefficients  of  the  given  equation  (1),  B  the  absolute  term. 

1.  Multiply  a  by  the  first  significant  digits  of  the  root  and  add 
the  product  to  b.     Write  the  result  under  b. 

2.  Multiply  this  sum  by  the  first  figures  of  the  root,  add  the 
product  to  c.     Write  tlie  result  under  c. 

3.  Multiply  this  sum  by  the  first  figure  of  the  root,  add  the 
product  to  B,  and  call  the  result  the  first  dividend. 

4.  Again  multiply  a  by  the  root,  add  the  product  to  the  last 
number  under  b, 

5.  Multiply  this  sum  by  the  root  and  add  the  product  to  the 
last  number  under  c,  call  the  result  the  first  trial  divisor. 

6.  Multiply  a  by  the  root  once  more,  and  the  product  to  the 
last  number  under  b. 

7.  Divide  the  first  dividend  by  the  first  trial  divisor,  and  the 
first  significant  figure  in  the  quotient  will  be  the  second  significant 
of  the  root.  Thus  starting  from  the  old  equation  (1),  whose  root 
we  know  to  be  about  1, 

R  (Root 

+  7  (1-8 

-6 


a 

6 

c 

1 

+  0 

-7 

1 

1 

1 

-6 

1 

2 

2 

-4 

1 

1  First  dividend. 
-  4  First  trial  divisor. 

8 

8.  Proceed  exactly  as  before  for  the  second  trial  divisor,  using 
the  second  digit  of  the  root,  viz,,  -3. 

9.  Proceed  as  before  for  the  second  dividend.  We  finally  ob- 
tain the  result  shown  in  the  next  scheme.  Note  that  the  black 
figures  in  the  preceding  scheme  are  the  coefficients  of  the  second 
of  the  equations  reduced  on  the  supposition  that  x  ^  1*3  is  a  root 
of  the  equation. 

a'  b'  c'  R'  (Root 

18  -  4  1  (1-86 

0-8  0-99  -  0-903 


3*8  >-  8-01  (H)97  Second  dividend. 

0-8  108 


8*6  -  1*93  Second  trial  divisor. 

0-8 


8*9 
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a 
1 


// 


Once  more  repeating  the  whole  operation,  we  get, 

b"  c"  R"  (Root 

8-9  -  1-98  0097  (1-866 

006  01976  -  0-086626 


8-96 
006 

400 
006 

4iM 


1-7826 
0-2000 


0*010878  Third  dividend. 


-  1*8825  Third  trial  divisor. 


Having  found  about  five  or  seven  deoimal  places  of  the  root  in 
this  way,  several  more  may  be  added  by  dividing,  say  the  fifth 
trial  dividend  by  the  fifth  trial  divisor.  Thus,  we  pass  from 
1-356896,  to  1-366895867  ...  a  degree  of  accuracy  more  than 
sufficient  for  any  practical  purpose. 

Knowing  one  root,  we  can  divide  out  the  factor  x  -  1*3569  from 
equation  (1),  and  solve  the  remainder  like  an  ordinary  quadratic. 

If  any  root  is  finite,  the  dividend  becomes  zero,  as  in  one  of 
the  following  examples.  If  the  trial  divisor  gives  a  result  too  large 
to  be  subtracted  from  the  preceding  dividend,  try  a  smaller  digit. 

To  get  the  other  root  whose  significant  digits  are  1*6,  proceed 
as  above,  using  6  instead  of  3  as  the  quotient  from  the  first  dividend 
and  trial  divisor.     Thus  we  get  1-692  .  .  .* 

It  is  usual  to  write  down  the  successive  steps  as  indicated  in 
the  following  example. 

ExAMPLBS. — (1)  Find  the  root  between  6  and  7  in 

4ar'  -  13x3  _  31^.  ^  275. 
4  -  18  -  31  -  276  (6-26 


-  18 
24 


-  31 
66 


-  276 
210 


11 

24 

36 
210 

-  08 

61-392 

36 
24 

248 

11-96 

-  13*608 

13-608 

89 

0-8 

266-96 
1212 

0 

69-8 
0-8 

209-06 

3-08 

60-6 
0-8 

272-16 

61*4 


'^  Several  ingenious  short  cuts  have  been  devised  for  lessening  the  labour  in  the 
application  of  Homer's  method,  but  nothing  much  is  gained,  when  the  method  has 
only  to  be  used  occasionally,  beyond  increasing  the  probability  of  error. 
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The  steps  mark  the  end  of  each  transformation.     The  digits  in  block 
letters  are  the  coefficients  of  the  successive  equations. 

(2)  There  is  a  positive  root  between  4  and  Sinx'  +  x'  +  x-  100.     Ansr. 
4-2644  .  .  . 

(3)  Find  the  positive  and  negative  roots  in 

X*  +  ar«  +  16x  =  440. 
Ansr.   +  8-976  .  .  .,  -  4*3504  .  .  . 

When  finding  negative  roots,  proceed  as  before,  but  first  transform  the  equa- 
tion into  one  with  an  opposite  sign  by  changing  the  sign  of  the  absolute  term. 

(4)  Show  that  the  root  between  -  3  and  -  4,  in  equation  (1),  is  8-0489173396 
.  .  .     Work  from  o=l,  6  =  -0,  c  =  -7,  ii  =  -7. 


§  162.  van  der  Waals'  Equation  of  State. 

The  relations  between  the  roots  of  equations,  discussed  in  this 
chapter,  are  interesting  in  many  ways ;  for  the  sake  of  illustration, 
let  us  take  van  der  Waals'  equation  of  state  for  a  gas  at  a  distance 
from  its  point  of  liquefaction, 

{p^^^{v-h)  =  Re,    .      .      .      (1) 

or,  expanded,        v^  -  (h  +  ^v^  +  ?v  -  ^  =  0.        .   .     .        (2) 

This  equation  of  the  third  degree  in  i\  must  have  three  roots, 
^f  Pf  y>  equal  or  unequal,  real  or  imaginary.     In  any  case, 

(V  -  aUv  -  fi)(v  -  y)  =  0.  .         .         .         (3) 

Imaginary  roots  have  no  physical  meaning ;  we  may  therefore 
confine  our  attention  to  the  real  roots.  Of  these,  we  have  seen 
that  there  must  be  one,  and  there  may  be  three.  This  means 
that  there  may  be  one  or  three  (different)  volumes,  corresponding 
to  every  value  of  the  pressure  p  and  temperature  0.  There  are  three 
interesting  cases : 

Case  i.  There  is  only  one  real  root  present.  This  implies  that 
there  is  one  definite  volume  (v)  corresponding  to  every  assigned 
value  of  pressure  (p)  and  temperature  {$),  This  is  realised  in  the 
/w-curve,  for  all  gases  under  certain  physical  conditions ;  for  in- 
stance, the  graph  for  carbon  dioxide  at  48-1°  (Fig.  125),  has  only 
one  value  of  p  corresponding  to  each  value  of  v. 

The  collection  of  curves  shown  in  Fig.  125,  were  obtained  by 

plotting  values  of  p  and  v  corresponding  to  different  values  of  ^, 

a  and  b.     In  the  diagram,  the  degrees  are  on  the  centigrade  scale. 

In  reality, 

0  =  (273  +  degrees  centigrade). 
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*9^' 


j»^ 


131' 


Case  ii.  There  are  three  real  v/nequal  roots  present.  For  tem- 
peratures below  32*5'',  say  13  1°,  we  get  the  wavy  curve  ABCD 
(Fig.  125).  This  means  that  at  13*1°,  aud  at  a  pressure  of  Op^, 
carbon  dioxide  ought  to  have 
three  different  volumes  corre- 
sponding with  the  abscissae 
Oy,  Op,  Oa.  Only  two  of 
these  three  volumes  have  yet 
been  observed,  namely  for 
gaseous  CO^  at  a  and  for  liquid 
CO.)  at  y,  the  third,  correspond- 
ing to  the  point  p,  is  unknown. 
The  curve  AyfiaDy  has  been 
realised  experimentally  by 
Andrews. 

When  the  volume  of  a 
mass  of  carbon  dioxide  gas  is 
gradually  diminished,  the  cor- 
responding changes  of  pressure 
and  volume  are  represented 
graphically  by  the  curve  Da, 
At  the  point  a,  the  gas  begins 
to  condense  ;  continuing  the  lessening  of  the  volume,  the  pressure 
remains  constant,  until  the  point  y  is  reached.  Here,  all  the 
carbon  dioxide  will  have  assumed  the  liquid  state.  The  straight 
line  ya  thus  represents  the  constant  pressure  exerted  by  the  vapour 
of  carbon  dioxide  in  contact  with  its  liquid. 

The  steep  curve  Ay  indicates  that  there  is  only  a  slight  change 
in  the  volume  of  the  hquid  for  great  increments  of  pressure.     See 

§13. 

The  abscissa  of  the  point  a  represents  the  volume  of  a  given 
mass  of  gaseous  carbon  dioxide,  the  abscissa  of  the  point  y 
represents  the  volume  occupied  by  the  same  mass  of  liquid  carbon 
dioxide  at  the  same  pressure. 

Under  special  conditions,  parts  of  the  sinuous  curve  yBfiCa 
have  been  realised  experimentally,  namely,  yx  and  ay.  These 
latter  represent  unstable  conditions  of  supersaturation.  The  por- 
tion yx  shows  that  a  liquid  may  exist  at  a  pressure  less  than  that 
of  its  own  vapour,  and  ay  shows  that  a  vapour  may  exist  at  a  pres- 
sure higher  than  that  of  its  "  vapour  pressure  "  of  its  own  liquid. 


Fig.  126. — Isothermals  of  Carbon 
Dioxide. 
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Case  iiL  There  are  three  real  equal  roots  present.  At  and  above 
the  point  where  a  =  )3  =  y,  there  can  only  be  one  value  of  v  for  any 
assigned  value  of  p.  This  point  is  no  other  than  the  well-known 
critical  point  of  a  gas.  Write  p^,  t?^,  0^  for  the  critical  pressure, 
volume  and  temperature  of  a  gas.     From  (3), 

(t;  -  a)3  =  0,  .         .         .       (4) 

and  at  the  critical  point  a  =  t;  =  v^,  therefore, 

"^  "  (^  "^  ^y^  + 1^  -  ^  =  ^  -  ^^«^'  +  ^^'«^  "  ^'«-    (^) 
This  equation  is  an  identity,  therefore  (footnote,  page  172), 

3i\p,  =  bp,  +  RO, ;  3v\p^  =  a ;  v\p^  =  ab,  .  (6) 
are  obtained  by  equating  the  coefficients  of  like  powers  of  the 
imknown  v. 

From  the  last  two  of  equations  (6), 

v^  =  Sb (7) 

From  (7)  and  the  second  of  equations  (6), 

jPc  ~  27 "  ^2*         •         •         •         •       (^/ 

From  (7),  (8),  and  the  first  of  equations  (6), 

8      a 

^''^  27' bR ^^' 

From  these  results,  (7),  (8),  (9),  van  der  Waals  has  calculated  the 
values  of  the  constants  a  and  b  for  different  gases. 

Let  w  =  p/p,,  <l>  -  v/v,,  &  =  $1$^     From  (1),  (7),  (8)  and  (9), 

{ir  +  3/<^-^)  (3<^  -  1)  =  8^',  .  .  .  (10) 
which  appears  to  be  van  der  Waals'  equation  freed  from  arbitrary 
constants.  This  result  has  led  van  der  Waals  to  the  belief  that 
all  substances  can  exist  in  states  or  conditions  where  the  corre- 
sponding pressures,  volumes  and  temperatures  are  equivalent. 
These  he  calls  corresponding  states  (**  Uebereinstimmende  Zu- 
stande  ").  The  deduction  has  only  been  verified  in  the  case  of 
ether,  sulphur  dioxide  and  some  of  the  benzene  haUdes. 

It  is  an  interesting  exercise  to  apply  the  methods  of  Chapter  III.  to  the 
'*  singular  points  "  of  the  curves  shown  in  Fig.  125.  For  convenience,  put 
Re  =  constant,  say  c.     Solve  (1)  for^, 

p  =  c/(u  -  6)  -  rt/u3 (11) 

Differentiate  twice, 

dp  c  2a    d^p  2c  6a 

dv  ^~  (V  -  6)«  ■•"  1)3  ;  di^  =  (iri~6p  "  «*•        •        •      ^^^' 
Now  read  over  §§  55  to  60.     It  is  not  difficult  to  see  that  if  the  tempera- 
ture B  is  high  enough,  dpjdv  is  always  negative,  that  is  to  say,  the  curve,  or 
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rather  its  tangent,  will  slope  from  left  to  right  like  the  hyperbola  48*1"  (Fig. 
125).  If  V  is  small  enough,  so  that  v  -  b  approaches  zero,  the  curve  will  have 
a  negative  slope  like  the  left  sides  of  the  curves  82*5**  to  19*1"  (Fig.  125),  because 
dpjdv  will  still  remain  negative. 

When  dpjdv  becomes  zero,  we  may  have  either 

(a)  a  point  of  inflection  shown  in  curve  82*5"  (Fig.  125) ;  or 
(6)  maximum  and  minimum  values  indicated  by  the  dotted  lines  in 
the  19-1"  curve. 
When  0  is  small  enough  we  may  have,  for  certain  values  of  t7,  a  positive 
value  for  dpjdv.    This  can  only  correspond  to  the  slope  of  the  dotted  portion 
BC  of  the  curve  19*1°  (Fig.  125). 

Now  rearrange  the  first  of  equations  (12),  so  that 

1        C     {v  -  b)*        1 
(ITTftp  |2«'— 5^  -  c|  =  0 (18) 

When  v  =  6,  (v  -  b)'*lv^  ^  0 ;  when  v  =s  86,  this  expression  reaches  a 
maximum  and  gradually  diminishes  to  zero  as  v  approaches  oo.  If  c  ia 
greater  than  Saj^^b,  c,  or  what  is  the  same  thing,  RO,  is  greater  than  the 
maximum  of  2a{v  -  bj^lv^,  therefore,  as  v  increases  p  decreases.  When  c  is 
less  than  8a/27&, p  decreases  for  small  and  large  values  oi  v\  p  only  increases 
in  the  neighbourhood  of  v  =  86.  The  expression  has  thus  a  maximum  or  a 
minimum  value  for  any  value  of  v  which  makes  2a(v  -  by^jv^  =  R$, 

Equating  the  second  differential  coefficient,  in  (12),  to  zero,  we  get 

^  _  3a^  ;^  ?a6„.  _  9«6»„  ^  3a6»  ^  0 (14> 

c  c  c  c  ^ 

The  roots  of  this  biquadratic  in  v,  correspond  with  the  points  of  inflection  or 
transition  points  of  the  curve.    Of  these,  there  may  be  four,  two,  or  none. 

Now  try  and  plot  van  der  Waals'  equation  for  any  gas  from  the  published 
values  of  a,  6,  B.  For  example,  for  ethylene  a  =  0-00786,  b  =  0*0024,  -B  =  0*0087 ; 
for  carbon  dioxide 

/p  +  9:?^Vr -0-0028)  =  0*00869(278 +  «!),      .        .      (15) 

where  0^  denotes  degrees  of  temperature  on  the  centigrade  scale.  Hint.  First 
fix  the  value  for  6^,  say,  0"G.,  and  calculate  a  set  of  corresponding  values  of  p 
and  Vj  thus, 

v  =  0-1,    0*05,    0025.    001,    00075,    0005,    0004,      0*008,  .  .  . ; 

p  =  9-4,  19-7,  80-8,  48-8,  37-9.  28*2,  45-8,  466*8,  .  .  . 
Make  the  successive  increments  in  v  small  when  in  the  neighbourhood  of  a 
singular  point.  Plot  these  numbers  on  squared  paper.  Note  the  points  of 
inflection.  Now  do  the  same  thing  with  0^  =  80"  C,  and  6]  »  50"  G.  In  this 
way  you  will  get  a  better  insight  into  the  "  inwardness  "  of  van  der  Waals' 
equation  than  if  pages  of  descriptive  matter  were  appended.  Notice  that  the 
a/v*  term  has  no  appreciable  influence  on  the  value  of  p  when  v  becomes  very 
great,  and  also  that  the  difierence  between  v  and  v  -  bis  negligibly  small,  as 
V  becomes  very  large.  What  does  this  signify  ?  When  the  gas  is  rarefied,  it 
will  follow  Boyle's  law  pv  =»  constant.  What  would  be  the  state  of  the  gas 
when  V  =  00028  ? 

See  Hilton,  PhU.  Mag.  [6],  1,  579 ;  ib.,  2, 108,  1901. 
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CHAPTBE  X. 

DETERMINANTS. 

This  chapter  is  for  the  purpose  of  explaining  and  illustrating  a 
system  of  notation  which  is  in  common  use  in  the  different  branches 
of  pure  and  applied  mathematics. 

§  168.  SinmltaneoiiB  Equations. 

(i.)  ^(>97M>^«7ieof^5  5mt^Z^an6(ms  egmi^ion^  m  ^u'o  tm/pttcmm^.  The 
homogeneous  equations, 

a^x  -k-  b^y  ^0;  a^+  b^  =^  0,  .  .  (1) 
represent  two  straight  lines  passing  through  the  origin.  In  this 
case  (§  28),  a?  «  0  and  ^  «  0,  a  deduction  verified  by  solving  for 
X  and  y.  Multiply  the  first  of  equations  (1)  by  621  Cknd  the  second 
by  b^.  Subtract.  Or,  multiply  the  second  of  equations  (1)  by  a^, 
and  the  first  by  a^.     Subtract.    In  each  case,  we  obtain, 

x(a^b2  -  Oa^i)  =  0 ;  y(a^b^  -  a^b^)  =  0.    .        .       (2) 
Hence,  a?  =  0  ;  and  y  =  0 ; 

or,  Oj^a  ~  ^2^1  =  ^ »  ^^^  ^2^1  "  ^1^2  =  0.     .  (3) 

The  relations  in  equations  (3)  may  be  written, 

^1.   ^1 1  =  0  ;  ^^^  I  »2»   ^2  I  =  ^»  •       (4) 

«2»     ^2!  Ul»     ^ll 

where  the  left-hand  side  of  each  expression  is  called  a  determinant. 
This  is  nothing  more  than  another  way  of  writing  down  the  dififer- 
ence  of  the  diagonal  products  * 

The  products  a^b^  aj)^,  are  called  the  elements  of  the  determinant ; 
Oi,  6],  a,,  62,  are  the  oonsUtnentB  of  the  determinant.  Commas  may  or  may 
not  be  inserted  between  the  constituents  of  the  horizontal  rows.  When  only 
two  elements  are  involved,  the  determinant  is  said  to  be  of  the  Moond  oird«r. 


*  In  literal  equations,  the  letters  should  always  be  taken  in  cyclic  order  so  that 
h  follows  a,  c  follows  6,  a  follows  c.  Id  the  same  way  2  follows  1,  3  follows  2,  and 
1  follows  3. 
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From  the  above  equatiooB,  ib  follows  that  only  when  the  de- 
tennina/nt  of  the  coefficients  of  two  homogeneous  equations  m  x  omd 
y  is  equal  to  zero  can  x  and  y  possess  values  differing  from  Hero. 

(ii.)  Linear  and  homogeneous  equations  in  three  unknowns. 
Solving  the  linear  equations 

a^x  +  6iy  +  Cj  =  0 ;  ajO?  +  ^2^  +  Cj  «  0,  .         .       (6) 
for  x  and  y^  we  get 

^  -  a,b,  -  \a^ '  y  -  a,b^  -  ^^^a^*  '  '  ^^f 
If  a|&2  -  ^^a^  »  0,  a;  and  ^  become  infinite.  In  this  case,  the  two 
lines  represented  by  equations  (5)  are  either  parallel  or  coincident 

When -a?  =  q         =  00 ;  y  =  Q         =  ®'  ^^^  ^^^^^  in- 

tersect at  an  infinite  distance  away.     Beduce  equations  (5)  to  the 

tangent  form  (§  30), 

a«         c,  ao        c« 

but  since  o^^^  ~  ^1^2  "^  ^>  ^1/^1  ~  ^2/^2  ""  ^^^  tangent  of  the  angle 
of  inclination  of  the  lines ;  in  other  words,  two  lines  having  the 
same  slope  towards  the  rr-axis  are  parallel  to  each  other.* 

When  the  two  lines  cross  each  other,  the  values  of  x  and  y  in 
(6)  satisfy  equations  (5).     Make  the  substitution  required. 

^2(^1^2  -  ^2^1)  +  ^2(^1^2  -  ^2^1)  +  ^2(^1^2  -  ^2^1)  =  0» 
or,  writing  x  =  X/Z  and  y  =  Y/Z,      ...         (8) 

we  get  a  pair  of  homogeneous  equations  in  X,  Y^  Z,  namely, 

a^X  +  b^Y  +  CjiT  =  0 ;  a^X  +  b^Y  +c^  =  0.     .        (9) 

Equate  coefficients  of  like  powers  of  the  variables  in  these  identical 

equations. 

.'.  Aj :  6j :  Cj  =  6^2 :  t>2 1 C2, 

or,  from  (8)  and  (6), 

X:Y:Z  =  61C2  -  b^^ :  c^a^  -  c^a^ :  aj^g  -  a2^i» 


h  ^2 


C2  a2 


«i   ^il-  •         •       (10) 


ag  62  I 


The  three  determinants  on  the  right,  are  symbolised  by 

a^   bi  Cj 


fltg   62  C2 


(11) 


*  Thus  the  definition,  **  parallel  lines  meet  at  infinity,"  means  that  as  the  point 
of  intersection  of  two  lines  goes  farther  and  ftirther  away,  the  lines  become  mote  and 
more  nearly  parallel. 
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where  the  number  of  columns  is  greater  than  the  number  of  rows.* 
The  determinant  (11),  is  called  a  matrix.  It  is  evaluated,  by 
taking  the  difference  of  the  diagonal  products  of  any  two  columns. 
The  results  obtained  in  (10)  are  employed  in  solving  linear 
equations. 

EzAMFLBS. — (1)  Solve  4x  +[6^  =  7 ;  3a;  -  10^  =  19. 

X:Y:Z^\      6.    -  71:1-  7,  41:14,      61; 
1-10,    -191  1-19.  81  |8,-10| 

=s  -  166 :  66 :  -  56 ;  or  a;  =  +  3  and  y  =  -  1. 

(2)  Solve  20x  -  19y  »  23 ;  19a;  -  20y  =  16.    Ansr.  x  =  4,  y  =  3.  • 

(3)  Solve  the  observation  equations  : 

•5x  -  '2y  =  '4 ;  -140;  +  -3^  -  1-18.    Ansr.  a;  =  2,  y  =  8. 

(4)  Solve  ia;  -  ^y  =  6 ;  ia;  -  ^y  =  -  1.     Ansr.  a;  =  24,  y  =  18. 

The  condition  that  three  straight  lines  represented  by  the 
equations 

Oiflj  +  fejy  +  Cj  «  0 ;  agfl?  +  ^2^  +  Cg «  0 ;  aja:  +  63^  +  Cj  =  0,  (12) 
may  meet  in  a  point,  is  that  the  roots  of  any  two  of  the  three 
lines  may  satisfy  the  third  (§  32).  In  this  case  we  get  a  set  of 
simultaneous  equations  in  X^  Y,  Z, 

a^X+b^Y+c^Zr^a^X  +  b.^Y'k-c^Z^a^X+b^Y'k-c^Z^O,    (13) 
by  writing  x  =  X/Z  and  y  =  Y/Z  in  equations  (12). 

From  the  last  pair, 

.         (14) 


^3»     ^3 


^2»     ^2 
^3»     ^3 


^2»     ^2 


«3'     ^i 


8 


But  these  values  of  x  and  y^  also  satisfy  the  first  of  equations  (3), 
hence,  by  substitution, 


^  I  ^2»  ^2  I  +  ^1 

^31     ^8 


^2'     ^2 


+  c,  I  a«,    60  I  =  0, 


'3» 


a. 


a. 


2>     *'2 
3»     ^8 


(15) 


which  is  more  conveniently  written 


«! 

*i 

"i 

<»2 

b. 

^2 

«a 

h 

Cs 

-0. 


(16) 


a  determinant  of  the  third  order. 

It  follows  directly  from  equations  (13),  (14),  (16),  onlAf  when 
the  determinant  of  the  coefficients  of  three  homogeneous  equations 
^  ^>  y*  ^t  i^  equal  to  zero^  c<m  x,  y,  z,  possess  values  differing  from 
zero. 


*  It  is  customary  to  call  the  vertical  columns,  simply  "  columns  " ;  the  horizontal 
rows,  "rows*'. 
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From  (12),  (13),  (15),  (16),  we  conclude  that  three  equations 
are  consistent  with  each  other,  only  when  the  detemUna/nt  of  the 
coefficients  and  absolute  term  of  three  linear  equations  in  x,  y,  z, 
a/re  equal  to  zero. 

This  determinant  is  called  the  eliminant  of  the  equations. 

Instead  of  taking  the  last  two  of  equations  (12),  we  might  have 
substituted  the  values  of  x  and  y  derived  from  any  two  of  these 
equations  in  the  third.     Thus,  in  addition  to  (14),  we  may  have 


X:Y:Z  ^ 


h  ^s 

• 
• 

^^3     ^8 

'     «S     ^8    ' 

6i  Ci 

Cj   aj 

^1     ^1 

bi  Ci 

• 
« 

^1  «1 

:   a^  b^ 

*2    "» 

^2     »2 

a^  62  . 

(17) 


Each  of  these  sets  may  be  obtained  from  (16),  by  deleting  certain 


rows  and  columns,  for  instance, 


^8    ^8 


^ 


is  obtained  by  omitting 


the  row  and  column  containing  a^,  and  so  on.     Each  determinant 
in  (14)  and  (17),  is  called  a  subdeterminant,  or  minor  of  (16). 


§  IM.  The  Expansion  of  DeterminantB. 

It  follows  from  (15)  and  (16),  that 

=  ^iVs  +  ^2Vi  +  ^3^1^-2  -•  ^1^2  -  ^^1^8  -•  ^sVr 


«1 

*I 

Cl 

a2 

*2 

^2 

o» 

K 

c« 

A  determinant  is  expanded,  by  taking  the  product  of  one  letter 
in  each  horizontal  row  with  one  letter  from  each  of  the  other  rows. 
The  first  element,  called  the  leading  element,  is  the  product  of 
the  dietrgonal  constituents  from  the  top  left-hand  corner,  i.e.,  a^b2C^ ; 
its  sign  is  taken  as  positive.  The  signs  of  the  other  five  terms,* 
are  obtained  by  arranging  alphabetically,  and  observing  whether 
they  can  be  obtained  from  the  leading  element  by  an  odd  or  an 
even  number  of  changes  in  the  subscripts;  if  the  former,  the 
element  is  negative,  if  the  latter,  positive.  For  example,  a^b^c^, 
is  obtained  by  one  interchange  of  the  subscripts  2  and  1  in  the 
leading  element ;  aj)^c^  is,  therefore,  a  negative  element ;  a2b^Ci 
requires  two  such  transformations,  2  and  1,  and  2  and  3,  hence 
its  sign  is  positive. 


*  The  number  of  constituents  in  a  determinant  of  the  second  order  is  2  x  1,  or  2 ! ; 
of  the  third  order  3  x  2  x  1,  or  3  !,  of  the  fourth  order,  4 !,  etc. 
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EiXAMPiiSS. — (1)  Show 


(3)  Show 


0  6c 
6  0a 
c  a  0 


(3)  Bxpand 
positive. 


2  2  2 

3  11 

4  2   1 
=  2a6c. 


=  2  +  8  + 12 -8-4-6  =  4. 


O},  b^f  Ci,  dy  I  into  twenty-four  tenns,  twelve  negative,  twelve 

•    •••«•       I 
«4»    ^4>    <^4i    ^* 


§  165.  The  Solution  of  Simultaneous  Equations. 

Continuing  the  discussion  in  §  162,  let  the  equations 
aiX  +  bjy  +  Cy^z  =  d^;  a^  +  b^  +  c^z^d^;  a^  +  b^  +  c^  =  d^,    (18) 
be  multiplied  by  suitable  quantities,  so  that  y  and  z  may  be  elimi- 
nated.    Thus  multiply  the  ^st  equation  by  A^,  the  second  by  ilj) 
the  third  by  A^y  where  A^y  A^y  A^y  are  so  chosen  that 

Hence,  by  substitution, 

x{a^A^  +  a^^  +  a^A^  =  d^A^  +  d^^  +  ^s^a.      .       (20) 
Equations  (19)  being  homogeneous  in  ilj,  A^y  A^y  we  get,  from  (10), 

A^:A^\A^^\b^   b.A:\b^  ^pl^   h 

Substituting  these  values  of  A^y  A^y  A^y  in  equations  (20),  we  get, 
as  in  equations  (14),  (15),  (16), 


X 


Oi   61 


a.) 


a. 


'3 


^2  ^2 

^8     ^3 


^1     ^ 


C, 


3 


^3     ^3 


(21) 


In  the  same  way,  on  multiplying  by  B^,  B^,  B^,  and  by  Cj,  C,,  C^. 


y 


a. 


*, 


»2     ^2    ^^2 
^3     *3     ^8 


a, 


2 


d 


2  ^2 


»3    ^3 


Z 


(L, 


h 


a^   62  C2 
0-3   ^3  ^3 


61   Jj 

62     ^^2 


a«  60  J, 


(22) 


ExAMPijBB. — Solve  the  following  sets  of  equations : 

(1)  5«  +  8y  +  3«  =  48;  2a;  +  6y  -  3«  =  18 ;  ex  -  8y  +  2j?  =  21.    From  (21) 


X  = 


48 

8 

3 

• 
• 

6 

3 

3 

18 

6 

-3 

2 

6 

-8 

21 

-3 

2 

8 

-8 

2 

=  8; 


similarly  y  —  6;  2^6. 

(2)  x-ay  +  a^B^a^'yX-  by  +  l^2  =  bfi;x-cy  +  c^z=sc^.    Ansr.  x^abc; 
y  zs  ab  +  be  +  ca;  2  =  a  +  b  +  c, 

(8)  Solve  2a;  -  8y  +  4«  =  1 ;  3x  +  2y  -  4-?  =  J  ;  4a:  -  3y  +  2*  =  ^.     Ansr. 

«  =  i»  y  =  i.  «  =  I- 
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(4)  Solve  the  observation  equations : 
•3x  +  '2y  +  'bz  =  3-2 ;  -ax  +  •%  +  -4^  =  2-9 ;  -40;  +  %  +  -be  =  3-7. 
Anar.  x  =  2,  y  =  8,  «  =  4. 


§  166.  Elimination. 

It  is  required  to  eliminate  the  unknown  from  the  two  equations, 
a^  +  a^  +  a^x  +  a^^  0;  b^^  +  b^x  +  6^  =  0.        (23) 
Multiply  the  first  equation  by  x,  the  second   by  x  and  by  x^ 
successively.     We  thus  get  the  five  equations, 

0       +  a^  +  a^'^  +  a^x  +  Uq  =  0/ 

a^  +  a^  +  a^x'^  +  a^fs  +0=0, 

0       +    0    +  ftgaj-^  +  V  +  6(,  =  0, )-.  .       (24) 

0       +  b^  -^  b^x^  -^  b^  -^  0  =  0, 

b^  +  b^a?  +  60x2  +    0    +0=0, 
As  on  page  405,  if  these  five  equations  are  consistent,  the  eliminant 
of  the  four  unknowns,  is 


0 

<h 

«2 

«i 

«o 

<h 

«2 

*1 

«0 

0 

0 

0 

K 

*, 

*c 

0 

h. 

K 

*o 

0 

6, 

\ 

K 

0 

0 

=  0. 


(26) 


ExAMPLBS. — (1)  Show  that  the  following  equations  are  consistent  with 
one  another, 

j;  +  y-a  =  0;  a--y  +  z  =  2;  y  +  -?-x  =  4;  a:  +  y  +  -?  =  6, 
is  1       1    -1      0    =0. 

1-112 
-1114 
1116 
(2)  Eliminate  x  and  y  from  the  equations 

2r»  -  b3?y  -  9^*  =  0;  Sx"  -  Txy  -  6j/«  =  0. 
Divide  the  first  by  ^,  the  second  by  y^.     Multiply  the  first  by  x\y^  the  second 
by  x{y  and  x^/^'^.     The  eliminant  of  the  resulting  five  equations ,  is 

=  0. 


0 

2 

-5 

0 

-9 

2 

-5 

0 

-9 

0 

0 

0 

3 

-7 

-6 

0 

3 

-7 

-6 

0 

8 

-7 

-6 

0 

0 

§  167.  Fundamental  Properties  of  Determinants. 

1.  Tlfie  value  of  a  determinant  is  not  altered  by  changing  the 
columns  into  rowSf  or  the  rows  into  colum/ns. 
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It  follows  directly,  by  simple  expansion,  that 
K  ^|  =  |«i  ^h  and 
k  ^1     k  b,\ 


Oi  6i  Cj 

= 

«1    «S    «B 

a,  6,  Cj 

6i   6a   6, 

fli  ^  c» 

Ci    c,   c, 

(26) 


It  follows  as  a  corollary,  that  whatever  law  is  true  for  the  rows  of  a 
determincuit,  is  also  true  for  the  columns  and  conversely. 

2.  The  sign,  not  the  numerical  value,  of  a  determina/nt  is  altered 
by  interchanging  any  two  rows,  or  any  two  columns. 


By  direct  calculation, 

k  ^1       k  <h 


Oi  6i  c, 

■=  — 

6i  Oi  Ci 

Oa   ^  Ca 

6g  a,  Cj 

«S    ^3    c, 

^8  aj  Cj 

(27) 


3.  If  two  rows  or  two  columns  of  a  determinant  are  identical, 
the  determinant  is  equal  to  zero. 

If  two  identical  rows  or  columns  are  interchanged  the  sign,  not  the  value 
of  the  determinant,  is  altered.  This  is  only  possible  if  the  determinant  is 
equal  to  zero.    The  same  thing  can  be  proved  by  the  expansion  of,  say, 

=  0. 


(h 

<h 

Cl 

«« 

«2 

c> 

a* 

«s 

Cs 

4.   When  the  constituents  of  two  rows  or  two  columns  differ  by  a 
constant  factor,  the  determinant  is  equal  to  zero. 


Thus  by  expansion  show  that 


4   15 

=  4 

115 

8   2   6 

2   2  6 

12   3  7 

3  8   7 

=  4x0  =  0. 


(28) 


5,  If  a  determinant  has  a  row  or  column  of  cyphers  it  is  equal 
to  zero. 


This  is  illustrated  by  expansion, 


0 

^ 

<h 

0 

^2 

Ca 

0 

b. 

Cj 

=  0. 


(29) 


6.  In  order  to  multiply  a  determinant  by  any  factor,  multiply 
each  constitv,ent  in  one  row  or  in  one  column  by  this  factor. 


This  is  illustrated  by  the  expansion  of  the  following : 


m 


(h 

bi 

Cl 

= 

moi 

K 

Cl 

0, 

h 

Ca 

fncL^ 

fea 

Ca 

Oa 

h 

Cs 

ma^ 

b. 

Cs 

(30) 


7.  In  order  to  divide  a  determinant  by  any  factor,  divide  each 
constituent  in  one  row  or  in  one  column  by  that  factor. 
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This  follows  directly  from  the  preceding  proposition.    It  is  conveniently 
used  in  the  reduction  of  determinants  to  simpler  forms.    Thus, 

9.6.211   1  4    =9.6.2.2    112..        .      (31) 


6 

9 

8 

12 

18 

4 

24 

27 

2 

1114 
2  2  2 
4   3   1 


1 
1 
4 


1 
1 
3 


2 
1 
1 


8.  If  the  sign  of  every  constittLent  in  a  row  or  colvmn  is  changed, 
tlie  sign  of  the  determinant  is  changed, 

-  Oj  6i  Ci    =    -  Oi  -  6i  Cj  .     .       .      (82) 

-    02      62      Cg 

-  O3  fcj  c, 

9.  One  row  or  colimm  of  a/ny  determinant  can  be  reduced  to 
unity  {Dostor*s  theorem). 

This  will  need  no  more  explanation  than  the  following  illustration  : 

.      (38) 


Oi  6,  Ci 

ra  — 

(h  ^  ^ 

a,  6,  c. 

-Oi 

-61    Cj 

-0, 

-6,  C2 

-fll 

'^Z    Oi 

3  4  6 

=  12 

111 

2  8  8 

13  2 

6  7  9 

8  7  6 

10.  If  each  constituent  of  a  row  or  column  can  be  expressed  as 
the  swm  or  difference  of  two  or  more  terms,  the  determinant  can  be 
expressed  as  the  swm  or  difference  of  two  other  determinants. 

This  can  be  proved  by  expanding  each  of  the  following  determinants,  and 
rearranging  the  letters. 

.        .       (84) 


Oltl?, 

K 

<H 

= 

as±2. 

K 

C2 

flj±»*, 

K 

Cj 

<h 

\ 

Cl 

± 

P 

b. 

Cl 

a. 

K 

Ca 

9. 

6. 

<H 

a* 

h 

C3 

r 

b. 

e. 

In  general,  if  each  constituent  of  a  row  or  column  consists  of  n  terms,  the 
determinant  can  be  expressed  as  the  sum  of  n  determinants. 

Example. — Show  by  this  theorem,  that 


6  +  c,  a  -  6,   a 

C  +  tty    6  -  c,     6 

a  +  &«   c  —  a^  c 


=  Sabc  _  a»  -  6»  -  <?». 


11.  The  value  of  a  determinant  is  not  changed  by  adding  to  or 
subtracting  the  constituents  of  any  row  from  the  corresponding 
constituents  of  one  or  more  of  the  other  rows  or  columns. 

Thus  from  10  and  3, 

Oj  +  61,   61,  Ci    =    fflj  61  C]    ±    6j   61  Cj  ,       .        .      (35) 

a,  ±  62*   ^8» 

which  proves  the  rule,  because  the  determinant  on  the  right  vanishes.     This 
result  is  employed  in  simplifying  determinants. 


<h 

= 

tti  6j   C] 

± 

6,   61  Ci 

Ca 

0,    62    Cg 

62  62  Ca 

Cj 

^3    ^3    C3 

^3   ^3  c, 

Examples. — (1)  Show 


1, 
1, 
1, 


y  +  e 
X  +  y 


=  0. 
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Add  the  seoond  column  to  the  last  and  divide  the  last  column  by  x  +  y  +  z. 
The  detenninant  vanishes  (8). 


(2)  Show 


X  y 

B 

8    X 

y 

y  « 

X 

=  («  +  y  +  a) 


111 

a  X  y 
y  e  X 


Add  the  second  and  third  rows  to  the  first  and  divide  hy  x  ■{■  y  +  e, 
(8)  Why  is 


(4)  Show 


12.  If  all  but  one  of  the  constituents  of  a  row  or  column  wre 
cypherSy  the  determinant  can  be  reduced  to  the  product  of  the  one 
constituent,  not  zero,  into  a  determinant  whose  order  is  one  less  tha/n 
the  original  determinant. 


Oi  6i  Ci 

not  equal  to 

<h  +  K   ^  +  Oil   ^ 

Oa  62  Cj 

0,  +  6a,   fej  +  a,,  c. 

<H  ^  C3 

^5  +  ^3»     ^8  +  ^»    C3 

4      17 

=  -  28. 

8      6-2 

5       18 

For  example, 


1 

a 

b 

0 

«i 

b. 

0 

«a 

b. 

=  1 1  Oi  61 


fla 


=  -  7 


6 
-  8 


6 
1 


(36) 


0      0-7 

5      6-2 

-  3      1      8 

The  converse  proposition  holds.  The  order  of  a  determinant  can  be  raised 
by  similar  and  obvious  transformations. 

13.  If  all  the  constituents  of  a  detemmumt  on  one  side  of  the 
diagonal  from  the  top  left-hand  comer  are  cyphers,  the  determinant 
redtices  to  the  leading  term. 


Thus 


Ol 

6,   Ci 

0 

62  Ca 

0 

0    Cj 

=  ai  I  6a  Cj  I  =  Oi  Va- 
lo    cJ 


(37) 


The  determinant 
tuent  O]. 


Oa  Ca 
0    c. 


is  called  the  co-factor  or  com]dement  of  the  consti- 


§  168.  The  Hiiltiplioation  of  Determinants. 

This  is  done  in  the  following  manner : 


^1  h 

X 

^1     «1 

=s 

«2     *2 

^2     ^2 

aid^  +  biCi,   a^d^  +  b-fi^  L  . 
a^d^  +  Vi,   0,^2  +  V2  I 


(38) 


The  proof  follows  directly  on  expanding  the  right  side  of  the 
equation.     We  thus  obtain, 

Mi»   *i«2 1  +  I  h^v   ^1^2 
^2^1 »   V2  I      I  Vi»   ^2^2 


=  djfij 


a. 


h 


a^   b^ 


+  d<^i 


62   % 


=  {d^e^  -  d^e^)  \a^   bA^ 


»2   ^2 


61 
6, 
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Since  the  value  of  a  deternunant  is  not  altered  by  writing  the 
oolumns  in  rows  and  the  rows  in  oolumns,  the  product  of  two 
determinants  may  be  written  in  several  equivalent  forms  which  all 
give  the  same  result  on  expansion.  Thus,  instead  of  the  right 
side  of  (38),  we  may  have 


a^diY  +  d^d^t  Orfii  +  d^^  |>  etc. 

^1^1  +  M2»     ^1^1  +  V2 


Examples.— (1)  Multiply 


«i  ^1  Ci 

O)    63    C2 
«3     ^3    Cj 


and 


^1  «i  /i 
da  «2  A 

dj   «3  A 


The  cuiswer  may  be  written  in  several  different  forms ;  one  form  is 

o^  +  Vi  +  c,/i,  o^  +  Vs  +  Cj/j,   Os^s  +  Vs  +  Ca/s 
o^  +  63^1  +  Cj/,,   Ojda  +  6,«2  +  Cj/j,   a^d,  +  65^,  +  C3/5 

This  con  be  verified  by  the  laborious  operation  of  expansion.     There  are 
twenty-seven  determinants  all  but  six  of  which  vanish. 

When  two  constituents  of  a  determinant  hold  the  same  relative  position 
with  respect  to  the  rows  and  columns,  they  are  said  to  be  conjugate*  Thus 
in  the  last  of  the  determinants  in  (84)  b-^  and  q  are  conjugate,  so  are  6,  and  Cj, 
r  cmd  C].  If  the  conjugate  elements  are  equal,  the  determinant  is  oymmetrloal, 
if  equal  but  opposite  in  sign,  we  have  a  skew  detemdnant.  The  square  of  a 
determinant  is  a  symmetrical  determinant. 


§  169.  The  Differentiation  of  Determinants. 

Suppose  that  the  constituents  of  a  determinant  are  independent 
and  that 

^2    2^2 

d{D)  =  x^dy.^  +  y.^dx^  -  x.j,dy^  -  y^dx^ ; 
=  (2^2^2:1  -  y^dx.;^)  +  {x^dy.^  -  x^y^) ; 


D  =  I  Xi   y^ 


then, 


dx^   ^1 
dx,;^  y.2 


Xi   dy^ 
X2  dy^ 


(39) 


If  the  constituents  of  the  determinant  are  functions  of  an  in- 
dependent variable,  say  t,  then,  writing  x^  for  dxjdt,  y^  for  dyjdt 
and  BO  on,  it  can  be  proved,  in  the  same^way, 


Z)« 


^1  Vi 

^2    2^2 


;  d{D)/dt  =  \x^  y^ 

^2    Vi 


^1   Vi 

X2  y^ 


(40) 
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Examples.— (1)  Show  that  if  D 


d(D)  = 


d(D)ldt  = 


^■^1  Vi  ^1 

^  Vi  «i 
ij  2/a  Si 

^    Vi    »8 


«i  !/i  «i 

^  y%  H 

^  y»  H 

Xi  dy^  «i 

^1  yi  «i 

Xa   l/s  «8 

2^8   Vz  K 


x^  ya  dag 

aq  ^1  ^1 
iCg  y^  2rg 

a!3    ^3    «3 


(2)  If  Oj,  &3,  Cj,  a,,  &at  •  •  m  ^^  constants,  show  that 


Ojo;  &|2/  Cj^ 
0,0;  &a^  €,£ 


Orfdx  b^y  c^z 

(Lfix  b^  c^ 

b^  c^ 


+  ,  etc.,  =  dx  I  b{y  c^b  L  etc. 


6al^  Cjj 


t 


§  170.  Jaoobians  and  Hessians. 

1.  Definitions,    If  u,  v,  w,  be  functions  of  the  independent 
variables,  x,  y,  z^  the  determinant 

^u  'bu  ^  ,  .  ,  .  .  (41) 
^x  by  'bz 
"bv  ^v  c)t; 
()a?  <)y  c)^ 
c)w;  ()w  ^10 
bx   iy    'dz 

is  called  a  Jacobian  and  is  variously  written, 

b(Uf  r,  w) 
i~(x^^7J)  '  ^^  •^^^^  ^'  ^^ '  ^'^  simply  /,  .        .       (42) 

when  there  can  be  no  doubt  as  to  the  variables  under  consideration. 
In  the  special  case,  where  the  functions  u,  v,  w  are  themselves 
differential  coefficients  of  the  one  function,  say  Uy  with  respect  to 
X,  y  and  z,  the  determinant 

^    J>2^    ^  ,         ...       (43) 

'dx^    'dXiiy  'dxbz 

by^x    'dy^    byliz 

<)2^      ^2^      'd^ii 

'bzl>x  by'dz    Tiz^ 

is  called  a  Hessian  of  u  and  written  H{u),  or  simply  H,  The 
Hessian,  be  it  observed,  is  a  symmetrical  determinant  whose 
constituents  are  the  second  differential  coefficients  of  u  with 
respect  to  re,  y,  z.  In  other  words,  the  Hessian  of  the  primitive 
function  u,  is  the  Jacobian  of  the  first  differential  coefficients  of  u, 
or  in  the  notation  of  (42), 
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H{u) 


(44) 


2.  Jacobians  and  Hessians  of  interdependent  functions.    If 

u  =  /(t?), 

Eliminate  the  function  f{v)  as  described  on  page  340. 

^u   Tiv      'du   "dv 


'dx 


or, 


^y     ^y 

Tix 

'du    "du 

=  0. 

'dx   ()y 

'dv    ()V 

'dx  Dy 

0. 


(45) 


That  is  to  say,  if  u  is  a  fvmction  of  v^  the  Jacobian  of  the  functions 
of  u  and  v  with  respect  to  x  and  y  will  he  zero. 

The  converse  of  this  proposition  is  also  true.  If  the  relation  (45) 
holds  good,  u  will  be  a  function  of  v. 

In  the  same  way,  it  can  be  shown  that  only  when  tlie  Hessian 
of  uis  equal  to  zero,  are  the  first  derivatives  of  u  with  respect  to  x 
and  y  independent  of  each  other, 

3.  The  Jacobian  of  a  ftmction  of  a  function.     If  w^,  lig,  are 
functions  of  x^  and  0^2,  and  x-^  and  x^  are  functions  of  y^  and  y^, 
"du^       7^U^    'dXi       «)Wi    'dx.2  ^  'du^       'dUj    'dx^       TiU^    'dX2 

By  the  rule  for  the  multiplication  of  determinants, 

•        •      (46) 


'du^    'du^ 

= 

DWj    "bu^ 

• 

bx^  bx^ 

^Vi  ^ya 

bxj  by^ 

^Vi  ^Vi 

"bu^    ()«5 

'du^   'du.2 

bX2    bX2 

^Vi  ^Vi 

bx^  by.2 

^Vi  ^y2 

or  ^K»  ^2)  ^  ^K>  ^^2)  ^(^i>  ^2) 

^(yi»  2^2)      ^(«i>  a^a)  ■  HVv  Vi)' 
This  bears  a  close  formal  analogy  with  the  well-known 

bu      bu  by 

bx~  by'  bx' 

4.  The  Jacobian  of  implicit  *  functions.     If  u  and  v,  instead  of 

*  A  fanction  is  said  to  be  explielt  when  it  can  be  expressed  directly  in  terms  of 
the  variable  or  variables,  e.g.,  ie  is  an  explicit  function  of  x  in  the  expression :  z  —  afi; 
z  +  a  B  &E*.  A  fanction  is  Implioit  when  it  cannot  be  so  expressed  in  terms  of  the 
independent  variable.    Thus  a^  +  2xy  =  y' ;  a;  +  y  =  2?«,  are  implicit  fnnctions. 
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being  explicitly  connected  with  the  independent  variables  x  and  y, 
are  so  related  that 

P  =  /i(^»  y,  w,  r)  =  0 ;  g  =  f^{x,  y,  u,  v)  =  0, 
u  and  V  may  be  regarded  as  implicit  functions  of  x  and  y.     By 
differentiation 

dp       dp    du       ^P    ^^  ^  Ci.  ^P       ^P    ^^       ^P    ^^  ^  (\, 
dx       du ' dx       dv' dx  '  dy       du' dy       dv'dy  ' 

dq      dq  du      *^?   ^^  _,  0  •  ^^       ^^   ^^      dq   dv      ^ . 
dx      du  dx      dv'  dx         '  dy      du '  dy      <)v '  ()a;         ' 
and  by  the  rule  for  the  multiplication  of  determinants, 

•        •      (47) 


dp    dp 
du    dv 

X 

du    dv 
dx    dx 

=  - 

dp    dp 

dx   dy 

dq   dq 

du    dv 

du    dv 

dy  dy 

dq  dq 
dx   dy 

Or, 


d{u,  v) '  d{x,  y)  d{x,  y)' 

A  result  which  may  be  extended  to  include  any  number  of  inde- 
pendent relations. 


§  171.  Some  Thermodynamio  Relations. 

Detenninants,  Jacobians  and  Hessians  are  continually  appearing  in 
different  branches  of  applied  mathematics. 

The  following  summarises  a  paper  by  J.  E.  Trevor  in  the  Journal  of 
Physical  Chemistry  (3,  528,  578,  1899).  The  results  will  serve  as  a  simple 
exercise  on  the  mathematical  methods  of  some  of  the  earlier  sections  of  this 
work.  The  reader  should  find  no  difficulty  in  assigning  a  meaning  to  most 
of  the  coefficients  considered. 

If  U  denotes  the  internal  energy,  ^  the  entropy,  p  the  pressure,  t;  the 
volume,  $  the  absolute  temperature,  Q  the  quantity  of  heat  in  a  system  of' 
constant, mass  and  composition,  the  two  laws  of  thermodynamics  state  that 

dQ  =  dU  +  p.dv;  dQ=^ed<p (1) 

To  find  a  value  for  each  of  the  partial  derivatives 

\dp)*  \dp/B  \dejp  \de/^  \dv/p  \dv/0 

Kdp/B  VS?/*  \dejp  \dej^  \d<t>Jp  \d<pj8 
in  terms  of  the  derivatives  of  U. 

Case  i.  When  v  or  ^  is  constant.     From  (1), 

-  p  =  dUI'dv ;  and  tf  =  dUfd^ (2) 

First,  differentiate  each  of  the  expressions  (2),  with  respect  to  ^  at  oonstant 
volume 
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B.aMsion.  -(!).=  ^/P-     ••••(*) 

Next,  differentiate  each  of  equations  (2)  with  respect  to  v  at  constant  entropy. 

By  division.  ^  C^^    =  ^  ^^l- (6) 

Case  ii.  When  either  p  or  $  is  constant.     We  know  that 

rfp  =  ^du  +  |P^ ;  and  d^  =  |?dr  +  ^d4».        .        .        (7) 

First,  when  p  is  constant,  eliminate  dv  or  d^  between  equations  (7).    Hence 
show  that 

where  /  denotes  the  Jacobian  3(p,  9)fd{Vt  ^).    If  Jf  denotes  the  Hessian  of  U, 
show  that 

f'dv\      dvd<f>,      fdvX      'dvd^    /d<p\      5t^  /ov 

■  isfjr  "^'  ■  V5sjp=  "B^'  isf  Jr  "B^-  •    •    '  ^ 

Finally,  if  9  is  constant,  show  that 

3»C/  B»^  3«a 

/34>\      dt^d».  /3</>\      dvd<tt.      fdv\      ?^  .qv 

See  also  Baynes'  (T/ierifUM^^namtcs  (Oxford,  1878),  pp.  95  et  seq. 
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CHAPTER  XI. 

PROBABILITY  AND  THE  THEORY  OF  ERRORS. 

« 

§  172.  PFobabiUty. 

"Perfect  knowledge  alone  oan  give  certainty,  bud  in  Nature  perfect 
knowledge  would  be  infinite  knowledge,  which  is  clearly  beyond 
our  capacities.  We  have,  therefore,  to  content  ourselves  with 
partial  knowledge — knowledge  mingled  with  ignorance,  producing 
doubt." — W.  Staklsy  Jeyons. 

**  Lorsqu'il  n*est  pas  en  notre  pouvoir  de  discemer  les  plus  vraies 
opinions,    nous    devons    suivre    les    plus    probables."  * — Rene 

DSSCARTBS. 

Nbabdt  every  inference  we  make  with  respect  to  any  future  event 
is  more  or  less  doubtful  If  the  circumstances  are  favourable,  a 
forecast  may  be  made  with  a  greater  degree  of  confidence  than 
if  the  conditions  are  not  so  disposed.  A  prediction  made  in  ignor- 
ance of  the  determining  conditions  is  obviously  less  trustworthy 
than  one  based  upon  a  more  extensive  knowledge.  If  a  sports- 
man missed  his  bird  more  frequently  than  he  hit,  we  could  safely 
infer  that  in  any  future  shot  he  would  be  more  likely  to  miss  than 
to  hit.  In  the  absence  of  any  conventional  standard  of  compari- 
son, we  could  convey  no  idea  of  the  degree  of  the  correctness  of 
our  judgment.  The  theory  of  probability  seeks  to  determine  the 
amount  of  reason  which  we  may  have  to  expect  any  event  when 
we  have  not  sufficient  data  to  determine  with  certainty  whether  it 
will  occur  or  not  and  when  the  data  will  admit  of  the  application 
of  mathematical  methods. 

A  great  many  practical  people  imagine  that  the  ''doctrine  of 
probability  "  is  too  conjectural  and  indeterminate  to  be  worthy  of 


*  Translated  :  "  When  it  is  not  in  our  power  to  determine  what  is  true,  we  ought 
to  act  according  to  what  is  most  probable  ". 
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serioas  study.  Liagre*  very  rightly  believes  that  this  is  due  to 
the  connotation  of  the  word — '*  probability".  The  term  is  so  vague 
that  it  has  undermined,  so  to  speak,  that  confidence  which  we 
usually  repose  in  the  deductions  of  mathematics.  So  great,  indeed, 
has  been  the  dominion  of  this  word  over  the  mind  that  all  appUca- 
tions  of  this  branch  of  mathematics  are  thought  to  be  affected  with 
the  unpardonable  sin — want  of  reality.  Change  the  title  and  the 
''  theory"  would  not  take  long  to  cast  off  its  conjectural  character, 
and  to  take  rank  among  the  most  interesting  and  useful  applications 
of  mathematics. 

Laplace  remarks  at  the  close  of  his  Essai  philosophiqtce  sur  les 
ProbabiliUs  (Paris,  1812),  *'  the  theory  of  probabilities  is  nothing 
more  than  common-sense  f  reduced  to  calculation.  It  determines 
with  exactness  what  a  well-balanced  mind  perceives  by  a  kind 
of  instinct,  without  being  aware  of  the  process.  By  its  means 
nothing  is  left  to  chance  either  in  the  forming  of  an  opinion, 
or  in  the  recognising  of  the  most  advantageous  view  to  select 
whenever  the  occasion  should  arise.  It  is,  therefore,  a  most 
valuable  supplement  to  the  ignorance  and  frailty  of  the  human 
mind.  ..." 

1.  If  one  of  two  possible  events  occurs  in  such  a  xoay  that  one  of 
the  events  must  occur  in  a  ways,  the  other  in  b  ways,  the  probability 
that  the  first  will  happen  is  a/ (a  +  b),  and  the  probability  that  the 
second  will  happen  is  b/(a  +  b). 

If  a  rifleman  hits  the  centre  of  a  target  about  once  every  twelve  shots 
under  fixed  conditions  of  light,  wind,  quality  of  powder,  etc.,  we  could  say 
that  the  value  of  his  chance  of  scoring  a  *'  buUseye  "  in  any  future  shot  is  1  in 
12,  or  1^,  and  of  missing,  11  in  12,  or  f|.  If  a  more  skilful  shooter  hits  the 
centre  about  five  times  every  twelve  shots,  his  chance  of  success  in  any  future 
shot  would  be  5  in  12,  or  ,^,  and  of  missing  ^. 

Putting  this  idea  into  more  general  language,  if  an  event  can  happen  in 
a  ways  and  fail  in  b  ways, 

the  probability  of  the  event  happening  ~  al{a  +  6)  ;\  /■.  x 

the  probability  of  the  event  failing       ==  6/(a  +  &),/' 
provided  that  each  of  these  ways  is  just  as  likely  to  happen  as  to  fail.     By 
definition, 

Probabilitv  =  - Number  of  ways  the  event  occurs  ,«. 

Number  of  possible  ways  the  event  may  happen' 


*  Liagre's  Oalcul  de»  ProbabilUis  (C.  Muquardt,  Bruxelles,  1879). 
t  Literally  **  bons  sens ''  =  good  sense. 

DD 
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2.  If  'p  denotes  the  probability  that  an  event  tvUl  happen,  1  -  p 
denotes  the  probability  that  the  event  tvUl  fadL 

The  shooter  at  the  target  is  certain  either  to  hit  or  to  miss.  In  mathe- 
matics, unity  is  supposed  to  represent  certainty,  therefore, 

Probability  of  hitting  +  Probability  of  missing  =  Certainty  =  1.         (8) 

If  the  event  is  certain  not  to  happen  the  probability  of  its  occurrence  is  zero. 
Certainty  is  the  unit  of  probability.  Degrees  of  probability  are  fractions  of 
certainty. 

Of  course  the  above  terms  imply  no  quality  of  the  event  in  itself,  but 
simply  the  attitude  of  the  computer's  own  mind  with  respect  to  the  occurrence 
of  a  doubtful  event.  We  call  an  event  impossible  when  we  cannot  think  of  a 
single  cause  in  favour  of  its  occurrence,  and  certain  when  we  cannot  think  of 
a  single  cause  antagonistic  to  its  occurrence.  All  the  different  "  shades  "  of 
probability — improbable,  doubtful,  probable — lie  between  these  extreme  limits. 

Strictly  speaking  there  is  no  such  thing  as  chance  in  Nature.  The  irre- 
gular path  described  by  a  mote  '* dancing  in  a  beam  of  sunlight"  is  determined 
QA  certainly  as  the  orbit  of  a  planet  in  the  heavens.  The  terms  ** chance"  and 
"  probability  "  are  nothing  but  conventional  modes  of  expressing  our  ignor- 
ance of  the  causes  of  events  as  indicated  by  our  inability  to  predict  the  results. 
"  Pour  une  intelligence  (omniscient),"  says  Liagre,  "  tout  ev^nement  k  venir 
serait  certain  ou  impossible/^ 

3.  The  probability  that  both  of  two  independent  events  will 
happen  together  is  the  product  of  their  separate  probabilities. 

Let  p  denote  the  probability  that  one  event  will  happen,  q  the  probability 

that  another  event  will  happen,  the  probability  that  both  events  will  happen 

together  is 

pq.   .......      (4) 

This  may  be  illustrated  in  the  following  manner:  A  vessel  A  contains 
O]  white  balls,  &|  black  balls,  and  a  vessel  B  contains  a,  white  balls  and  6, 
black  balls,  the  probability  of  drawing  a  white  ball  from  A  is  Pi  =  a^Ka-^^  +  ^i), 
and  from  B,  p^  =  aj(a^  +  b^.  The  total  number  of  pairs  of  balls  that  can  be 
formed  from  the  total  number  of  balls  is  (o^  -i-  6])  (0,-1-63).  In  any  simul- 
taneous drawing  from  each  vessel,  the  probability  that 

two  white  balls  will  occur  is :  aiaj{ai  -I-  6|)  (a,  -1-  6,) ;         .        .        .  (5) 

two  black  balls  will  occur  is :  bibj(ai  +  b^)  (a^+  b^;  .        .  (6) 

white  ball  drawn  first,  black  ball  next,  is  :  a^bj(a^  +  6^)  (a,  -1-  6J  ;    .  (7) 

black  ball  drawn  first,  white  bsdl  next,  is  :  a^bj{ay  +  b^)  {0^  +  bjf;    .  (8) 

black  and  white  ball  occur  together,  is  :  {a^b^  +  ^lO^K^  +  M  (Og  +  AJ.  (9) 

The  sum  of  (5),  (6),  (9)  is  unity.  This  condition  is  required  by  the  above 
definition. 

An  event  of  this  kind,  produced  by  the  composition  of  several  events,  is 
said  to  be  a  compound  event.  To  throw  three  aces  with  three  dice  at  one  trial 
is  a  compound  event  dependent  on  the  concurrence  of  three  simple  events. 


S  172.    PROBABILITY  AND  THE  THEORY  OF  ERRORS.        419 

Errors  of  observation  are  compound  events  produced  by  the  concurrence  of 
several  independent  errors. 

Example. — If  the  respective  probabilities  of  the  occurrence  of  each  of  n 
independent  errors  is  P^  P,,  •  •  .»  Pn.  the  probability  of  the  occurrence  of  all 
together  is  PjPj  .  .  .  P„. 

4.  The  probability  of  the  occurrence  of  several  events  which 
cannot  occur  together  is  the  sum  of  the  probabilities  of  their 
separate  occurrences, 

li  p,  q^  .  .  ,  denote  the  separate  probabilities  of  different  events,  the 
probability  that  one  of  the  events  will  happen  is, 

=  i>  +  g'  + (10) 

Example. — A  bag  contains  12  balls  two  of  which  are  white,  four  black, 
six  red,  what  is  the  probability  that  the  first  ball  drawn  will  -be  a  white, 
black,  or  a  red  one?  The  probability  that  the  ball  will  be  white  is  i,  a 
black  I,  etc.  The  probability  that  the  first  ball  drawn  shall  be  a  black  or  a 
white  ball  is  J. 

5.  Ifp  denotes  the  probability  that  an  event  will  happen  on  a 

sijigle  trial  y  the  probability  that  it  will  happen  r  times  in  n  trials  is 

nin  -  1)  .  .  .  (n  -  r  +  1)    ,^         ^        ^  ,^^^ 

--  -  -       ,.1  -  -y(l-;))-^♦        .      (11) 

The  probability  that  the  event  will  fail  on  any  single  trial  is  1  -  p\  the 

probability  that  it  will  fail  every  time  is  (1  -  p)**.     The  probability  that  it 

will  happen  on  the  first  trial  and  fail  on  the  succeeding  n  -  1  trials  is 

p(l  -  p)"  -  ^     But  the  event  is  just  as  likely  to  happen  on  the  2nd,  3rd,  .  .  . 

trials  as  on  the  first.     Hence  the  probability  that  the  event  will  happen  just 

once  in  the  n  trials  is 

np{l  -  p)»  -  1 (12) 

The  probability  that  the  event  will  occur  on  the  first  two  trials  and  fail  on 

the  succeeding  n  -  2  trials  is  ^(1  -  py*  ~  ^.    But  the  event  is  as  likely  to 

occur  during  the  Ist  and  3rd,  2nd  and  4th,  .  .  .  trials.     Hence  the  probability 

that  it  will  occur  just  twice  during  the  n  trials  is 

l,n(n  -  1)^(1  -  p)—'^ (13) 

The  probability  that  it  will  occur  r  times  in  n  trials  is,  therefore,  represented 
y  formula  (11). 

^,  If  p  denotes  the  very  small  probability  that  an  event  will 
happen  on  a  single  trials  the  probability  that  it  will  happen  r  times 
in  a  very  great  number  (n)  trials  ^  is 

^^e-^ (U) 

*  The  student  nuty  here  find  it  necessary  to  read  over  S  191. 
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From  formula  (11),  however  small  p  may  be,  by  increasing  the  number  of 

trials,  we  can  make  the  probability  that  the  event  will  happen  at  least  once 

in  n  trials  as  great  as  we  please.    The  probability  that  the  event  will  fail 

every  time  in  n  trials  is  (1  -  j))**,  and  if  p  be  made  small  enough  and  n  great 

enough,  we  can  make  (1  -  jd)**  as  small  as  we  please.*    If  n  is  infinitely  great 

and  p  infinitely  small,  we  can  write  n  =  7i-l  =  n-2  =  .  .  . 

nin  -  1)  ^ 
.-.  (1  -  2>)«  =  1  -  np  +        2!     ^   -  •  •  • ; 

=  1  -  np  +  ^-^  -  .  .  .  (approx.) ; 

=  ^  -  "*»  (approx.) (15) 

(14)  follows  immediately  from  (11)  and  (15).     This  result  is  very  important. 

Examples. — (1)   If  n  grains  of  wheat  are  scattered  haphazard  over  a 

surface  s  units  of  area,  show  that  the  probability  that  a  units  of  area  will 

contain  r  grains  of  wheat  is  (±  ^/e)^     -  tlwl? 

{any  _^  ^-       *^f    0  ^ 

Thus,  n  .  dsis  represents  the  infinitely  small  probability  that  the  small  space 
ds  contains  a  grain  of  wheat.  If  the  selected  space  be  a  units  of  area,  we 
may  suppose  each  ds  tx)  he  a,  trial,  the  number  of  trials  will,  therefore,  be 
a/ds.     Hence  we  must  substitute  an/s  for  np  in  (14)  for  the  desired  result. 

(2)  Using  the  above  notation  and  reasoning,  show  that  the  probability 
that  an  event  will  occur  at  least  r  times  in  n  trials  is 

pn  +  np^-\  +        2 7  "  V~'g  -H  •  .  ■  -H  p'"g"~''.      .         .       (16) 

Sometimes  a  natural  process  proves  far  too  complicated  to 
admit  of  any  simplification  by  means  of  "working  hypotheses". 
The  qaestion  naturally  arises,  can  the  observed  sequence  of  events 
be  reasonally  attributed  to  the  operation  of  a  law  of  Nature  or  to 
chance  ? 

For  example,  it  is  observed  that  the  average  of  a  large  number  of  readings 
of  the  barometer  is  greater  at  nine  in  the  morning  than  at  four  in  the  after- 
noon ;  Laplace  (Thfiorie  analytique  des  Probabilites,  p.  49, 1820)  asked  whether 
this  was  to  be  ascribed  to  the  operation  of  an  unknown  law  of  Nature  or  to 
chance  ?  Again,  Kirchhoff  {Monatsberichte  der  Berliner  Akademie^  Oct.,  1859) 
inquired  if  the  coincidence  between  70  spectral  lines  in  iron  vapour  and  in 
sunlight  could  reasonably  be  attributed  to  chance.  He  found  that  the  prob- 
ability of  a  fortuitous  coincidence  was  approximately  as  1  :  1,000000,000000. 
Hence,  he  argued  that  there  can  be  no  reasonable  doubt  of  the  existence  of  iron 
in  the  sun.  Michell  (Phil.  Trans.,  37,  243, 1767  :  see  also  Kleiber,  PhU.  Mag. 
[5],  21,  489,  1887)  has  endeavoured  to  calculate  if  the  number  of  star  clusters 
is  greater  than  what  would  be  expected  if  the  stars  had  been  distributed 


*  The  reader  should  test  this  by  substituting  small  numbers  in  place  of  p^  and 
large  ones  for  n.  Use  the  binomial  formula  of  §  98.  See  the  remarks  on  page  481, 
§189. 
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haphazard  over  the  heavens.  Schuster  (Proc.  Roy.  Soc.,  31,  337,  1881)  has 
tried  to  answer  the  question,  is  the  number  of  harmonic  relations  in  the 
spectral  lines  of  iron  greater  than  what  a  chance  distribution  would  give  ? 
Mallet  (Phil.  Trans.,  171, 1008,  1880)  and  Strutt  (Phil.  Mag.  [6],  1,  811, 1901) 
have  asked,  do  the  atomic  weights  of  the  elements  approximate  as  closely  to 
whole  numbers  as  can  reasonably  be  accounted  for  by  an  accidental  coinci- 
dence? In  other  words,  are  there  common-sense  grounds  for  believing  the 
truth  of  Front's  law,  that  **  the  atomic  weights  of  the  other  elements  are  exact 
multiples  of  that  of  hydrogen  "  ? 

The  theory  of  probability  does  not  pretend  to  furnish  an  in- 
fallible criterion  for  the  discrimination  of  an  accidental  coincidence 
from  the  result  of  a  determining  cause.  Certain  conditions  must 
be  satisfied  before  any  reliance  can  be  placed  upon  its  dictum. 
For  example,  a  sufficiently  large  number  of  cases  must  be  avail- 
able. Moreover,  the  theory  is  applied  irrespective  of  any  know- 
ledge to  be  derived  from  other  sources  which  may  or  may  not 
furnish  corroborative  evidence.  Thus  KirchhofiTs  conclusion  as  to 
the  probable  existence  of  Fe  in  the  sun  was  considerably  strength- 
ened by  the  apparent  relation  between  the  brightness  of  the 
coincident  lines  in  the  two  spectra. 

For  details  of  the  calculations,  the  reader  must  consult  the  original 
memoirs.  Most  of  the  calculations  are  based  upon  the  analysis  in  Laplace's 
old  but  standard  Thiorie  (I.e.).  An  excellent  risunU  of  this  latter  work  will 
be  found  in  the  Encyclop<edia  Metropolitana. 

The  more  fruitful  applications  of  the  theory  of  probability  to  natural 
processes  has  been  in  connection  with  the  kinetic  theory  of  gases  and  the 
**  law  "  relating  to  errors  of  observation. 

§  173.  Application  to  the  Kinetio  Theory  of  Gases.* 

The  following  illustrations  are  based,  in  the  first  instance,  on  a 
memoir  by  Clausius  [Phil.  Mag.  [4],  17,  81,  1859).  For  further 
developments,  Meyer's  The  Kinetic  Theory  of  Gases  (Longmans, 
Green  &  Co.,  1899)  may  be  consulted. 

1.   To  show  that  the  'probability  that  a  single  molecule,  moving 

in  a  swarm  of  molecules  at  rest,  will  traverse  a  distance  x  without 

collision  is 

P^e-'" (17) 


*  The  purpose  of  the  kinetic  theory  of  gases  is  to  explain  the  physical  properties 
of  gases  from  the  hypothesis  that  a  gas  consLsts  of  a  great  number  of  molecules  in 
rapid  motion.  I  select,  here  and  in  §  181,  a  few  deductions  which  directly  refer  to 
the  theory  of  probability. 
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where  I  denotes  the  probable  value  of  the  free  path  the  molecule 
can  travel  without  collision,  and  x/l  denotes  the  ratio  of  the  path 
actually  traversed  to  the  mean  length  of  the  free  path.  "Free 
path  "  is  defined  as  the  distance  traversed  by  a  molecule  between 
two  successive  collisions.  The  **  mean  free  path  "  is  the  average 
of  a  great  number  of  free  paths  of  a  molecule. 

Consider  any  molecule  moving  under  these  conditions  in  a  given  direction. 
Let  a  denote  the  probability  that  the  molecule  will  travel  a  path  one  unit 
long  without  collision,  the  probability  that  the  molecule  will  travel  a  path 
two  units  long  is  a  .  a,  or  a\  and  the  probability  that  the  molecule  will  travel 
a  path  X  units  long  without  collision  is,  from  (4), 

i>  =  a', (18) 

where  a  is  a  proper  fraction.     Its  logarithm  is  therefore  negative.     (Why  ?) 

If  the  molecules  of  the  gas  are  stationary,  the  value  of  a  is  the  same 
whatever  the  direction  of  motion  of  the  single  molecule.     From  (16),  therefore, 

where  I  =  1/log  a.  We  can  get  a  clear  idea  of  the  meaning  of  this  formula  by 
comparing  it  with  (15).  Supposing  the  traversing  of  unit  path  is  reckoned  a 
"trial,"  X  in  (17)  then  corresponds  with  n  in  (16).  l/i  in  (17)  replaces  p  in  (16). 
1//,  therefore,  represents  the  probability  that  an  event  (collision)  will  happen 
during  one  trial.  If  I  trials  are  made,  a  collision  is  certain  to  occur.  This  is 
virtually  the  definition  of  mean  free  path. 

2.  To  show  that  the  length  of  the  path  which  a  molecule,  movimj 
amid  a  swarm  of  m>olecules  at  rest,  can  traverse  without  collision  is 
probably 

i  =  ¥■ (19) 

where  X  denotes  the  mean  distance  between  any  two  neighbouring 
molecules,  p  the  radius  of  the  sphere  of  action  corresponding  to  the 
distance  apart  of  the  molecules  during  a  collision,  ir  is  a  constant 
with  its  usual  signification. 

Let  unit  volume  of  the  gas  contain  iV  molecules.  Let  this  volume  be 
divided  into  N  small  cubes  each  of  which,  on  the  average,  contains  only  one 
molecule.  Let  A.  denote  the  length  of  the  edge  of  one  of  these  little  cubes. 
Only  one  molecule  is  contained  in  a  cube  of  capacity  >?.  The  area  of  a  cross 
section  through  the  centre  of  a  sphere  of  radius  f»,  is  irp',  (12),  page  491.  If 
the  moving  molecule  travels  a  distance  A,  the  hemispherical  anterior  surface 
of  the  molecule  passes  through  a  cylindrical  space  of  volume  vp'A.,  (26),  page 
492.  Therefore,  the  probability  that  there  is  a  molecule  in  the  cylinder  irp'^A 
is  to  1  as  irp'A  is  to  A',  that  is  to  say,  the  probability  that  the  molecule  under 
consideration  will  collide  with  another  as  it  passes  over  a  path  of  length  \^ 
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is  irp'A  :  a'.  The  probability  that  there  will  be  no  coUisioD  is  1  -  irp'/A'. 
Prom  (17), 

i>  «  «  -  -^A  =  1  -  ^/A« (20) 

According  to  the  kinetic  theory,  one  fundamental  property  of  gases  is 
that  the  intermolecular  spaces  are  very  great  in  comparison  with  the  di> 
mensions  of  the  molecules,  and,  therefore,  phr/K*  is  very  small  in  comparison 
with  unity.     Hence  also  x/Z  is  a  small  magnitude  in  comparison  with  unity. 

Expand  e  ~  ^^'  according  to  the  exponential  theorem  (page  230),  neglect  terms 
involving  the  higher  powers  of  X,  and 

«  "  ^/'  =  1  -  x// (21) 

From  (20)  and  (21), 

I  =  ^\  OT,  P  ^  c    ^^ (22) 

Example. — The  behaviour  of  gases  under  pressure  indicates  that  p  is  very 

much  smaller  than  X.     Hence  show  that  *'  a  molecule  passes  by  many  other 

molecules  like  itself  before  it  collides  with  another  ".    Hint.  From  the  first 

of  equations  (22), 

Z;X  =  X«:/Ar. 
Interpret  the  symbols. 

3.  To  show  that  (19)  represents  the  mean  value  of  the  free  path 
of  n  molecules  moving  under  the  same  cofiditions  as  the  solitary 
molecule  just  considered. 

Out  of  n  molecules  which  travel  with  the  same  velocity  in  the  same 
direction  as  the  given  molecule,  fte~*l^  will  travel  the  distance  x  without 
collision,  and  w€  ~  <'  +  **>'*  will  travel  the  distance  x  +  dx  without  collision* 
Of  the  molecules  which  traverse  the  path  x, 

ei-e       '     j=?M5'~Wl- «"M  =  -^e    idx, 

of  them  will  undergo  collision  in  passing  over  the  distance  dx.  The  last 
transformation  follows  directly  from  (21).  The  sum  of  all  the  paths  traversed 
by  the  molecules  passing  x  and  x  +  dx  is 

Since  each  molecule  must  collide  somewhere  in  passing  between  the  limits 
X  =s  0  and  x  =  od,  the  sum  of  all  the  possible  paths  traversed  by  the  n  molecules 
before  collision  is 

and  the  mean  value  of  these  n  free  paths  is 


i 


-^  X  -- 

J6     'dx  =a  l. 
0    * 


Integrate  the  indefinite  integral  as  indicated  on  page  168.    Therefore,  from  (4), 

represents  the  mean  free  path  of  these  molecules  moving  with  a  uniform 
velocity. 
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ExAMPLBS. — (1)  A  molecule  moving  with  a  velocity  u  enters  a  space  filled 
with  n  stationary  molecules  of  a  gas  per  unit  volume,  what  is  the  probability 
that  this  molecule  will  collide  with  one  of  those  at  rest  in  unit  time  ? 

Use  the  above  notation.  The  molecule  travels  the  space  u  in  unit  time. 
In  doing  this,  it  meets  with  imp^u  molecules  at  rest.  The  probable  number 
of  collisions  in  unit  time  is,  therefore,  imp'u,  which  represents  the  probability 
of  a  collision  in  unit  time. 

(2)  Show  that  the  probable  number  of  collisions  made  in  unit  time  by  a 
molecule  travelling  with  a  uniform  velocity  u,  in  a  swarm  of  N  molecules  at 
rest,  is 

u  _  MpV 

T       x»" 

What  is  the  relation  between  this  and  the  preceding  result  ?    Note, 

Number  of  Collisions  =  ujl ;  and  N\^  =  1. 


(2.^) 


4.  The  number  of  collisioTis  made  in  unit  tims  by  a  molecule 
moving  with  uniform  velocity  in  a  direction  which  makes  an  angle  0 
with  the  direction  of  motion  of  a  swarm  of  molecules  also  moving 
with  the  same  uniform  velocity  is  probably 


-Tj2u  sin  ^$, 


(24) 


We  must  first  determine  the  relative  velocity  of  the  molecules  moving  in 

a  direction  at  an  angle  9  with  the  velocity  of  the  molecule  under  consideration. 

One  of  the  elementary  propositions  of  mechanics  is  the  parallelogram  of 

velocities^  which  states  that  *'  if  two  component  velocities  are  represented  in 

direction  and  magnitude  by* two  sides  of  a 
parallelogram  drawn  from  a  point,  the  re- 
sultant velocity  is  represented  in  direction 
and  magnitude  by  the  diagonal  of  the 
parallelogram  drawn  from  that  point". 
The  parallelopiped  of  vdlocitieB  is  an  ex- 
tension of  the  preceding  result  into  three 
dimensions.  "  If  three  component  velocities 
are  represented  in  direction  and  magnitude 
by  the  adjacent  sides  of  a  parallelopiped  a*, 
^,  2  (Fig.  126),  drawn  from  a  point,  their 
resultant  velocity  will  be  represented  by 
the  diagonal  of  a  parallelopiped  drawn  from 
that  point.*'  Conversely,  if  the  velocity  of  the  moving  system  is  represented 
in  magnitude  and  direction  by  the  diagonal  u  (Fig.  126)  of  a  parallelopiped, 
this  can  be  resolved  into  three  component  velocities  represented  by  three  sides 
x,  y,  z  of  the  parallelopiped  drawn  from  a  point.     From  §  48, 

X  =  u  cos  B\  ^  =  ti  sin  0 .  cos  ^  ;  z  =^  U9\nB,  sin  ^.  .  .  (25) 
Let  the  three  velocities  represented  by  a*,  y,  «,  be  respectively  denoted  by 
t^i,  v,,  V3,  and  let  u  be  represented  by  v.    Hence,  from  Euclid  i.,  47, 


tt7»  =  t',«  +  v^ 


t;*  =  ii'«  -H  v^  =  Vi*  -I-  V  +  ^3*- 


(26) 
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If  one  set  of  molecules  moves  with  a  uniform  velocity  whose  components 
are  jc,,  y|,  z^  relative  to  a  given  molecule  moving  with  a  uniform  velocity  whose 
components  are  x,  j/,  a,  then  the  relative  component  velocities  of  one  molecule 
with  respect  to  the  other  considered  at  rest,  is 

V  =  ('  -  J^i)* ;  V  =  (y  -  2/1)' ;  V  =  (*  -  ^1)*. 

From  (26), 

.:v  =  s\x-x,)^  +  {y-y,f  +  (z-z,y,    .        .         .       (27) 
If  we  choose  the  three  coordinate  axes  so  that  the  x-axis  coincides  with  the 
direction  of  motion  of  the  given  molecule,  we  may  substitute  these  values  in 
(25),  remembering  that  cosO  =  1,  sinO  =  0, 

.\  X  =  u;  y  —  0;  z  —  0 (28) 

Substitute  (28)  and  (25)  in  (27), 

V  =  V(tt  -  u  cos  6)'  +  uHin^ .  cos*^  4-  u^in^ .  sin^ ; 

=  >/w'~2tt^osd  +  tt*oo8%  +  li'-'sin*^, 
since  sin'x  +  cos'x  =  1.     Similarly,  and  for  the  same  reeuson, 

V  =  u  \^2  -  2cos0  =  u  \^2(1  -  COS0), 
from  page  500,  1  -  cos  x  =  2(sin  4x)*, 

.*.  V  =  2usini$ (29) 

Having  found  the  relative  velocity  of  the  molecules,  it  follows  directly 
from  (23)  and  (29),  that 

(Number  0/  collisions)  —  H^  =  ^2m  sin  i$. 

5.  The  number  of  collisions  encountered  in  unit  time  by  a  mole- 
cule moving  in  a  swarm  of  molecules  moving  in  all  directions,  is 

I   V'.  ....       (30) 

Let  u  denote  the  velocity  of  the  molecules,  then  the  different  motions 
can  be  resolved  into  three  groups  of  motions  according  to  the  converse  of  the 
parallelopiped  of  velocities.     Proceed  as  in  the  last  illustration. 

The  number  of  molecules  (n)  moving  in  a  direction  between  $  and  $  ■{■  dd 
is  to  the  total  number  of  molecules  {N)  in  unit  volume  as 

n:N  =  2irsinede:U;  ....       (31) 

or  n  =  ^Naindde. 

Since  the  angle  9  can  increase  from  0^  to  180*^,  the  total  number  of  collisions  is 

k^     N       \^         *     * 
To  get  the  total  number  of  collisions,  it  only  remains  to  integrate  for  all 
directions  of  motion  between  O*'  and  180°.    Thus  if  A  denotes  the  number  of 
collisions, 

A  ="?^rsin§6.sinadd; 

^    0 

or,  =  ^^^^^  /  "sin^i^ .  cos  ^ede ; 

^     Jo 
_  4   up^ 

by  the  method  of  integration  on  page  186. 
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ExAHPLB. — Find  the  length  of  the  free  path  of  a  molecule  moving  in  a 
swarm  of  molecules  moving  in  all  directions,  with  a  velocity  u,    Ansr. 

=  ulA  =  i\^lphr (32)  t\ 

For  the  hypothesis  of  uniform  velocity  see  §  181. 

6.  Assuming  that  two  unlike  molecules  combine  during  a  colli-  j 

sion,  the  velocity  of  chemical  reaction  between  two  gases  is  \ 

^  =  kNN\      .        .        .        ,       (33) 
at 

where  N  and  N*  are  the  number  of  molecules  of  each  of  the  two 

gases  respectively  contained  in  unit  volume  of  the  mixed  gases, 

dx  denotes  the  number  of  molecules  which  combine  in  unit  volume 

in  the  time  dt ;  A:  is  a  constant. 

Let  the  two  gases  be  A  and  B.    Let  A.  and  A.'  respectively  denote  the 

distances  between  two  neighbouring  molecules  of  the  same  kind,  then,  as 

above, 

iSTA' =  TiTV  =  1 (34) 

Let  p  be  the  radius  of  the  sphere  of  action,  and  suppose  the  molecules  com- 
bine when  the  sphere  of  action  of  the  two  kinds  of  molecules  approaches 
within  2p,  it  is  required  to  find  the  rate  of  combination  of  the  two  gases. 

The  probability  that  a  B  molecule  will  come  within  the  sphere  of  action  of 
an  A  molecule  in  unit  time  is  uirp*lk\  by  (23).    Among  the  N'  molecules  of  J3, 

ir^udt ;  or  NN'wphtdt,      ....       (86) 

by  (34),  combine  in  the  time  dt.    But  the  number  of  molecules  which  combine 

in  the  time  dt  is  -  dN  =  -  dN'^  or,  from  (35), 

di\r  =  diST  =  -  NITwf^udt, 

If  dx  represents  the  number  of  molecules  which  combine  in  unit  volume  in 

the  time  dt. 

dx  =  dN^dN'  =  wff^uNN'dt. 

Collecting  together  all  the  constants  under  the  symbol  Xc, 

dxjdt  =  kNN', 

Example. — Show  the  relation  between  (38)  and  Wilhelmy*s  law  of  mass 
action. 

J.  J.  Thomson^s  memoir,  "The  Chemical  Combination  of  Gases,"  Phil, 
Mag.  [5],  18,  233,  1884,  might  now  be  read  with  profit. 

§  174.  Errors  of  ObserTation. 

If  a  number  of  experienced  observers  agree  to  test,  indepen- 
dently, the  accuracy  of  the  mark  etched  round  the  neck  of  a  litre 
flask  with  the  greatest  precision  possible,  the  inevitable  result 
would  be  that  every  measurement  would  be  different.  Thus,  we 
might  expect 

10003;  0-9991;  10007;  10002;  10001;  09998;  .  .  . 
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Exactly  the  same  thing  would  occur  if  one  observer,  taking  every 
known  precaution  to  eliminate  error,  repeats  a  measurement  a  great 
number  of  times.  These  deviations  become  more  pronounced  the 
nearer  the  approach  to  the  limits  of  accurate  measurement.  The 
discrepancies  doubtless  arise  from  various  unknown  and  therefore 
uncontrolled  sources  of  error. 

The  irregular  deviations  of  the  measurements  from,  say,  the 
arithmetical  mean  of  all  are  called  aooidental  errors.  In  the 
following  discussion  we  shall  call  them  "errors  of  observation" 
unless  otherwise  stated. 

The  simplest  as  well  as  the  most  complex  measurements  are 
invariably  accompanied  by  these  fortuitous  errors.  Absolute 
agreement  is  itself  an  accidental  coincidence.  Stanley  Jevons 
says,  *'  it  is  one  of  the  most  embarrassing  things  we  can  meet 
when  experimental  results  agree  too  closely  *'.  Such  agreement 
should  at  once  excite  a  feeling  of  distrust. 

The  observed  relations  between  two  variables,  therefore,  should 
not  be  represented  by  a  point  in  space,  rather  by  a  circle  around 
whose  centre  the  different  observations  will  be 
grouped  (Fig.  127).  Any  particular  observation 
will  find  a  place  somewhere  within  the  circum- 
ference of  the  circle.  The  diagram  (Fig.  127) 
suggests  our  old  illustration,  a  rifleman  aiming 
at  the  centre  of  a  target.  The  rifleman  may  be 
b'kened  to  an  observer;   the   place   where  the 

FiQ    127 

bullet  hits,  to  an  observation ;  the  distance  be- 
tween the  centre  and  the  place  where  the  bullet  hits  the  target 
resembles  an  error  of  observation.  A  shot  at  the  centre  of  the 
target  is  thus  an  attempt  to  hit  the  centre,  a  scientific  measure- 
ment is  an  attempt  to  hit  the  true  value  of  the  magnitude 
measured. 

The  greater  the  radius  of  the  circle  (Fig.  127),  the  cruder  and 
less  accurate  the  measurements ;  and,  vice  versdy  the  less  the  mea- 
surements are  affected  by  errors  of  observation,  the  smaller  will 
be  the  radius  of  the  circle.  In  other  words,  the  less  the  skill  of 
the  shooter,  the  larger  will  be  the  target  required  to  record  his 
attempts  to  hit  the  centre. 
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I  ITS.  The  "Law"  of  Errors." 

These  errors  may  be  represented  pictorially  another  way. 
Suppose  we  had  obtained  experiment&I  results  affeoted  by  the 
errors  shown  in  the  following  table : — 


0-4  and  OS 

0-8  and  0-4 
0-2  ftud  0-3 

0-1  and  0-3 
0-0  and  0-1 


The  above  table  shows  that  among  500  observatioQB,  10  were 
affected  with  errors  of  magnitude  between  +  0'4  and  +  05 ;  20, 
or  4 °/^,  with  errors  between  +  03  and  +04;  .  .  .  and  100  ob- 
servations, or  20  Vol  were  affected  with  errors  numerically  less  than 
O'l.     This  is  an  ideal  case,  but  a 
sufficiently   close    approximation 
to  reality  for  our  present   pur- 
pose. 

Plot,  as  ordinates,  the  num- 
bers in  the  third  column  with  the 
corresponding  means  of  tbe  two 
limits  in  the  first  column  as 
abscissae.  A  curve  similar  to 
nPA'Fn'  (Pig.  128)  will  be  the 
result. 

By  a  study  of  the  last  two  dia- 
-Probability  Curve.  ^^^^^   ^^   ^^^-^  g^^   ^^^^  ^^^^ 

IB  a  regularity  in  the  grouping  of  these  irregular  errors  which, 
as  a  matter  of  fact,  becomes  more  pronounced  the  greater  the 

*  Wmu  {Logic  >/ Vhancf,  1896)  calU  this  the  "eiponentlM  law  of  errora,"  utair. 
becauu  it  eipresasa  a  physicil  fact  relating  to  the  frequency  with  which  errore  are 
found  to  present  themselves  in  practice.  The  "  method  of  least  squares  "  is  no  more 
than  a  i-u/e  showing  how  the  best  representative  value  may  be  eitracled  from  a  set  of 
experimental  results.  Poinoarf,  in  the  preface  to  his  TAmMz-'yunwijiie  (Paris,  18»2), 
quotes  the  laconic  remark,  "everybody  liriiily  believes  in  It  (the  law  of  errora),  becaoiie 
mathematicians  imagine  that  it  is  a  fact  of  observation,  and  observera  that  it  is  a 
theorem  of  mathematics". 


Fia.  12S.- 
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number  of  trials  we  take  into  consideration.  Thus,  it  is  found 
that— 

1.  Small  errors  are  more  frequent  than  large  ones. 

2.  Positive  errors  are  as  frequent  as  negative  errors. 

3.  Very  large  positive  or  negative  errors  do  not  ooour. 

Any  mathematical  relation  between  an  error  (x)  and  the  frequency, 
or  rather  the  probability,  of  its  occurrence  (y),  must  satisfy  these 
characteristics.     When  such  a  function, 

y  =  /Wi 
is  plotted,  it  must  have  a  maximum  ordinate  corresponding  with 

no  error;  it  must  be  symmetrical  with  respect  to  the  ^-axis,  in 
order  to  satisfy  the  second  condition  ;  and  as  x  increases  numeri- 
cally, y  must  decrease  until,  when  x  becomes  very  large,  y  must 
become  vanishingly  small.  Such  is  the  curve  represented  by  the 
equation, 

y^ke''''\  .  .  .  .  (1) 
where  h  and  k  are  constants.*  The  graph  of  this  equation,  called 
the  probability  ourve,  or  curve  of  frequency,  or  curve  of  errors, 
is  obtained  by  assigning  arbitrary  constant  values  to  h  and  k  and 
plotting  a  set  of  corresponding  values  of  x  and  y  in  the  usual  way.f 

To  find  a  meaning  for  the  constant  A;,  put  a;  =  0,  then  y  =  k^ 
that  is  the  maximum  ordinate  of  the  curve.  If  we  agree  to  define 
an  error  as  the  deviation  of  each  measurement  from  the  arith- 
metical mean,  k  corresponds  with  those  measurements  which 
coincide  with  the  mean  itself,  or  are  affected  by  no  error  at  all. 
The  height  at  which  the  curve  cuts  the  y-axis  (Fig.  129)  represents 
the  magnitude  of  the  arithmetical  mean ;  k  has  nothing  to  do  with 
the  actual  shape  of  the  curve  beyond  increasing  the  length  of  the 
maximum  ordinate  as  the  accuracy  of  the  observations  increases. 

To  find  a  meaning  for  the  constant  h,  put  A:  =  1,  and  plot 
corresponding  values  of  x  and  y  for  ic  =  ±  ^,  ±  1,  +  |,  +  2,  .  .  . 
when  /i  =  1,  |,  J,  .  .  .  In  this  way,  it  will  be  observed  that 
although  all  the  curves  cut  the  ^-axis  at  the  same  point,  the 
greater  the  value  of  h,  the  steeper  will  be  the  curve  in  the 
neighbourhood  of  the  central  ordinate  Oy.     The  physical  signifi- 


*  Several  attempts  by  Gauss,  Hagen,  Herschel,  Laplace,  etc.,  have  been  made  to 
prove  this  "law".  Adrain  appears  to  have  been  the  first  ^  deduce  the  above  formula 
on  theoretical  grounds.    (1808. ) 

t  Use  Table  XXIII.,  page  519,  or  logc"  *'**  =•  -  0-4343^2^. 
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oation  of  this  is  that  the  greater  the  magnitude  of  h,  the  more 
aoourate  the  results  and  the  less  will  be  the  magnitude  of  the 
deviation  of  individual  measurements  from  the  arithmetical  mean 
of  the  whole  set.    Hence  Gauss  calls  h  the  absolute  ''  measure 

of  ppeclslon".  If  the  curves  a, 
6,  c  (Pig.  129)  retained  their  pre- 
sent shape  while  transposed  to  cut 
the  {/-axis  at  the  same  point,  we 
should  obtain  a  very  good  idea  of 
the  effect  of  h  in  the  above  function. 
We  must  now  submit  our 
empirical  ''  law "  to  the  test  of 
experiment.  Bessel  has  compared 
Fig.  129.~Probability  Curves.       ^he  errors  of   observation  in  470 

astronomical  measurements  made  by  Bradley  with  those  which 
should  occur  according  to  the  law  of  errors.  The  results  of  this 
comparison  are  shown  in  the  following  table  taken  from  Encke's 
paper  in  the  Berliner  Astronomisches  Jahrhuch  for  1834,  p.  249 
(Taylor's  Scientific  Memoirs,  2,  317,  1841) : 


Number  ot  Errors  of  each 

Magnitude  of  Error  in 

Magnitude. 

Parts  of  a  Second  of 
Arc,  between : 

Observed. 

Theory. 

0     and  0-1 

94 

95 

01  and  0*2 

88 

89 

0-2  and  0-3 

78 

78 

0*8  and  0-4 

58 

64 

0-4  and  0-5 

61 

50 

0-5  and  0-6 

86 

86 

0-6  and  07 

26 

24 

0-7  and  0-8 

14 

15 

0-8  and  0-9 

10 

9 

0-9  and  10 

7 

5 

above  1*0 

8 

5 

This  is  a  remarkable  verification  of  the  above  formula.  There  is 
this  disagreement,  while  the  theory  provides  for  errors  of  any 
magnitude,  however  large,  in  practice,  there  is  a  limit  above  which 
no  error  will  be  found  to  occur,  but  read  §  187. 


Airy  and  Newcomb  have  also  shown  that  the  number  and  magnitude  of 
the  errors  affeoting  extended  series  of  observations  are  in  fair  accord  with 
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theory.  But  in  every  case,  the  number  of  large  errors  actually  found  is  in 
excess  of  theory.  To  quote  one  more  instance,  Newcomb  examined  684 
observations  of  the  transit  of  Mercury.  According  to  the  "law"  of  errors, 
there  should  be  5  errors  numerically  greater  than  ±  27".  In  reality,  49  sur- 
passed these  limits. 

The  theory  assumes  that  the  observations  are  all  liable  to  the  same 
errors,  but  differ  in  the  accidental  circumstances  which  give  rise  to  the  errors.* 
Equation  (1)  is  by  no  means  a  perfect  representation  of  the  law  of  errors. 
The  truth  is  more  complex.  The  magnitude  of  the  errors  seems  to  depend, 
in  some  curious  way,  upon  the  number  of  observations.  In  an  extended 
series  of  observations  the  errors  may  be  arranged  in  groups.  Each  group  has 
a  different  modulus  of  precision.  This  means  that  the  modulus  of  precision 
is  not  constant  throughout  an  extended  series  of  observations. 

The  probability  ourve  represented  by  the  formula 

y  =>  fee  ~  *  '  , 
may  be  considered  a  very  fair  graphic  representation  of  the  law 
connecting  the  probability  of  the  occurrence  of  an  error  with  its 
magnitude. 

§  176.  The  Probability  Integral. 

Let  XQf  x^f  x^y  .  *  .  X  he  Bk  series  of  errors  in  ascending  order 
of  magnitude  from  Xq  to  x.  Let  the  differences  between  the 
successive  values  of  x  be  equal.  If  a;  is  an  error,  the  probability 
of  committing  an  error  between  Xq  and  x  is  the  sum  of  the  separate 
probabilities  A;e~*V,  A;e~*'^i',  .  .  .,  (4),  §  172,  or 

P  =  A;(«-*%*  +  e-*V+  .  .  .); 

=  A;V%-*V (1) 

If  the  summation  sign  is  replaced  by  that  of  integration,  we  must 
let  dx  denote  the  successive  intervals  between  any  two  limits 
Xq  and  X,  thus 

Now  it  is  certain  that  all  the  errors  are  included  between  the  limits 
+  00,  and,  since  certainty  is  represented  by  unity,  we  have 

from  page  269.     Or, 

k  =  h  .dx  /  vw.      .         •         •        •       (3) 

*  Some  observers'  results  seem  more  liable  to  these  large  errors  than  others, 
due,  perhaps,  to  carelessness,  or  lapses  of  attention.  Thomson  and  Tait  {I.e.),  I 
presume,  would  call  the  abnormally  large  errors  "avoidable  mistakes". 
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Substituting  this  value  of  h  in  the  probability  equation  (1),  pre- 
ceding section,  we  get  the  same  relation  expressed  in  another 
form,  namely, 

7-e~*'''daj,       ....       (4) 

sjir 

a  result  which  represents  the  probability  of  errors  of  observation 
between  the  magnitudes  x  and  dx.     By  this  is  meant  the  ratio : 

Number  of  errors  between  x  and  x  -^^  dx 
Total  number  of  errors 

The  symbols  y  and  P  are  convenient  abbreviations  for  this  cumbrous 
phrase.  For  a  large  number  of  observations  afifected  with  accidental 
errors,  the  probability  of  an  error  of  observation  having  a  magnitude 
X,  is, 

h. 

y=— pc-**'*,      ....        (5) 

which  is  known  as  Gauss'  law  of  efoors.  This  result  has  the 
same  meaning  as  y  =  fce~*'^  of  the  preceding  section.  In  (4),  dx  re- 
presents the  interval,  for  any  special  case,  between  the  successive 
values  of  x.  For  example,  if  a  substance  is  weighed  to  the 
thousandth  of  a  gram,  dx  »  0001,  if  in  hundredths,  dx  =»  0*01, 
etc.     The  probability  that  there  will  be  no  error  is 

h.dx/'Jir]  ....       (6) 

the  probability  that  there  will  be  no  ecror  of  the  magnitude  of  a 
milligram  is 

O'OOlh/J^        ....       (7) 
The  probability  that  an  error  will  lie  between  any  two  limits 
Xq  and  X  is 


h   C' 


'X 


e-*'''^a;.  ...       (8) 

The  probability  that  an  error  will  lie  between  the  limits  0  and  x  is 


2hC' 

vwJo 


-    e-'^'dx,   ....      (9) 

which  expresses  the  probability  that  an  error  will  be  numerically 
less  than  x.    We  may  also  put 

P  =  g  -  ^""'^dihx),         .         .         .     (10) 

which  is  another  way  of  writing  the  probability  integral  (8).     In 
(8),  the  limits  are  x^  and  x ;  and  in  (9)  and  (10),  ±  x. 
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Example. — Find  oonditions  which  will  make  h  in  Gauss'  equation  a 
maximum.  Hence  deduce  Legendre's  principle  of  least  squares:  The  most 
probable  value  for  the  observed  quantities  is  that  for  which  the  sum  of  the 
squares  of  the  individual  errors  is  a  minvmum.    That  is  to  say, 

a^i  +  x\+  .  .  .  +  a?",,  =  a  minimum,     .  .      (11) 

where  x^,  x,,  .  .  .,  Xn^  represents  the  errors  respectively  affecting  the  first, 
second,  and  the  nth  observations. 

To  illustrate  the  reasonableness  of  the  principle  of  least  squares,  we  may 
revert  to  an  old  regulation  of  the  Belgian  army  in  which  the  individual  scores 
of  the  riflemen  were  formed  by  adding  up  the  distances  of  each  man's  shots 
from  the  centre  of  the  target.  The  smallest  sum  won  "  le  grand  prix  "  of  the 
regiment.  It  is  not  difficult  to  see  that  this  rule  is  faulty.  Suppose  that  one 
shooter  scored  a  1  and  a  3 ;  another  shooter  two  2's.  It  is  obvious  that  the 
latter  score  shows  better  shooting  than  the  former. 

The  shots  may  deviate  in  any  direction  without  affecting  the  score.  Con- 
sequently, the  magnitude  of  each  deviation  is  proportional,  not  to  the  magni- 
tude of  the  straight  line  drawn  from  the  place  where  the  bullet  hits  to  the 
centre  of  the  target,  but  to  the  area  of  the  circle  described  about  the  centre 
of  the  target  with  that  line  as  radius.  This  means  that  it  would  be  better 
to  give  the  grand  prize  to  the  score  which  had  a  minimum  sum  of  the  squares 
of  the  distances  of  the  shots  from  the  centre  of  the  target.*  This  is  nothing 
but  a  graphic  representation  of  the  principle  of  least  squares,  formula  (11). 
In  this  way,  the  two  shooters  quoted  above  would  respectively  score  a  10  and 
an  8. 

§  177.  The  Best  RepresentatiTe  Value  for  a  Set  of 

ObserTations. 

It  is  practically  useless  to  define  an  error  as  the  deviation  of 
any  measurement  from  the  true  result,  because  that  definition 
would  imply  a  knowledge  which  is  the  object  of  investigation. 
What  then  is  an  error  ?  Before  we  can  answer  this  question,  we 
must  determine  the  most  probable  value  of  the  quantity  measured. 
The  only  available  data,  as  we  have  just  seen,  are  always  as- 
sociated with  the  inevitable  errors  of  observation.  The  measure- 
ments, in  consequence,  all  disagree  among  themselves  within 
certain  limits.  In  spite  of  this  fact,  the  investigator  is  called 
upon  to  state  definitely  what  he  considers  to  be  the  most  probable 
value  of  the  magnitude  xmder  investigation.  Indeed,  every  chemical 
or  physical  constant  in  our  textbooks  is  the  best  representative  value 
of  a  more  or  less  extended  series  of  discordant  observations. 

For  instance,  giant  attempts  have  been  made  to  find  the  exact 

*  See  properties  of  similar  figures,  S  192. 

£E 
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length  of  a  column  of  pure  mercury  of  one  square  millimetre 
cross-sectional  area  which  has  a  resistance  of  one  ohm  at  O^G. 
The  following  numbers  have  been  obtained : 

106-33  ;  106-31 ;  106-24  ; 

106-32 :  106-29  ;  106-21 ; 

106-32 ;  106-27 ;  10619, 

centimetres  (Everett's  Illustrations  of  the  C.G.S,  System  of  Units, 
p.  176,  1891).  There  is  no  doubt  that  the  true  value  of  the  re- 
quired constant  lies  somewhere  between  106*19  and  106*33 ;  but 
no  reason  is  apparent  why  one  particular  value  should  be  chosen 
in  preference  to  another.  The  physicist,  however,  must  select  one 
number  from  the  infinite  number  of  possible  values  between  the 
limits  106*19  and  106*33  cm. 

What  is  the  best  representative  value  of  a  set  of  discordant 
results  ?  The  arithmetical  mean  naturally  suggests  itself,  and 
some  mathematicians  start  from  the  axiom :  *'  the  arithmetical 
mean  is  the  best  representative  value  of  a  series  of  discrepant 
observations  ". 

Various  attempts,  based  upon  the  law  of  errors,  have  been  made 
to  show  that  the  arithmetical  mean  is  the  best  representative  value 
of  a  number  of  observations  made  under  the  same  conditions  and 
all  equally  trustworthy.  The  proof  rests  upon  the  fact  that  the 
positive  and  negative  deviations,  being  equally  probable,  will  ulti- 
mately balance  each  other  as  shown  in  example  (1).* 

Examples. — (1)  If  a^,  o^,  .  .  .,  On  are  a  series  of  observations,  a  their 
arithmetical  mean,  show  that  the  algebraic  sum  of  the  residual  errors  is 

(ttj  -  a)  +  (a,  -  a)  +  .  .  .  +  (On  -  a)  =  0.    .        .        .       (1) 
Hint.  By  definition  of  arithmetical  mean, 

a  =  ^ +3±_-_i_--±!?!? ;  or,  na  =  Oi  +  a,  +  .  .  .  +  a„. 
n 

Diif^tribute  the  n  a's  on  the  right-hand  side  so  as  to  get  (1),  etc. 

•  Uinrichs'  Tfie  Absolute  Atoynic  Weights  of  the  Chemical  Elements^  published 
while  the  last  proofs  were  under  my  hands,  criticbes  the  selection  (and  the  selectors) 
of  the  arithmetical  mean  as  the  best  representative  value  of  a  set  of  discordant  obser- 
vations. The  following  exercises  were  suggested  to  me  after  reading  pages  1-20  of 
that  work. 

Examples.— (1)  What  does  the  arithmetical  mean  of  the  weights  of  a  large 
number  of  shillings  in  current  circulation  represent? 

(2)  Point  out  the  fallacy  implied  in  the  words:  <Mf  we  cannot  use  t^e  arith- 
metical mean  of  a  large  number  of  simple  weighings  of  actual  shillings  as  the  true 
value  of  a  (new)  shilling,  how  dare  we  assume  that  the  mean  value  of  a  few  deter- 
minations of  the  atomic  weight  of  a  chemical  element  will  give  us  its  true  value  ? " 


ij  177.    PROBABILITY  AND  THE  THEORY  OF  ERRORS.        436 

(2)  Prove  that  the  arithmetical  mean  makea  the  sam  of  the  squares  of 
the  errors  a  minimum.    Hint.  See  page  464. 

Note. — When  calculating  the  mean  of  a  number  of  observations  which 
agree  to  a  certain  number  of  digits,  it  is  not  necessary  to  perform  the  whole 
of  the  addition.  For  example,  the  mean  of  the  above  nine  measurements  is 
written 

106  +  i(-33  +  -32  +  -32  +  -81  +*29  +  -27  +  -24  +  -21  +  -19)  =  106-276. 

Edgeworth,  "The  Choice  of  Means,"  Phil.  Mag.,  [6],  2i,  268,  1887,  and 
several  articles  on  related  subjects  are  to  be  found  in  the  same  journal  between 
1883  and  1889. 

The  best  representative  value  of  a  constant  interval.  When  the 
best  representative  value  of  a  constant  interval  x  in  the  expression 
y  =  a  +  nx  (where  rt  is  a  positive  integer  1,  2  .  .  .)  is  to  be  de- 
termined from  a  series  of  measurements  x^  -  x^j  ^s  -  ^2>  *  -  *> 
which  vary  a  little  from  the  desired  value  x,  the  arithmetical  mean 
cannot  be  employed  because  it  reduces  to  {x„  -  x^l{n  -  1),  the 
same  as  if  the  first  and  last  term  alone  had  been  measured.  In 
such  cases  it  is  usual  to  refer  the  results  to  the  expression 

nirC^  -  i) 
which  has  been  obtained  from  the  last  of  equations  (4),  §  106,  by 
putting 

2(ir)  =1  +  2+...  +n=  ^n{n  +  1) ; 

S(a;2)=,  12  +  22  +  .  .  .  +  n2  =  in(n  +  l){2n  +  1); 

S(y)  =  a?!  +  Xjj  +  .  .  .  a:„ ;  %{xy)  =  a?!  +  2a?2  +  .  .  .  +  nx^- 

Such  measurements  might  occur  in  finding  the  length  of  a  rod  at  different 
temperatures,  the  oscillations  of  a  galvanometer  needle,  the  interval  between 
the  dust  figures  in  Kundt's  method  for  the  velocity  of  sound  in  gases,  the 
influence  of  CH^  on  the  physical  and  chemical  properties  of  homologous 
series,  etc. 

Examples. — (1)  In  a  Kundt's  experiment  for  the  ratio  of  the  specific 
heats  of  a  gas,  the  dust  figures  were  recorded  in  the  laboratory  notebook  at 
30-7,  43-1,  55-6,  67*9,  SO'l,  923,  104*6,  116-9,  129-2,  141-7,  154*0.  166*1  centi- 
metres. What  is  the  best  representative  value  for  the  distance  between  the 
nodes?    Ansr.  12*3  cm. 

(2)  The  following  numbers  were  obtained  for  the  time  of  vibration,  in 
seconds,  of  the  "magnet  bar"  in  Gauss  and  Weber's  magnetometer  in  some 
experiments  on  terrestrial  magnetism :  3-25 ;  9-90 ;  16*65 ;  23*35 ;  30*00 ;  36*65 ; 
43-30;  50-00;  56-70;  63*30;  69*80;  76*55;  8330;  89*90;  96*65;  103-15;  109*80; 
116-65 ;  123-25 ;  129*95 ;  136-70 ;  143*35.  Show  that  the  period  of  vibration  is 
6-707  seconds. 
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§  178.  The  Probable  Error. 

Some  obseryations  deviate  so  little  from  the  mean  that  we  may 
consider  that  value  to  be  a  very  close  approximation  to  the  truth,  in 
other  cases  the  arithmetical  mean  is  worth  very  little.  The  ques- 
tion, therefore,  to  be  settled  is,  what  degree  of  confidence  may  we 
have  in  selecting  this  mean  as  the  best  representative  value  of  a 
series  of  observations  ?  In  other  words,  how  good  or  how  bad  are 
the  results  ? 

We  could  employ  Gauss'  absolute  measure  of  precision  to  answer 
this  question.  It  is  easy  to  show  that  the  measure  of  precision  of 
two  series  of  observations  is  inversely  as  their  a>ccuracy.  If  the 
probabilities  of  an  error  x^^  lying  between  0  and  l^,  and  of  an  error 
a?2,  between  0  and  Zgi  are  respectively 

it  is  evident  that  when  the  observations  are  worth  an  equal  degree 
of  confidence,  P^  «  P^, 

or  the  measure  of  precision  of  two  series  of  observations  is  in- 
versely as  their  accuracy.  An  error  l^  will  have  the  same  degree 
of  probability  as  an  error  l.^  when  the  measure  of  precision  of  the 
two  series  of  observations  is  the  same. 

For  instance,  if  h^  =  ^h^,  Pi  =  P.^  when  Z.^  =  l/^,  or  four  times 
the  error  will  be  committed  in  the  second  series  with  the  same 
degree  of  probability  as  the  single  error  in  the  first  set.  In  other 
words,  the  second  series  of  observations  will  be  four  times  as 
accurate  as  the  first. 

On  account  of  certain  difficulties  in  the  application  of  this 
criterion,  its  use  is  mainly  confined  to  theoretical  discussions. 

One  way  of  showing  how  nearly  the  arithmetical  mean  repre- 
sents all  the  observations,  is  to  suppose  all  the  errors  arranged 
in  their  order  of  magnitude,  irrespective  of  sign,  and  to  select  a 
quantity  which  will  occupy  a  place  midway  between  the  extreme 
hmits,  so  that  the  number  of  errors  less  than  the  assumed  error  is 
the  same  as  those  which  exceed  it.  This  is  called  the  probable 
error  (German  "  der  wahrscheinliche  Fehler  "),  not  *'  the  most 
probable  error,"   nor  "the  most  probable  value  of  the  actual 


error  ". 
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The  probable  error  determines  the  degree  of  confidence  we  may 
have  in  using  the  mean  as  the  best  representative  value  of  a  series 
of  observations.  For  instance,  the  atomic  weight  of  oxygen  is 
said  to  be  16-879  with  a  probable  error  ±  0-0003  {H  =  1).  This 
means  that  the  arithmetical  mean  of  a  series  of  observations  is 
15*879,  and  the  probability  is  ^  (i.e.,  the  odds  are  even)  that  the 
true  atomic  weight  of  oxygen  lies  between  15*8793  and  16*8787. 

Referring  to  Fig.  128,  let  the  units  be  so  chosen  that  the  total  area  bounded 
by  the  curve  and  the  x-azis  is  unity.  If  PM  and  P^M'  are  drawn  at  equal  dis- 
tances from  Oy  in  such  a  way  that  the  area  bounded  by  these  lines,  the  curve, 
and  the  a;-axis  (shaded  part  in  the  figure),  is  equal  to  half  the  unit  area,  half 
the  total  observations  will  have  errors  numerically  less  than  OM^  that  is,  OM 
represents  the  probable  error,  PM  its  probability. 

The  number  of  errors  greater  than  the  probable  error  is  equal 
to  the  number  of  errors  less  than  it.  Any  error  selected  at  ran- 
dom is  just  as  likely  to  be  greater  as  less  than  the  probable  error. 
Hence,  the  probable  error  is  the  value  of  x  in  the  integral 

l--j-j^e-'^''^d(hx),       .         .         .        (1) 

page  432.  From  Table  X.,  page  514,  when  P  =  J,  hx  =  0*4769 ; 
or,  if  r  is  the  probable  error, 

;ir  =  0*4769 (2) 

Now  it  has  already  been  shown  that 

y„'5^e-»v (3) 

From  page  418,  therefore,  the  probability  of  the  occurrence  of  the 
independent  errors  ajj,  x.^,  .  .  -,  x„is  the  product  of  their  separate 
probabilities,  or 

P=^W*g_*»j,^  ...        (4) 

For  any  set  of  observations  in  which  the  measurements  have  been 
as  accurate  as  possible,  h  has  a  maximum  value.  Differentiating 
the  last  equation  in  the  usual  way,  and  equating  dP/dh  to  zero, 

^  =  -^4^y-     •     •     •     (5) 

Substitute  this  in  (2), 


r  =  4-  0*6745 


V«.        ...        (6, 


But  ^{x^)  is  the  sum  of  the  squares  of  the  true  errors.     The  true 
errors  are  unknown.      By  the  principle  of  least  squares,  when 
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measurements  have  an  equal  degree  of  confidence,  the  most  prob- 
able value  of  the  observed  quantities  are  those  which  render  the 
sum  of  the  squares  of  the  deviations  of  each  observation  from  the 
mean,  a  minimum.  Let  l,{v^)  denote  the  sum  of  the  squares  of 
the  deviations  of  each  observation  from  the  mean.     If  n  is  large, 

we  may  put 

2(rc2)  =  5(t;2) ; 

but  if  n  is  a  limited  number, 

.-.  2  {x^)  =  2(t;2)  +  «^«.       .  .        (7) 

All  we  know  about  u^  is  that  its  value  decreases  as  n  increases, 
and  increases  when  2(a:^)  increases.  It  is  generally  supposed  that 
the  best  approximation  to  t^^  a  {l,{x^)}/n,  is  to  write 

«,  _  2(a?) .    .  •2(a^)  _  S(«») 
n  n         n  -  1 

(Compare  u^  with  m^  in  the  next  section,  §  179.)     Hence, 

r  =  ±  0-6747  J-?^^,       ...        (8) 

>  n  -  1 

which  is  virtually  Bessel's  formula  for  the  probable  error  of  a  single 

observation.     2(t;^)  denotes  the  sum  of  the  squares  of  the  numbers 

formed  by  subtracting  each  measurement  from  the  arithmetical 

mean  of  the  whole  series,  n  denotes  the  number  of  measurements 

actually  taken. 

The  probable  error  of  the  arithmetical  mean  of  the  whole  series 

of  observations  is 

2?  =  ±0-6745j-?r^Vv    ...         (9) 

\  n(n  - 1) 

The  derivation  of  this  formula  is  given  as  an  exercise  at  the  end  of 

§179. 

The  last  two  results  show  that  the  probable  error  is  diminished 
by  increasing  the  number  of  observations. 

(8)  and  (9)  are  only  approximations.  They  have  no  significa- 
tion when  the  number  of  observations  is  small.  Hence  we  may 
write  I  instead  of  0*6745.  For  numerical  applications,  see  next 
section. 

The  great  labour  involved  in  the  squaring  of  the  residual  errors  of  a  large 
number  of  observations  may  be  avoided  by  the  use  of  Pater'B  approxlmatlom 
fionnnla.    According  to  this,  the  probable  error  of  a  single  observation  is 

r  =  ±  0-8468-^ii^- (10) 

»Jn{n  -  1) 
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where  2(  +  v)  denotes  the  sum  of  the  deviations  of  every  observation  from  the 
mean,  their  sign  being  disregarded.  The  probable  error  of  the  arithmetical 
mean  of  the  whole  series  of  observations  is 

fi  =  +  0-8468-^7i=^.  .        .        .        .       (11) 

n^/n  -  1 

§  179.  Mean  and  Average  Errors. 

The  arbitrary  choice  of  the  probable  error  for  comparing  the 
errors  which  are  committed  with  equal  faciUty  in  dififerent  sets  of 
observations,  appears  most  natural  because  the  probable  error 
occupies  the  middle  place  in  a  series  arranged  according  to  order 
of  magnitude  so  that  the  number  of  errors  less  than  the  fictitious 
probable  error,  is  the  same  as  those  which  exceed  it.  There  are 
other  standards  of  comparison.  In  Germany,  the  favourite  method 
is  to  employ  the  mean  error  (**  der  mittlere  Fehler  "),  which  is  de- 
fined as  the  error  whose  sqiiare  is  the  mean  of  the  squares  of  all  the 
errors t  or  the  "error  which,  if  it  alone  were  assumed  in  all  the 
observations  indifferently,  would  give  the  same  sum  of  the  squares 
of  the  errors  as  that  which  actually  exists  ". 

We  have  seen  in  §  176,  (5),  that  the  ratio. 

Number  of  errors  between  x  and  x  +  dx  ^  J^^  >  .a,,^^ 
Total  number  of  errors  J-jp 

Multiply  both  sides  by  x^  and  we  obtain 

Sum  of  squares  of  errors  between  x  and  x  ■{■  dx  _  _^    ^   -  *"jtS  / 
Total  number  of  errors  Jjf 

By  integrating  between  the  Umits  +  od  and  -  oo  we  get 

Sum  of  squares  of  aU  the  errors  _  ^(^  )  _      h   C    °*       _  i^/i^ 

Total  sum  of  errors  w  VW  - » 

Let  m  denote  the  mean  error, 

oe 

For  the  integration,  see  §  108. 

.-.  r  =  0-6745W (2) 

From  (8)  and  (9)  preceding  section,  the  mean  error  which  affects 
each  single  observation  is  given  by  the  expression 

m^±JW)..        ...        (3) 
\n  -  1 

and  the  mean  error  which  affects  the  whole  series  of  results, 
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The  mean  error  must  not  be  confused  with  the  **  mean  of  the 
errors,"  or,  as  it  is  sometimes  called,  the  average  eFFOr,*  another 
standard  of  comparison  defined  as  the  mean  of  all  the  errors  re- 
gardless of  sign.     If  a  denotes  the  average  error, 


a  =  ^i±^=^  (^xe'^^^dx  =  ^  ;  r  =  0-8453a. 

n  ^irj  ^  h  ^^ 


(5) 


The  average  error  measures  the  average  deviation  of  each 
observation  from  the  mean  of  the  v^hole  series.  It  is  a  more 
useful  standard  of  comparison  than  the  probable  error  when  the 
attention  is  directed  to  the  relative  accuracy  of  the  individual 
observations  in  dififerent  series  of  observations. 

The  average  error  depends  not  only  upon  the  proportion  in 
which  the  errors  of  different  magnitudes  occur,  but  also  on  the 
magnitiide  of  the  individual  errors.  The  average  error  furnishes 
useful  information  even  when  the  presence  of  (unknown)  constant 
errors  (§  182)  renders  a  further  application  of  the  "  theory  of 
errors  "  of  questionable  utility,  because  it  will  allow  us  to  com- 
pare the  magnitude  of  the  constant  errors  affecting  different  series 
of  observations,  and  so  lead  to  their  discovery  and  elimination  (see 
§  182). 

A  (3oB(MON  Fallacy. — The  way  some  investigators  refer  to  the  smailness 
of  the  probable  error  affecting  their  results  conveys  the  impression  that  this 
canon  has  been  employed  to  emphasise  the  accuracy  of  the  work.  As  a 
matter  of  fact,  the  probable  error  does  not  refer  to  the  accuracy  of  tlie  work 
nor  to  the  magnitude  of  the  errors,  but  only  to  the  proportion  in  which  the 
errors  of  different  magnitudes  occur.     Cf.  page  467. 

The  reader  will  be  able  to  show  presently  that  the  average  error 
(A)  affecting  the  mean  of  n  observations  is  given  by  the  expression 

S(+tO 

^^^'rTj^ ^^^ 

This  determines  the  effect  of  the  average  error  of  the  individual 
observations  upon  the  mean,  and  serves  as  a  standard  for  comparing 
the  relative  accuracy  of  the  means  of  different  series  of  experiments 
made  under  similar  conditions. 

Examples.— Tables  VI.,  VII.,  VIII.,  IX.,  will  be  found  to  save  a  great 
deal  of  labour  in  calculating  the  probable  and  mean  errors  of  a  series  of 
observations. 


♦  Some  writers  call  our  "average  error"  the  "  mean  error,"  and  our  "  mean  error  " 
the  * '  error  of  mean  square  ". 
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(1)  The  following  galvanometer  deflections  were  obtained  in  some  obser- 
vations on  the  resistance  of  a  circuit :  37*0,  36*8,  36*8,  36*9.  37*1.  Find  the 
probable  and  mean  errors.  This  small  number  of  observations  is  employed 
simply  to  illustrate  the  method  of  using  the  above  formulae.  In  practical 
work,  mean  or  probable  errors  deduced  from  so  small  a  number  of  observations 
are  of  little  value. 

Arrange  the  following  table : — 


NaiDber  of 
ObservHtion. 

Deflection 
Observed. 

Departare  from                ^ 
Mean.                        ^' 

1 
2 
3 
4 
5 

37  0                  +  0*08 
36*8                  -  012 
36-8                  -  0-12 
36*9        1         -  002 
37  1         '         +  018 

0-0064 
0-0144 
00144 
00004 
00324 

Mean  =  36-92 ;  2(v>)  ^  0*0680. 

The  numbers  in  the  last  two  columns  have  been  calculated  from  those  in  the 
second. 

Since  n  =  5,  and  writing  |  for  0-6746, 

Mean  error  of  a  single  result       =  +  Va068/4  =  ±  0*0041. 

Mean  error  of  the  mean  =:  +  \/0-068/6  x  4  =  ±  0*0068. 

Probable  error  of  a  smgle  result  -  ±  f  \^0068/4  =  ±  0*0027. 

Probable  error  of  the  mean  =  ±  |  V0068;6  x  4  =  ±  0*0036. 

Average  error  of  a  single  result  =  -52/5  =  -104. 

Average  error  of  tlie  mean  =  ±  -52/6  \/6  =  +  -0466. 

The  mean  error  of  the  arithmetical  mean  of  the  whole  set  of  observations 

is  written, 

36*92  +  0*0006 ; 
the  probable  error, 

36*92  +  0*0004. 
It  is  unnecessary  to  include  more  than  two  significant  figures. 

(2)  Rudberg  (Pogg.  Ann.,  41,  271, 1837)  found  the  coefficient  of  expansion 
a  of  dry  air  by  different  methods  to  be  o  x  100  =  0*3643,  0*3664, 0*3644,  0*3660, 
0*3668,  0*3636,  0*3661,  0*3643,  0*8643,  0*3646,  0*3646,  0*3662,  0*3840,  0*3902, 
0-3662.  Required  the  probable  and  mean  errors  on  the  assumption  that  the 
results  are  worth  an  equal  degree  of  confidence. 

(3)  From  example  (3),  page  136,  show  that  the  mean  error  is  the  abscissa 
of  the  point  of  inflection  of  the  probability  curve.    For  simplicity,  put  h  =  1. 

(4)  Cavendish  has  published  the  result  of  29  determinations  of  the  mean 
density  of  the  earth  (PhiL  Trans.,  88,  469, 1798)  in  which  the  first  significant 
figure  of  all  but  one  is  6:—  4-88;  5-60;  -61  ;  -07;  *26  ;  *66 ;  -36;  -29;  -68 
•65;  57;  68;  -62;  -29;  -44;  -34;  79;  10;  17;  39;  *42;  47;  -63; -34;  46 
•30;  -75;  -68;  -86.  Verify  the  following  results :  Mean  =  6-45;  3(  +  v)  =  6*04 
2(y«)  =  1*367 ;  3/  =  +  -041 ;  m  =  ±  -221 ;  R=±  *0277  ;  r  =  +  -149  ;  a  =  *18 
A  =^±  038. 
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The  following  results  are  convenient  for  reference : 

1.  The  mean  {or  probable  error)  of  the  sum  of  a  number  of  ob- 
servations is  ^equal  to  the  sqtutre  root  of  the  sum  of  the  squares  of 
the  mean  {or  probable)  errors  of  each  of  the  observations. 

Let  (T],  Zg,  represent  two  independent  measurements  whose  sum,  or  differ- 
ence combines  to  make  a  final  result  X,  so  that 

X  =  Xj  +  av 
Let  the  mean  errors  of  Xi  and  x^he  m^  and  m^  respectively.    If  M  denotes 
the  mean  error  in  X^ 

X  ±  ^f  =  (a*!  +  Wj)  +  (a^j  ±  t»j). 
.*.  ±  Jkf  =  ±  Wi  ±  m,. 
However  we  arrange  the  signs  of  3f,  t^,  m,,  in  the  last  equation,  we  can  only 
obtain,  by  squaring,  one  or  other  of  the  following  expressions  : 

AP  =  nij^  J-  2fnim2  +  tvuf ;  or,  JIP  =  m^  -  2m^nug  +  f?!,', 
it  makes  no  difference  which.    Hence  the  mean  error  is  to  be  found  by  taking 
the  mean  of  both  these  results.     That  is  to  say, 

M*  =  tn^  +  m^ ;  or,  3/  =  sjm^  +  w,*, 
because  the  terms  containing  +  mjtTi,  and  -  nUfin^  cancel  each  other.  This 
means  that  the  products  of  any  pair  of  residual  errors  (mjm,,  fnjm,,  .  .  .)  in  an 
extended  series  of  observations  will  have  positive  as  often  as  negative  signs. 
Consequently,  the  influence  of  these  terms  on  the  mean  value  will  be  negligibly 
small  in  comparison  with  the  terms  Wr^^  m^,  m,',  .  .  .,  which  are  always  posi- 
tive.    Hence,  for  any  number  of  observations, 

3f «  =  w,«  -I-  m,«  +  .  .  . ;  or,  ilf  =  ^(^i*  +  m^'  +  .  .  .)•  (7) 

From  equation  (2),  page  439,  the  mean  error  is  proportional  to  the  probable 
error  i?,  ni^  to  rj,  .  .  .,  hence, 

ija  =  rj*  -I-  V  +  .  .  . ;  or,  i2  ^  VW  +  »-2'  +...).    .        .         (8) 

In  other  words,  the  probable  error  of  the  sum  or  difference  of 
two  quantities  A  and  B  respectively  affected  tuith  probable  errors 
±  a  amd  ±  b  is 

i^  =  ±  slaFT¥,    .         .        .        .       (9) 

Examples.— (1)   The  molecular  weight  of  titanium  chloride  (TiCl^  is 
known  to  be  188-646±*0092,  and  the  atomic  weight  of  chlorine  85-179  ± -0048, 
what  is  the  atomic  weight  of  titanium  ?    Ansr.  47-829  ±  -0218.     Hints. 
188-545  -  4  X  35-179  =  47-829 ;  R  =  V(^0092)M-  (4  x  -0048)«  =  ±  -0213. 

(2)  The  mean  errors  affecting  e^  and  B^  in  the  formula  -B  =  k(9^  -  0^)  are 
respectively  ±  -0008  and  +  -0004,  what  is  the  mean  error  affecting  0^  -  0^  and 
3(«g  -  0i)  ?    Ansr.  ±  -0005  and  ±  0015. 

2.  The  probable  error  of  the  pboduct  of  two  quantities  A  and 
B  respectively  affected  with  the  probable  errors  ±  a  and  ±  b  is 

B:=±  J{Abf  +  {Baf.      .         .         .       (10) 
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Examples. — (1)  Thorpe  found  that  the  molecular  ratio 

^Ag  :  TiCl^  =  100  :  44017  ±  0081. 
Hence  determine  the  molecular  weight  of  titanium  tetrachloride,  given  the 
atomic  weight  of  silver  =  107-108  ±  -0031.     Ansr.  188-688  ±  -0144.    Hint. 
R  =±  v'{(4  X  107-108  X  •0081)«  +  (44-017  x  4  x  -OOai)'}. 
(2)  The  specific  heat  of  tin  is  -0587  with  a  mean  error  of  ±  -0014,  and  the 
atomic  weight  of  the  same  metal  is  118-150  +  -0089,  show  that  the  mean  error 
the  product  of  these  two  quantities  (Dulong  and  Petit*8  law)  is  6*88  ±  -1664. 

If  a  third  mean,  C,  with  a  prohable  error,  +  c,  is  included, 

R  =±  \'(BCaf  +  (ACbf  +  (ABc)\       .         .         .       (11) 

3.  The  probable  error  of^  the  quotient  (B  -=-  A)  of  two  quantities 
A  and  B  respectively  affected  with  the  probable  errors  ±  a  and  ±  bis 

B^±ll±4 (12) 

A 

Examples.  >-(l)  It  is  known  that  the  atomic  ratio 

Cu:2Ag  =100:  889411  ±  -0039, 
what  is  the  atomic  weight  of  copper  on  the  assumption  that 

Ag  =  107-108  ±  -0081  ? 
Ansr.  68-114  +  0020.     Hint. 


R  =;±  V( 


214-216  X  -ooaev 

839-411     ~  )  "*"  ('^^2)«  -i-  389-411  =-.  ±  -0020. 


Cw  :  2  X  107108  =  100  :  839-411 ;  .-.  Cm  =  68-114. 
(2)  Suppose  that  the  maximum  pressure  of  the  aqueous  vapour  (f^  in  the 
atmosphere  at  16°  is  fouud  to  be  8-2,  with  a  mean  error  ±  -0024,  and  the 
maximum  pressure  of  aqueous  vapour  (/j)  at  the  dewpoint,  at  16°,  is  18*6, 
with  a  mean  error  of  +  -0012.  The  relative  humidity  {h)  of  the  air  is  given 
by  the  expression  h  =  /j//,,  Show  that  the  relative  humidity  at  16°  is 
•6074  ±  0022. 

4.  The  probable  error  of  the  proportion 

A:B  ^  C  \x, 
where  A,  B,  0,  are  quantities  respectively  affected  with  the  probable 
errors  ±  a,  +6,  +  c,  is 

^°±  A •     •       •     (13) 

Example.— Stas  found  that  AgClO^  furnished  26-080  ±  -0010  %  of  oxygen 
and  74-920 ±  -0008  %  of  A gCl.  If  the  atomic  weight  of  oxygen  is  16-879  ±  0003. 
what  is  the  molecular  weight  of  AgCl  ?    Ansr.  142-803  ±  -0066.    Hints. 

26-080  :  74-920  =  8  x  16879  :  x  ;  .\  x  =  142-308. 
R=±Ji /74-92X  47-637  X -001  \ ^ ^^^.gg^  ^  ,^^^^ ^ ^rj^,^ ^^^ -0009)21  ^ 2608. 
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If  A:  B  =  C  +  x:  D  +  X, 

VIC  -  2))«  B^<^+  A^ 

{A  "-  i^)i(^^'  +  ^«6«)  +  -  ^-^sf^^       .         .       (14) 

ExABCPLB. — Stas  found  that  31*488  +  '0006  grams  of  NHfil  were  equiva- 
lent to  100  grams  of  AgNO^,  Hence  determine  the  atomic  weight  of  nitrogen, 
given  Ag  =  107108  ±  0081 :  CI  =  36179  ±  -0048 ;  H  =  1 ;  O,  =  47*637  ±  0009. 
Ansr.  18*911  ±  -0048. 

6.  The  probable  error  of  the  arithmetical  mean  of  a  series  of 
observations  is  inversely  as  the  sqtuire  root  of  their  nv/niber. 

Let  T-j,  rj,  .  .  .,  r„  be  the  probable  errors  of  a  series  of  independent  obser- 
vations o^,  a^y  .  .  .,  a„,  which  have  to  be  combined  so  as  to  make  up  a  final 
result  u.  Let  the  probable  errors  be  respectively  proportional  to  the  actual 
errors  d^^  da^  .  .  .,  dan.    The  final  result  zi  is  a  function  such  that 

u  —  f(a^,  Oj,  .  .  .,  a„). 
The  influence  of  each  separate  variable  on  the  final  result  may  be  determined 
by  partial  differentiation  so  that 

du  =  ^Ua^  +  ^da^  + (16) 

where  da^,  da^^  .  .  .  represent  the  actual  errors  committed  in  measuring  o^, 
o^  .  .  . ;  the  partial  differential  coefficients  determine  the  effect  of  these 
variables  upon  the  final  result  u\  and  du  represents  the  actual  error  in  u 
due  to  the  joint  occurrence  of  the  errors  da^^  da^,  .  .  . 

If  we  employ  R  in  place  of  du,  r^  in  place  of  doj,  etc.,  square  (16)  and 
show  that 

^ = (^)'^'' ^  (S^' ^ •  <^«> 

The  arithmetical  mean  of  n  observations  is 

M  =  (ttj  -I-  a,  +  .  .  .  +  a„)ln, 
therefore,  dw/Da,  =  3^/905  =  .  .  .  =  1/n. 


.*.  IV^  = 


-H  V  -H  .  .  .  +  r, 


9 


n 


n« 


But   the   observations   have  an   equal   degree  of   precision,  and   therefore, 

'1     —    '8     —     ...    T„  ,  

-rf  =  ±-7= (17) 

This  result  shows  how  easv  it  is  to  overrate  the  effect  of  multi- 
plying  observations.  If  B  denotes  the  probable  error  of  the  mean 
of  8  observations,  four  times  as  many,  or  32  observations  must  be 
made  to  give  a  probable  error  of  ^R ;  nine  times  as  many,  or  72 
observations  must  be  made  to  reduce  B  to  ^R,  etc. 

Examples.—  (1)  Two  series  of  determinations  of  the  atomic  weight  of  oxygen 
by  a  certain  process  gave  respectively  16*8726  ±  -00068  and  16*8769  ±  *00068. 
Hence  show  that  the  atomic  weight  is  accordingly  written  16*87476  ±  -00041. 
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(2)  In  the  preceding  section,  §  178,  given  formula  (8)  deduce  (9).  Hint. 
Use  (17),  present  section. 

(3)  Deduce  Peter^s  approximation  formulae  (10)  and  (11),  §  178.  Hint. 
Since 

3(x«)/n  =  2(v^)l(n  -  1), 
page  438,  we  may  suppose  that  on  the  average 

2{x)  :  \n  =  2(v)  :  Vn  -  1, 
etc. 

(4)  Show  that  when  n  is  large,  the  result  of  dividing  the  mean  of  the 
squares  of  the  errors  by  the  square  of  the  mean  of  the  errors  is  constant. 
Hint.  Show  that 

V-i^H-'"^' <^«^ 

This  has  been  proposed  as  a  test  of  the  fidelity  of  the  observations,  and  of  the 
flMx^uracy  of  the  arithmetical  work.  For  instance,  the  numbers  quoted  in  the 
example  on  page  468  give  %{v)=56'5S  ;  2(t'^)~364'35  ;  71^14;  constant =1-60. 
The  canon  does  not  usually  work  very  well  with  a  small  number  of  observations. 

(5)  Show  that  the  probable  (or  mean)  error  is  inversely  proportional  to 

the  absolute  measure  of  precision.     Hint.  From  (1)  and  (2) 

1 
r  =  r  X  constant,  ....       (19) 

etc.     See  §  190. 


§  180.  Numerioal  Values  of  the  Probability  Integrals. 

We  have  discussed  the  two  questions  : 

1.  What  is  the  best  representative  value  of  a  series  of  measure- 
ments affected  with  errors  of  observations  ? 

2.  How  nearly  does  the  arithmetical  mean  represent  all  of  a 
given  set  of  measurements  afifected  with  errors  of  observation  ? 

It  now  remains  to  inquire 

3.  How  closely  does  the  arithmetical  mean  approximate  to  the 
absolute  truth  ? 

To  illustrate,  we  may  use  the  results  of  Crookes*  model  research 
on  the  atomic  weight  of  thallium  {Phil,  Trans. ,  163,  277,  1874) : 

203-628 ;  203-632 ;  203*636 ;  203*638 ;  203-639  ;\ 

203-642;  203-644;  203-649;  203-660;  203-666;/^®*'^-  2^3*^^2. 

The  arithmetical  mean  is  only  one  of  an  infinite  number  of  possible 
values  of  the  atomic  weight  of  thallium  between  the  extreme  Umits 
203-628  and  203-666.  It  is  very  probable  that  203*642  is  not  the 
true  value,  but  it  is  also  very  probable  that  203-642  is  very  near 
to  the  true  value  sought.  The  question  **How  near?"  cannot  be 
answered.     Alter  the  question  to  *'  What  is  the  probability  that 
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the  truth  is  comprised  between  the  limits  203642  +  a;?'*  and  the 
answer  may  be  readily  obtained  however  small  we  choose  to  make 
the  number  x. 

Firsts  suppose  that  the  absolute  measure  of  precision  {h)  of  the 
arithmetical  mean  is  known. 

Table  X.  gives  the  numerical  values  of  the  probability  integral 


where  P  denotes  the  probability  that  an  error  of  observation  will 

have  a  positive  or  negative  value  equal  to  or  less  than  x,  h  is  the 

measure  of  the  degree  of  precision  of  the  results. 

When  h  is  unity,  the  value  of  P  is  read  oflf  from  the  table 

directly.     To  illustrate,  we  read  that  when  a;  =  +  O'l  P  =  '112 ; 

when  a;  =  ±  0*2  P  =  -223 ;  .  .  .,  meaning  that  if  1,000  errors  are 

committed  in  a  set  of  observations  with  a  modulus  of  precision 

h  =  1,  112  of  the  errors  will  lie  between  +  0-1  and  -  01 ,  223 

between  +  0*2  and  -  0  2,  etc.     Or,  888  of  the  errors  will  exceed 

the  limits  ±  01 ;  777  errors  will  exceed  the  limits  ±  0*2 ;  .  .  . 

0*1  0*2 
When  h  is  not  unity,  we  must  use  -r-,  -r-,  .  .  .,  in  place  of 

01,  0-2,  .  .  . 

ExAMPLES.--(l)  If  hx  =  0-64,  P,  from  the  table,  is  0*6846.  Hence  0-6S46 
denotes  the  probability  that  the  error  x  will  be  less  than  O-^jh^  that  is  to 
say,  6d'46''/o  of  the  errors  will  lie  between  the  limits  +  O-S^jh.  The  remaining 
36-54  7o  ^ill  ^^^  outside  these  limits. 

(2)  Bequired  the  probability  that  an  error  will  be  comprised  between  the 
limits  ±  0-3  (h  =  1).     Ansr.  -829. 

(8)  Required  the  probability  that  an  error  will  lie  between  -  0*01  and 
+  0*1  of  say  a  milligram.  This  is  the  sum  of  the  probabilities  of  the  limits 
from  0  to  -  0*01  and  from  0  to  +  01  (h  =  1).     Ansr.  -0118  +  -1125  =  -1287. 

(4)  Required  the  probability  that  an  error  will  lie  between  +1*0  and  +0*01. 
This  is  the  difference  of  the  probabilities  of  errors  between  1*0  and  zero  and  be- 
tween 0*01  and  zero  (;i=  1).     Ansr.  -8427  -  -0113  =  -8814. 

This  table,  therefore,  enables  us  to  find  the  relation  between  the 
magnitude  of  an  error  and  the  frequency  with  which  that  error  will 
be  committed  in  making  a  large  number  of  careful  measurements. 
It  is  usually  more  convenient  to  work  from  the  probable  error  B 
than  from  the  modulus  h.  More  practical  illustrations  have,  in 
consequence,  been  included  in  the  next  set  of  examples. 
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-^//'^'<'> 


Second,  suppose  that  the  probable  error  of  the  arithmetical  mean 
is  known. 

Table  XI.  gives  the  numerical  values  of  the  probability  integral 

where  P  denotes  the  probability  that  an  error  of  observation  of  a 
positive  or  negative  value,  equal  to  or  less  than  x,  will  be  com- 
mitted in  the  arithmetical  mean  of  a  series  of  measurements  with 
probable  error  r  (or  B).  This  table  makes  no  reference  to  h.  To 
illustrate  its  use,  of  1,000  errors,  54  will  be  less  than  ^B ;  500 
less  than  B ;  823  less  than  2B ;  957  less  than  SB ;  993  less  than 
4i? ;  and  one  will  be  greater  than  5B. 

Examples. — (1)  A  series  of  results  are  represented  by  6*9  with  a  probable 
error  +  0*25.  The  probability  that  the  probable  error  is  less  than  0*25  is  i. 
What  is  the  probability  that  the  actual  error  will  be  less  than  0-75  ?  Here 
xIR  =  0-75/0-25  =  3.  From  the  table,  p  =  0-9670  when  xjR  =  3.  This  means 
that  95*7%  of  the  errors  will  be  less  than  0*75  and  4*8%  greater. 

(2)  Dumas  has  recorded  the  following  19  determinations  of  the  chemical 
equivalent  of  hydrogen  (O  =>  100)  using  sulphuric  acid  (H^SO^)  with  some,  and 
phosphorus  pentozide  (P^O^)  as  the  drying  agent  in  other  cases  : 

i.  H^SO^  :  12*472,  12-480,  12-548,  12*489,  12*496,  12*522,  12*583,  12*546, 
12*550,  12-562; 

ii.  P,fi^ :  12*480,  12*491,  12*490,  12*490,  12*608.  12*547,  12*490,  12-561, 
12*551.  Dumas'  "  Recherches  sur  la  Composition  de  TEau,"  Ann.  de  Chim. 
et  de  Phys.  [3],  8,  200,  1843. 

What  is  the  probability  that  there  will  be  an  error  between  the  limits 
±  0*015  in  the  mean  (12-515),  assuming  that  the  results  are  free  from  constant 
errors  ?  The  chemical  student  will  perhaps  see  the  relation  of  his  answer  to 
Front's  law. 

Hints,  xjR^t',  R  ^  004685 ;  x  =  -015 ;  .*.  t  =  8*2.  From  Table  XI., 
when  t  =  8*2,  P  ^  -969.  Hence  the  odds  are  969  to  81  that  the  mean  12*515 
is  affected  by  no  greater  error  than  is  comprised  within  the  limits  ±  *015. 
To  exemplify  Table  X.,  h  =  *4769/ii  =  102,  .*.  hx  =  102  x  -015  =  1-58.  From 
the  table,  P  =  *969  when  hx  =  1-68,  etc.  That  is  to  say,  96-9%  of  the  errors 
will  be  less  and  8*1  %  greater  than  the  assigned  limits. 

(3)  From  Grookes'  ten  determinations  of  the  atomic  weight  of  thallium 
(above)  calculate  the  probability  that  the  atomic  weight  of  thallium  lies  be- 
tween 208*682  and  208-652.  Here  x  =  ±  0-01 ;  R±=  -0023 ;  .-.  t  =  xjR  =  4*4. 
From  Table  XI.,  P  =  -997.  (Note  how  near  this  number  is  to  unity  indicating 
certainty.)  The  chances  are  882  to  1  that  the  true  value  of  the  atomic  weight 
of  thallium  lies  between  208*682  and  203*652.  We  get  the  same  result  by 
means  of  Table  X.  Thus  h  =  •4769/-0028  =  207;  .*.  /wr  =  207  x  -01  =  2*07. 
When  lix  =  2-07,  P  =  '997.  If  1,000  observations  were  made  under  the  same 
conditions  as  Crookes',  we  could  reasonably  expect  997  of  them  to  be  affected 
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by  errors  numerically  less  than  0*01,  and  only  8  observations  would  be  affected 
by  errors  exceeding  these  limits. 

The  rules  and  formulae  deduced  up  to  the  present  are  by  no 
means  inviolable.  The  reader  must  constantly  bear  in  mind  the 
fundamental  assumptions  upon  which  we  are  working.  If  these 
conditions  are  not  fulfilled,  the  conclusions  may  not  only  be  super- 
fluous, but  even  erroneous.     The  necessary  conditions  are : 

1.  Every  observation  is  as  likely  to  be  in  error  as  every  other  one. 

2.  There  is  no  perturbing  influence  to  cause  the  results  to  have  a 
bias  or  tendency  to  deviate  more  in  some  directions  than  in  others. 

3.  A  large  number  of  observations  has  been  made.  In  practice, 
the  number  of  observations  may  be  considerably  reduced  if  the 
second  condition  is  fulfilled.  In  the  ordinary  course  of  things  from 
10  to  25  is  usually  considered  a  sufficient  number. 

§  181,  MaxwelFs  Law  of  Distribution  of  Moleoolap  Yelooities. 

In  a  preceding  discussion,  the  velocities  of  the  molecules  of  a 
gas  were  assumed  to  be  the  same.  Can  this  simplifying  assump- 
tion be  justified  ? 

According  to  the  kinetic  theory,  a  gas  is  supposed  to  consist  of 
a  number  of  perfectly  elastic  spheres  moving  about  in  space  with  a 
certain  velocity.  In  case  of  impact  on  the  walls  of  the  bounding 
vessel,  the  molecules  are  supposed  to  rebound  according  to  known 
dynamical  laws.     This  accounts  for  the  pressure  of  a  gas. 

The  velocities  of  all  the  molecules  of  a  gas  in  a  state  of  equili- 
brium are  not  the  same.  Some  move  with  a  greater  velocity  than 
others.  At  one  time  a  molecule  may  be  moving  with  a  great 
velocity,  at  another  time,  with  a  relatively  slow  speed. 

The  attempt  has  been  made  to  find  a  law  governing  the  distri- 
bution of  the  velocities  of  the  motions  of  the  different  molecules, 
and  with  some  success.  Maxwell's  law  is  based  upon  the  assump- 
tion that  the  same  relations  hold  for  the  velocities  of  the  molecules 
as  for  errors  of  observation.  This  assumption  has  pli^yed  a  most 
important  part  in  the  development  of  the  kinetic  theory  of  gases. 

The  probabihty  y  that  a  molecule  will  have  a  velocity  equal  to 
X  is  given  by  an  expression  of  the  type : 

y'Tn=^'~^ (1) 
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A  graphical  representation  of  this  law  is  readily  obtained  by  plotting 
corresponding  values  of  x  and  y  in  the  usual  way. 

Very  few  molecules  will  have  velocities  outside  a  certain  restricted 
range.     It  is  possible  for  a  molecule  to  have  any  velocity  whatever 
but  the  probability  of  the  existence  of  velocities  outside  certain 
limits  is  vanishingly  small. 

The  reader  will  get  a  better  idea  of  the  distribution  of  the  velocities  of  the 
molecules  by  plotting  the  graph  of  the  above  equation  for  himself.  Remember 
that  the  ordinates  are  proportional  to  the  number  of  molecules,  abscissae  to 
their  speed.  Areas  bounded  by  the  x-axis,  the  curve  and  certain  ordinates 
will  give  an  idea  of  the  number  of  molecules  possessing  velocities  between  the 
abscissae  corresponding  to  the  boundary  ordinates.     Use  Table  XXIII. 

Returning  to  the  study  of  the  kinetic  theory  of  gases,  §  173, 
the  number  of  molecules  with  velocities  between  v  and  v  +  dv  is 
assumed  to  be  represented  by  an  equation  analogous  to  the  ex- 
pression employed  to  represent  the  errors  of  mean  square  in  §  179, 
namely, 

■"-T,0''"''%   •     •     ■    <^) 

where  N  represents  the  total  number  of  molecules,  a  is  a  constant 
to  be  evaluated. 

1.  To  find  a  valiie  for  the  constant  a  in  terms  of  the  average 
velocity  (Fq)  of  the  molecules. 

Since  there  are  dN  molecules  with  a  velocity  v,  the  sum  of  the  velocities 
of  all  these  dN  molecules  is  vdNy  and  the  sum  of  the  velocities  of  all  tha 
molecules  must  be 

fV  =  CD 

/         v.dN. 

J  p=Q 
From  (2), 

V  --^Tt^  e     ^^dv  -  ---   ^  -  — 
cc'sirJ  0  crvir    -^         Vt 

(How  did  N  vanish  ?)     Hence, 

a^^V.s^i.  (8) 

2.  To  find  the  average  velocity  of  the  molecules  of  a  gas. 

By  a  well-known  theorem  in  elementary  mechanics,  the  kinetic  energy  of 
a  mass  ni  moving  with  a  velocity  v  is  ifnv^.  Hence,  the  sum  of  the  kinetic 
energies  of  the  dN  molecules  will  be  i{mdN)v^y  because  there  are  (2^  molecules 

FF 
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moving  with  a  velocity  v.    From  (2),  therefore,  the  total  kinetic  energy  (T)  of 

aU  the  molecules  is  > 

'•  =  »  oxr,«   ,^  «• 


.\a^2'J^T]M, (4) 

where  M  =  Nm  =  total  mass  of  N  molecules  each  of  mass  m. 
The  total  kinetic  energy  of  N  molecules  of  the  same  kind  is 

T  =  4mvi«  +  ^wuj*  +  .  .  .  +  iwuy»  =  \m(t\*  +  t?,*  +  .  .  -  +  Vj^.        (6) 
The  velocity  of  mean  square  ( U)  is  defined  as  the  velocity  whose  square 
is  the  average  of  the  squares  of  the  velocities  of  all  the  N  molecules,  or, 

Prom  (6),  therefore, 

T  =  ^mNlP  =  ^MIP (6) 

From  (4)  and  (6),  therefore, 

«  =  ^;  and  V,  =4fe  =  -9213^.  ....       (7) 
v6  voir 

Most  works  on  chemical  theory  *  give  a  simple  method  of  proving  that  if 

p  denotes  the  pressure  and  p  the  density  of  a  gas, 

P  =  ^pU^ (8) 

This  in  conjunction  with  (6)  allows  the  average  velocity  of  the  molecules  of  a 

gas  to  he  calculated  from  the  known  values  of  the  pressure  and  density  of  the 

gas. 

NuMBBicAL  Example. — One  c.c.  of  hydrogen  gas  weighs  *0000896  grams 

under  standard  barometric  pressure,  76  cm.  of  mercury.    Specific  gravity  of 

mercury  =  13 '5.     Hence,  a  column  of  mercury  76  cm.  long  and  1  sq.  cm. 

^ross-section  weighs  76  x  13*5  =  1083*2  grams.     But, 

Weight  =  Mass  x  Acceleration  of  gravity, 

Weight  of  unit  volume 
p  =  Density  =  Mass  of  unit  volume  = ; 

=  -0000896/981  =  -000009. 
From  (7)  and  (8),  _ 

r.  =  -9213  ^'-l  =  -9218  ^m^  =  184.000. 

That  is  to  say,  the  average  velocity  of  hydrogen  molecules  under  atmospherio 
pressure  at  0°  C.  is  approximately  184,000  centimetres  per  second. 

3.  To  show  that  the  average  velocity  of  the  molecules  of  a  gas  is 
proportional  to  its  rate  of  diffusion. 

This  will  be  left  as  an  exercise.     Hint.  Use  (7)  and  (8)  above,  and  (1), 
§  95.     See  also  (2),  §  190. 

The  reader  is  no  doubt  familiar  with  the  principle  underlying 
Maxwell's  law,  and,  indeed,  the  whole  kinetic  theory  of  gases.     I 


♦  £,g.,  Ramsay's  ExperitnetUal  Proqft  qf  Cftemical  Theory  for  Beginners. 
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may  mention  two  examples.  The  number  of  passengers  on  say 
the  3.10  P.M.  suburban  daily  train  is  fairly  constant  in  spite  of  the 
fact  that  that  train  does  not  carry  the  same  passengers  two  days 
running.  Insurance  companies  can  average  the  number  of  deaths 
per  1,000  of  population  with  great  exactness.  Of  course  I  say 
nothing  of  disturbing  factors.  A  bank  holiday  may  require  pro- 
vision for  a  supra-normal  traffic.  An  epidemic  will  run  up  the 
death  rate  of  a  community.  The  commercial  success  of  these 
institutions  is,  however,  sufficient  testimony  of  the  truth  of  the 
method  of  aTerages,  otherwise  called  the  statistical  method 
of  investigation.  The  same  type  of  mathematical  expression  is 
required  in  each  case. 

It  will  thus  be  seen  that  calculations,  based  on  the  sup- 
position that  all  the  molecules  possess  equal  velocities,  are  quite 
admissible  in  a  first  approximation.  The  net  result  of  the 
''dance  of  the  molecules''  is  a  distribution  of  the  different  velo- 
cities among  all  the  molecules,  which  is  maintained  with  great 
exactness. 

G.  H.  Darwin  has  deduced  values  for  the  mean  free  path,  etc.,  from  the 
hypothesis  that  the  molecules  of  the  same  gas  are  not  all  the  same  size.  He 
has  examined  the  consequences  of  the  assumption  that  the  sizes  of  the  mole- 
cules are  ranged  according  to  a  law  like  that  governing  the  frequency  of  errors 
of  observation.  For  this,  see  his  memoir  "  On  the  mechanical  conditions  of  a 
swarm  of  meteorites  *'  {PhiL  Trans. ^  180, 1,  1889). 


§  182.  Constant  Errors. 

The  irregular  accidental  errors  hitherto  discussed  have  this 
distinctive  feature,  they  are  just  as  likely  to  have  a  positive  as  a 
negative  value.  But  there  are  errors  which  have  not  this  character. 
If  the  barometer  vacuum  is  imperfect,  every  reading  will  be  too 
small;  if  the  glass  bulb  of  a  thermometer  has  contracted  after 
graduation,  the  zero  point  rises  in  such  a  way  as  to  falsify  all 
subsequent  readings;  if  the  points  of  suspension  of  the  balance 
pans  are  at  unequal  distances  from  the  centre  of  oscillation  of  the 
beam,  the  weighings  will  be  inaccurate.  A  change  of  tempera- 
ture of  5°  or  6°  may  easily  cause  an  error  of  0*2  to  l"07o  ^^  *^ 
analysis,  owing  to  the  change  in  the  volume  of  the  standard 
solution.     Such  defective  measurements  are  said  to   be  afifected 


^ 
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by  oonstant  errors.*  By  definition,  constant  errors  are  produced 
by  well-defined  causes  which  make  the  errors  of  observation  pre- 
ponderate more  in  one  direction  than  in  another.  Thus,  some  of 
Stas'  determinations  of  the  atomic  weight  of  silver  are  affected  by 
a  constant  error  due  to  the  occlusion  of  oxygen  by  metallic  silver  in 
the  course  of  his  work. 

One  of  the  greatest  trials  of  an  investigator  is  to  detect  and 
if  possible  eliminate  constant  errors.  This  is  usually  done  by 
modifying  the  conditions  under  which  the  experiments  are  per- 
formed. Thus  the  magnitude  is  measured  under  different  condi- 
tions, with  different  instruments,  etc.  It  is  assumed  that  even 
though  each  method  or  apparatus  has  its  own  specific  constant 
error,  all  these  constant  errors  taken  collectively  will  have  the 
character  of  accidental  errors.  To  take  a  concrete  illustration, 
faulty  *'  sights ''  on  a  rifle  may  cause  a  constant  deviation  of  the 
bullets  in  one  direction  ;  the  **  sights  "  on  another  rifle  may  cause 
a  constant  ''error"  (§  174)  in  another  direction,  and  so,  as  the 
number  of  rifles  increases,  the  constant  errors  assume  the  character 
of  accidental  errors  and  thus,  in  the  long  run,  tend  to  compensate 
each  other.  This  is  why  Stas  generally  employed  several  different 
methods  to  determine  his  atomic  weights.  To  quote  one  practical 
case,  Stas  made  two  sets  of  determinations  of  the  numerical  value 
of  the  ratio  Agr.  KCL  In  one  set,  four  series  of  determinations 
were  made  with  KCl  prepared  from  four  different  sources  in  con- 
junction with  one  specimen  of  silver,  and  in  the  other  set  different 
series  of  experiments  were  made  with  silver  prepared  from  different 
sources  in  conjunction  with  one  sample  of  KCl.f 

The  calculation  of  an  arithmetical  mean  is  analogous  to  the 
process  of  guessing  the  centre  of  a  target  from  the  distribution  of 
the  *'  hits  **  (Fig.  127).  If  all  the  shots  are  affected  by  the  same 
constant  error,  the  centre,  so  estimated,  will  deviate  from  the  true 
centre  by  an  amount  depending  on  the  magnitude  of  the  (presumably 

*  Perional  error.  This  is  another  type  of  constant  error  which  depends  on  the 
personal  qualities  of  the  observer.  Thus  the  differences  in  the  judgments  of  the 
astronomers  at  the  Greenwich  Observatory  as  to  the  observed  time  of  transit  of  a  star 
and  the  assumed  instant  of  its  actual  occurrence  is  said  to  vary  from  j^  to  }  of  a 
second,  and  to  remain  fairly  constant  for  the  same  observer.  Some  persistently  read 
the  burette  a  little  high,  others  a  little  low.  Vernier  readings,  analyses  based  on 
colorinietric  tests  (such  as  Nessler's  ammonia  process),  etc.,  may  be  affected  by 
personal  errors. 

t  Unfortunately  the  latter  set  was  never  completed. 
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unknown)  oonstant  error.     If  this  magnitude  can  be  subsequently 

determined,  a  simple  arithmetical  operation  (addition  or  subtraction) 

will  give  the  correct  value.     Thus  Stas  found  that  the  amount  of 

potassium  chloride  equivalent  to  100  parts  of  silver,  in  one  case, 

was  as 

Ag  :  KCl  =  100  :  69-1209. 

The  KCl  was  subsequently  found  to  contain  '00259  70  of  silica. 
The  chemical  student  will  see  that  '00087  has  consequently  to  be 
subtracted  from  69*1 209.     Hence, 

A(j  :  KCl  =  100  :  6911903. 
After  Lord  Rayleigh  {Proc.  Roy.  Soc,  43,  356,  1888,  or  rather 
Agamennone  in  1885)  pointed  out  that  the  capacity  of  an  exhausted 
glass  globe  is  less  than  when  the  globe  is  full  of  gas,  all  measure- 
ments of  the  densities  of  gases  involving  the  use  of  exhausted 
globes  had  to  be  corrected  for  shrinkage.  Thus  Regnault's  ratio, 
1  :  15*9611,  for  the  relative  densities  of  hydrogen  and  oxygen  was 
"  corrected  for  shrinkage  "  to  1  :  15-9105.  The  proper  numerical 
corrections  for  the  constant  errors  of  a  thermometer  are  indicated 
on  the  well-known  **  Kew  certificate,"  etc. 

If  the  mean  error  of  esbch  set  of  results  differs,  by  an  amount 
to  be  expected,  from  the  mean  errors  of  the  different  sets  measured 
with  the  same  instrument  under  the  same  conditions,  no  constant 
error  is  likely  to  be  present.  The  different  series  of  atomic  weight  de- 
terminations of  the  same  chemical  element,  published  by  the  same 
(perhaps  excluding  Stas)  or  by  different  observers,  do  not  stand  this 
test  satisfactorily.  Hence,  Ostwald  concludes  that  constant  errors 
must  have  been  present  even  though  they  have  escaped  the  ex- 
perimenter's ken. 

Example. — Discuss  the  following :  '•  Merely  increasing  the  number  of 
experiments,  without  varying  the  conditions  or  method  of  observation, 
diminishes  the  influence  of  accidental  errors.  It  is,  however,  useless  to 
multiply  the  number  of  observations  beyond  a  certain  limit.  On  the  other 
hand,  the  greater  the  number  and  variety  of  the  observations,  the  more 
complete  will  be  the  elimination  of  the  effects  of  both  constant  and  accidental 


errors." 


§  183.  Proportional  Errors. 

One  of  the  greatest  sources  of  error  in  scientific  measurements 
occurs  when  the  quantity  cannot  be  measured  directly.  In  such 
cases,  two  or  more  separate  observations  may  have  to  be  made  on 
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different  magnitudes.  Each  observation  contributes  some  little 
inaccuracy  to  the  final  result.  Thus  Faraday  has  determined  the 
thickness  of  gold  leaf  from  the  weight  of  a  certain  number  of 
sheets.  Foucault  measures  time,  Le  Chatelier  measures  tempera- 
ture in  terms  of  an.  angular  deviation.  The  determination  of  the 
rate  of  a  chemical  reaction  often  depends  on  a  number  of  more  or 
less  troublesome  analyses  * 

For  this  reason,  among  others,  many  chemists  prefer  the  standard  O  ==  16 
as  the  basis  of  their  system  of  atomic  weights.  The  atomic  weights  of  most 
of  the  elements  have  been  determined  directly  or  indirectly  with  reference  to 
oxygen.  If  H  ==  1  be  the  basis,  the  atomic  weights  of  most  of  the  elements 
depend  on  the  nature  of  the  relation  between  oxygen  and  hydrogen — a 
relation  which  has  not  yet  been  fixed  in  a  satisfactory  manner.  The  best  de- 
terminations made  since  1887  vary  between  /f :  O — 1 :  15*96  and  H:0=1: 16*87. 
If  the  former  ratio  be  adopted,  the  atomic  weights  of  antimony  and  uranium 
would  be  respectively  119*6  and  239*0 ;  while  if  the  latter  ratio  be  employed, 
these  units  become  respectively  118*9  and  237*7,  a  difference  of  one  and  two 
units  1  It  is,  therefore,  better  to  contrive  that  the  atomic  weights  of  the 
elements  do  not  depend  on  the  uncertainty  of  the  ratio  H :  Oy  hy  adopting 
the  basis :  O  =  16. 

If  the  quantity  to  be  determined  is  deduced  by  calculation  from 
a  measurement,  Taylor's  theorem  furnishes  a  convenient  means  of 
criticising  the  conditions  under  which  any  proposed  experiment  is 
to  be  performed,  and  at  the  same  time  furnishes  a  valuable  insight 
into  the  effect  of  an  error  in  the  measurement  on  the  whole  result. 

It  is  of  the  greatest  importance  that  every  investigator  should 


*  Indirect  results  are  liable  to  another  aource  of  error.  The  formula  employed 
may  be  so  inexact  that  accurate  measurements  give  but  grossly  approximate  results. 
For  instance,  a  first  approximation  formula  may  have  been  employed  when  the 
accuracy  of  the  observations  required  one  more  precise ;  if  -  ^f'-  may  have  been  put 
^n  place  [of  ir  =  3 '14159  ;  or  the  coefficient  of  expansion  of  a  perfect  gas  has  been 
applied  to  an  imperfect  gas.     Such  errors  are  called  errors  of  method. 

There  is  a  well-defined  distinction  between  the  approximate  values  of  a  physical 
constant,  which  are  seldom  known  to  more  than  three  or  four  significant  figures 
(see  §  189),  and  the  approximate  value  of  the  incommensurables  ir,  e,  s%  .  .  .  which 
can  be  calculated  to  any  desired  degree  of  accuracy.  If  we  use  ^  in  place  of  3*1416 
for  IT,  the  absolute  error  is  greater  than  or  equal  to  3*1426  —  3*1416,  and  equal  to  or 
less  than  8*1428  -  3*1416 ;  that  is,  between  *0012  and  -0014.  In  scientific  work  we 
are  not  concerned  with  absolute  errors  although  it  is  assumed  that  the  proportional 
error  is  an  approximate  representation  of  the  ratio  of  the  absolute  error  to  the  true 
value  of  the  magnitude. 

By  the  way,  '*  >—  "  is  a  convenient  abbreviation  used  in  place  of  the  phrase  *'  is 
greater  than  or  equal  to,"  and  "  — <  "  is  used  in  place  of  <*  is  equal  to  or  less  than  ". 
See  page  10. 
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have  a  clear  idea  of  the  different  souroes  of  error  to  whioh  his 
results  are  liable  in  order  to  be  able  to  dischininate  between  im- 
portant and  unimportant  sources  of  error,  and  to  find  just  where 
the  greatest  attention  must  be  paid  in  order  to  obtain  the  best 
results. 

Let  y  be  the  desired  quantity  to  be  calculated  from  a  magnitude 
X  which  can  be  measured  directly  and  is  connected  with  y  by  the 
I  relation 

y  =  /(a?). 
,  f{x)  is  always  affected  with  some  error  dx  which  causes  y  to  deviate 

I  from  the  truth  by  an  amount  dy.     The  error  will  then  be 

dy  ^  {y  +  dy)  -  y  ^f{x  +  dx)  -  f{x). 

dx  is  necessarily  a  small  magnitude,  therefore,  by  Taylor's  theorem, 

f(x  H-  dx)  =  f{x)  H-  f'{x)  ,dx  +  .  .  ., 

or,  neglecting  the  higher  orders  of  magnitude. 

The  relation  between  the  error  and  the  total  magnitude  of  ^  is 

dy     f\x)  ■  dx 

y~     fix) ^^^ 

The  ratio  dn/ly  is  called  the  proportional,  relative,  or  fractional 

error,*  that  is  to  say,  the  ratio  of  the  error  involved  in  the  whole 
process  to  the  total  quantity  sought. 

Students  often  fail  to  understand  why  their  results  seem  all 
wrong  when  the  experiments  have  been  carefully  performed  and 
the  calculations  correctly  done.  For  instance,  the  molecular 
weight  of  a  substance  is  known  to  be  either  160,  or  some  multiple 
of  160.  To  determine  which,  380  (or  w)  grm.  of  the  substance 
was  added  to  14*01  (or  tt?j).grm8.  of  acetone  boiling  at  6-^  (or  3*60**) 
on  Beckmann's  arbitrary  scale,  the  temperature,  in  consequence,  fell 
to  $2  (or  3*36'') ;  the  molecular  weight  of  the  substance  {M)  is  then 
represented  by  the  known  formula 

M  =  1670    ,^'^    ,    :  or,  M  =  1670--^®^-  --  =  323; 

or  approximately  2  x  160.  Now  assume  that  the  temperature 
readings  may  be  +  0*05**  in  error  owing  to  convection  currents, 
radiation  and  conduction  of  heat,  etc.    Let  6^  =  3-66°  and  6,^  =  SSI**, 

.-.  M  =  1670, ,    '?^  ^,  =  188. 

1401  X  -24 

*  100 .  dyjy  is  the  p«rMBtatfe  error. 
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This  means  that  an  error  of  ±  irV*"  in  the  reading  of  the  thermometer 
would  give  a  result  positively  misleading.  This  example  is  by  no 
means  exaggerated.  The  simultaneous  determination  of  the  heat 
of  fusion  and  of  the  specific  heat  of  a  solid  by  the  solution  of  two 
simultaneous  equations,  and  the  determination  of  the  latent  heat 
of  steam  are  specially  liable  to  similar  mistakes.  A  study  of  the 
reduction  formula  will  show  in  every  case  that  relatively  small 
errors  in  the  reading  of  the  temperature  are  magnified  into 
serious  dimensions  by  the  method  used  in  the  calculation  of  the 
final  result. 

Example. — The  radius  of  curvature  (r)  of  a  lens,  is  given  by  the  formula 

r  =  afl(f  -  a). 
(See  any  textbook  on  optics  for  the  meaning  of  the  symbols.)  Let  the  true 
values  of  /  and  a  be  respectively  20  and  15.  Let  /  and  a  be  liable  to  error  to 
the  extent  of  ±  '5,  say,  /  is  read  20*5  and  a,  14-5.  Then  the  true  value  of  r  is 
60,  the  observed  value  51-2.  Fractional  error  =  8*8/60.  This  means  that  an 
error  of  about  2*5  7o  ^^  the  determination  of  /  and  a  may  cause  r  to  deviate 
16  %  from  the  truth. 

The  degree  of  accuracy  of  a  measurement  is  determined  by  the 
magnitude  of  the  proportional  error, 

Magnitude  of  error 

Proportional  Error  =  Total  magnitude  of  quantity  measured' 

If  we  knew  that  an  astronomer  had  made  an  absolute  error  of 
100,000  miles  in  estimating  the  distance  between  the  earth  and 
the  sun,  and  also  that  a  physicist  had  made  an  absolute  error  of 

the  fo^iToTliooooo^  o^  a  °^®  i^  measuring  the  wave  length  of  a 
spectral  line,  we  could  form  no  idea  of  the  relative  accuracy  of  the 
two  measurements  in  spite  of  the  fact  that  the  one  error  is  the 
rooo.oiJooVo.oo^oooth  part  of  the  other.  In  the  first  measurement 
the  error  is  about  ^.^^  of  the  whole  quantity  measured,  in  the 
second  case  the  error  is  about  the  same  order  of  magnitude  as  the 
quantity  measured.  In  the  former  case,  therefore,  the  error  is  neg- 
ligibly small :  in  the  latter,  the  error  renders  the  result  nugatory. 
The  following  examples  will  serve  to  fix  these  ideas  : 

Examples. — (1)  It  is  required  to  determine  the  capaoity  of  a  sphere  from 
the  measurement  of  its  diameter.  Let  y  denote  the  volume,  x  the  diameter, 
then,  by  a  well-known  mensuration  formula, 

y  =  i»j"\ 
It  is  required  to  find  the  effect  of  a  small  error  in  the  measurement  of  the 
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•diameter  on  the  calculated  volume.    Suppose  an  error  dx  is  committed  in  the 
measurement,  then 

y  +  dy  =  i*  (Jr  +  dxf  ; 

=  ^ir{x3  +  Sx^x  +  Sx(dx)^  +  (dx)*\. 
By  hypothesis,  dx  is  a  very  small  fraction,  therefore,  by  neglecting  the  higher 
powers  of  dx  and  dividing  the  result  by  the  original  expression 

y  +  dy      ^/^  +  SxHx\     dy        dx 
~y      "e'V      i^^S^^J'f  ^^' 
Or,  the  error  in  the  calculated   result  is  three  times  that  made  in  the 
measurement.      Hence  the  necessity  for  extreme  precautions  in  measuring 
the  diameter.     Sometimes,  we  shall  find,  it  is  not  always  necessary-  to  be  so 
careful. 

The  same  result  could  have  been  more  easily  obtained  by  the  use  of 
Taylor's  theorem  as  described  above.  Differentiate  the  original  expression 
«nd  divide  the  result  by  the  original  expression.  We  thus  get  the  relative 
error  without  trouble. 

(2)  Criticise  the  method  for  the  determination  of  the  atomic  weight  of 
lead  from  the  ratio  P6 :  O  in  lead  monoxide. 

Let  y  denote  the  atomic  weight  of  lead,  a  the  atomic  weight  of  oxygen 

•(known).     It  is  found  experimentally  that  x  parts  of  lead  combine  with  one 

part  of  oxygen,  the  required  atomic  weight  of  lead  is  determined  from  the 

simple  proportion 

y  :  a  =  or :  1 ;  or.y  —  ax\  or,  dy  =  adx ; 

.'.  dyjy  =  dxjx (2) 

Thus  an  error  of  1  %  i°  ^^^  determination  of  x  introduces  an  equal  error 

in  the  calculated  value  of  y.     Other  things  being  equal,  this  method  of 

finding  the  atomic  weight  of  lead  is,  therefore,  very  likely  to  give  good 

results. 

(8)  Show  that  the  result  of  determining  the  atomic  weight  of  barium  by 
precipitation  of  the  chloride  with  silver  nitrate  is  less  influenced  by  experi- 
mental errors  than  the  determination  of  the  atomic  weight  of  sodium  in  the 
same  way. 

Assume  that  one  part  of  silver  nitrate  requires  x  parts  of  sodium  (or 

barium)  chloride  for  precipitation  as  silver  chloride.     Let  a  and  h  be  the 

known  atomic  weights  of  silver  and  chlorine.     Then,  if  y  denotes  the  atomic 

-weight  of  sodium, 

y  +  6  :  a  =  X  :  1 ;  or,  y  =  ajc  -  6, 

Differentiating  (8)  and  substituting  for  i/  =  23,  6  =  85*5, 

y       ax  -  0  y        X  x 

or  an  error  of  1°/^  in  the  determination  of  chlorine  in  sodium  will  introduce 
an  error  of  2-5  °/o  in  the  atomic  weight  of  sodium.  Hence  it  is  a  di8advantage 
to  have  6  greater  than  y.  For  barium  the  error  introduced  is  1-5  °/o  instead 
-of  2-6  7,. 

(4)  If  the  atomic  weight  of  barium  y  is  determined  by  precipitation  of 
barium  sulphate  from  barium  chloride  solutions,  and  a  denotes  the  known 
•atomic  weight  of  chlorine,   b  the  known  *'  atomic "  weight  of  SO^,   then 
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when  X  parfcs  of  barium  chloride  are  converted  into  one  part  of  bariiuxb 
sulphate, 

.       ^  dy  {a  -  b)dx 

•^  ^  '    y       {1  -  x){ax  -  b) 

What  does  this  meiui  ? 

(5)  An  approximation  formula  used  in  the  determination  of  the  viscoBity 
of  liquid^  is 

i|  =  wptr*l8vlt 
where  v  denotes  the  volume  of  liquid  flowing  from  a  capillary  tube  of  radius  r 
and  length  I  in  the  time  ^ ;  ^  is  the  actual  pressure  exerted  by  the  column  of 
liquid.     Show  that  the  proportional  error  in  the  calculation  of  the  viscosity  i| 
is  four  times  the  error  made  in  measuring  the  radius  of  the  tube. 

(6)  In  a  tangent  galvanometer,  the  tangent  of  the  angle  of  deflection  of 
the  needle  is  proportional  to  the  current.  Prove  that  the  proportional  error 
in  the  calculated  value  of  the  current  due  to  a  given  error  in  the  reading  i» 
least  when  the  deflection  is  45°. 

The  strength  of  the  current  is  proportional  to  the  tangent  of  the  displaced 
angle  x,  or 

y  =  /(-r)  =  C  tan  .1- ; 

'     C .  dx  dy  dx 

'-'dy^      "a,  ;  or,  -  = 


i  (dy\       sin^x  -  cos^x  _  q. 
lx\y  )  ~   sin^-c  .  cos*x 


cos*a;  y       sin  x .  cos  x 

To  determine  the  minimum,  put 

d 

dx\ 
.'.  sin*x  =  cos'ar,  or,  smx  =  cosx. 
This  is  true  only  in  the  neighbourhood  of  46°,*  and,  therefore,  in  this  regiooe 
an  error  of  observation  will  have  the  least  influence  on  the  final  result.  In 
other  words,  the  best  results  are  obtained  with  a  tangent  galvanometer  when 
the  needle  is  deflected  about  45°. 

What  will  be  the  effect  of  an  error  of  0-25°  in  reading  a  deflection  of  42^ ». 
on  the  calculated  current  ?  Note  that  x  in  the  above  formula  is  expressed  in, 
circular  or  radian  measure  (page  494).     Hence, 

0-25(degrees)  =  ![JLI^  =  •00436(radians). 


dy  dx  2dx    _  -00872 


=  009;  i.e.,  97 


o> 


'  '  y  ~  sin  X .  cos  x  ~  sin  2x      sin  84° 
since,  from  a  Table  of  Natural  Sines,  sin  84"  =  -9945. 

(7)  Show  that  the  proportional  error  involved  in  the  measurement  of  aoi 
electrical  resistance  on  a  Wheatstone's  bridge  is  least  near  the  middle  of  the- 
bridge. 

Let  H  denote  the  resistance,  I  the  length  of  the  bridge,  x  the  distance  of 
the  telephone  from  one  end. 

.-.  y  =  Rxl{l  +  x). 
Proceed  as  above  and  show  that  when  x  =  U  (the  middle  of  the  bridge),  the- 
proportional  error  is  a  minimum. 


Table  XIV.,  page  497,  sin  45°  =  cos  45°. 
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(8)  By  Netoton*s  law  of  attraction^  the  force  of  gravitation  {g)  between 
two  bodies  varies  directly  as  their  respective  masses  (m^,  m^  and  inversely  as 
the  square  of  their  distance  apart  (r).  The  mass  of  each  body  is  supposed  to 
be  collected  at  its  centroid  (centre  of  gravity).  The  weight  of  one  gram  at 
Paris  is  equivalent  to  980*868  dynes.  The  dyne  is  the  unit  of  force.  Hence 
Newton's  law,  g  =  fimitrujr*  (dynes),  may  be  written  w  =  a/r*  (grams),  where 
a  is  a  constant  equivalent  to  fi  x  m^  x  m^  x  980*868.  Hence  show  that  for 
small  changes  in  altitude  dwiw  =  -  idrfr.    Interpret  this  result. 

Marek  was  able  to  detect  a  difference  of  1  in  500,000,000  when  comparing 
the  kilogram  standards  of  the  Bureau  International  des  Poids  et  Mesures. 
Hence  show  that  it  is  possible  to  detect  a  difference  in  the  weight  of  a  sub- 
stance when  one  scale  pan  of  the  balance  is  raised  one  centimetre  higher  than 
the  other.     (Radius  of  the  earth  =  6,871,300  metres.) 

(9)  In  his  well-known  work  on  the  gravimetric  composition  of  water,  Dumas 
determined  the  weight  of  hydrogen  from  the  difference  in  the  weight  of  oxygen 
required  to  bum  up  the  hydrogen  and  the  weight  of  water  formed.  Hence 
verify  Dumas'  remarks :  *'  ainsi,  une  erreur  de  ^jf  sur  le  poids  de  I'eau,  ou  de 
7^  sur  le  poids  de  Toxyg^ne,  affecte  d'une  quantite  cgale  k  q\  ou  kj^le  poids 
de  I'hydrog^ne.  Que  ces  erreurs  ^tant  dans  le  mdme  sens  viennent  k  s'aj outer, 
et  Ton  aura  des  erreurs  qui  iront  A  ^  "  {Ann,  de  Chiin.  et  de  Phys.  [8],  8, 198, 
1848). 

Proportional  errors  of  composite  measurements.  Whenever  a 
result  has  to  be  determined  indirectly  by  combining  several  different 
species  of  measurements — weight,  temperature,  volume,  electro- 
motive force,  etc. — the  effect  of  a  percentage  error  of,  say,  1 7o  i° 
the  reading  of  the  thermometer  will  be  quite  different  from  the 
effect  of  an  error  of  1 7o  ^^  ^^^  reading  of  a  voltmeter. 

It  is  obvious  that  some  observations  must  be  made  with 
greater  care  than  others  in  order  that  the  influence  of  each  kind 
of  measurement  on  the  final  result  may  be  the  same. 

If  a  large  error  is  compounded  with  a  small  error,  the  total 
error  is  not  appreciably  affected  by  the  smaller.  Hence  Ostwald 
recommends,  '^a  variable  error  may  be  neglected  if  it  is  less  than 
one-tenth  of  the  larger,  often  indeed  if  it  is  but  one-fifth  ". 

EXAUPLE8. — (1)  Jotile*s  relation  between  the  strength  of  a  current  C 
(amperes)  and  the  quantity  of  heat  Q  (calories)  generated  in  an  electric  con- 
ductor of  resistance  R  (ohms)  in  the  time  t  (seconds),  is, 

Q  =  0  2^C^Rt. 
Show  that  R  and  t  must  be  measured  with  half  the  precision  of  C  in  order  to 
have  the  same  influence  on  Q, 

(2)  What  will  be  the  fractional  error  in  Q  corresponding  to  a  fractional 
error  of  0-1  %  in  jB  ?    Ansr.  0-001,  or  0*1  %. 

(8)  What  will  be  the  percentage  error  in  C  corresponding  to  0*02  ^/^  in  ^  ? 
Ansr.  0*01%. 
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(4)  If  the  density  5  of  a  substance  be  determined  from  its  weights  {w^  u\) 
in  air  and  water,  show  that 

ds  w^     f<^^\      <^^\ 

s  ~  to  -  'iv\  Wi   "   w  )' 
Note  8  =  Wil(w  -  w^^. 

(5)  The  specific  heat  of  a  substance  determined  by  the  method  of  mixtures 

is  given  by  the  formula 

_  m^cje^  -  e^) 
*  ~  m(d  -  dj)  ' 
where  m  is  the  weight  of  the  substance  before  the  experiment ;  titj  the  weight 
of  the  water  in  the  calorimeter ;  c  the  mean  specific  heat  of  water  between 
^  and  0] ;  0  is  the  temperature  of  the  body  before  immersion  ;  B^  the  maximum 
temperature  reached  by  the  water  in  the  caJorimeter ;  B^  the  temperature  of 
the  system  after  equalisation  of  the  temperature  has  taken  place.  Supposing 
the  water  equivalent  of  the  apparatus  is  included  in  m^,  what  will  the  efiect 
of  a  small  error  in  the  determination  of  the  different  temperatures  have  on  the 
result? 

First,  error  in  dj.     Show  that 

dsjs  =  -  dej(e^  -  Bi). 
If  an  error  of  say  0-1°  is  made  in  a  reading  and  a,  -  9j  =  10°,  the  error  in  the 
resulting  specific  heat  is  about  1  ^1^.    If  a  maximum  error  of  0*1 7o  is  to  be  per- 
mitted, the  temperature  must  be  read  to  the  0*01°. 

Second,  error  in  B.    Show  that 

ds/s  =  dBl(B  -  ej. 
If  a  maximum  error  in  the  determination  of  s  is  to  be  0*1  °/o,  when  B-B^^^SOP, 
B  must  be  read  to  the  0'04°.    If  an  error  of  0-V  is  made  in  reading  the  tem- 
perature and  9  -  02  =  50°,  show  that  the  resulting  error  in  the  specific  heat 
will  be  0-2%. 

Third,  error  in  B^.    Show  that 

dsis  =  dBJ(B^  -  Bi)  +  dej(B  -  B^. 
If  the  maximum  error  allowed  is  0*1  °/o  and  B^  -  Bi  =  10°,  0  -  0j  =  50°,  show 
that  B.2  must  be  read  to  the  y^°  ;  while  if  an  error  of  0*1°  is  made  in  the 
reading  of  B^*  show  that  the  resulting  error  in  the  specific  heat  is  0*5  °/o. 

(6)  In  the  preceding  experiment,  if  ?;ij  =  100  grams,  show  that  the 
weighing  need  not  be  taken  to  more  than  the  0*1  gram  for  the  error  in  5  to  be 
within  0*1  °/o  ;  and  for  m,  need  not  be  closer  than  0*5  gram  when  m  is  about 
50  grams. 

Since  the  actual  errors  are  proportional  to  the  probable  errors, 
the  most  probable  or  mean  value  of  the  total  error  du,  is  obtained 
from  the  expression 

from  (16),  §  179,  page  444.  Note  the  squared  terms  are  all  positive. 
Since  the  errors  are  fortuitous,  there  will  be  as  many  positive  as 
negative  paired  terms.  These  will,  in  the  long  run,  approximately 
neutralize  each  other.     Hence  (3). 
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Examples. — (1)  Divide  equation  (d)  by  u',  it  is  then  easy  to  show  that 

(dQIQf  =  (2dC/C)«  +  (dRIR)*  +  (dt/ty, 
from  the  preceding  set  of  examples.     Hence  show  that  the  fractional  error  in 
Q,  corresponding  to  the  fractional  errors  of  0*08  in  C,  0'02  in  R  and  O'OS  in  ^ 
is  0-07. 

(2)  The  regular  formula  for  the  determination  of  molecular  weight  of  a 
substance  by  the  freezing  point  method,  is  3f  =  Kw/$f  where  JT  is  a  constant, 
M  the  required  molecular  weight,  tv  the  weight  of  the  substance  dissolved  in 
100  grams  of  the  solvent,  B  the  lowering  of  the  freezing  point.  In  an  actual 
determination,  w  =■  *5189,  B  =  '295,  K  =  19  (Perkin  and  Eipping's  Organic 
Chemistry),  what  would  be  the  effect  on  M  of  an  error  of  *01  in  the  deter- 
mination of  w,  and  of  an  error  of  Ol  in  the  determination  of  9  ? 

Also  show  that  an  error  of  '01  in  the  determination  of  B  affects  M  to  an 
extent  of  -  8*25,  while  an  error  of  '01  in  the  determination  of  w  only  affects 
M  to  the  extent  of  '19.  Hence  show  that  it  is  not  necessary  to  weigh  to  more 
than  O'Ol  of  a  gram.  An  illustration  of  the  need  of  *'  scientific  perspective  " 
in  measuring  the  different  components  of  a  composite  result. 

From  (16),  §  179,  page  444,  when  the  effect  of  each  observation 
on  the  final  result  is  the  same,  the  partial  differential  coefficients  are 
all  equal.     If  u  denotes  the  sum  of  n  observations,  a^,  a^,  .  .  .,  a^, 

tt  =  aj  +  ^2  +  •  •  •  +  ««» 

But  in  order  that  the  actual  errors  affecting  each  observation  may 

be  the  same, 

da^  =  da2  =  .  .  .  =  da„  «  du/  Jn ;     .         .         (4) 

ddi      dOftt  dcL„      du     1 

from  (3),  or,       — ^  =  "'^  =...=-"=—.  -,--.     .         .         (5> 

Examples. — (1)  Suppose  the  greatest  allowable  fractional  error  in  Q 
(preceding  examples)  is  0*5  ^/g,  what  is  the  greatest  percentage  error  in  ea^h 
of  the  variables  C,  i2,  i,  allowable  under  equal  effects  ?    Here, 

1dC\C  =  dR\R  =  dt\i  =  -006/  \^. 
Ansr.  0-22  for  R  and  U  'H  °/o  for  ^' 

(2)  If  a  volume  v  of  a  given  liquid  flows  from  a  long  capillary  tube  of 
radius  r  and  length  Z  in  f  seconds,  the  viscosity  of  the  liquid  is  i)  =  'wpy^t/8vlt 
where  p  denotes  the  excess  of  the  pressure  at  the  outlet  of  the  tube  over 
atmospheric  pressure.  What  would  be  the  errors  dr,  dv,  dl,  dt,  dp,  necessary 
under  equal  effects  to  give  i)  with  a  precision  of  *1  ^/^  ?    Here, 

dpip  =  dt/t  =  ^drjr  =  -  dvjv  =  -  dljl^  -001/  sfS  =  '00045. 
It  is  now  necessary  to  know  the  numerical  values  of  p,  t,  v,  r,  /,  before 
dp,  dty  .  .  .  can  be  determined.    Thus,  if  r  is  about  2  mm.,  the  radius  must 
be  measured  to  the  '0022  mm.  for  an  error  of  '1  %  in  if. 

It  has  been  shown  how  the  best  working  conditions  may  be  determined  by 
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a  study  of  the  formula  to  which  the  experimental  results  are  to  be  referred. 
The  following  is  a  more  complex  example. 

(3)  The  resistance  i  of  a  cell  is  to  be  measured.  Let  C^,  C,  respectively 
denote  the  currents  produced  by  the  cell  when  working  through  two  known 
external  resistances  r,  and  r,,  and  let  i^j,  /2,,  be  the  total  resistances  of  the 
circuit,  E  the  electromotive  force  of  the  cell  is  constant.  It  is  known  (see 
your  textbook :  Practical  Physics)^ 

i  -  (C^,  -  C,r,)l(C,  -  CJ (6) 

What  ratio  R^ :  R^  will  furnish  the  best  result  ?    From  Ohm*s  law,  E  =■  CR, 
E  being  constant,  C^:C^=^R^\  R^.    As  usual,  (4)  above 

^''^'-{Sjf^^JH^cf'^^T    •  •  •  <^) 

Find  values  for  di/3Ci  and  'di/dC^  from  (7),  and  put  R^  for  rj,  R^  for  r,.    Thus, 

difdC^  =  -  R^^RJE(R^  -  «,) ;  -difdC^  =  R^R^IE(R^  -  R^), 
Substitute  this  result  in  (7). 

1.  If  a  mirror  galvanometer  is  used,  dC^  =  dC,  =  dC  (say)  =  constant. 
.-.  (di)^  =  (Ri*R^^  -  ^^i'^2^)  (dC)VE^(Ri  -  ii,)«. 
Substitute  x  ^  R^'.  Riy 

.-.  (di)«  =  i?/(a-«  +  x^)  {dq^lE*{x  -  1)«. 
For  a  minimum  error 


$(  „^—  '— Wo;  .-.  a^-  2j«-  1  =  0; 
dx\x^  -  2x  -  i; 


dx\ 

.-.  z  =  2*2  approx. ;  or,  R^  —  2-2Ri;  or,  Cj  =  2*20^.     Substitute  these  values 
in  (6), 

which  shows  that  the  external  resistance  i^j,  should  be  as  small  as  is  consistent 
with  the  polarisation  of  the  battery. 

2.  If  a  tangent  galvanometer  is  used,  dC/C  is  constant.     Hence  substitute 
C,  =  ER^  and  Cj  =  ER^  in  (8). 

(di)«  =  2iR,R^(R,  -  R,)7{dCIC)^ 
From  this  it  can  be  shown  there  is  no  best  ratio  i^, :  R^,    If  the  last  expression 
is  written 

di  =  {V2(l/i2,  -  llR^\dCIC, 
it  follows  that  the  error  di  increases  as  R^  increases,  and  as  i^^  diminishes. 
Hence  R^  should  be  made  as  large  and  Ri  as  small  as  is  consistent  with  the 
range  of  the  galvanometer  and  the  polarisation  of  the  battery. 


§  IM.  ObserYations  of  Difrerent  Degrees  of  Acouraoy. 

Hitherto  it  has  heen  assumed  that  the  individual  observations 

• 

of  any  particular  series,  are  equally  reliable,  or  that  there  is  no 
reason  why  one  observation  should  be  preferred  more  than  an- 
other. As  a  general  rule,  measurements  made  by  dififerent 
methods,  by  different  observers,  or  even  by  the  same  observer  at 
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•different  times,*  are  not  liable  to  the  same  errors.  Some  results 
are  more  trustworthy  than  others.  In  order  to  fix  this  idea, 
suppose  that  twelve  determinations  of  the  capacity  of  a  flask  by 
the  same  method,  gave  the  following  results :  six  measurements 
each  1-6  litres;  four,  1*4  litres;  and  two,  1'2  litres.  The  numbers 
6,  4,  2,  represent  the  relative  values  of  the  three  results  1-6,  14, 
1*2,  because  the  measurement  1-6  has  cost  three  times  as  much 
labour  as  1*2.  The  former  result,  therefore,  is  worth  three  times 
as  much  confidence  as  the  latter.  In  such  cases,  it  is  customary 
to  say  that  the  relative  practical  value,  or  the  weight  of  these  three 
sets  of  observations  is  as  6:4:2,  or,  what  is  the  same  thing,  as 
3:2:1.  In  this  sense,  the  weight  of  an  observation,  or  set  of 
observations,  represents  the  relative  degree  of  precision  of  that 
observation  in  comparison  with  other  observations  of  the  same 
quantity.  It  tells  us  nothing  about  the  absolute  precision  (h)  of 
the  observations. 

It  is  shown  below  that  the  weight  of  an  observation  is,  in 
theory,  inversely  as  its  probable  error ;  in  practice,  it  is  usual  to 
assign  arbitrary  weights  to  the  observations.  For  instance,  if  one 
observation  is  made  under  favourable  conditions,  another  under 
adverse  conditions,  it  would  be  absurd  to  place  the  two  on  the 
same  footing.  Accordingly,  the  observer  pretends  that  the  best 
observations  have  been  made  more  frequently.  That  is  to  say, 
if  the  observations  a^,  ag,  .  .  .,  a„,  have  weights  jDj,  2?2»  •  •  •»  Pnt 
respectively,  the  observer  has  assumed  that  the  measurement  a^ 
has  been  repeated  Pi  times  with  the  result  a^,  and  that  a„  has  been 
repeated  p„  times  with  the  result  a„. 

To  take  a  concrete  illustration,  Morley  has  made  three  accurate 
series  of  determinations  of  the  density  of  oxygen  gas  with  the 
following  results : — 

I.  1-42879  ±000034;  II.  l-42887±  000048;  III.  1-42917  ±'000048. 
(**  On  the  densities  of  oxygen  and  hydrogen  and  on  the  ratio  of 


*  I  am  reminded  that  Dumas,  discussing  the  errors  in  his  great  work  ou  the  gravi- 
metric composition  of  water,  alluded  to  a  few  pages  back,  adds  the  remarks :  "  The 
length  of  time  required  for  these  operations  compelled  me  to  prolong  the  work  far  into 
the  night,  generally  finishing  with  the  weighings  about  2  or  3  o'clock  in  the  morning. 
This  may  be  the  cause  of  a  substantial  error,  for  I  dare  not  venture  to  assert  that  such 
weighings  deserve  as  much  confidence  ah  if  they  had  been  performed  under  more 
favourable  conditions  and  by  an  observer  not  so  worn  out  with  fatigue,  the  inevitable 
result  of  fifteen  to  twenty  hours  continued  attention." 
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their  atomic  weights,"  Smithsonian  Contributions  to  Knowledge^ 
(980),  p.  55,  1895.)  The  probable  errors  of  these  three  means 
would  indicate  that  the  first  series  were  worth  more  than  the 
second.  For  experimental  reasons,  Morley  preferred  the  last 
series,  and  gave  it  double  weight.  In  other  words,  Morley  pre- 
tended that  be  had  made  four  series  of  experiments,  two  of  which 
gave  1-42917,  one  gave  142879,  and  one  gave  1*42887.  The  result 
is  that  1-42900,  not  1*42894,*  is  given  as  the  best  representative 
value  of  the  density  of  oxygen  gas. 

The  product  of  an  observation  or  of  an  error  with  the  weight 
of  the  observation,  is  called  a  weighted  obseFYation,  or  a  weighted 
error  as  the  case  might  be. 

The  practice  of  weighting  observations  is  evidently  open  to 
some  abuse.  It  is  so  very  easy  to  be  influenced  rather  by  the  differ- 
ences of  the  results  from  one  another,  than  by  the  intrinsic  quality 
of  the  observation.     This  is  a  fatal  mistake. 

1.  The  best  valzts  to  represent  a  tvumber  of  observations  of  eqtuU 
weighty  is  their  arithmetical,  mean. 

If  P  denotes  the  most  probable  value  of  the  observed  magnitudes  a^y  a,, 
.  .  .,  rtni  then  P  -  Oi,  P  -  o^,  .  .  .,  P  -  a^  represent  the  several  errors  in  the 
n  observations.  From  the  principle  of  least  squares  these  errors  v^rill  be  & 
minimum  when 

(P  -  Oi)*  +  (P  -  aj*  +  .  .  .  +  (P  -  a«)*  =  a  minimum. 
Hence,  page  434,  P  =  (a,  +  a^+  .  .  .  +  an)ln,     .  .         .         (l) 

or  the  best  representative  value  of  a  given  series  of  measurements  of  an  un- 
known quantity,  is  the  arithmetical  mean  of  the  n  observations,  provided  that 
the  measurements  have  the  same  degree  of  confidence. 

2.  The  best  value  to  represent  a  number  of  observations  of 
different  weight,  is  obtained  by  multiplying  ea^h  observation  by  its 
weight  and  dividing  the  sum  of  these  products  by  the  sum  of  their 
different  weights. 

With  the  same  notation  as  before,  let  pi,  p^<,  .  .  .,  pn^  be  the  respective 
weights  of  the  observations  a^  a,,  .  .  .,  a^.  From  the  definition  of  weight, 
the  quantity  a^  may  be  considered  as  the  mean  of  p^  observations  of  unit 
weight ;  o^,  the  mean  of  p^  observations  of  unit  weight,  etc.  The  observed 
quantities  may,  therefore,  be  resolved  into  a  series  of  fictitious  observations 
all  of  equal  weight.  Applying  the  preceding  rule  to  each  of  the  resolved 
observations,  the  total  number  of  standard  observations  of  unit  weight  will 


See  formula  (5). 
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hepi-^  p^+  ,  .  .  +  p„\  the  sum  of  the  Pi  standard  observations  of  unit  weight 
will  be  PiOi ;  the  sum  of  p^  standard  observations,  p^i^  etc.  Hence,  from  (1), 
the  most  probable  value  of  a  series  of  observations  of  different  weights  is 

p/  ^  j?!^!  +  pfy  -f  .  .  .  -f  p„an /2) 

Note  the  formal  resemblance  between  this  formula  and  that  for  finding  the 
centre  of  gravity  of  a  system  of  particles  of  different  weights  arranged  in  a 
straight  line. 

Weighted  observations  are,  therefore,  fictitious  results  treated 
as  if  they  were  real  measurements  of  equal  weight.  With  this 
convention,  the  value  of  P*  in  (2)  is  an  arithmetical  mean  some- 
times called  the  general  or  probable  mean. 

3.  T%e  weight  of  an  observation  u  inversely  as  the  square  of  its 

probable  error, 

• 

Let  a  be  a  set  of  observations  whose  probable  error  is  R  and  whose  weight 
is  unity.  "Letp^.p^  .  .  .,  j?«  and  r^  r,,  .  .  .,  r»,  be  the  respective  weights  and 
probable  errors  of  a  series  of  observations  %,  a,,  .  .  .,  o^,  of  the  same  quantity. 
By  definition  of  weight,  a^  is  equivalent  to  p^  observations  of  equal  weight. 
From  (16),  page  444, 

r,  =  Rl\'pi\  or,^i  =  /^/ri«;  p^  =  R^r^;  .  .  ., 
and  P^'Pi'lh  '  '  •  =  \'K'K'  '  '         ;        .        .        (8) 


.8 


r 


i 


Examples. — (1)  If  n  observations  have  weights  2>ii  Ps*  •  •  •,  Pm  show  that 

B  =  ±rJ^3B (4) 

Differentiate  (2)  successively  with  respect  to  o^,  a,,  .  .  .  and  substitute  the 

results  in  (16),  page  444. 

(2)  Show  that  the  mean  error  of  a  series  of  observations  of  weights  p^,  p^^ 

3f  =  ±  V2(pa;«)/(n  -  i)^(p). 
Hint.  Proceed  as  in  §  178  but  use  px^  and  pv*  in  place  of  x^  and  v*  respectively. 
If  the  sum  of  the  weights  of  a  series  of  observations  is  ^{p)  =  40,  and  the  sum 
of  the  products  of  the  weights  of  each  observation  with  the  square  of  its 
deviation  from  the  mean  of  nine  observations  is  2{px^)  =  '3998,  show  that 
M  =  ±  0-085. 

(3)  The  probable  errors  of  four  series  of  observations  are  respectively  1*2, 
0-8,  0*9,  1*1,  what  are  the  relative  weights  of  the  corresponding  observations? 
Ansr.  7 :  16 :  11 : 8.    Use  (3). 

(4)  Determinations  of  the  percentage  amount  of  copper  in  a  sample  of 
malachite  were  made  by  a  number  of  chemical  students,  with  the  following 
results :  (1)  39*1 ;  (2)  88-8,  88'7,  386 ;  (8)  39*9,  89*1,  89*3 ;  (4)  37-7,  37-9.  If 
these  analyses  had  an  equal  degree  of  confidence,  the  mean,  38*8,  would  best 
represent  the  percentage  amount  of  copper  in  the  ore — formula  (1).  But  the 
analyses  are  not  of  equal  value.  The  first  was  made  by  the  teacher.  To  this 
we  may  assign  an  arbitrary  weight  10.    Sets  (2)  and  (3)  were  made  by  two 

GO 
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different  students  using  the  electrolytic  process.  Student  (2)  was  more  ex- 
perienced than  student  (8),  in  consequence,  we  are  led  to  assign  to  the  former 
an  arbitrary  weight  6,  to  the  latter,  4.  Set  (4)  was  made  by  a  student  pre- 
cipitating the  copper  as  CuSt  roasting  and  weighing  as  CuO.  The  danger 
of  loss  of  CuS  by  oxidation  to  CuSO^  during  washing,  leads  us  to  assign  to 
this  set  of  results  an  arbitrary  weight  2.  From  these  assumptions^  show  that 
38'94  best  represents  the  percentage  amount  of  copper  in  the  ore.  For  the 
sake  of  brevity  use  values  above  87  in  the  calculation.  From  formula  (2), 
108*8/56  =»  1*94.     Add  87  for  the  general  mean. 

It  is  unfortunate  when  so  fantastic  a  method  has  to  be  used  for  calculating 
the  most  probable  value  of  a  "  constant  of  Nature,"  because  a  redetermination 
is  then  urgently  required. 

(5)  Rowland  {Proc.  Amer.  Acad.,  IS,  75,  1879)  has  made  an  exhaustive 
study  of  Joule's  determinations  of  the  mechanical  equivalent  of  heat,  and 
he  believes  that  Joule's  several  values  have  the  weights  here  appended  in 
brackets:  442-8  (0);  427-6  (2);  426-8  (10);  428-7  (2);  429-1  (1);  428-0  (1); 
426-8  (2) ;  428-0  (3) ;  427-1  (3) ;  426-0  (6) ;  422-7  (1) ;  4268  (1).  Hence  Rowlaijd 
concludes  that  426-9  best  represents  the  result  of  Joule's  work.  Verif>'  this. 
Notice  that  Rowland  rejects  the  number  442-8  by  giving  it  zero  weight. 

4.  To  combine  several  arithmetical  means  e€u:h  of  which  is  affected 
with  a  knovm  probable  (or  mean)  error,  into  one  general  inean. 

One  hundred  parts  of  silver  are  equivalent  to 

49-5366  ±  -013  of  NH^Cl,  according  to  Pelouze  ; 

49-623    ±  -0056        „  „  Marignac ; 

49-6973  ±  -0005        „  „  Stas  (1867) ; 

49-5992  ±  -00039      „  „  Stas  (1882), 

where  the  first  number  represents  the  arithmetical  mean  of  a  series 
of  experiments,  the  second  number  the  corresponding  probable 
error.  How  are  we  to  find  the  best  representative  value  of  this 
series  of  observations?  The  first  thing  is  to  decide  what  weight 
shall  be  assigned  to  each  result.  Individual  judgment  on  the 
'* internal  evidence"  of  the  published  details  of  the  experiments 
is  not  always  to  be  trusted.  Nor  is  it  fair  to  assign  the  greatest 
weight  to  the  last  two  values  simply  because  they  are  by  Stas. 

Meyer  and  Seubert,  in  a  paper  Die  Atomgewichte  der  Elemente, 
aus  der  Originalzahlen  neu  berechnet  (Leipzig,  1883),  weighted 
each  result  according  to  the  mass  of  material  employed  in  the 
determination.  They  assumed  that  the  magnitude  of  the  errors 
of  observation  were  inversely  as  the  quantity  of  material  treated. 
That  is  to  say,  an  experiment  made  on  20  grams  of  material  is 
supposed  to  be  worth  twice  as  much  as  one  made  on  10  grama. 
This  seems  to  be  a  somewhat  gratuitous  assumption. 
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One  way  of  treating  this  delicate  question  is  to  assign  to  each 
arithmetical  mean  a  weight  inversely  as  the  square  of  its  mean 
error.  Clark  in  his  *'  Recalculation  of  the  Atomic  Weights  " 
(Smithsonian  Miscellaneous  Collections  (1075),  1897)  employed 
the  prohahle  error.  Although  this  method  of  weighting  did  not 
suit  Morley  in  the  special  case  mentioned  on  page  463,  Clark 
considers  it  a  safe,  though  not  infallible  guide. 

Let  Ay  By  C,  .  .  .,  be  the  arithmetical  mean  of  each  series  of 

experiments ;  a,  6,  c,  .  .  .,  the  respective  probable  (or  mean)  errors, 

then,  from  (2), 

ABC 

General  Mean  = 


Probable  Error  =  + 


a2 

+ 

62 

+ 

C2 

+ 

•        •       • 

• 

1 
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+ 
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+ 

1 
C2 

+ 

•    •    . 
1 

yjw  ■•"  62  +  c*  ■*■  •  •  7  ^ 


(5) 


Examples. — (1)  From  the  experimental  results  just  quoted,  show  that 
the  best  value  for  the  ratio 

Ag  :  NH^Cl  is  100  :  49-5988  ±  -00031. 
Hint.  Substitute  A  =  49-6366,  a  =  -013  ;  B  =  49-528,  b  =  -0056 ;  C  =  49-5978, 
c  =  -0006 ;  D  =  49-6992,  d  =   00039,  in  equations  (6). 

(2)  The  following'numbers  represent  the  most  trustworthy  results  yet  pub- 
lished for  the  atomic  weight  of  gold  (H^l):  196-605  ±  -0099 ;  195-711  ±  -0224 ; 
195-808  ±  0126 ;  195-624  ±  0224 ;  196-896  ±  -0181 ;  195-770  ±  0082.  Hence 
show  that  the  best  representative  value  for  this  constajit  is  196-748  +  -0049. 

(3)  In  three  series  of  determinations  of  the  vapour  pressure  of  water 
vapour  at  0°  Kegnault  found  the  following  numbers : 

I.  4-54;  4-54;  4-62;  4-64;  4-52;  4-54;  4*62;  4-50;  4-50;  4-54. 
II.  4-66 ;  4-67  ;  4-64  ;  462  ;  4-64 ;  466  ;  467  ;  4-66 ;  4-66. 
III.  4-54  ;  4-54 ;  4-54 ;  4-58 ;  4-58  ;  4-57  ;  4-58. 
Show  that  the  best  representative  value  of  series  I.  is  4-526,  with  a  probable 
error  ±  00105 ;  series  II.,  4-658,  probable  error  ±  00105 ;  series  III.,  4-561, 
probable  error  +  0*0127.    The  most  probable  value  of  the  vapour  pressure  of 
aqueous  vapour  at  0°  is,  therefore,  4*582,  with  an  equal  chance  of  its  possessing 
an  error  greater  or  less  than  -0064. 

"  As  a  matter  of  fact  the  theory  of  probability  is  of  little  or  no  importance, 
when  the  '  constant '  errors  (otherwise  known  as  *  systematic  *  errors)  are 
greater  than  the  accidental  errors.  Still  further,  this  use  of  the  probable 
error  cannot  be  justified,  even  when  the  different  series  of  experiments  are 
only  affected  with  accidental  errors,  because  the  probable  error  only  shows  how 
UNiPORMiiY  an  experimenter  has  conducted  a  certain  process,  and  not  how 
suitable  that  process  is  for  the  reqtt/ired  purpose.  In  combining  different  sets 
of  determinations  it  is  still  more  unsatisfactory  to  calculate  the  probable 
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error  of  the  general  mean  by  weighting  the  individual  errors  according  to 
Clark's  criterion  when  the  probable  errors  differ  very  considerably  among 
themselves.  For  example,  Clark  (Z.c,  page  126)  deduces  the  general  mean 
136*316  +  *0085  for  the  atomic  weight  of  barium  from  the  following  results : 

186-271  ±  -0106 ;  136-890  ±  -0141 ;  136-600  ±  -2711 ;  136-663  ±  -0946. 
The  individual  series  here  deviate  from  the  general  mean  more  than  the 
magnitude  of  its  probable  error  would  lead  us  to  suppose.  The  constant 
errors,  in  consequence,  must  be  greater  than  the  probable  errors.  In  such  a 
case  as  this,  the  computed  probable  error  +  '0086  has  no  real  meaning,  and 
we  can  only  conclude  that  the  atomic  weight  of  barium  is,  at  its  best,  not 
known  more  accurately  than  to  five  units  in  the  second  decimal  place.*' 
(Paraphrased  from  Ostwald's  critique  on  Clark's  work  {Lc)  in  the  Zeitschrift 
fUr  physikalische  Chemie,  23, 187,  1897.) 

5.  Mean  and  probable  errors  of  observations  of  different  degrees 
of  accuracy. 

In  a  series  of  observations  of  unequal  weight  the  mean  and  probable  errors 
of  a  single  observation  of  unit  weight  are  respectively 


±  V?^  ;  and  ±  .6746  VJ^ ; 


(6) 


The  mean  of  a  series  of  observation  of  unequal  weight  has  the  respective 
mean  and  probable  errors 

y(n-  1)5(1?) '  *  y(n-  l)5(p)-        '         *       ^^> 

Example. — An  angle  was  measured  under  different  conditions  fourteen 
times.  The  observations  all  agreed  in  giving  4°  16',  but  for  seconds  of  are 
the  following  values  were  obtained  (the  weight  of  each  observation  is  given  in 
brackets) :  46"-00  (6) ;  31"-26  (4) ;  42"-60  (6) ;  46"-00  (8) ;  37"-60  (3) ;  38"-38  (3) ; 
27"-60 (3) ;  43"-33 (3) ;  40"-63  (4) ;  36"-26  (2) ;  42"-60  (3) ;  39"-17 (3) ;  46"00 (2) ; 
40'''8d  (3).  Show  that  the  mean  error  of  a  single  observation  of  unit  weight 
is  ±  9"-476,  the  mean  error  of  the  mean  39"-78  is  l"-897.  Hint.  l.(p)  =  46 ; 
^(pv*)  =  1167-03 ;  n  =  14 ;  %(pa)  =  1830-00. 

The  mean  and  probable  errors  of  a  single  observation  of  weight  p  are 

respectively. 

ExAMFiiE. — In  the  preceding  example  show  that  the  mean  error  of  an 
observation  of  weight  (2)  is  ±  6"*70 ;  of  weight  (3)  is  ±  6"-47 ;  of  weight  (4) 
+  4"-74  ;  and  of  weight  (6)  ±  4"-24. 

6.  The  principle  of  least  squares  for  observations  of  different 
degrees  of  precision  states  that  "the  most  probable  values  of  the 
observed  quantities  are  those  for  which  the  sum  of  the  weighted 
squares  of  the  errors  is  a  minimum,''  that  is, 

Pi^i^  +  ^2^2  +  •  •  •  +  i>nV  =  a  minimum. 
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An  error  v  is  the  deviation  of  an  observation  from  the  arithmetical 
mean  of  n  observations ;  a  ''  weighted  square  "  is  the  product  of 
the  weight  p  and  the  square  of  an  error  v  (see  §  106). 

§  188.  Observations  Limited  by  Conditions. 

On  adding  up  the  results  of  an  analysis,  the  total  weight  of  the 
constituents  ought  to  be  equal  to  the  weight  of  the  substance  itself ; 
the  three  angles  of  a  plane  triangle,  must  add  up  to  exactly  180° ; 
the  sum  of  the  three  angles  of  a  spherical  triangle  always  equal 
180"^  +  the  spherical  excess ;  the  sum  of  the  angles  of  the  nor- 
mals on  the  faces  of  a  crystal  in  the  same  plane  must  equal  BGO"". 
Measurements  subject  to  restrictions  of  this  nature,  are  said  to 
be  conditioned  obsenrations.  The  number  of  conditions  to  be 
satisfied  is  evidently  less  than  the  number  of  observations,  other- 
wise the  value  of  the  unknown  could  be  deduced  from  the 
conditions,  without  having  recourse  to  measurement. 

In  practice,  measurements  do  not  come  up  to  the  required 
standard,  the  percentage  constituents  of  a  substance  do  not  add 
up  to  100 ;  the  angles  of  a  triangle  are  either  greater  or  less  than 
180"^.  Only  in  the  ideal  case  of  perfect  accuracy  are  the  conditions 
fulfilled.  It  is  sometimes  desirable  to  find  the  best  representative 
values  of  a  number  of  imperfect  conditioned  observations.  The 
method  to  be  employed  is  illustrated  in  the  following  examples. 

ExAMFiiES. — (1)  The  analysis  of  a  compound  gave  the  following  results : 
87-2%  of  carbon,  44*1  %  o*  hydrogen,  194 7o  o^  nitrogen.  Assuming  each 
determination  is  equally  reliable,  what  is  the  best  representative  value  of  the 
percentage  amount  of  each  constituent?  Let  C,  H,  N^  respectively  denote 
the  percentage  amounts  of  carbon,  hydrogen,  and  nitrogen  required,  then, 

C    +H=100-N^100-  19-4  =  80-6. 
Hence,  2C  +  if  =  117-8 ;  C  +  2if  =  1247. 

Solve  the  last  two  simultaneous  equations  in  the  usual  way.  Ansr.  C = 36*97  °/o ; 
ir=  43-86%;  iV=  19-17  7o-  Note  that  this  result  is  quite  independent  of 
any  hypothesis  as  to  the  structure  of  matter.  The  chemical  student  will 
know  a  better  way  of  correcting  the  analysis.  This  example  will  remind  us 
how  the  ^omic  hypothesis  introduces  order  into  apparent  chaos.  Some 
analytical  chemists  before  publishing  their  results,  multiply  or  divide  their 
percentage  results  to  get  them  to  add  up  to  100.  In  some  cases,  one  consti- 
tuent is  left  undetermined  and  then  calculated  by  difference.  Both  practices 
are  objectionable  in  exact  work. 

(2)  The  three  angles  of  a  triangle  A,  B,  C,  were  measured  with  the  result 
that  A  ^51°;  B  =  94°  20' ;  C  =^  34''  56'.  Show  that  the  most  probable  values 
of  the  unknown  angles  are  i4  =  51°  56' ;  B  =  94°  12' ;  C  =  34°  62'. 
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(3)  The  angles  between  the  normals  on  the  faces  of  a  cubic  crystal  were 
found  to  be  respectively  a  =  91°  13' ;  jS  =  89°  47' ;  7  =  91°  16' ;  «  =  89°  42'. 
What  numbers  best  represent  the  values  of  the  four  angles  ?  Ansr.  a  =  90° 
43'  45" ;  3  =  89°  17'  45" ;  7  =  90°  0'  45" ;  8  =  89°  67'  45". 

(4)  The  three  angles  of  a  triangle  furnish  the  respective  observation 

equations : 

A  =  86°  26'  47"  ;  B  =  90°  36'  28" ;  C  =  52°  57'  57" ; 

the  equation  of  condition  requires  that 

A  +B  +  C  -  180°  =  0 (1) 

Let  Xi,  ^2,  £3,  respectively  denote  the  errors  affecting  A,  B^  C,  then  we  must 

have 

x^  +  x^  +  X;^  =  -  12 (2) 

i.  If  Die  observations  are  equally  trustworthy^ 

•Cj  =  3?2  ^=  X^  ^  /ti  •  ■  .  ■  •  V") 

say.     Substitute  this  value  of  x„  x^*  ^31  ^°  (^)»  ^^^^  ^^  S^^ 

3fc  +  12  =  0 ;  or,  Aj  =  -  4 ; 
.-.  A  =  86°  25'  43"  ;  B  =  90°  36'  24" ;  C  =  53°  57'  53". 
The  formula  for  the  mean  error  of  each  observation  is 


±J^^^ (4) 

1  n  -  w  +  q 

where  to  denotes  the  number  of  unknown  quantities  involved  in  the  n  ob- 
servation equations ;  q  denotes  the  number  of  equations  of  condition  to  be 
satisfied.  Consequently  the  w  unknown  quantities  reduce  to  w  -  q  inde- 
pendent quantities.  2(v^  denotes  the  sum  of  the  squares  of  the  differences 
between  the  observed  and  calculated  values  of  il,  B,  C,    Hence,  the  mean 

error  =  ±  \/48  =  ±  6"-93. 

ii.  If  tlie  observations  Juive  different  weights.  Let  the  respective  weights 
of  il,  B,  C,  bepi  =s  4 ;  p,  =  2 ;  77,  =  3.  It  is  customary  to  assume  that  the 
magnitude  of  the  error  affecting  each  observation  will  be  inversely  as  its 
weight.  (Perhaps  the  reader  can  demonstrate  this  principle  for  himself.) 
Instead  of  (3),  therefore,  we  write 

X,  =  i/c ;  Xa  =  ^/c ;  j-j  =  i/c (5) 

From  (2),  therefore, 

13^  +  144  =  0 ;  A;  =  -  1107  ;  x,  =  -  2"-77 ;  J-a  =  -  6"-54 ;  a-.,  =  -  3"-69. 

/     2(pv^) 
m  =  Mean  error  =  ±  ^j -_-w  +  q'         '        *        '       ^^) 
or  m  =  +  11-52. 

The  mean  errors  m^,  m,,  m^,  respectively  affecting  a,  6,  c,  are 

m  m  m 

Wi=±     /    ;  "i2  =  ±  - /-;  Wa  =  ±     / (7) 

<p  \P  \p 

Hence  « 

i4=36°  25'  44"-23±6"-76;  5  =  90"  36'  22"-46±8"-16  ;  C  =  52°  57'  53"-3I  +  6"-65. 

It  is,  of  course,  only  permissible  to  reduce  experimental  data  in 
this  manner  when  the  measurements  have  to  be  used  as  the  basis 
for  subsequent  calculations.  In  every  case  the  actual  measure- 
ments must  be  stated  along  with  the  "  cooked  "  results. 


a^  +  b^  +  c.^  ^  i?2  ■»  I  (1) 
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§  186.  Gauss'  Method  of  SolYing  a  Set  of  Linear  ObserYation 

Equations. 

In  continuation  of  §  106,  let  x,  y,  z,  represent  the  unknowns  to  be 

evaluated,  and  let  a^,  ag,  .  .  .,  6^,  62,  .  .  •,^11^2)  *  * ->  -^i^  ^^2*  *  '  •* 
represent  actual  numbers  whose  values  have  been  determined  by 
the  series  of  observations  set  forth  in  the  following  observation 
equations : 

+  b^  +  c.^  ^  R^\  [ 
a^-^-b^  +  c^  ^  \E^ ;  j 
a^x  +  b^  +  c^z  =  Bj^.  J 
If  only  three  equations  had  been  given,  we  could  easily  calculate 
the  corresponding  values  of  Xy  y,  z^  by  the  method  of  §  165,  but 
these  values  would  not  necessarily  satisfy  the  fourth  equation. 
The  problem  here  presented  is  to  find  the  best  possible  values  of 
X,  y,  z,  which  will  satisfy  the  four  given  observation  equations. 
We  have  selected  four  equations  and  three  unknowns  for  the  sake 
of  simplicity  and  convenience.  Any  number  may  be  included  in 
the  calculation.  But  sets  involving  more  than  three  unknowns  are 
comparatively  rare. 

We  also  assume  that  the  observation  equations  have  the  same 
degree  of  accuracy.  If  not,  multiply  each  equation  by  the  square 
root  of  its  weight,  as  in  example  (3)  below.,  This  converts  the 
equations  into  a  set  having  the  same  degree  of  accuracy. 

First.  To  convert  the  observation  equations  into  a  set  of  normal 
equations  solvable  by  ordinary  algebraic  processes. 

Multiply  the  first  equation  by  a^,  the  second  by  ag,  the  third  by 
ag,  and  the  fourth  by  a^.     Add  the  four  results.     Treat  the  four 
equations  in  the  same  way  with  b^,  b^,  63,  6^,  and  with  c^,  Cg,  Cj,  c^. 
Now  write,  for  the  sake  of  brevity, 
[aa\  =  a{'  +  a^^  +  ^  +  a^^  ;  [bb]^  =  b{^  +  b^^  +  b^^  +  V . 

[ab]^  =  a^b^  +  ag^a  +  ^s^s  +  ^ih  J       [^]i  —  ^1^1  +  ^2^2  +  ^8^3  +  ^4<^4 » 
[aB]^  =  a^B^  +  a2i?2  +  ^s^s  +  ^4^4 ;  [^R]i — ^i-^i  +  ^2^2  +  ^3-^3  +  ^4^4 » 
and  likewise  for  [cc]^,  [^]ii  [c-K]i-     The  resulting  equations  are 

[aa]^x  +  [ab]jy  +  [ac]^z  =  [aB\ ;  | 
[ablx  +  [bbly  +  [bclz  =  [bB], ;  .         .       (2) 

[aG]^x  +  [bc\y  +  [cc]^z  =  [cB]^,   J 

These  three  equations  are  called  normal  equations  (first  set)  in 
a?,  y,  z. 
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Second.  To  solve  the  normal  equations.  We  can  determine 
the  values  of  x^  y,  z,  from  this  set  of  simultaneous  equations  (2)  by 
any  method  we  please,  determinants  (§  165),  cross-multiplication, 
indeterminate  multipliers,  or  by  the  method  of  substitution.*  The 
last  method  is  adopted  here. 

Solve  the  first  normal  equation  for  x,  thus, 

ah 


a?  =  -  r 


aa 


1 
ji 


\ac 
^  "  [aa 


I      Ml 


(3) 


Substitute  this  value  of  x  in  the  other  two  equations  for  a  second 
set  of  normal  equations  in  which  the  term  containing  x  has  dis- 
appeared. 


^[ab 


rf^'^^O  -' 


For  the  sake  of  simplicity,  write 

[ic],^[6c],-[gj[a6],; 

[6B],  =  [65].  -  gL[aiJ], ;  [ci?],.  [cB],  -  [^;[aii]. ; 

The  second  set  of  normal  equations  may  now  be  written : 

\hh\y  +  \bc\^  =  \bE\  ;| 

[6c],t/  +  \cc\^  =  [ci^Jg.  j 
Solve  the  first  of  these  equations  for  y. 

Substitute  this  in  the  second  of  equations  (4),  and  we  get  a  third 
set  of  normal  equations, 

([00],  -  [lljjioL)^  =  ([oi?].  - 
which  may  be  abbreviated  into 

Hence, 


y 


W 


(5) 


he 
U 


W' 


(6) 
(7) 


[bb]^,  [bc],^ [ccjg,  ...  are  called  auxiliaries. 


*  The  equations  cannot  be  solved  if  any  two  are  identical,  or  can  be  made  identical 
by  multiplying  through  with  a  constant 
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Equations  (3),  (5),  (7),  colleotively  constitute  a  set  of  elimination 
•eqaations : 


X 


y 


z  = 


(8) 


The  last  equation  gives  the  value  of  z  directly ;  the  second  gives 
the  value  of  y  when  z  is  known,  and  the  first  equation  gives  the 
value  of  X  when  the  values  of  y  and  z  are  known. 

Note  the  symmetry  of  the  coefficients  in  the  three  sets  of  normal 
equations.  Hence  it  is  only  necessary  to  compute  the  coefficients 
of  the  first  equation  in  full.  The  coefficients  of  the  first  horizontal 
row  and  vertical  column  are  identical.  So  also  the  second  row  and 
second  column,  etc. 

The  formation  and  solution  of  the  auxiliary  equations  is  more 
tedious  than  difficult.  Several  schemes  have  been  devised  to  lessen 
the  labour  of  calculation  as  well  as  for  testing  the  accuracy  of  the 
work.     These  we  pass  by. 

Third.  The  weights  of  the  vahiss  of  x,  y,  z.  Without  entering 
into  any  theoretical  discussion,  the  respective  weights  of  z,  y,  and  x, 
are  given  by  the  expressions : 


o  =  reel  •  »  -  D  f**^2 .  «   _  n [ca]i[66]a 


(9) 


Fourth.     The  mean  errors  affecting  the  values  of  x,  y,  z.     Let 

a^x  +  b^y  +  c^z  -  B^^  v^\ 
a.fi  +  b^  +  Coir  -  i?2  =  ^2 ; 

Let  M  denote  the  mean  error  of  any  observed  quantity  of  unit 
weight, 

M 


for  equal  weight ; 


yn  -  w 

M  =  ±^     ^P-  ^  for  unequal  weights, 
\  n  —  w 


y    • 


(10) 


where  n  denotes  the  number  of  observation  equations,  w  the  number 
of  quantities  x,  y,  z,  .  .  .  Here,  «;  =  3,  w  =  4.  Let  M^,  M,,  J/„ 
respectively  denote  the  mean  errors  respectively  affecting  x,  y,  z. 

M  M  M 

.-.  M^  =  +  —,-=  ;  ilf „  =  +  —7^  \  M^=^  ±-  1^.       .       (11) 

Vj»x  S^Pi,  sIPz 
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EzAMPLBS. — (1)  Find  the  values  of  the  constants  a  and  h  in  the  formala 

y  =  a  +  6x, (12> 

from  the  following  determinations  of  corresponding  values  of  x  and  y : — 

y  =  8-5,  5-7,  8-2  10-8,  .  .  .; 

when  a;  =  0,  88,  182,         274,  .  .  .; 

We  want  to  find  the  best  numericcJ  values  of  a  and  h  in  equations  (12).  Write 
X  for  a,  and  ^  for  6,  so  as  to  keep  the  calculation  in  line  with  the  preceding 
discussion.    The  first  set  of  normal  equations  is  obviously 

[(m\x  +  [ah\y  =  [aR\  ;  and  {ah\x  +  \bb\y  =  {hR\, 

But  .  =  _l£*L,  +  [£«i;...,  =  [^. 

[oa],        [a^]i  [66], 

Again,  {au\  =  4 ;  [66]i  =  115,944 ;  [ab\  =  544 ;  {aR\  =  277 ;  \bR\  =  4,816*2 ; 

[66],  r=  4,868-67 ;  [hR\  =  115,951-4. 

J- =  8-52476;  »/  =  002500; 

or,  reconverting  x  into  a,  and  y  into  6,  (12)  is  to  be  written, 

y  =  8-525  +  0026a:. 


a. 

h. 

Difference  between 

Calculated  and 

Observed. 

Square  of  Difference 
between  Calculated 

« 

Calculated. 

8-625 

5-725 

8  075 

10-875 

1 

Observed. 

and  Obsenred. 

0 

88 

182 

274 

8-5 

5-7 

8-2 

10-8 

+  0025 
+  0026 
-  0125 
+  0075 

0-000626 
0-000626 
0*016625 
0006625 

0*0225 

.-.  Jlf  =±0*106. 
Weight  of  6  =  p^  =  [66],  =  41,960 ;  3/*  =  ±  -106/^^41,960  =  ±  -0004. 

Weight  of  a  =  2?*  =  ^^  =  1-5;  Af„  =  ±  •106/N^r6  =  ±  -087. 

(2)  The  following  equations  were  proposed  by  Gauss  to  illustrate  the  above- 
method  [Gauss'  Theoria  mohis  corporam  coelestiunt  (Hamburg,  1809) ;  Gauss' 
Werke^  7,  240,  1871] : 

X  -    2/  +  22r  =  8 ;     4j-  +    y  +  4tZ  =21-A  « gv 

3x  +  2?/  -  5^  =  5 ;  -  J  +  8y  +  3z  =  14.  J 
Hence  show  that  x  =  +  2*470 ;    j/  =  +  8-561 ;    «  =  +  1-916 . 2(v^  =  0804  r 
M  =  ±  284  ;   p,  =  246 ;   p,  =  136 ;   p,  =  5S9 ;    AT,  =  ±  -067  ;    3/^=  ±  -077  ; 
Mt  =  ±  '089.     Hint.  The  first  set  of  normal  equations  is 

27x  +  62/  =  88 ;  6x  +  16y  -h  2  =  70;  y  +  54^  =  107. 
(8)  The  following  equations  were  proposed  by  Gauss  {I.e.)  to  illustrate  his 

method  of  solution : — 

X  -    y  +  2z  -  3,  with  weight  1 ; 

Sx  +  2y  -  62  =  5,  „  1 ; 

4a:  +    y  +  iz  =  21,         „  1;' 

-  2x  +  6y  +  62  =  28,         „  }.  ) 


(14). 
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By  the  rule,  multiply  the  last  equation  by  \/f  =  ^  and  we  get  set  (18).  Show 
that  x  ss  +  2'47  with  a  weight  24-6 ;  y  ^+  3*55  with  a  weight  18'6 ;  and 
£  »  +  1*9  with  a  weight  58 '9.  It  only  remains  to  substitute  these  values  of 
Xf  y,  z,  in  (14)  to  find  the  residuals  v.  Hence  show  that  Af  =  +  295.  Proceed 
as  before  for  3/^,  JbT^,  M^. 

(4)  The  length  (Z)  of  a  seconds  pendulum  at  any  latitude  L,  is  given  by 
Glairaut's  equation : 

i  =  Lq  +  .4  sin'Ii, 
where  Lq  and  A  are  constants  to  be  evaluated  from  the  following  observa- 
tions : 

L  =  0°  C,  18°  27',     48°  24',     68°  15',      67°  4' ; 

I    =  0-990564,  0-991150,  0-993867,  0*994589,  0-996326. 
Hence  show  that 

,1  =  0-990555  +  00056798in«Z.. 
Hint.  The  normal  equations  are, 

.1-  +  0-44765  y  =  0-993099 ;  x  +  0*70806  y  =  0*994548. 
The  above  is  based  on  the  principle  of  least  squares.     A  quicker  method, 
not  so  exact,  but  accurate  enough  for  most  practical  purposes,  is  due  to  Mayer. 
We  can  illustrate  Mayer's  metluxl  by  means  of  equations  (13). 

First  make  all  the  coefficients  of  x  positive,  and  add  the  results  to  form  a 
new  equation  in  x.    Similarly  for  equations  in  y  and  z.    We  thus  obtain, 

9x  -    y  -    2;  =  16 ;  \ 

bx  +  ly  =87;^ (15) 

X  +    y  +  14a  =  83.  ) 

Solve  this  set  of  simultaneous  equations  by  algebraic  methods  and  we  get 
X  =■  2*486;  y  ~  3'611 ;  z  =  1-929.  Compare  these  values  of  x^  y^  2,  with  the 
best  possible  values  for  these  magnitudes  obtained  in  example  (2). 


§  187.  When  to  Reject  Buspeoted  Observations. 

There  can  be  no  question  about  the  rejection  of  observations 
which  include  some  mistake,  such  as  a  wrong  reading  of  the 
eudiometer  or  burette,  a  mistake  in  adding  up  the  weights  or  a 
blunder  in  the  arithmetical  work,  provided  the  mistake  can  be 
detected  by  check  observations  or  calculations.  Sometimes  a 
most  exhaustive  search  will  fail  to  reveal  any  reason  why  some 
results  diverge  in  an  unusual  and  unexpected  manner  from  the 
others.  It  has  long  been  a  vexed  question  how  to  deal  with 
abnormal  errors  in  a  set  of  observations,  for  these  can  only  be 
conscientiously  rejected  when  the  mistake  is  perfectly  obvious. 
It  would  be  a  dangerous  thing  to  permit  an  inexperienced  or 
biassed  worker  to  exclude  some  of  his  observations  simply  because 
they  do  not  fit  in  with  the  majority.     ''Above  all  things,"  said 
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the  late  Prof.  Holman  in  his  Disctcssion  on  the  Precision  of  Mea- 
surements (Wiley  &  Sons,  New  York,  1901),  **the  integrity  of  the 
observer  must  be  beyond  question  if  he  would  have  his  results 
carry  any  weight,  and  it  is  in  the  matter  of  the  rejection  of  doubt- 
ful or  discordant  observations  that  his  integrity  in  scientific  or 
technical  work  meets  its  first  test.  It  is  of  hardly  less  importance 
that  he  should  be  as  far  as  possible  free  from  bias  due  either  to 
preconceived  opinions  or  to  unconscious  efforts  to  obtain  concordant 
results." 

Several  criteria  have  been  suggested  to  guide  the  investigator 
in  deciding  whether  doubtful  observations  shall  be  included  in  the 
mean.  Such  criteria  have  been  deduced  by  Ghauvenet,  Hagen, 
Stone,  Pierce,  etc.  None  of  these  tests,  however,  is  altogether 
satisfactory.  ChauYenet's  oriterion  is  perhaps  the  simplest  to 
understand  and  most  convenient  to  use.  It  is  an  attempt  to 
show,  from  the  theory  of  probability,  that  reliable  observations 
will  not  deviate  from  the  arithmetical  mean  beyond  certain 
limits. 

From  (2)  and  (6),  §  178, 

r  =  0-4769//1  =  0*6745  V2(r2)/(n  -  1). 
If  X  =  rtf  where  rt  represents  the  number  of  errors  less  than  x  which  may  be 
expected  to  occur  in  an  extended  series  of  observations  when  the  total  number 
of  observations  is  taken  as  unity,  r  represents  the  probable  error  of  a  single 
observation.  Any  measurement  containing  an  error  greater  than  x  is  to  be 
rejected.  If  n  denotes  the  number  of  observations  and  also  the  number  of 
errors,  then  nP  indicates  the  number  of  errors  less  than  rt,  and  n(l  -  P)  the 
number  of  errors  greater  than  the  limit  rt.  If  this  number  is  less  than  ^,  any 
error  rt  will  have  a  greater  probability  against  than  for  it,  and,  therefore, 
may  be  rejected. 

The  criterion  for  the  rejection  of  a  doubtful  observation  is,  therefore, 

a-/r  =  ^  i  =  n(l  -  P) ; 
2n  -  1       2    '•' 


-rJr"'" <^> 


whence  P  =     gn 

By  a  successive  application  of  these  formulae,  two  or  more  doubtful  results 
may  be  tested. 

The  value  of  t,  or,  what  is  the  same  thing,  of  P,  and  hence  also  of  n,  oan 
be  read  oil  from  the  table  of  integrals,  page  515  (Table  XI.).  Table  XII.  con- 
tains the  numerical  value  of  x/r  corresponding  to  different  values  of  n. 

Examples. — (1)  The  result  of  18  determinations  of  the  atomic  weight  of 
oxygen  made  by  the  same  observer  is  shown  in  the  first  column  of  the  sub- 
joined table.  Should  19*81  be  rejected  ?  Calculate  the  other  two  columns  of 
the  table  in  the  usual  way. 
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ObfMrvation. 

X. 

*«. 

ObBenratioD. 

X, 

a:a. 

16-96 

-0-26 

0-0676       1        16-88 

-0-34 

0-1156 

19-81 

+  8-59 

12-8881 

15-86 

-0-36 

0-1296 

15-95 

-0-27 

0-0729 

16-01 

-0-21 

0-0441 

15-96 

-  0-27            0-0729      1 

15-96 

-0-26 

0-0676 

18-91 

-  0-81 

00961 

15-88 

-0-84 

01166 

16-88 

-0-34 

0-1166 

15-98 

-0-29 

0-0841 

15-91 

-0-81 

0-0961 

Mean  of  13  observations 

=  16-22 ;  5(a;«) 

=  18-9669. 

The  deviation  of  the  suspected  observation  from  the  mean,  is  3-59.  By 
Chauvenet's  criterion,  probable  error  s^  r  —  -7281,  n  r=  18.  From  Table  XU., 
x/r  =  8*07, .'.  X  zs  3-07  x  *7281  =»  2-24.  Since  the  observation  19-81  deviates 
from  the  mean  more  than  the  limit  2-24  allowed  by  Chauvenet's  criterion, 
that  observation  must  be  rejected. 

(2)  Should  16*01  be  rejected  from  the  preceding  set  of  observations? 
Treat  the  twelve -remaming  after  the  rejection  of  19-81  exactly  as  above. 

(3)  Should  the  observations  0-8902  and  0*8840  in  Rudberg's  results^ 
page  441,  be  retained  ? 

(4)  Do  you  think  203-666  in  Crookes*  data,  page  445,  is  affected  by  som& 
"  mistake  "  ? 

(5)  Would  Rowland  have  rejected  the  "442-8'*  result  in  Joule's  work, 
page  441,  if  he  had  been  solely  guided  by  Chauvenet's  criterion? 

(6)  Some  think  that  **4'88"  in  Cavendish's  data,  page  466,  is  a  mistake. 
Would  you  reject  this  number  if  guided  by  the  above  criterion  ? 

These  examples  are  given  to  illustrate  the  method  of  applying  the  criterion. 
Nothing  more.  Any  attempt  to  establish  an  arbitrary  criterion  applicable  ta 
all  cases,  by  eliminating  the  knowledge  of  the  investigator,  must  prove  un- 
satisfactory. It  is  very  questionable  if  there  can  be  a  better  guide  than  the 
unbiassed  judgment  and  common-sense  of  the  investigator  himself. 

Any  observation  set  aside  by  reason  of  its  failure  to  oomply 
with  any  test  should  always  be  recorded.  As  a  matter  of  fact,  the 
rare  occurrence  of  abnormal  results  serves  only  to  strengthen  the 

theory  of  errors  developed  from  the  empirical  formula,  y  =  A;e  ~  *  '  • 
There  can  be  no  doubt  that  as  many  positive  as  negative  chance 
deviations  would  appear  if  a  sufficient  number  of  measurements 
were  available.*  "Every  observation,"  says  Qerling  in  his  Die 
AtisgleichungS'Rechmmgen  der  praktischen  Oeometrie  (Hamburg,  68, 
1843),  '*  suspected  by  the  observer  is  to  me  a  witness  of  its  truth. 


*  Edgeworth  has  an  interesting  paper  "  On  Discordant  Observations  "  in  the  Phil^ 
Mag.  [5],  aS,  864,  1887. 
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■He  has  no  more  right  to  suppress  its  evidence  under  the  pretence  that 
it  vitiates  the  other  observations  than  he  has  to  shape  it  into  con- 
formity with  the  majority/'  The  whole  theory  of  errors  is  founded 
on  the  supposition  that  a  sufficiently  large  number  of  observations 
has  been  made  to  locate  the  errors  to  which  the  measurements 
are  susceptible.  When  this  condition  is  not  fulfilled,  the  abnormal 
measurement,  if  allowed  to  remain,  would  exercise  a  dispropor- 
tionate influence  on  the  mean.  The  result  would  then  be  less 
accurate  than  if  the  abnormal  deviation  had  been  rejected.  The 
employment  of  the  above  criterion  is^  therefore ^  2)ermitted  solely 
because  of  the  narrow  limit  to  the  number  of  observations.  It  is 
true  that  some  good  observations  may  be  so  lost,  but  that  is  the 
price  paid  to  get  rid  of  serious  mistakes. 

It  is  perhaps  needless  to  point  out  that  a  suspected  observation 
may  ultimately  prove  to  be  a  real  exception  requiring  further 
research.  To  ignore  such  a  result  is  to  reject  the  clue  to  a  new 
truth.  The  trouble  Lord  Bayleigh  recently  had  with  the  density  of 
nitrogen  prepared  from  ammonia  is  now  history.     The  *'  ammonia  " 

nitrogen  was  found  to  be  iTooo*^  P*'^  lighter  than  that  obtained 
from  atmospheric  air.  Instead  of  putting  this  minute  "  error  "  on 
one  side  as  a  "  suspect,"  Lord  Eayleigh  persistently  emphasised 
the  discrepancy,  and  thus  opened  the  way  for  the  brilliant  work  of 
Ramsay  and  Travers  on  **  Argpn  and  Its  Companions  ". 
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CHAPTER  XII. 
COLLECTION  OF  FORMULAE  FOR  REFERENCE. 

§  188.  Laws  of  Indioes  and  Logarithms. 

The  average  student  of  chemical  science  is  compelled  to  take  a 
course  in  pure  mathematics.  But  after  passing  his  ''  intermediate/' 
all  is  forgotten  except  a  strong  prejudice  that  mathematics  is  a 
compilation  of  vexatious  puzzles.  This  is  to  be  regretted,  because 
with  very  little,  if  any,  more  drilling  the  later  chapters  of  mathe- 
matics would  be  found  invaluable  auxiliaries  in  the  inquiry  into 
those  very  phenomena  to  which  he  subsequently  devotes  his 
attention. 

Certain  sections  of  this  chapter  have  been  written  to  give  the 
student  of  this  work  the  opportunity  of  revising  some  of  the  more 
fundamental  principles  established  in  elementary  mathematics ; 
other  sections  are  only  for  reference  upon  special  occasions. 

To  continue  the  discussion  opened  at  the  commencement  of 
,<  16,  page  34, 

4x4=    16,  is  the  second  jxnuer  of  4,  written  4* ; 
4x4x4=    64,  is  the  third  power  of  4,  written  4' ; 
4x4x4x4  =  266,  is  the  fourth  power  of  4,  written  4** ; 

and  in  general,  the  nth  power  of  any  number  a,  is  defined  as  the 

continued  product 

a  X  a  X  a  X  ,  .  .  71  times  =  a", 

where  n  is  called  the  exponent  or  index  of  the  power. 
By  actual  multiplication,  therefore, 

102  X  103  =  102  +  3  =  lo-i  =  100,000 ; 

or,  in  general  symbols, 

a"*  X  a"  =  a"*  +  " ;  or,  a'  x  a"  x  a*  x  .  .  .=  a<'  +  ''■'■'■'■••  •>, 

a  result  known  as  the  index  law.     Again, 

3x6  =  (100-^771)  X  (l(y>'^  =:  iQinoi  ^  15^ 

because,  from  a  table  of  common  logarithms, 

logio3  =  0-4771 ;  log^^S  =  0-6990 ;  log^olS  =  1-1761. 
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Thus  we  have  performed  arithmetical  multiplioation  by  the  simple 
addition  of  two  logarithms.     To  generalise  : 

To  multiply  two  of  more  numbers,  add  the  logarithms  of 
the  numbers  and  find  the  number  whose  logarithm  is  the  sum  of  the 
logarithms  just  obtained. 

Examples. — (1)  Evaluated  x  80. 

log,o  4  =  0-6021 
logioSO  =  1*9031 


Sum  =  2*5052  »  logio820. 
.*.  Ansr.  =  820. 
This  method  of  calculation  holds  good  whatever  numbers  we  employ  in  plaoe- 
of  3  and  5  or  4  and  80.  Hence  the  use  of  logarithms  for  facilitating  numerical 
calculations.  We  shall  shortly  show  how  the  operations  of  division,  involu> 
tioti,  and  evolution  are  as  easily  performed  as  the  above  multiplication. 

(2)  Show  iog^  =  1,  log,l  =  0. 
Just  as  1  =  10»,  2  =  100»>,  3  =  10»*",  .  .  . ; 

so  is  1  =  eo^  2  =  c«"««8,  3  =  e'-^*,  .  .  . ; 

where  e  =  2*71828  .  .  .  Hence  by  the  definition  of  logarithms, 

loggS  =  1*0986 ;  log.2  =  0-6932 ;  log.1  ^  0. 
Again 

«  X  «  X  6  X  .  .  .  n  times  =  c»;.  .  .;«x€x<5  =  ^;gxe  =  c*;^  =  e*; 
or  log^"  -  n ;  .  .  . ;  log^  =  3  ;  log^^^  =  2  ;  log^c*  =  1  =  log^e. 

From  the  above  it  also  follows  that 


10^  a 

.-7v2  =  10^-^  =  10^  =  10 ;  or  generaUy,  ^,  =.  a 


tn 

in  —  n 


Hence  the  rule  : 

To  diYlde  two  numbers,  subtract  the  logarithm  of  the  divisor 
{denominator  of  a  fraction)  from  the  logarithm  of  the  dividend 
(numerator  of  a  fraction)  a/nd  fmd  the  number  corresponding  to  the 
resulting  logarithm. 


Examples. — (1)  Evaluate  60  -r  3. 


Iogio60  ^  1*7782 
logio  3  =  0*4771 


Difference  =  1*3011  =  logio20. 
Ansr.  ==:  20. 
(2)  Show  that  2 -«=  J;  10-«=  yU\  3«  x  8-3  =  1. 

It  is  very  easy  to  miss  the  meaning  of  the  so-called  *'  propertiea 
of  indices/'  unless  the  general  symbols  of  the  textbooks  are 
thoroughly  tested  by  translation  into  numerical  examples.  Th& 
majority  of  students  require  a  good  bit  of  practice  before  a  general 
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expression  *  appeals  to  them  with  full  force.  Here,  as  elsewhere, 
it  is  not  merely  necessary  for  the  student  to  think  that  he  **  under- 
stands the  principle  of  the  thing/*  he  must  actually  work  out 
examples  for  himself.  ''  In  soientiis  edisoendis  prosunt  exempla 
magis  qu&m  prsBcepta'^f  is  as  true  to-day  as  it  was  in  Newton's 
time.  For  example,  how  many  realise  why  mathematicians  write 
6^  =  1,  until  some  such  illustration  as  the  following  has  been 
worked  out? 

2«  X  20  =  22  +  0^  2«  =  4. 

The  same  result,  therefore,  is  obtained  whether  we  multiply  2^  by 
2®  or  by  1,  i.e., 

2*  X  20  =  2«  X  1  =  22  =  4. 

Hence  it  is  inferred  that 

20  =  1,  and  generally  that  a^  «  1.+ 

I  am  purposely  using  the  simplest  of  illustrations,  leaving  the 
reader  to  set  himself  more  complicated  numbers.  No  pretence  is 
made  to  rigorous  demonstration.  We  assume  that  what  is  true  in- 
one  case,  is  true  in  another.  It  is  only  by  so  collecting  our  facts 
one  by  one  that  we  are  able  to  build  up  a  general  idetf .  The  be- 
ginner should  always  satisfy  himself  of  the  truth  of  any  abstract 
principle  or  general  formula  by  applying  it  to  particular  and  simple 
cases. 

By  actual  multiplication  show  that 

(100)8  =  (102)^  =  102x3  =  10«, 
and  hence : 

To  raise  a  number  to  any  power,  multiply  the  logarithm  of 
the  number  by  the  index  of  the  power  and  find  the  number  corre* 
sponding  to  the  resulting  logarithm. 


*  ITie  general  symbols  o,  6,  .  .  .  w,  n,  ,  .  .  x,  y,  .  .  .  in  any  general  expression 
may  be  compared  with  the  blank  spaces  in  a  bank  cheque  waiting  to  have  particnlar 
values  assigned  to  date,  amount  (£  s.  d.),  and  sponsor,  before  the  cheqne  can  fulfil  the 
specific  purpose  for  which  it  was  designed.  So  must  the  symbols,  a,  6,  ...  of  a 
general  equation  be  replaced  by  special  numerical  values  before  the  equation  can  be 
applied  to  any  specific  process  or  operation. 

+  Which  may  be  rendered :  "In  learning  we  profit  more  by  example  than  by 
precept". 

X  Some  mathematicians  define  a"aslxaxaxa.  .  .  n  times  ;a'=3lxaxaxa; 
a^  =  1  X  a  xa;a^  =  1  X  a;  and  a^  as  1  x  a  no  times,  that  is  unity  itself.  If  so,  then 
00  would  mean  1  x  0  no  times,  i.«.,  1 ;  l/(fi  would  mean  1/(1  x  0  no  times),  ».e.,  unity. 
But  see  examples,  §  5. 

HH 
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Example. — Evaluate  5*. 

52  ^  (6)«  =  (10o«»o)«  ^  ioi«8o  ^  26, 

since  reference  to  a  table  of  common  logarithms  shows  that 

logioS  =  0-6990 ;  logio26  =  1-3980. 

From  the  index  law,  above 

10*  X  10*  =  lO*"*"*  =  101  =  10. 

That  is  to  say,  10*  multiplied  by  itself  gives  10.     But  this  is  the 
definition  of  the  square  root  of  10. 

.-.  ( Vio)2  =  yio  X  n/10  =  10*  X  10*  =  10. 
A  firaotional  index,  therefore,  represents  a  root  of  the  particular 
number  affected  with  that  exponent.     GeneralisiQg  this  idea,  the 

nth  root  of  any  number  a,  is  o^.     Thus 

^8  =  sK  because  ^8  x  ?/8  x  -^8  =  8»  x  8*  x  8*  =  8. 
To  extract  the  root  of  any  number,  divide  the  logarithm  of 
the  number  by  the  index  of  the  required  root  and  find  the  number 
corresponding  to  the  resulting  logarithm, 

BxAMPLB8.--(l)  Evaluate  4^8  and  n''93. 

i/8   =  (8)*  =  (10»^i)^  =  ia>»w  =  2 : 

v'93  =  (98)^  =  {IG^^^  =  100»"  =  1-91. 
since,  from  a  table  of  common  logarithms, 

logio2  =  0-3010 ;  logio8  =  0-9031 ;  logiol-91  =  0-2812 ;  logio98  =«  1-9685. 

(2)  Repeat  all  the  above  illustrations  of  the  index  law  using  Table  XXIV., 
page  520. 

The  results  of  logarithmic  calculations  are  seldom  absolutely 
correct  because  we  employ  approximate  values  of  the  logarithms 
of  the  particular  numbers  concerned.  Instead  of  using  logarithms 
to  four  decimal  places  we  could,  if  stupid  enough,  use  logarithms 
accurate  to  sixty-four  decimal  places.  But  this  question  is  reserved 
for  the  next  section. 

The  more  important  properties  of  indices  known  under  the  name 
**  the  theory  of  indices ''  are  summarised  in  the  subjoined  synopsis 
along  with  the  corresponding  properties  of  logarithms. 
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Theory  of  Indices. 


a«  =  1. 
a'  =  a. 
rt*  =  y/a. 
a*=saxaxax 
a"=:  00,  if  a  >  1 
a-«  =  -  1.   . 
a~^  —  Ija.    . 
rt  -  »  =  1/a". 

rt~*=l/\/a. 
a  -  «  =  0,  if  o  > 
w^a""^  =  a<«  +  '•). 
a"6"  =  (a6)". 

V  va  =  4^ a. 
(a»)'«  =  a*»". 


f^a"  =  a-  =  (  ^a) 


n  times. 


Log»rithms. 


log  1  =  0.      . 
logaa  =  1.     . 

loga(Va)=ilog„rt  =  i 
log  a"  =  w  log  a.   . 

log  00  =  00.     . 

log(  -  1)  =  0.        . 

logal/a  =  -  1  logatt  =  -  1.    . 

logaA  ~  "j=  -  n  log«,a  =  -  n. 

logl/ Va  =  -  Jlog«a  =  -  i- 
log  0  =  -  00. 
log  ab  =■  log  a  +  log  6. 
log(a&)'*  =  n  log  a  +  n  log  h. 

log"^a=  —  loga.      .        . 

log  y/ab  =  -loga  +  -log  6. 

log  ajb  =s  log  a  -  log  6. 
log  a**  =  n  log  a.   . 

logN^n  =  ^^loga.  . 


(2) 
(3) 

7) 
8) 

(9) 
10 

(11 
(12) 

(18) 


! 


(U) 

16) 
16) 

(17) 


1 


Example. — Plot  log«x  =  y^  and  show  that  logarithms  of  negative  numbers 
are  impossible.  Hint,  pot  a;  =  0, 1/6^  l/e,  1,  ^,  e^,  oo,  etc.,  and  find  corresponding 
values  of  y. 

Note. — Continental  writers  variously  use  the  symbols  L,  2,  2n,  Ig^  for 
"log";  and  "log  nep"  or  "log  nat "  for  "log«".  "Nep"  is  an  abbreviation 
for  "  Neperian,"  a  Latinized  adjectival  form  of  Napier's  name. 

"  Exp  X  *'  is  sometimes  written  for  "  e*  "  ;  "  Exp(  -  x)  "  for  "  e  -  '  ". 

§  189.  Approximate  Caloulations  in  Scientifio  Work. 

A  good  deal  of  the  tedious  labour  involved  in  the  reduction  of 
experimental  results  to  their  £nal  form,  may  be  avoided  by  atten- 
tion to  the  degree  of  accuracy  of  the  measurements  under  con- 
sideration. It  is  one  of  the  commonest  of  mistakes  to  extend  the 
arithmetical  work  beyond  the  degree  of  precision  attained  in  the 
practical  work.*  Thus,  Dulong  calculated  his  indices  of  refraction 
to  eight  digits  when  they  agreed  only  to  three.  When  asked 
'*  Why  ?  ",  Dulong  returned  the  ironical  answer :  **  I  see  no  reason 


*  In  a  memoir  "  On  the  Atomic  Weight  of  Aluminum,"  at  present  before  me,  I 
read,  "  '646  grm.  of  aluminum  chloride  gave  2*0549731  grms.  of  silver  chloride  .  .  .". 
It  is  not  clear  how  the  author  obtained  his  seven  decimals  seeing  that,  in  an  earlier 
part  of  the  paper,  he  expressly  states  that  his  balance  was  not  sensitive  to  more  than 
•0001  grm. 
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for  suppressing  the  last  decimals,  for,  if  the  first  are  wrong,  the 
last  may  be  all  right "  ! 

Although  the  measurements  of  a  Stas,  or  of  a  Whitworth  may 
require  six  or  eight  decimal  figures,  few  observations  are  correct 
to  more  than  four  or  five.  But  even  this  degree  of  accuracy  is 
only  obtained  by  picked  men  working  under  special  conditions. 
Observations  which  agree  to  the  second  or  third  decimal  place  are 
comparatively  rare  in  chemistry. 

Again,  the  best  of  calculations  is  a  more  or  less  crude  approxi- 
mation on  account  of  the  ''simplifying  assumptions"  introduced 
when  deducing  the  formula  to  which  the  experimental  results 
are  referred.  It  is,  therefore,  no  good  extending  the  "  calculated 
results  "  beyond  the  reach  of  experimental  verification.  It  is  un- 
profitable to  demand  a  greater  degree  of  precision  from  the  calcu- 
lated than  from  the  observed  results — ^but  one  ought  not  to  demand 
a  less.   (Compare  the  introduction  to  Poincar6's  Mdcanique  Celeste.) 

The  general  rule  in  scientific  calculations  is  to  use  one  more 
decimal  figure  than  the  degree  of  accuracy  of  the  data.  In  other 
words,  reject  as  superfluous  all  decimal  figures  beyond  the  first 
doubtful  digit.  The  remaining  digits  are  said  to  be  signifioant 
flgores. 

EzAMPiJSs. — In  1*540,  there  are  four  significant  figures,  the  cypher  indi- 
cates that  the  magnitude  has  been  measured  to  the  thousandth  part;  in 
0-00154,  there  are  three  significant  figures,  the  cyphers  are  added  to  fix  the 
decimal  point;  in  15,400,  there  is  nothing  to  show  whether  the  last  two 
cyphers  are  significant  or  not,  there  may  be  three,  four,  or  five  significant 
figures. 

In  **  casting  off''  useless  decimal  figures,  the  last  digit  retained 
must  be  increased  by  unity  when  the  following  digit  is  greater 
than  four.  We  must,  therefore,  distinguish  between  9*2  when 
it  means  exactly  9 '2,  and  when  it  means  anything  between  9*14 
and  9' 25.  In  the  so-called  *'  exact  sciences,''  the  latter  is  the 
usual  interpretation.  Quantities  are  assumed  to  be  equal  when 
the  differences  fall  within  the  limits  of  experimental  error. 

LoQABiTHMS. — There  are  very  few  calculations  in  practical  work  outside 
the  range  of  four  or  five  figure  logarithms.  The  use  of  more  elaborate  tables 
may,  therefore,  be  dispensed  with.* 


*Thiis  Wrapson  and  Gree's  MathenuUical  Tables  (Is.  6d.)  to  four  decimal  places 
may  be  used  instead  of  Chamber's  (page  87)  to  seven  decimal  places. 
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Addition  and  Subtraotion. — In  adding  such  numbers  as  9-2  and  0*4913, 
cast  off  the  3  and  the  1,  then  write  the  answer,  9*69,  not  9*6913.  Show  that 
6*60  +  20*7  +  108198  =  129*6,  with  an  error  of  about  0*01,  that  is  about  0*08  %. 

Multiplication  and  Division. — The  product  2'25ir  represents  the  length 
of  the  perimeter  of  a  circle  whose  diameter  is  2*25  units ;  «■  is  a  numerical 
coefficient  whose  value  has  been  calculated  by  Shanks,*  to  over  seven  hundred 
decimal  places,  so  that  ir  =  3*141592,653589,798.  ...  Of  these  two  numbers, 
therefore,  2*25  is  the  less  reliable.  Instead  of  the  ludicrous  7*0685808625  .  .  ., 
we  simply  write  the  answer,  7*07. 

It  is  no  doubt  unnecessary  to  remind  the  reader  that  in  scientific  compu- 
tations the  standard  arithmetical  methods  of  multiplication  and  division 
are  abbreviated  so  as  to  avoid  writing  down  a  greater  number  of  digits  than 
is  necessary  to  obtain  the  desired  degree  of  accuracy.  The  following  scheme 
for  "  ihortened  mnltiplicatioii  and  division,"  requires  little  or  no  explanation : — 

Shortened  Multiplication.  Shortened  Dtvision. 

9*774  365*4)3571*8(9*774 

365*4  3288*6 


2932*2  282-7 

586-4  255*8 

^'^  26-9 

^'^  25-5 


3571*4  1.4 

The  digits  of  the  multiplier  are  taken  from  left  to  right,  not  right  to  left. 
One  figure  less  of  the  divisor  is  used  at  each  step  of  the  division.  The  last 
figure  of  the  quotient  is  obtained  mentally.  A  **  bar  "  is  usually  placed  over 
strengthened  figures  so  as  to  allow  for  an  excess  or  defect  of  them  in  the 
result. 

Ostwald,  in  his  Hcmd-  und  Hilfsbiich  zur  Aiis/iihrung  physiko- 
chemiker  Messimgen  (Leipzig,  1893),  has  said  that  ''the  use  of 
these  methods  cannot  be  too  strongly  emphasised.  The  ordinary 
methods  of  multiplication  and  division  must  be  termed  unscientific." 
Full  details  are  given  in  Langley's  booklet  A  Treatise  on  Compti- 
tation  (Longmans,  Green  &  Co.,  1895),  or  in  the  more  formal 
Calculs  jpratiques  appliques  aux  Sciences  d' Observation,  by  Babinet 
and  Housel. 

The  error  introd/uced  in  approximate  calculations  by  the  **  casting 
off'*  of  decimal  figures.  Some  care  is  required  in  rounding  off 
decimals  to  avoid  an  excess  or  defect  of  strengthened  figures  by 
making  the  positive  and  negative  errors  neutralise  each  other  in 
the  final  result.    A  good  '*  dodge  "  is  always  to  leave  the  last  figure 


Proc.  Roy.  Si>c. ,  88,  45,  1873. 
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an  even  number.     E.g,,  3*76  would  become  3 "8,  while  3*85  would 
be  written  3 -8. 

The  percentage  error  of  the  product  of  two  approximate  numbers 
is  very  nearly  the  algebraic  sum  of  the  percentage  error  of  each. 
If  the  positive  error  in  the  one  be  numerically  equal  to  the  negative 
error  in  the  other,  the  product  will  be  nearly  correct,  the  errors 
neutralise  each  other. 

Example. — 19*8  x  3 'IS.  The  first  factor  may  be  written  20  with  a  + 
error  of  1  %,  and,  therefore,  20  x  8-18  =  68-6,  with  a  +  error  of  1  °l^.  This 
excess  must  be  deducted  from  68*6.  We  thus  obtain  62*95.  The  true  result  is 
62*964. 

The  percentage  error  of  the  quotient  of  two  approximate  numbers 
is  obtained  by  subtracting  the  percentage  error  of  the  numerator 
from  that  of  the  denominator.  If  the  positive  error  of  the  nume- 
rator is  numerically  equal  to  the  positive  error  of  the  denominator, 
the  error  in  the  quotient  is  practically  neutralised. 

Vide  footnote,  page  454. 

ApPBOXIMATION  EoBMULAE — CAIiCULATIONS  WITH  SmALL  QUAN- 
TITIES.— The  discussion  on  approximate  calculations  in  Chapter  V. 
renders  any  further  remarks  on  the  deduction  of  the  following 
formulae  superfluous  : 

For  the  sign  of  equality,  read  **  is  approximately  equal  to,'*  or  **  is  very 
nearly  equal  to ".  Let  a,  /S,  7,  .  .  .  be  small  fractions  in  comparison  with 
unity  or  x. 

(1  ±  a)  (1  ±  /8)  =  1  ±  a  ±  i3 (1) 

(I  ±  a)  (1  ±  fi)  {1  ±  y)  ,  .  .  =  I  ±  a  ±  fi  ±  y  ± (2) 

(1  ±  «)•  =  1  ±  2a ;  (1  ±  a)*  =  1  ±  na (3) 

V(l  +  a)  =  1  +  f*.      v^iiB  =  i(a  +  /8) (4) 

(TTT)  =  ^  +  «••  (1  i«)-  =  1  +  ~«I  VP"^  =  1  -  K         .        (5) 

l^MMI-*-*"'" «> 

The  third  member  of  some  of  the  following  results  is  to  be  regarded  as  a 
second  approximation,  to  be  employed  only  when  an  exceptional  degree  of 
accuracy  is  required. 

c«  =  1  +  a;  a«  =  1  +  aloga (7) 

log  (1  +  a)  =  a  =  a  -  ^a« (8) 

log  {x  +  a)  =  log  a;  +  a/x  -  ^"/^^ (9) 

X  -h  a       2a       2    a*  .,^v 

By  Taylor's  theorem,  §  99, 

sin  (a;  +  /8)  =  sin  a:  +  ficoax  -  i/8%in  x  -  ^/J'cos  j:  +  .  .  .  . 
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If  the  angle  fi  is  not  greater  than  2^'',  fi  <044;  i/3>  <'001 ;  i/9*  <*00qpi. 

But  sin  X  does  not  exceed  unity,  therefore,  we  may  look  upon 

8in(x  +  /S)  =  sin  x  +  fi  cos  x, 

correct  up  to  three  decimal  places.     The  addition  of  another  term  '*  -  ^/S* " 

will  make  the  result  correct  to  the  fifth  decimal  place. 

gin  o  =  a  =  a(l  -  ^a«)  ;  cos  a  =:  1  =  1  -  ia« (11) 

sin  (x  ±  fi)  =  sinx  ±  fi cos x  ;  cos (x  ±  /8)  =  cos x  ±  fisinx.     .      (12) 

tan  a  =:  a  =  a(l  +  ia") ;  tan  (x  ±  /S)  =»  tan  x  ±  fi  sec^.     .  (18) 

Example. — Show  that  the  square  root  of   the  product  of  two  small 

fractions  is  very  nearly  equal  to  half  their  sum.    See  (4).    Hence,  at  sight, 

^24-00092  X  2406098  =  24-00096. 

§  190.  Variation. 

When  two  quantities  are  so  related  that  any  increase  (or 
decrease)  in  the  value  of  one  produces  a  proportional  increase  (or 
decrease)  in  the  other,  the  one  quantity  is  said  to  vary  a0,  or  to 
vary  directly  as  the  other.  On  the  other  hand,  when  two 
quantities  are  so  related  that  any  increase  (or  decrease)  in  the 
one  le€ids  to  a  proportional  decrease  (or  increase)  in  the  other,  the 
one  quantity  is  said  to  vary  invepsely  as  the  other. 

The  symbol  **  a  "  denotes  variation.     For  xccy,  read  **  x  varies 

as  y  "  ;  for  a;  x  -,  read  "  x  varies  inversely  as  y  ". 

•   y  •       • 

The  variation  notation  is  nothing  but  abbreviated  proportion. 
Let  x^,  y^;  x^,  ^2 '  ^3>  ^3  >  •  •  *  ^  corresponding  values  of  x  and 
y.     Then,  if  x  varies  as  y^ 

^1         ^2         *^3  /-I  \ 

a?l   •  2^1  =  ^2  •  ^2  ~  ^3  •  ^8  =    •    •    '»    ^^*  if  ~  y"   ^  y'  ^   '    '    '         \^) 

1.  If  X  varies  as  y,  directly  or  inversely^  then  x  is  equal  to  y, 
or  1/y,  multiplied  by  some  constant. 

Let  K  be  a  constant  quantity.    If 

xccy,x=^i€y;  or,  if  jc  a  -,  x  =  -•  •        •        •      (2) 

This  result  is  of  the  greatest  importance.  It  is  used  in  nearly  every  formula 
representing  a  physical  process,  k  is  called  the  proportion  oonitaat  or  ooniitant 
of  variation. 

The  proof  follows  directly  from  (I),  the  ratio  of  any  value  of  x  to  the 
corresponding  value  of  y  is  always  the  same.     This  means  that  2*/^:=  constant. 

2.  If  one  magnitude  varies  as  another,  any  tvx>  simrdta/neoiis 
values  of  the  two  rMignitudes  are  in  the  same  jproportion. 

This  also  follows  directly  from  (1).  If  x  and  y  are  simultaneous  values  of 
X  and  Y  so  that  when  X  changes  to  Xj  Y  changes  to  y^. 

x:y  =  x^:y^. 
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^3.  It  xccy^  then  y'cc  x. (8) 

4.  lixccy^yccM^  then  xccz (4) 

5.  If  a;  ac  yz^  then  y  x  xfe  and  z  cc  xfy. (5) 

6.  If  a;  X  z,  y  ac  «,  then  x  ±^yacz\ (6) 

and  xyccz^.    .        .        ; (7) 

7.  If  x  «  ^,  then  xm  oc  ym^  where  m  is  constant (8) 

8.  If  xccy,uccVt  then  xu  x  yr,  or,  st/m  x  y/v (9) 

9.  If  Xf  y,  z,  are  variable  magnitudes  sttch  that  xccy,  when  z  is 
constant,  xcc  z,  when  y  is  constant,  then  x  cc  yz,  when  y  OMd  z  vary 
together. 

Let  X  have  a  valae  x,  when  Y  has  a  value  y,  and  Z  a  value  z.  Let  X 
change  its  value  from  a;  to  a^,  when  Y  changes  from  y  to  y^  and  Z  remains 
constantly  equal  to  z.  Again,  let  X  change  from  a;^  to  a;,,  when  Y  remains 
constantly  equal  to  y  and  Z  changes  from  z  to  z^    From  (1) 

aj/ai  =  ylVi ;  and  x^jx^  =  zjz^ 
Multiply  these  two  equations  together. 

x:x^  =  yz\  y^z^ 
that  is  to  say,  when  YZ  changes  from  yz  to  y-^z^  X  changes  from  x  to  a*,  so 
that  X,  x^  yz,  y^z^  are  proportionals.     Hence, 

X<x^YZ (10) 

10.  Ifx  varies  as  y  when  z  is  constant,  and  x  varies  inversely  as 

z  when  y  is  constant,  then 

X^YJZ,        .        .        .        .       (11) 
when  Y  and  Z  both  vary. 

Examples. — (1)  It  is  known  that  the  volume  v  of  a  mass  of  gas  varies 
inversely  as  the  pressure  jp  at  a  constant  temperature  $  (Boyle's  law),  or, 

V  X  Ijp,  ($  constant). 

Again,  the  volume  of  any  mass  of  gas  varies  directly  as  the  absolute  tempera- 
ture $,  when  the  pressure  is  constant  (Gay  Lussac*s  law),  i.e., 

vccB,  {p  constant). 

Hence  show,  by  equations  (2),  (5),  and  (11),  that  when  p  and  $  both  vary 

pv  =  R$ (12) 

where  R  is  the  constant  of  proportion.  It  is  by  no  means  uncommon  to  find 
this  simple  formula  deduced  by  a  vicious  combination  of  Boyle's  and  Gay 
Lu8sac*s  laws.    The  results  expressed  in  formulae  (7)  and  (10)  are  confused. 

(2)  Show,  as  in  (1),  that 

Po^ol^o  ^  Pit^il^i (13) 

(3)  If  the  density  p  of  a  gas  is  directly  proportional  to  the  pressure  at 

constant  temperature,  show  that 

p  =  RpO;  and  pJpoBq  =  PilpiOi (14) 

(4)  In  a  current  textbook  on  The  Theory  of  Solutions  it  is  shown  that 

V  =  Vq(1  +  tt$);  p=^  Pq(1  +  a9). 
The  work  then  continues :  '*  By  uniting  these  two  (equations)  we  obtain 

Point  out  the  fallacy  in  this  demonstration. 
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§  191.  Permutations  and  Combinations, 

Each  arrangement  that  can  be  made  by  varying  the  order  of 
some  or  all  of  a  number  of  things  is  called  a  permutation.  For 
instance,  there  are  two  permutations  of  two  things  a  and  6,  namely 
cb  and  ba ;  a  third  thing  can  be  added  to  each  of  these  two  permu- 
tations in  three  ways  so  that  abc,  acb,  cab,  bac,  bca,  cba  results. 
The  permutations  of  three  things  taken  all  together  is,  therefore, 
1x2x3;  a  fourth  thing  can  occupy  four  different  places  in  each 
of  these  six  permutations,  or,  there  are  1x2x3x4  permutations 
when  four  different  things  are  taken  all  together.  More  generally, 
the  permutations  of  n  things  taken  all  together  is 

w(w  -  l)(n  -  2)  .  .  .  3.2.1  =  w! 
n!  is  called  **  factorial  n*\     It  is  generally  turitten  \  n* 

Using  the  customary  notation  J^„  to  denote  the  number  of 
permutations  of  n  things  taken  n  at  a  time, 

[nu7nb«r<^tMnt§y'^ {number o/thinff$tak0m)  ™   u^n   =*   W  I      .  (1.) 

If  some  of  these  n  things  are  alike,  say  p  of  one  kind,  q  of 
another,  r  of  another, 

"•^""l^iyiTi (^^ 

If  only  r  of  the  n  things  are  taken  in  each  set, 

„P,  =  n(n  -  1)  (n  -  2)  .  .  .  (n  -  r  +  1). 

=  (n  -  r) ! (^) 

Each  set  of  arrangements  which  can  be  made  by  taking  some 
or  all  of  a  number  of  things,  without  reference  to  the  internal 
arrangement  of  the  things  in  each  group,  is  called  a  combination. 
In  permutations,  the  variations,  or  the  order  of  the  arrangement  of 
the  different  things,  is  considered;  in  combinations,  attention  is 
only  paid  to  the  presence  or  absence  of  a  certain  thing.  The 
number  of  combinations  of  two  things  taken  two  at  a  time  is  one, 
because  the  set  ab  contains  the  same  things  as  ba.     The  number 

*  It  is  worth  knowing  that 

n  !  -  r(n  +  1), 

the  gamma  function  of  §  88.    When  n  is  very  great 

n  !  -  n»<?-"\/2im, 
known  as  Btirlin^i  formula.    Tliis  allows  n  !  to  be  evaltiated  by  a  table  of  logarithms . 
Tlie  error  is  of  the  order  V^  of  the  value  of  n  ! 
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of  combinations  of  three  things  taken  two  at  a  time  is  three^ 
namely,  ab,  ca,  be ;  of  four  things,  ab,  ac,  ad,  be,  bd,  cd.  But 
when  each  set  consists  of  r  things,  each  set  can  be  arranged  in  r ! 
different  ways. 

Let  „Cr  denote  the  number  of  combinations  of  n  things  taken  r 
at  a  time.  We  observe  that  the  „€,.  combinations  will  produce 
^Cr  X  r  I  permutations.  This  is  the  same  thing  as  the  number  of 
permutations  of  n  things  in  sets  of  r  things.     Hence,  by  (3), 

J>r      n(n  -  1)  (71  -  2)  .  .  .  (n  -  r  +  1) 


rl(n  -  r)\' 


(5) 


Nearly  all  questions  on  arrangement  and  variety  can  be  referred  to  the- 
standard  formulae  (3)  and  (5).  Special  cases  are  treated  in  any  textbook  on 
algebra. 

In  spite  of  the  great  number  of  organic  compounds  continually  pouring 
into  the  journals,  chemists  have,  in  reality,  made  no  impression  on  the  great 
number  which  might  exist.  To  illustrate,  Hatchett  {PhU.  Trans.,  03,  193, 
1808)  has  suggested  that  a  systematic  examination  of  all  possible  alloys  of  all 
the  metals  be  made,  proceeding  from  the  binary  to  the  more  complicated 
temaiy  and  quaternary.     Did  he  realise  the  magnitude  of  the  undertaking  ? 

Examples. — (1)  Show  that  if  one  proportion  of  each  of  thirty  metala 
be  taken,  435  binary,  4.060  ternary  and  27,405  quaternary  alloys  would  have 
to  be  considered. 

(2)  If  four  proportions  of  each  of  thirty  metals  be  employed,  show  that 
6,655  binary,  247,660  ternary  and  1,013,985  quatenary  alloys  would  have  to  be 
investigated. 

The  number  of  possible  isomers  in  the  hydrocarbon  series  involving  side 
chains,  etc.,  are  discussed  in  the  following  memoirs :  Cayley  {Phil,  Mag.  [4], 
18,  172,  1857  ;  *7,  444,  1874 ;  or,  BHtisk  Association's  Reports,  257,  1876)  first 
opened  up  this  question  of  side  chains.  See  also  Lodge  {Phil,  Mag.  [4],  80,. 
367,  1875),  Losanitsch  (Berichte  der  dentsdien  cliemischen  GesellscJiaft,  30, 
1,917,  1897),  Hermann  (i6.,  3,423),  Rey  {ib.,  38,  1,910,  1900),  Kauffman  (i6.. 
2,231). 

§  192.  Mensupation  Formulae. 

Beference  has  frequently  been  made  to  Euclid  i.,  47.  In  any  right- 
angled  triangle, 

{Square  on  hypotenuse)  =  {Sum  of  squares  on  tfie  otlier  two  sides). 
Also  to  Euclid  vi.,  4.     If  two  triangles  A  BG  and  DEF  are  equiangular  so 
that  the  angles  at  ^1,  B,  and  G  of  the  one  are  respectively  equal  to  the  angles 
D,  E,  and  i^of  the  other,  the  sides  about  the  equal  angles  are  proportional » 
so  that 

AB  :  EC  ^  DE  :  EF;  BC  :  CA  =  EF :  FD;  AB  :  AC  =  DE  :  DF. 
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w  =  3-1416,  or,  V- 

$  =  degrees  of  arc. 

r  denotes  the  radius  of  a  circle. 

The  following  are  standard  reference  formulae : 

I.  JMig%hB  {arcs  and  perimeters). 

Ohobd  op  OmoiiE  (e  =  angle  suhtended  at  centre)  =r  2r  sin  ^.  (1) 

Abc  of  GiBCiiE  (e  =  angle  subtended)  »  rhf^itr (2) 

Pbbimbtbb  op  CiBCiiE  =  2wr  =  »  x  (Diameter) (3) 

Perimbtbb  op  Ellipse  (semiaxes  a,  b)  =  2ir  V^(a*  +  b^.        .        .        (4) 

II.  Areas. 

Rectangle  (sides  a,  6)  =  a. 6. (5) 

Paballeloobam  (sides  a,  b  ;  included  angle  e)  »  ab  sin0.                .  (6) 

Rhombus  =  ^  {Product  of  the  two  diagonals) (7) 

TBI  ANGLE  {h  =  altitude  ;  6  =  base)  =  ^h,b;  ^ 

=  ^6  sin  C ;                              I  (g) 
=  \U{s  -  a)  {s  -  b){s  -  c),       * 

where  a,   6,  c,  are  the    sides    opposite    the    respective    angles    At    B,    C, 

s  =  |(rt  +  b  +  c). 

Spherical  Tbiangle  =  {A  +  B  +  C  -  ir)r', (9) 

where  r  is  the  radius  of  the  sphere,  .4,  B^  C,  are  the  angles  of  the  triangle 

(Fig.  142). 

Tbapezium  {h  =  altitude ;  parallel  sides  a,  b)  =  \h(a  +  b).      .        .  (10) 

Polygon  op  n  Equal  Sides  (a)  =  \na^  cot  (180/») (11) 

CiBCLE  =  »r*  =  Jit  X  {Diameter) (12) 

CiBCULAB  Sectob  {9  —  included  angle)  =  (\  Arc)  x  {Radius) ; 

GiBCULAB  Segment  =  (Area  of  sector)  -  (Area  of  triangle)  \ 

=  iriTr»^  -  i^  sin  e,  J       <^*' 

The  triangle  is  made  by  joining  the  two  ends  of  the  arc  to  each  other  and 

to  the  centre  of  the  circle.     $  is  angle  at  centre  of  circle. 
Pababola  cut  ofp  BY  DouBLE  Obdinate  (2^)  =  ^xy ; 
=  I  (Area  of  parallelogram  of  same  base  and  height). 

Ellipse  ~wa,b (16) 

CuBviLiNEAB  AND  Ibbegulab  Figubes.     See  Simpson's  rule. 

SiMiLAB  Figubes.    The  areas  of  similar  figures  are  as  the  squares  of  the 

corresponding  sides.    The  area  of  any  plane  figure  is  proportional  to  the  square 

of  any  linear  dimension.     E.g.,  the  area  of  a  circle  is  proportional  to  the  square 

of  its  radius. 

III.  Borfaces. 

Sphbbe  =  4«r« (17) 

Oylindbb  (h  =  height)  =  2irrh (18) 

Pbism  (p  —  perimeter  of  the  base)  =  ph. (19) 

Gone  or  Pyeamid  =  ip  x  (Slant  height) (20) 

Sphbbical  Segment  (h  =  height)  =  2irr7i (21) 


}      (13) 


}       (16) 
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IV. 


Bbct&noulab  Paballblopipbd  (sides  a,  b,  c)  =  a .  b .  c.  (23) 

Spbebe  =  I  {CireUTnsrribmg  cylinder] ;      -  \        lo  i 

Sphehicu.  Sbohbnt  (h  =  height)  =  litfSr  -  h)k'.    ....       (24) 
Cylindbr  OB  PmsM  =  {Area  of  itau)  x  {Height)  ;  'I 

-  wr'h.  i       *^> 

GoKB  Oil  PvlUMiD  =  i{Ciretim»cribing  cylinder  or  prism) :  \ 

=  (Area  of  ba^)  x  i  {Htight)  :  \       (26) 

=  itt'h  =  l-0il7»h.  f 

SimiAB  FiQCREB.     The  voiumea  of  similar  solids  ore  as  the  cubes  of 

corresponding  sidaa.     The  volume  of  any  solid  figure  is  proportioDKl  to  the 

oube  of  an;  line&r  dimeDsioD.    E.g.,  the  volume  of  a  sphere  is  proportiooftl 

lo  the  cube  of  its  radius. 

V,  Centre!  oT  Ebvvity. 
Pi.«NB  TRiAHonLia  LutiHA.     Two-thirda  the  disMuce  from  the  apex  of 
the  trfongla  to  a  point  bisecting  the  base. 

CoHB  OB  PiBiKiD.      Three-fourtha  the  distauoa  from  the  apex  to  the 
oeotre  of  gravity  of  the  bane. 

A  tetrahedron  is  a  pyramid  ivKh  a  triangular  haae  {see  next  sectioD). 


1 198.  Bayer's  "  Strain  Theory  "  of  Carbon  Blng  Compoondi. 


This  theory  has  attracted  some  attention  amougat  oiganic  chemists.     It  is 
based  upon  the  assumptioa  that  the  [our  valeocies  of  a  carbon  atom  act  only 
Id  the  direotioDs  of  the  lines  joining  the  centre  of  gravity  of  the  atom  with  the 
apices  of  a  regalar  tetrahedron.     In 
other  words,   the  chemical    attrac- 
tion between  any  two  such  atoms  is 
exerted  only  along  these  four  direo- 
tioQS.     When  several  carbon  atoms 
unite  to  form  ring  compounds,  the 
"  direation  of  the  attraation"  is  de- 
Qected.     This  is  attended  by  a  pro- 
portional  strain.      The  greater  the 
'  strain,  the  less  stable  the  compound. 
One  doe^  not  readily  take  to  (he 
idea  of  a  force  acting  round  a  cor- 
ner,   DeverCheleBS,     the    theory    has 
explained  some  facts.     The  stability 
of  certain  compounds  does  appear  to 
Fig.  130.  be  related  with  the  theoretica    de- 

flection of  this  "  direction  of  attraction  ",  Apart  from  all  questions  as  to  the 
validity  of  the  assamptiona,  we  may  find  the  angles  ol  deflection  of  the 
"directions  of  attraction"  for  two  lo  six  ring  compounds  as  an  exercise  in 
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Fir  sty  to  find  the  angle  between  these  **  directions  of  attraction  "  at  the  centre 
of  a  carbon  atom  assumed  to  have  the  form  of  a  regular  tetrahedron. 

Let  s  be  the  slant  height  of  a  regular  tetrahedron  (Fig.  180),  h  the  vertical 
height,  I  the  length  of  any  edge,  ^  the  angle  msbde  by  the  lines  joining  any 
two  apices  with  the  centre  of  the  tetrahedron. 

But  h  divides  s  in  the  ratio  2:1,  hence  (§  191), 

;i9  3=  P  -  (||s)«  =  |i«.  ^ 

But  CD  =  2BD  =^  I;  BC  =^  AB  ==  s;  CE  =^  h.    Hence,  h  =  >/%l    From  a 

result  in  §  192,  the  middle  of  the  tetrahedron  cuts  CE  at  O  in  the  ratio 

8  :  1. 

.-.  sin  ^  =  ^llh ;  or,  ^  =:  109°  28'.         ...       (1) 

Secondf  to  fmd  the  angle  of  deflection  of  the  **  direction  of  attraction"  when 
2  to  6  carbon  atoms  form  a  closed  ring. 

From  (1),  for  acetylene  H^C  ]  CH^  the  angle  is  deflected  from  109"  28'  to 
i(109°  28'),  or  66°  44'. 

For  trimethyleney  assuming  the  ring  is  an  equilateral  triangle,  the  angle 
is  deflected  i  (109°  28'  -  60°)  =  24°  44'. 

For  tetramethylene,  assuming  the  ring  is  a  square,  the  angle  of  deflection 
is  i  (109°  28'  -  90°)  =  9°  84'. 

For  pentamethylene,  assuming  the  ring  to  be  a  regular  pentagon,  the  angle 
of  deflection  is  i  (109°  28'  -  108°),  or  0°  44'. 

For  hexamethylenet  assuming  the  ring  is  a  regular  hexagon,  the  angle  of 
deflection  is  i  (109°  28'  -  120°),  or  -  6°  76'. 

Example.— Find  the  value  of  the  angle  0,  in  Fig.  180.     Ansr.  70°  32'. 


§  194.  Plane  Trignometry. 

Beginners  in  the  calculus  trip  oftenest  over  the  trignometrical  work.  The 
following  outline  will  perhaps  be  of  some  assistance. 

Trignometry  deals  with  the  relations  between  the  sides  and  angles  of 
triangles.  If  the  triangle  is  drawn  on  a  plane  surface,  we  have  plane  trigno- 
metry ;  if  the  triangle  is  drawn  on  the  surface  of  a  sphere,  spherical  trigno- 
metry. The  trignometry  employed  in  physics  and  chemistry  is  a  mode  of 
reasoning  about  lines  and  angles,  or  rather,  about  quantities  represented  by 
lines  and  angles  (whether  parts  of  a  triangle  or  not),  which  is  carried  [on  by 
means  of  certain  ratios  or  functions  of  an  angle. 

1.  The  meaaurement  of  angles  An  angle  is  formed  by  the  intersection  of 
two  lines.  The  magnitude  of  an  angle  depends  only  on  the  relative  directions, 
or  slopes  of  the  lines,  and  is  independent  of  their  lengths.  In  practical  work, 
angles  are  usually  measured  in  degrees,  minutes  and  seconds.  These  units 
are  the  subdivisions  of  a  right-angle  defined  as 

1  right  angle  =  90  degrees,  written  90° ; 
1  degree  =  60  minutes,  written  60' ; 
1  minute        =  60  seconds,  written  60". 

In  theoretical  calculations,  however,  this  system  is  replaced  by  another* 
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In  Fig.  181,  the  length  of  the  circular  arcs  P'A\  PA^  drawn  from  the  centre  O, 
are  proportional  to  the  lengths  of  the  radii  OA'  and  OA^  or 

arc  P'A'    _     arcPil 

radius  OA'  ~  radius  OA' 

If  the  angle  at  the  centre  O  is  constant,  the  ratio,  arc/radius,  is  also  constant. 

This  ratio,  therefore,  furnishes  a  method  for  measuring  the  magnitude  of  an 

angle.    The  ratio 

arc 

=  1,  is  called  a  rmdian. 


radius 

Two  right  angles  =  180°  =  »  radians,  where  w  =  180°  =  314169.  .  .  . 
The  ratio,  arc/radius,  is  called  the  drcalar  or  radiaii  measure  of  an  Uigl». 
{Radian  ==  unit  angle.) 

2.  Relation  between  degrees  and  xadiaas.  The  circumference  of  a  circle 
of  radius  r,  is  2irr,  or,  if  the  radius  is  unity,  2t.  The  angles  360°,  180°,  90°,  .  .  . 
correspond  to  the  arcs  whose  lengths  are  respectively  2t,  «■,  ^,  .  .  .  If  the 
angle  AOP  (Fig.  131)  measures  D  degrees,  or  a  radians, 

2>°:360°  =  o:2w. 

.-.  i>°  =  —360  ;  or  a  =  — 2ir (1) 

2»  360 

Examples. — (1)  How  many  degrees  are  contained  in  an  arc  of  unit  length  ? 

Here  a  =  1, 

.-.  D  =  360/2ir  =  57-295°  =  57°  17'  44-8". 

(2)  How  many  radians  are  there  in  1°.     Ansr.  ir/180 ;  or  *0175. 

(8)  How  many  radians  in  2)°  ?    Ansr.  -044. 

3.  Trlgnometrical  ratios  of  an  angle  as  functions  of  the  sides  of  a  triangle- 
There  are  certain  functions  of  the  angles,  or  rather  of  the  arc  PA  (Fig.  181) 


Fig.  182. 

called  trignometrical  ratios.     From  P  drop  the  perpendicular  PM  on  to  OM 
<Fig.  132).    In  the  triangle  0PM, 

(i.)  The  ratio  ^  or,  peq>e"dicular^  j^  ^^^^  ^^^  tangent  of  the  angle 
Om  base  ^^ 

POM,  and  written,  tan  POM. 

It  is  necessary  to  show  that  tfi£  magiiitude  of  this  ratio  depends  only  on 

the  magnitude  of  the  angle  POM,  and  is  quite  independent  of  the  size  of  the 

triangle.      Drop  perpendiculars  PM  and  P'M'  from  P  and  P'  on  to  OA 

<Fig.  131).    The  two  triangles  POM  and  P'OM',  are  equiangular  and  similar, 

therefore,  as  on  page  490,  M'P'IOM  =  MPjOM. 

(ii.)  The  ratio  — -,  or, ^. — — -,  is  called  the  cotangent  of  the  angle 

MP         perpendicular  ^ 

POM,  and  written,  cot  POM.     Note  that  the  cotangent  of  an  angle  is  the 

reciprocal  of  its  tangent. 
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(iii.)  The  ratio  ^  =  perpendicular^  .^  ^^^^  ^^^  ^^  ^j  ^^^  ^^  j^  p^^ 

OP        hypotenuse 
and  written,  ila  POM. 

(iv.)  The  ratio  SS  =  _^yP?^25H^,  is  called  the  ooMcant  of  the  angle 

MP      perpendicular 

POM,  and  written,  coieo  POM.    The  cosecant  of  an  angle  is  the  reciprocal  of 

its  sine. 

base 

,  is  called  the  cosliie  of  the  angle  POM, 


(V.)  The  ratio  ^  = 


OP      hypotenuse 
And  written,  cos  POM. 

(vi.)  The  ratio  ^  =  hypotenuse  -^  ^^j^  ^j^^  ^^^^^^  ^j  ^j^^        ^^  p^^ 
^     '  OM  base  ** 

«nd  written,  lec  POM.    The  secant  of  an  angle  is  the  reciprocal  of  its  cosine. 
Example. — If  x  be  used  in  place  of  POM,  show  that 

1 


sin  X  = ;  cot  x  = 


COSJC  = 


cosec  X  tan  x  sec  x 

The  squares  of  any  of  these  ratios,  (sinu:)',  (cotx)',  .  .  .,  are  generally 

written  sin*ar,  cottar  .  .  .;   (sinx)-^  (cotx)~*,  .  .  .,  meaning   . — , ,  .  .  ., 

a\nx  cot  a; 

cannot  be  written  in  the  forms  sin  -  ^x,  cot~  ^x,  .  .  .,  because  this  latter  symbol 

has  the  meaning  **  the  angle  whose  sine,  cotangent,  .  .  .,  is  x  "  (§  15).    If  x  is 

known,  the  numerical  value  of  sin~^x,  etc.,  is  given  in  the  regular  tables. 

Some  mathematicians  write  ''arc  sinx,  arc  cot x,  .  .  .,"  instead  of  sin-^x, 

cot~*x,  .  .  ..respectively. 

4.  ConTentLonB  as  to  the  sign  of  the  trlgnometrlcal  ratios.    This  subject 

has  been  treated  on  page  111.     In  the  following  table,  these  results  are 

summarised.    The  change  in  the  value  of  the  ratio  as  it  passes  through  the 

four  quadrants  is  also  given. 

Table  XIII. — Signs  of  the  Trionometrical  Ratios. 


If  the  Angle  is  in 
Quadrant. 

sin  a;. 

+ 
0  to  1 

C08X. 

r 

tanx.            Gotx. 

secx. 

cosec  X. 

I.  /"fi^ 
'  \ value* 

1  to  0 

+ 

0  to  00 

+ 

00  to  0 

1  to  00 

+ 

00  to  1 

'  (value* 

+ 
1  to  0 

0  to  1 

cx>  to  0 

0  to  00 

00  to  1 

+ 

1    to  00 

III.  /«^«°  . 
J^  value* 

0  to  1 

1  to  0 

4- 

0  to  00 

+ 

00  to  0 

1    to  00 

00  to  1 

IV.  /«i«°  . 
(^  value* 

1  to  0 

+ 
0  to  1 

00  to  0 

0  to  00 

+ 

00  to  1 

1    to  00 

*  In  anticipation  of  the  next  article. 
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5.  To  find  a  numerioal  value  for  tbe  trlgnometrlcal  ratioo. 

(i.)  46°  or  Jir.  Draw  a  square  ABCD  (Pig.  133).  Join  AC.  The  angle 
BAG  =  half  a  right  angle  =  46°.  In  the  right-angled  triangle  BAO  (Euclid  i.^ 
47), 

AC^  :^  AE^  +  BC*, 
Since  AB  and  BC  are  the  sides  of  a  square,  .*.  AB  =  BC,  hence, 

AC^  =  2AB^  =  2BC«;  or,  AC  =  'J2.AB  =  's/T.BC. 

•    .ro      ^^        1  ,,«     AB       1  BC 

.•.8in46°=;j^=^;cos46°  =  j^,=^;tan46°  =  ^=l. 


(2> 


Pig.  138. 


Pig.  134. 


(ii.)  90°  or  Jir.  In  Pig.  134,  if  POM  is  a  right-angled  triangle,  as  M 
approaches  O,  the  angle  POM  approaches  90°.  When  PM  coincides  with 
OB,  OP  =  MP,  and  OM  =  zero. 

^^«      OM      .  MJ> 

(3> 


■•  "''^  ^ ^^  ^ '  ^'^°  =  §?  =  ^'  ^^ ^m'"^' 


(iii.)  0°.    In  Pig.  136,  as  the  angle  POM  becomes  smaller,  OP  approaches 
OM,  and  at  the  limit  coincides  with  it.    Hence,  PM  =  0 ;  OM  =  OP. 

•         (4> 


.•.sinO°  =  ^=0;  co80°=^=.l;  tan  0°  =  ^  =  0. 
^^  OP  OM 


OP 


trJr 


Fig.  136. 

(iv.)  60°  or  iv.    In  the  equilateral  triangle  (Pig.  136),  each  of  the  three- 
angles  is  equal  to  60°.    Drop  the  perpendicular  OM  on  to  PQ,    Then 

2PM  ^PQ==  OP, 
By  Euclid  i.,  47, 

OP^  =  MP»  +  OM*.     .-.  4P3fa  =  OM*  +  PM*;  or  OM*  =  SPM*. 
.'.  OM  ^  V3*.  PM;  angle  OPJIf  =  60°. 


_^^x/8. 


P3f      1 


AfO 


...sin60°=gp  =  ^;cos60°  =  £|.^;tan60°=^=V8. 


(5) 
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(y.)  30°  or  ^.    .Using  the  preceding  results, 

UP      1  OM     Jo 

.-.  sin 30°  =  _  =  -;  00830°  =  -^p  =-^  ;  tan80° 

The  following  table  summarises  these  results : 


OM  "  n/s" 


(6) 


Table  XIV.— Numbrical  Values  of  the  TRiaNOMBTBicAL  Ratios. 


Angle, 
sine 

0°  or  360°. 

30°. 

45°. 

eoo. 

90°. 

180°. 

1 
270°.      ! 

1        1 

0 

1 
2 

1 

V3 
2 

1 

0 

cosine 

1 

v'8 
2 

4 

1 

v'2 

1 
2 

0 

-1 

0 

tangent 

0 

1 
n'3 

1 

V8 

00 

0 

00 

To  these  might  be  added  sin  16°  =  (.s/3  -  l)/2  V2  ;  sin  18°  =  J{^5  -  1).  See 
also  page  495. 

It  must  be  clearly  understood  that  although  an  angle  is  always  measured 
in  the  degree-minute-second  system,  the  numerical  equivalent  in  radian  or 
circular  measure  is  employed  in  the  calculations,  unless  special  provision  has 
been  made  for  the  direct  introduction  of  degrees.  This  was  done  in  example 
(6),  page  458  (q.v,).  Suppose  that  we  have  occasion  to  employ  the  approxima- 
tion formula 

sin(x  +  0)  =  sin  x  +  6  cos  x, 

of  §  189,  and  that  x  =  85°  and  $  =  50''.  The  Tables  of  Natural  Sines,  Cosines, 
Tangents,  and  their  reciprocals,  will  furnish  the  numerical  values  of  sin  35° 
and  cos  85°,  but  $  must  be  converted  into  radian  measure.     Hence  show  that 

8in(a;  +  $)  =  sin  35°  +  '^^^  ""cos  36°. 

Hint.  50"  =  {^Y  =  (U  X  M°  =  -00926°  The  numerical  values  of  sin  35°  and 
of  cos  35°  to  four  decimal  places  are  respectively  '5736  and  '8192.  The  value 
of  8in(a;  +  9)  is,  therefore,  '5737. 

In  the  absence  of  a  "Table  Book,"  the  numerical  tables  of  the  trigno- 
metrical  functions  are  calculated  by  means  of  Taylor's  or  by  Maclaurin's 
theorems.    For  example. 


ar*      afi 


OS" 


smx^x-  -  +  ---...;  cosx=  1  -  2",  +  4",  -  •  •  " 

§  98.     But  36°  »  -610865  radians,  and  .*.  sin  35°  =  sin  -610865. 

.'.  sin  35°  =  -610866  -  i(-610865)3  +  Ti,{-610866)»  -  .  .  . ; 
=  -57357  .  .  . 
In  the  same  way,  show  that  cos  36°  =  -81915  .  .  . 
Again  by  Taylor's  theorem, 
sin  36°  =  8in(36°  +  1°) ; 

=  sin  35°  +  £2i^''(.017453)  -  ?^^Voi7453)«  -  .  . 


11 


21 


=  -58778  .  .  . 


II 
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6.  TrignometrlcalratlOBOf  tlieBup]il«meiitof  anaaglo.    The  angle  180°  -  a:, 
orir  -  x,  is  called  the  iap]d«m«iit  of  the  angle  x.    In  Fig.  137,  let  POM  »  x. 


produce  MO  to  Af' ..  Then  the  angle  POM'  is  the  supplement  of  x.  Make 
the  angle  ROM'  =  POM.  Let  OP'  =^  OP.  Drop  perpendiculars  P'M'  and 
PM  on  to  BA,  The  triangles  0PM  and  0PM'  are  equal  in  all  respects.  If 
OM  is  positive,  OM'  is  negative. 

.-.  M'P'  =  MP ;  and  OM'  =  -  Olf. 
sin  (180  -  a)  =  sin  (ir  -  z)  =  sin  POM'  =  sm  P'OAf  =  sin  a-. 
cos(180°  -  x)  =3  -  oosar;  tan  (180°  -  x)  =  -  tanar. 
Examples. — (1)  Find  the  value  of  sin  120°. 

sin  120°  =  sin  (180°  -  60°)  =  sin  60  =  v/8/2. 

(2)  Evaluate  tan  120°.     Ansr.  -  v^3. 

7.  TrignonMtricalratiMof  the  complement  of  an  aiiffle.  The  angle  90°  -  x, 
or  ^  -  X,  is  called  the  complement  of  x.  In  Fig.  188,  PN  and  PM  are  per- 
pendiculars on  OB  and  on  OA  respectively.     Then  OM  =  NP^  ON  =  MP. 

NP      OM 
sin  (90°  -  x)  =  sin  (^  -  x)  =  sin  NOP  =  qp  =  np  ~  ^®  ^' 

COB  (90°  -  x)  =  sinx ;  tan  (90°  -  x)  =  cotx ;  cot  (90°  -  x)  =  tan  x. 
•8.  To  prove  tliat  sin  x/  ooe  x  =  tan  x. 


sinx      MP  lOM      MP      OP      MP 


■I 


cosx       OP  I  OP  "  OP  ^  0M~-  OM 


=  tan  X. 


9.  To   prove    tbat  sin'x  +  ooe'x  »  1.     In  Fig.   188,   by  Euclid   i.,   47, 
OP*  =  MP"  +  OM*.    Divide  through  by  OP',  and 

OP^  _  MP*       0M«  _  /MPy      /QMy 

1  =  QP«  -  o>s  +  op«  "■  vopy  "^  V  OP / ' 

.*.  sin*x  +  cos*x  =  1. 


Fia.  188. 


10.  To  Bhow  tbat  Bin  (x  +  2/)  =  Bin  X .  ooe  2/  +  COB  X .  Bin  2^.    In  Fig.  189, 
PQ  is  perpendicular  to  OQ,  the  angle  HPQ:=^a.ng\e  NOQ  (Euclid  i.,  15  and  32). 
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MP      HP      QN       PH  PQ      NQ   OQ 
.-.  sm  (X  +  y)  -  OP  '  OP  "^  OP  '^  PQ'  OP  "^  OQ'  OP' 

=  sin  X .  cos  y  +  cos  x .  sin  y, 
11.  Summaiy  of  trignometrloal  formnlae  (for  reference).    The  above  defi- 
nitions lead   to  tlie  following  relations,  which  form  routine  exercises  in 
elementary  trignometry.     Most  of  them  may  be  established  geometrically 
as  in  the  preceding  illustrations:  , 

Note :  IT  =  180° ;  or  3-14159  radians. 


I         ...        (8) 


Complement  of  x,  or  (90°  -  x),or^  {\r  -  x). 
sin  (^  -  x)  =  cos  X ;  cos  (^  -  a:)  =  sin  x  ;  >. 

cosec  (^  -  x)  =  sec  x ;  sec  (^  -  x)  =  cosec  a^ ;      j-        .        .        .        (7) 
tan  ( Jir  -  x)  =  cot  x  ;  cot  (\k  -  x)  =  tan  x.  ^ 

Supplement  of  x,  or  180°  -  x,  orir  -  x. 
sin  (t  -  x)  =  sin  x  ;  cos  (ir  -  x)  =  -  cos  x  ; 
tan  (ir  -  x)  =  -  tan  x ;  cot  (ir  -  x)  =  -  cot  x. 

Angles  90°  +  x,  and  180°  +  x. 
sin  (^ir  +  X)  =  cos  x  ;  cos  (^ir  +  x)  =  -  sin  x ;         )  /gx 

tan  (^  +  x)  =  -  cot  X  ,  cot  (^  +  x)  =  -  tan  x.     ]        '        '        ' 
sin  (ir  +  x)  =  -  sin  X ;  cos  (ir  +  x)  =  -  cos  x ;         |  qqv 

tan  (ir  +  x)  =  tan  x  ;  cot  (»  +  x)  =  cot  x.  / 

Negative  Angles. 
sin  (  -  x)  =s  -  sin  x  ;  cos  (  -  x)  =  cos  x ;  tan  (  -  x)  =  -  tan  x.      .      (11) 

Limiting  Valiies. 

sin  X      tan  x  sin  ~  *x      tan  ~  *x      ^  ,,  ^, 

Z/^x=o -^  =  ^-  =  co8x  =  l;    ~— — ==     -^       =1.       .        .      (12) 

General  Forms. 
When  n  is  any  negative  or  positive  integer  or  zero. 

sin  X  =  sin  {nir  +  (  -  l)»x} (13) 

cos  X  =  cos  (2n»  ±  x). (14) 

tan  X  =  tan  (rnr  +  x).  .    • (16) 

MiscellaneotLs  Relations. 

tan  X  =  sin  x/  cos  x ;  cot  x  =  cos  x/  sin  x. (16) 

sin«x  +  cos^x  =  1 (17) 

sin  X  =  V 1  -  cos'^x  ;  cos  x  =  vl  -  sin^x. (18) 

cosec  X  =  >/l  +  cot*x  ;  sec  x  =  >/l  +  tan*x (19) 

tanx  1 

sm  X  =  -,- — ■;  cosx=  -n-~ ^^- (*") 

VI  +  tan^x  VI  +  tan'^x 

sin  {x  ±  y)  =  sin  x  .  cos  y  ±  cos  x .  sin  y. (21) 

cos  (x  +  y)  =  cos  X  .  cos  y  +  sin  x  .  sin  y. (22) 

These  two  results  can  be  proved  by  Taylor's  theorem. 

ain  (x  +  y)  +  sin  (x  -  y)  =  2  sin  x  .  cos  y. (23) 

sin  (x  +  y)  -  sin  (x  -  y)  =  2  cos  x .  sin  y.         .....  (24) 

cos  (x  +  y)  +  cos  (x  -  1/)  =  2  cos  x  .  cos  y (26) 

cos  (x  +  y)  -  cos  (x  -  y)  =  -  2  sin  X  .  sin  y (26) 
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lfx  =  y,  from  (21)  and  (22), 

sin  2x  =  2  sin  a; .  cos  x (27) 

cos  2a;  =  cos*x  -  sin'a* (28) 

=  2co8»j;  -  1 (29) 

=  1-2  sin«x (30) 

sin  a;  =  2  sin  ^x .  cos  ^z (81) 

cos  SB  =  2  cos*^  -  1 ;  or,  1  +  cos  x  =  2  cos'^x.         .                 .  (82) 

=  1-2  sin^^a; ;  or,  1  -  cos  x  =  2  sin»^x.         .        .        .  (33) 

sin  8x  =  8  sin  a;  -  4  sin'x (34) 

cos  3a;  =  4  cos'a;  -  8  cos  x (35) 

If  in  (23)  to   (26),  we  suppose  x  +  y  =  o;  x  -  y  —  fi;  x  =  i(a-hiS); 

y  ss  ^(a  -  /3).    Now  put  x  for  a,  and  y  for  /3,  for  the  sake  of  uniformity.  Thus, 

(36) 

(87) 
(38) 
(39) 

(40) 
(41) 
(42) 
(43) 
(44) 
(45) 


sin  a;  +  sin  ^  =  2  sin  ^(x  +  y) .  cos  ^{x  -  y). 

sin  a;  -  sin  ^  =  2  cos  ^(x  +  y) .  sin  \(x  -  y). 

cos  a;  +  cos  ^  =  2  cos  \(x  +  y) .  cos  ^{x  -  y). 

cosx  -  cosy  =  -  2 sin  ^{x  +  y) .  sin  ^{x  -  y). 

By  division  of  the  proper  formulae  above, 

tan  X  +  tan  y 

tan  (x  +  w)  =  :i 7 .        . 

^        '"      1  -  tan  X  .  tan  y 


tan  X  -  tan  y 

ton  (x  -  |/)  =  s— — 7 iT-"  - . 

^        ^'      1  +  tan  X .  tan  y 


tan  2x  = 


tan  X  +  tan  y  = 
cot  X  +  cot  y  = 

cos^x= /W-it 


2tanx 
1  -  tan^x*    • 

sin  (x  +  y) 
cos  X .  cos  y' 
sin  (x  +  y) 


sin  X .  sm  y 


cosx 


;  sin^ 


-V- 


-cosx 


;  tan  ^x 


'^ 


-cosx 


2  \        2  "         ^i  +  cosx 

12.  PropertlM  of  triangles.    Let  a,  6,  c  (Fig.  140),  be  sides  opposite  the 


Fig.  140. 


(46) 


angles  A,  B^  6^  of  the  triangle  ABC.    Then 

sin  A      sin  B      sin  C 
a  o  c 

In  words,  the  sines  of  the  angles  of  a  plane  triangle  are  proportional  to  the 
opposite  sides.    This  is  known  as  the  Rule  of  Bines. 

a*  =  68  +  c»  -  26c  .  cos  i4 (47) 
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The  other  letters  may  be  substituted  in  cyclic  order.    Let 

25  =  a  +  6  +  c ;  ot,  8  =  \(a  +  b  +  c). 

sin  M  =  J<IZffiI3 (48) 

\  be 

cos  ^A  =  J^^^ (49) 

tan  ^A  =     /(^  -b){s-  c)  /g^j 

\      s{s  -a)  ^    ' 

2     , 

sin  i4  =  ^  \'s{8  -  a)  (s  -  b){s  -  c) (51) 

c  =  a  008  B  +  b  cos  -4. (62) 

13.  Solutioii  of  trianglAB.  The  three  sides  and  three  angles  of  a  triangle 
are  called  its  six  parts.  When  a  sufficient  number  of  parts  are  given,  the 
remainder  can  be  calculated.    There  are  four  cases. 

Case  i.  Owen  three  sides^  to  find  three  angles.  Use  (50)  for  tan  ^A  and  for 
tan  ^B.     C  =  180°  -  (A  +  B). 

Case  ii.  Given  one  side  and  two  angles^  to  find  tfie  rernaining  parts.  Use 
C  =  180°  -  (A  +  B)  and  (46)  twice. 

Case  iii.  Given  two  sides  and  the  included  angle,  to  find  the  remaining 
parts.    Use  the  relation 

tan -^==^^ZL£cot- (58) 

2  6  +  c        2 

This  gives  JB  -  C,  but  B  +  C  =  180°  -  A,  therefore, 

B  =  i(5  +  C)  +  J(5  -  C) ;  C  =  i(5  +  C)  -  i(5  -  C). 

For  the  other  side,  use  (52). 

Case  iv.  Given  two  sides  and  the  angle  opposite  one  of  thern^  to  fiivd  the 
remaining  parts.  Let  6,  c,  B  be  the  parts  known.  As  in  case  ii.,  use  (46)  for  C. 
A  =  180°  -  B  -  C.    Then  solve  (46)  for  a. 

If  6  <  c  sin  B,  no  solution  is  possible ;  if  6  =  c  sin  B,  sin  C  =  90° ;  if 
6  >  c  sin  B  and  6  <  c,  and  B  is  acute,  two  solutions  are  possible,  but  if  6  ^  c 
only  one  solution  is  possible  and  C  is  an  acute  angle. 

§  195.  Spherioal  Trignometry. 

Convenient  for  reference  in  crystal lographic  work.  See  Story- Maskelyne's 
The  Morphology  of  Crystals  (Oxford,  1895) ;  or  Lewis'  A  Treatise  on  Crystallo- 
graphy (Cambridge,  1899),  for  exercises. 

1.  Trlgnometrlcal  ratios  of  an  angle  as  fimctionB  of  tbe  arc  of  a  circle 
subtended  by  tbe  angle.  Besides  the  simple  definitions  of  the  trignometrical 
functions  of  page  494,  it  is  sometimes  more  convenient  to  regard  the  sinct 
cosine,  tangent,  etc.,  as  direct  functions  of  the  arc  of  a  circle  of  unit  radius. 
In  Fig.  141  (page  502),  these  functions  are  represented  respectively  by  PM^ 
OM,  QN,  .  .  . 

So  far  as  the  magnitude  of  the  angle  a  is  concerned,  it  makes  no  difierence 
whether  its  tangent  is  represented  by  the  ratio  PMjOM,  or  by  QNION,  for, 
owing  to  the  similarity  of  the  triangles  0PM  and  OQN,  Euclid  vi.,  4, 

PMiOM^  QN:  ON. 


502 
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If,  therefore,  a  represents  the  arc  of  a  circle  of  unit  radius  corresponding  to 

the  angle  POM,  we  may  represent  the  trignometrical  functions  by  the  length 

of  a  line,  thus 

sin  a  s  PM ;  cos  a  =  OM ;  tan  a  =  QN ; 

coseca  ==  OT;  seca  =  OQ;  coto  =  RT, 

Instead  of  referring  to  sin  a  as  "  the  sine  of  the  angle  a,"  we  say  that  sin  a 

**  is  the  sine  of  the  aro  a  ".     This  is  usually  done  in  spherical  trignometry, 

which  deals  with  the  relations  between  the  several  parts  of  a  triangle  drawn 

on  the  surface  of  a  sphere,  and  bounded  by  three  arcs  of  a  great  circle.    A 

great  otrole  of  a  sphere  is  the  boundary  of  any  section  passing  through  the 

centre,  while  a  imall  drtde  bounds  any  section  of  a  sphere  not  passing  through 

the  centre. 

2.  Rule  of  8inM.     "  The  sines  of  the  sides  of  a  right-angled  spherical 

triangle  are  a*  the  sines  of  the  opposite  angles"  *    Let  A,  By  C  (Fig.  142),  be 


Fia.  141.  Fig.  142.— Spherical  Triangle. 

the  three  angles  of  a  right-angled  spherical  triangle  whose  opposite  sides  are 
a,  6,  c.  Let  O  be  the  centre  of  the  circle  CaB  (or  Bci4,  or  CbA),  Drop 
perpendiculars  CE  on  OA  and  CD  on  OB.    Join  DE, 

The  plane  CDE  is  perpendicular  to  the  plane  OB  A,  If  ^  be  a  right- 
angle,  the  plane  CAO  is  at  right  angles  to  the  plane  OB  A.  Hence,  CED 
and  CDE  are  right  angles.  CE  is  the  sine  of  the  arc  AC,  or  C^^sin  6. 
Since  the  plane  CBO  and  ABO  include  the  same  angles  as  the  spherical 
triangle  ABC,  and  radius  of  sphere  =»  OC  =  OB  =  OA, 


sin  B  =  7TR ;  sin  a  = 


CE 
CD' 
CE 


CD 
OC 


sin  B .  sin  a  = 


CE 
OC 


Similarly,  sin  B .  sin  a  =  q^  =  sin  ^1 .  sin  b ;  and  finally, 

sin  A      sin  B      sin  C 


(1) 


sin  a  ~"  sin  6  ~  sine 

As  an  exercise,  show  that  this  result  is  true  for  any  spherical  triangle.    Note 
the  formal  resemblance  between  this  result  and  (46),  preceding  section. 
3.  Propartief  of  any  iplierical  triangle.    (For  reference.)    Let 

5  =  }(a  +  6  +  c) ;  S  ^  \(A  +  B  +  C), 

*  The  meanings  of  the  terms  "  sines  of  the  sides  "  and  "  sines  of  the  angles  "  of 
a  spherical  triangle  should  be  apparent  from  3,  1 194,  and  1, 1 195. 


§  1»5.     COLLECTION  OF  FORMULAE  FOR  REFERENCE.      503 

Cosines  of  the  Angles  tn  Terms  of  the  Sides. 
cos  a  -  cos  b  .  cos  c  ^      cos  6  -  cos  c .  cos  a 

COB  A  = .-— £ : ;    COS^  =5 : : !       .  (2) 

sin  6 .  sm  c        t     ^  -^  sin  c .  sin  a         '  ^  ' 

and  so  on  for  cos  C,  by  substituting  the  letters  in  cyclic  order. 

Cosines  of  the  Sides  in  Terms  of  the  Angles. 
cos  A  -  cos  B .  cos  C                  cos  B  -  cos  C .  cos  A 
"""^  " sinB.sinC '*  ^^  ^  sin  C  .  sin  A '  ®*°-        <^) 

Sines  of  the  Angles  in  Terms  of  the  Sides. 

2q  2q 

sin  A  =    .^  ,    „.    - ;  sin  B  =    .^  ^     .^    .  etc.,      .        .        (4) 
sin  o  •  sm  c  sin  c .  sin  a         '  ^  ' 

where  2g  —  2  v'^sin  «  .  sin  («  -  a) .  sin  {s  -  b) .  sin  (s  -  c). 

Sines  of  the  Sides  in  Terms  of  the  Angles. 
20  2Q 

«^^  '^  =  si^^TiiiC  '  ""^ *  ==  8in"CT8in"i'  ®*^-       •        •        <*) 


where  2©  =  2  v  -  cos  iS  .  cos  (S  -  ^) .  cos  (S  -  -B) .  cos  (8  -  C). 

Sines  of  Half  the  Angles  in  Terms  of  the  Sides. 

.    -^  /sin  is  -  6) .  sin  is  -  c)     ,  ^  ,^. 

sin  2  =  V .i      .    ^ ^.  etc.     .         .         .         (6) 

^        jf  sm  €> .  sin  c 

Co5in<;«  o/  Half  the  Angles  in  Terms  of  the  Sides. 


A 
cos 


A  ^      /,in  , .  »in  (.  -  a)  ^  ...        ,7) 

«        \      sm  6  .  Sin  c 

Tangents  of  Half  the  Angles  in  Terms  of  the  Sides. 

tan  ^  =  J«"  <•  -  *V  7°^?^.  etc.    ...        (8) 
^        y      sins,  sm  [s  -  a) 

Sines  of  Half  the  Sides  in  Terms  of  the  Angles. 

ginf,  JjLf2L^°°'(^-^).etc.      ...        (9) 
■*        \         Sin  ^  .  sm  C 

Cosines  0/  Ho//  ^/le  Sides  in  Terms  of  the  Angles. 

Tangents  of  Half  tJie  Sides  in  Terms  of  the  Angles. 

tan  %  J'JL^^^A'-^li^.ILAl .  etc.      .        .•     .       (11) 
2      \co8(6'- B).co8(S- C)*  ^    ' 


Tangents  of  the  Sum,  and  of  the  Difference  of  Two  Angles. 

A  +  B      cos  i(a  -  b)  ^.  C     , 

tan — ^-  -  =  — 77 17^*77.  etc. 

^^      2  cos^(a+6)         2» 


(12) 


A  -  B      sinUa  -  b)        C 
tan -^— =  ^-j^-jj^^  cot  2.  etc.      .        .        .      (18) 

Tangents  of  the  StMn,  and  the  Difference  of  Two  Sides. 

a  +  b      cos  UA  -  B)        c     ^  ,,   , 

t»n-2-  =  c5ii(3rir^'"'2'«*<'-       •        •  •      <"> 

a  -  b      sin  UA  -  B)        c     .^  /,  r. 

Formulae  (12)  to  (16)  are  known  as  NaplAr's  aaaloglM* 
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4.  Properties  of  rig-ht-ancrled  iidierloal  triangles. 

sin  a  =  cot  J8 .  tan  b (16) 

sin  a  =  sin  A  .  sin  c (17) 

sin  b  =s  cot  A  .  tan  a,  etc (18) 

sin  6  =  sin  B .  sin  c,  etc.         ....      (19) 

cos  c  =  cot  A  .  cot  Bt  etc (20) 

cos  c  =  cos  a  .  cos  6,  etCi         ....      (21) 

COB  A  —  tan  6  .  cot  c (22) 

cos  A  =:  sin  J3 .  cos  a (28) 

cos  B  ss  tan  a  .  cot  c,  etc.         ....      (24) 
cos  B  =  sin  ^  .  cos  6,  etc.  ....      (26) 

0  =  90". 

5.  The  solution  of  oblique-angled  triangles.  Given  certain  parts  of  a 
spherical  triangle,  to  find  the  remaining  parts. 

Case  i.  Oiven  three  sides.    Use  formulae  (8)  for  tan  \A ,  tan  ^B  and  tan  ^C. 

Case  ii.  Given  three  angles.  Use  formulae  (11)  for  tan  |a,  tan  ^b  and 
tan^. 

Case  iii.  Given  two  sides  and  the  included  angle,  say  a,  C,  6.  Use  (1)  for 
£lin  c,  (12)  and  (18)  for  tan  ^(A  +  B)  and  tan  ^A  -  B). 

Case  iv.  Given  ttuo  angles  and  the  side  between  them,  say  At  c,  B,  Use  (1) 
for  sin  C,  (14)  for  tan  ^{a  +  6)  and  (15)  for  tan  ^(a  -  b). 

Case  V.  Given  two  sides  and  the  angle  opposite  one  of  them,  say  a,  6,  A. 
Use  (1)  for  sin  B,  (12)  for  tan  ^C  and  (14)  for  tan  ^. 

Case  yi«  Given  two  angles  and  the  side  opposite  one  of  titem,  say  A^  B,  a. 
Use  (1)  for  sin  6,  (12)  for  tan  ^C  and  (14)  for  tan  ^c. 

6.  The  solution  of  right-angled  triangles. 

Case  i.  Given  hypotenuse  c  and  side  a.  Use  (21)  for  cos  bi  (24)  for  cos  B, 
(17)  for  sin  A. 

Case  ii.  CUven  hypotenitse  c  and  angle  A.  Use  (22)  for  tan  6,  (20)  for  cot  B^ 
(17)  for  sin  a. 

Case  iii.  Given  two  sides  a  and  b.  Use  (21)  for  cos  c,  (18)  for  cot  A^  (16) 
for  cot  B. 

Case  iv.  Given  two  angles  A  and  B.  Use  (20)  for  cos  c,  (28)  for  cos  Ay  (25) 
for  cos  6. 

Case  V.  Given  the  side  b  and  the  adjacent  angle  A,  Use  (22)  for  tan  6,  (18) 
for  tan  a,  (25)  for  cos  B, 

Case  vi.  Chiven  side  a  and  the  opposite  angle  A.  Use  (17)  for  sin  c,  (18)  for 
sin  6,  (28)  for  sin  B, 


§  196.  Summary  of  Relations  among  the  Hyperbolio 

Funotions. 

(See  Chapter  VI.) 


cos  X  =  cosh  ix  =  ^(e*-^  -|-  e  ~  **). 
sin  X  =  -sinh  iX  =  77 (c'*  -  e~  ^•^). 


(1) 

(2) 
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COS  a;  +  I  sin  X  =  cosh  tx  +  sinh  tx  =  e^. 

cos  X  -  I  sin  X  =  ooeh  ix  -  sinh  ix  —  e'  *■'. 
cosh  x  s  cos  tx  ;  i  sinh  x  =  sin  it.      .        .        . 
tanh  X  —  sinh  x/oosh  x ;  coth  x  =  cosh  x/sinh  x  ; 

oosech  X  :s  l/sinh  x  ;  sech  x  =  1/cosh  x. 
cosh  0  =  1;  sinh  0^0;  tanh  0  =:  0. 
cosh  (  ±  oo)  =  +  00  ;  sinh  (  ±  oo)  =  ±  oo  ;  tanh  {  ±  oo)  =  +  1. 


} 


I/<x  = 


sinh  X 


=  1;  L^,= 


tanh  X      1  .   r  /        cosh  x  _  - 

X  X 


tanh  X 


} 
} 


sinh  (  -  x)  =  -  sinh  x ;  cosh  (  -  x)  =  cosh  x ;  tanh  (  -  x)  = 

sinh  (x  +  ^)  =  sinh  x  .  cosh  y  +  cosh  x .  sinh  ^. 

cosh  {x  ±y)  =  cosh  x  .  cosh  y  +  sinh  x  .  sinh  y. 

^     ,   ,     .     ,         tanh  X  +  tanh  y 

tanh(i  ±y)  =  i  +  tanh  x  ■  tanh  y'  '        '        • 

cosh  (x  +  ty)  =  cosh  x  .  cosh  iy  +  sinh  x  .  sinh  ly  ; 

=:  cosh  X .  cos  2/  +  t  sinh  x .  sin  y, 
sinh  (x  +  ly)  =  sinh  x  .  cosh  ly  +  cosh  x  .  sinh  (y ; 

=  sinh  X  .  cos  ^  +  t  cosh  x  .  sin  y, 
sinh  X  +  sinh  y  —  2  sinh  ^(x  +  y) .  cosh  ^(x  -  y). 
sinh  X  ~  sinh  J/  —  2  cosh  ^(x  +  y) .  sinh  |(x  -  y). 
cosh  X  +  cosh  y  =  2  cosh  J(x  +  y) .  cosh  ^(x  -  y), 
•cosh  X  -  cosh  y  =  2  sinh  ^(x  +  y) .  sinh  ^(x  -  y). 
sinh  2x  =  2  sinh  x .  cosh  x  =  2  tanh  x/(l  -  tanh'x). 
cosh  2x  =  cosh^x  +  sinh^x ;        .        .        .        . 

=  1  +  2  sinh'x  =  2  cosh«x  -  1 ;     . 

=  (1  +  tanh«x)/(l  -  tanh«x). 
cosh  X  +  1  =  2  cosh^^x  ;  cosh  x  -  1  =  2  sinh'^x. 
tanh  ix  =  sinh  x/(l  +  cosh  x) :  ^ 

=  (cosh  X  -  l)/sinh  x.    J       * 

sinh'x  -  cosh'x  =  1 

1  -  tanh^  =  sech  x ;  coth*x  -  1  =  cosech'x. 

cosh  X  =  1  /  ^/{l  -  tanh'-'x) ;  sinh  x  =  tanh  x  /  J{1  - 

sinh  3x  =  3  sinh  x  +  4  sinh^x 

cosh  8x  ==  4  cosh*x  -  3  cosh  x 

Oudermannuins.    The  function  cos  ~  ^  sech  x,  is  called  gudermannian  x, 
:and  written  gd  x.     If 

y  =  cos  ~  *  sech  x,  cos  x  =  sech  x. 

sin  X  =  ^f(l  -  seoh^x)  =  tanh  x. 
tan  X  =  tanh  x/sech  x  =  sinh  x. 
.'.  gd  X  =  cos  ~  ^  sech  x  =  sin  ~  *  tanh  x  =  tan  ~  *  sinh  x.      .       (31) 
If  X  =  log  tan  (!»■  -  ^x) ;  .        .  (32) 

.*.  X  =  tan  ~*  sech  X  =  gdx,      ....       (33) 


tanh'x). 


(3) 

(4) 
(8) 

(6) 

(7) 
(8) 

(9) 


(10) 

(11) 
(12) 


(13) 

(14) 

(15) 

(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(28) 
(24) 

(25) 

(26) 

(27) 
(28) 
(29) 
(30) 


•or  inverse  gd  x.    Hence  log  tan  {{w  -  ir)  =  gd  -  'x. 
Analogous  to  Demoivre's  theorem 

(cosh  X  +  sinh  x)"  =  cosh  nx  +  sinh  nx. 


(34) 
(85) 


It  is  instructive  to  compare  the  above  formulae  with  the  corresponding 
itrignometrical  functions  in  11,  §  194.    The  analogy  is  also  brought  out  by 


506 


HIGHER  MATHEMATICS. 


j^l9(>. 


tabulating  corresponding  indefinite  integrals  in  Tables  I.  and  III.,  side  b>^ 
side.  A  few  additional  integrals  are  here  given  to  be  verified  and  then  added 
to  the  table  of  indefinite  integrals  which  the  student  has  been  advised  to- 
compile  for  his  own  use. 


Hyperbolic. 


Trlgnoinetrica]. 


/     /  ..  =  sinh  ~  *-. 

.X 


dx 


\'x^  -  a 


s  =  cosh"*-. 


dx 


a*-=d'  =  l^^~'l 


when  X  <  a.    When  x  >  a» 

/  Ji 15  =  ~  ooth  ~  *"• 

j  X*  -  or      a  a 


-  dx  1  _  X 
x^/a^'^lTx^  "  a^^     'a* 

-  dx  1  .  ,^ 
- — 7— —  -  =  -  cosech  ~  *--• 
^  sla^  +  X*      «  a 

Jsech  x  ,  dx  =^  %&  X, 


I 


dx 


I       ^^        ^    •    - 1* 
/'    —  dx  X 


} 


dx 


a2  +  .pS 
-  dx 


=  -  tan~*-' 


a 
1 


a 


=  -  cot"*-. 


dx  1  X 

,--— =  -  sec  "  *-. 

X  Jr!*  ^  tA      a  a 


\'x*  -  a' 
-  dx 


=  -  cosec 


-1- 


J  X  ^/a;a  _  ^2      a    -     -      a 
Jsec X ,dx  =s  gd~^x,    . 


(36)  !■ 


(86) 
(37) 

(38) 
(39) 


I 


(40)  , 

(41)  I 


Numerical  values  of  the  hyperbolic  functions  may  be  computed  by  means, 
of  the  series  formulae. 
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REFERENCE  TABLES. 

Tables  of  common  logarithms  and  of  the  trignometrical  ratios  are 
indispensable  in  applied  mathematics  (see  pages  37  and  484). 
Most  of  the  following  tables  have  been  referred  to  in  different 
parts  of  this  work,  and  are  reproduced  here  because  they  are  not 
usually  found  in  the  smaller  current  sets  of  '*  Mathematical 
Tables  ". 

Table  I. — Table  of  Standard  Integrals. 

(Page  158.) 

Table  II. — Numerical  Values  of  the  Gamma  Function. 

(Described  in  §  84,  page  191.) 
log!  e~'af*~^dx  +  10  or  logr(n)  +  10  from  n  =  1  to  n  =  2. 


n. 
1-00 

0. 

1.    2. 

3. 

4. 

5. 

6. 
86087 

7. 

8. 

0. 

97497  :  96001 

92612, 

90030 

87566 

82627 

80178 

77727 

1-01 

9-9976287 

72866  70430 

68011 

66600 

63196 

60798 

68408 

66026 

63648 

102 

61279 

48916 ;  46661 

44212 

41870 

39586 

37207 

84886 

82672 

30266 

1-08 

27964 

26671 :  23884 

21104 

18881 

16664 

14806 

12052 

09806 

07667 

1-04 

06334 

08108 ,  00689 

98677 

96471 

94273 

92080 

89895 

87716 

85644 

106 

9-9883379 ,  81220  79068 

76922 

74788 

72651 

70525 

68406 

66294 

64188 

106 

62089  1  69996  67910 

66880 

63767 

61690 

49680 

47677 

46630 

48489 

107 

41466 

89428  87407 

86892 

38384 

81382 

29887 

27898 

25416 

28440 

1-08 
1-09 

21469 
02128 

19606  17649 

15699 
96442 

13666 

11717 
92686 

09785 
90S5[8 

07860 
88956 

06941 
87100 

04029 
86250 

00223 

98329 

94661 

1-10 

9-9783407  81670  79738 

77914 

76096 

74283 

72476 

70676 

68882 

67096 

1-11 

66813 

68688  61768 

60006 

68248 

66497 

64768 

68014 

61281 

49556 

1-12 

47834 

46120  44411 

42709 

41018 

39328 

87638 

86960 

34288 

32622 

113 

80962  29308  27669 

26017 

24381 

22761 

21126 

19508 

17896 

16289 

114 

14689  18094  11606 

09922 

08846 

06774 

05209 

aS660 

02096 

00649 

116 

9-9699007 

97471  96941 

94417 

92898 

91886 

89879 

88378 '  86888 

85398 

116 

8.3910  82482:80960 

79498 

78088 

76678 

76129 

73686  72248 

70816 

1-17 

69390  '  67969  !  66664 

66146 

68742 

62344 

60962 

59566  58186 

56810 

118 

66440,54076  62718 

61866 '500191 

48677 

47341 

46011  44687 

43368 

119 

42064 

40746  i 

89444 

38147 

86856 

36670 

84290 

33016 

31747 

30488 

508 
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Table  II. — Contiwued, 


n. 

1-20 

0. 

1. 

2. 

S. 

4. 

5. 

6. 

7. 

s. 

9. 

9-9629225 

27978 

26725 

26484 

24248 

23017 

21792 

20578 

19368 

18150 

1-21 

16946 

15748 

14666 

18369 

12188 

11011 

09841 

08676 

07515 

06861 

1-22 

05212 

04068 

02930 

01796 

00669 

99646 

98430 

97318 

96212 

96111 

1-23 

594016 

92925 

91840 

90760 

89685 

88616 

87558 

86494 

86441 

84393 

1-24 

83350 

82313 

81280 

80263 

79232 

78216 

77204 

76198 

75197 

74201 

1-26 

9-9573211 

72226 

71246 

70271 

69301 

68337 

67377 

66423 

66474 

64680 

1-26 

63592 

62658 

61730 

60806 

69888 

58976 

68067 

67166 

56267 

65374 

1-27 

54487 

53604 

62727 

51856 

60988 

50126 

49268 

48416 

47570 

46728 

1-28 

45891 

45069 

44232 

48410 

42598 

41782 

40976 

40178 

39376 

38685 

1-29 

37798 

37016 

36239 

85467 

34700 

33938 

38181 

32429 

31682 

30940 

1-30 

9-9530203 

29470 

28743 

28021 

27303 

26690 

26883 

25180 

24482 

23789 

1-81 

23100 

22417 

21739 

21065 

20396 

19732 

19073 

18419 

17770 

17126 

1-32 

16485 

15860 

16220 

14695 

18976 

13359 

12748 

12142 

11641 

10944 

1-33 

10353 

09766 

09184 

08606 

08084 

07466 

06908 

06344 

05791 

06242 

1-34 

04698 

04168 

03624 

03094 

02668 

02048 

01632 

01021 

00514 

00012 

1-35 

9-9499515 

99023 

98536 

98052 

97573 

97100 

96630 

96166 

96706 

95251 

1-36 

94800 

94356 

93913 

93477 

93044 

92617 

92194 

91776 

91362 

90963 

1-37 

90549 

90149 

89754 

89368  889771 

88596 

88218 

87846 

87478 

87115 

1-38 

86766 

86402 

86062 

86707 

86366 

85080 

84698 

84371 

84049 

88731 

1-39 

83417 

83108 

82803 

82603 

82208 

81916 

81680 

81348 

81070 

80797 

1-40 

9-9480528 

80263 

80008 

79748 

79497 

79250 

79008 

78770 

78687 

78308 

1-41 

78084 

77864 

77648 

77437 

77230 

77027 

76829 

76636 

76446 

76261 

1-42 

76081 

76905 

76733 

76665 

76402 

75243 

75089 

74939 ;  74793 

74662 

1-43 

74516 

74382 

74254 

74130 

74010 

73894 

73788 

73676  73574 

78475 

1-44 

78382 

73292 

73207 

73125 

73049 

72976 

72908 

72844 

72784 

72728 

1-45 

9-9472677 

72630 

72587 

72649 

72614 

72484 

72469 

72437 

72419 

72406 

1-46 

72397 

72393 

72392 

72396 

72404 

72416 

72432 

72452 

72477 

72606 

1-47 

72539 

72676 

72617 

72662 

72712 

72766 

72824 

72886 

72962 

73022 

1-48 

73097 

73176 

73268 

73346 

73436 

73531 

73630 

73784 1 73841 

73963 

1-49 

74068 

74188 

74312 

74440  i  74672 

1 

74708 

1 

74848 

74992  76141 

76293 

1-60 

9-9475449 

76610 

76774 

76943. 761 16 

76292 

76473 

76668 1  76847 

77040 

1-61 

77237 

77438 

77642 

77861 ; 78064 

78281 

78602 

78727 

78956 

79189 

1-52 

79426 

79667 

^79912 

80161 ! 80414 

80671 

80932 

81196  81466 

81788 

1-53 

82016 

82296 

82680 

82868  88161 

83457 

83758 

84062  84370 

84682 

1-54 

84998 

85818 

85642 

85970  86302 

86638 

86977 

87821  ■  87668 

t 

88019 

1-65 

9-9488374 

88733 

89096 

89463  89884 

90208 

90587 

90969 

91866 

91746 

1-56 

92139 

92537 

92938 

93344  93753 

94106 

94683 

96004 

95429 

96867 

1-57 

96289 

96725 

97165 

97609 ;  98056 

98508 

98963 

99422 

99886 

00351 

1-68 

500822 

01296 

01774 

02256  02741 

03230 

03723 

04220 

04720 

05226 

1-69 

06738 

06245 

06760 

07280  07803 

08330 

0S860 !  09395 

1 

09933 

10476 

1 

1-60 

9-9511020 

11569 

12122 

12679 ' 13240 

13804 

14372 

14943 

16519 

16098 

1-61 

16680 

17267 

17867 1 18451 , 19048 

19649 

20264 

20862 

21476 

22091 

1-62 

22710 

23333 

23960 

24691 

25226 

25863  1 26504 

27149 

27798 

28451 

1-63 

29107 

29766  1 30430 

31097 

31767 

82442 ! 83120 

33801 

34486 

36175 

1-64 

85867 

36563  1 37263 

1 

37966 1 38678 

39383 

40097 

40816 

41636 

42260 
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Table  II. — Continued, 


n. 
1-66 

0. 

1.  ,  2. 

1 

8. 

4. 

6. 

6. 

7. 

8. 

9. 

9-9542989 

1 

43721  i  44456 

45195 

45938 

46684 

47434 

48187 

48944 

49704 

1-66 

50468 

51236 ,  52007 

52782 

53660 

54342 

55127 

55916 

56708 

67504 

1-67 

58308 

59106  59913 

60723 

61636 

62353 

63174 

63998 

64825 

66656 

1-68 

66491 

67329  '  68170 1 69015 

69864 

70716 

71571 

72480 

78293 

74169 

1-69 

75028 

75901  76777  77657 

78540 

79427 

80817 

81211 

82108 

88008 

1-70 

9-9583912 

84820  85781 1  86645 

87563 

88484 

89409 

90837 

91268 

92208 

1-71 

93141 

94083 .  95028 

95977 

96929 

97884 

98843 

99805 

00771 

01740 

1-72 

602712 

08688  04667 

06650 

06636 

07625 

08618 

09614 

10618 

11616 

1-73 

12622 

13632 

14645 

15661 

16681 

17704 

18730 

19760 

20798 

21830 

1-74 

22869 

23912124959  26009 

27062 

28118 

29178 

80241 

81308 

82877 

1-75 

9-9633451 

r 

34527 

85607 

36690 

37776 

38866 

89959 

41056 

42155 

48258 

1-76 

44364 

45478 

46586 

47702 

48821 

49944 

51070 

52200 

53331 

54467 

1-77 

55606 

56749  57894 

59048 

60195 

61350 

62509 

63671 

64836 

66004 

1-78 

67176 

68351  69529 

70710 

71895 

73082 

74274 

75468 

76665 

77866 

1-79 
1-80 

79070 
9-9691287 

80277  81488 

82701 

83918 
96263 

85138 
97515 

86861 
98770 

87688 
00029 

88818 

90051 
02655 

92526 .  93768 '  95014 

01291 

1-81 

703823 

05095  063691 07646 

08927 

10211 

11498 

12788 

14082 

15878 

1-82 

16678 

17981  19287120596 

21908 

23224 

24542 

25864 

27189 

28617 

1-83 

29848 

81182  82520 

33860 

35204 

36551 

37900 

89254 

40610 

41969 

1-84 

43331 

44697  46065 

47437 

48812 

50190 

51571 

52955 

54842 

55788 

1-86 

9-9757126 

58522  59922 

61325 

62780 

64139 

65551 

66966 

68884 

69805 

1-86 

71230 

72667  1  74087 

75521 

76967 

78897 

79839 

81285 

82784 

84186 

1-87 

85640 

87098  1 88559 

90023 

91490 

92960 

94433 

95910 

97389 

98871 

1-88 

800356 

01844  08335  04830 

06827 

07827 

09881 

10837 

12846 

18869 

1-89 

15874 

16893 1 18414 

19939 

21466 

22996 

24530 

26066 

27606 

29148 

1-90 

9-9830693 

32242  88793 

35848 

36905 

38465 

40028 

41595 

48164 

44736 

1-91 

46311 

47890 1  49471 

51055 

62642 

54232 

55825 

57421 

59020 

60621 

1-92 

62226 

63884  65445 

67058 

68675 

70294 

71917 

73542 

75170 

76802 

1-98 
1-94 

78436 
94988 

80073  81713 
96605  98274 

83856 
99946 

85002 

86651 
03299 

88302 
04980 

89967 
06663 

91614 
08350 

93276 
10039 

01621 

1-96 

9-9911732 

18427 

16125 

16826 

18630 

20287 

21947 

28669 

25876 

27093 

1-96 

28815 

80539  32266 

83995 

85728 

87464 

39202 

40948 

42688 

44435 

1-97 

46185 

47937 '  49698 

51451 

53218 

54977 

56744 

58513 

60286 

62062 

1-98 

63840 

65621  67405 

69192 

70982 

72774 

74570 

76368 

78169 

79972 

1-99 

81779 

88588  86401 

87216 

89084 

90854 

92678 

94504 

96338 

98166 

Table  III.— Table  of  Standard  Integrals  (Hyperbolic 

Functions). 
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Table  IV.— Numerical  Values  of  the  Hyperbolic  Sines. 

(Described  in  §  116,  page  280.) 


r. 
00 

0. 

1. 

2. 

3. 

4. 

6. 
0-060C 

6. 

7. 

8. 

9. 
00901 

00000 

O-OIOO 

O-O2O0 

1  0-0300 

00400 

1  0-0600 

0-0701 

0-0801 

01 

0-1002 

0-1102 

0-1208 

0-1304 

0-1406 

01606 

»  01607 

0-1708 

0-1810 

0-1911 

0-2 

0-2013 

0-2116 

0-2218 

0-2320 

0-2423 

0-2526 

>  0-2629 

0-2733 

0-2887 

0-2941 

0-3 

0-3045 

0-3150 

0-32651  0-8360 

0-3466 

0-3572 

0-3678 

0-8785 

0-3892 

0-4000 

0-4 

0-4108 

0-4216 

0-43251  0-4434 

1 

0-4543 

0-4663 

0-4764 

0-4875 

0-4986 

0-6098 

0-5 

0-6211 

0-6324 

0-6438 

0-6562 

0-6666 

0-5782 

0-5897 

0-6014 

0-6131 

0-6248 

0-6 

0-6367 

0-6485 

0-66051  0-6726 

0-6846 

0-6967 

0-7090 

0-7213 

0-7836 

0-7461 

0-7 

0-7686 

0-7712 

0-7838!  0-7966 

0-8094 

0-8223 

0-8358 

0-8484 

0-8615 

0-8748 

0-8 

0-8881 

0-9016 

0-9160 

•  0-9286 

0-9423 

0-9661 

0-9700 

0-9840 

0-9981 

1-0122 

0-9 

1-0266 

1-0409 

1-0664 

1-0700 

10847 

1-0995 

1-1144 

1-1294 

1-1446J  11598 

1-0 

1-1762 

1-1907 

1-2063 

1-2220 

1-2379 

1-2539 

1-2700 

1-2862 

1-3025 

1-3190 

1-1 

1-8366 

1-3524 

1-3693 

1-3863 

1-4036 

1-4208 

1-4382 

1-4668 

1-4735 

1-49141 

1-2 

1-5096 

1-6276 

1-5460 

1-5645 

1-5831 

1-6019 

1-6209 

1-6400 

1*6693!  1-6788! 

1-3 

1-6984 

1-7182 

1-7381 

1-7683 

1-7786 

1-7991 

1-8198 

1-8406 

1-8617:  1-8829, 

1-4 

1-9043 

1-9269 

1-9477 

1-9697 

1-9919 

2-0143 

20369 

20697 

20827!  2-1059! 

1-5 

2-1293 

2-1529 

2-1768 

2-2008 

2-2251 

2-2496 

2-2743 

2-2993 

2-3245  2-3499; 

1-6 

2-3766 

2-4015 

2-4276 

2-4540 

2-4806 

2-6076 

2-5346 

2-5620 

2-6896  2-6176i 

1-7 

2-6456 

2-6740 

2-7027 

2-7317 

2-7609 

2-7904i'  2-8202 

2-8503 

2-8806 

2-9112 

1-8 

2-9422 

2-9784 

30049 

3-0367 

30689 

3-1013 

31340 

3-1671 

3-2005 

3-2341 

1-9 

3-2682 

3-3025 

3-3372 

3-3722 

3-4075 

3-4432 

3-4792 

3-6166 

3-6628 

3-5894 

2-0 

3-6269 

3-6647 

3-7028 

3-7414 

3-7803 

8-8196 

3-8593 

3-8993 

3-9398 

3-9806 

2-1 

4-0219 

40636 

41066 

4-1480 

41909 

4-2342 

4-2779 

4-3221 

4-3666 

4-4117 

2-2 

4-4671 

4-5030 

4-6494 

4-5962 

4-6434 

4-6912 

4-7394'  4-7880 

4-8372 

4-8868 

2-3 

4-9370 

6-9876 

5-0387 

6-0903 

6-1425 

5-1951 

6-2483  5-3020  5-3662 

6-4109 

2-4 

5-4662 

5-5221 

5-5785 

6-6364 

5-6929 

5-7510 

5-8097 

5-8689  5-9288 

5-9892 

2-5 

6-0502 

6-1118 

6-1741 

6-2369  6-3004 

6-3645 

6-4293 

6-4946 

6-6607 

6-6274 

2-6 

6-6947 

6-7628 

6-8315 

6-9009 

6-9709 

7-0417 

7-1132  7-1864 

7-2583 

7-3319 

2-7 

7-4063 

7-4814 

7-5572 

7-6338 

7-7112 

7-7894 

7-8683 

7-9480 

80286 

8-1098 

2-8 

81919 

8-2749 

8-3586 

8-4432 

8-5287 

8-6150 

8-7021 

8-7902 

8-8791 

8-9689 

2-9 

90596 

9-1512 

9-2437 

9-3371 

9-4315 

9-5268 

9-6231 

9-7203 

9-8186 

9-9177 

30 

10-018 

10119 

10-221 

10-324 

11-429 

11-634 

11-640 

11-748 

11-866 

11-966 

31 

11-076 

11-188 

11-301 

11-415  11-530  1 

1-2-647 

12-764 

12-883 

12-003 

12-124 

3-2 

12-246 

12-369 

12-494 

12-620 

12-747 

12-876 

13-006 

13-137 

13-269 

13-403 

3-3 

13-538 

13-674 

13-812 

13-951 

14-092 

14-234 

14-377 

14-522 

14-668 

14-816 

3-4 

14-966 

16-116 

15-268 

16-422 

15-577 

15-734 

15-893  16-063 

16-214  116-378 

3-5 

16-543 

16-709 

16-877 

17047 

17-219 

17-392 

17-667  17-744 

17-928  18-108 

3-6 

18-285 

18-470 

18-656 

18-843 

19-033 

19-224 

19-418  19-613 

19-811  20-010 

3-7 

20-211 

20-415 

20-620 

20-828 

21-037 

21-249 

21-463  .21-679 

21-897  122-117 

3-8 

22-339 

22-664  22-791 

28-020 

23-252 

23-486 

23-722  23-961  24-202  | 

24-446 

3-9 

24-691 

24-939 

26-190 

25-444 

26-700 

25-958 

26-219 

26-483 

26-749 

27-018 

40 

27-290 

27-664 

27-842 

28-122 

28-404 

28-690 

28-979 

29-270 

29-664 

29-862 

4-1 

30-162 

30-465  30-772 

31081 

31-393 

31-709 

32028  .32-350 

32-675 

33-004 

4-2 

33-336 

33-671 

34009 

84-351  I34-697 

35-046 

35-398 

36-764 

36- 113  186-476  1 

4-3 

36-843 

37-214 

37-588 

37-966  88-347 

38-733  39-122 

39-515  39-913  '40-314 

4-4 

40-719 

41-129 

41-542 

41-960  '42-382 

1 

42-808 

43-238  - 

43-673  .44-112  44-566 

4-5 

45008 

45-456  45-912 

46-374  46-840 

47-311  47-787  < 

48-267  48-752  ^49-242 

4-6 

49-737 

50-237 

50-742 

51-262  51-767 

52-288 

62-813  . 

53-344  53-880  |. 

54-422 

4-7 

54-969 

55-522 

56080 

56-648 

57-213 

57-788 

58-369  . 

58-966  . 

59-648  ( 

30-147 

4-8 

60-751 

61-362 

61-979 

62-601 

63-231 

63-866 

64-608  ( 

55-167  ( 

55-812  ( 

56-478 

4-9 

67-141 

67-816 

68-498 

69-186  69-882 

70-584 

71-293  • 

72010  • 

72-734  73-466 

1 
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Table  Y.— Numerioal  Values  of  the  Hyperbolio  Cosines. 

(Described  in  S  116,  page  280.) 


X. 

0. 

1. 

2. 
1-0002 

3. 
1-0005 

4. 

5. 

6. 
1-0018 

7. 
1-0025 

8. 

9. 

00 

10000 

1-0001 

1-0008 

1-0013 

10082 

1-0041 

01 

10060 

1-0061 

1-0072 

1-0085 

1-0098 

1-0113 

1-0128 

1-0145 

1-0162 

1-0181 

0-2 

10201 

1-0221 

00243 

1-0266 

1-0289 

1-0314 

1-0340 

1-0367 

1-0896 

10428 

0-3 

1-0463 

1-0484 

0-0516 

10549 

1-0584 

1-0619 

1-0656 

1-0692 

1-0731 

1-0770 

0-4 

1-0811 

1-0862 

0-0895 

1-0939 

1-0984 

1-1030 

1-1077 

1-1125 

1-1174 

11225 

0-6 

11276 

1-1329 

1-1383 

1-1488 

1-1494 

1-1561 

1-1609 

1-1669 

1-1730 

1-1792 

p-6 

11855 

1-1919 

1-1984 

1-2051 

1-2119 

1-2188 

1-2258 

1-2330 

1-2402 

1-2476 

jO-7 

1-2562 

1-2628 

1-2706 

1-21^86 

1-2865 

1-2947 

1-3080 

1-3114 

1-8199 

1-3286 

k)-8 

1-3374 

13464 

1-3655 

1-3647 

1-8740 

1-3835 

1-3932 

1-4029 

1-4128 

1-4229 

0-9 

1-4331 

1-4434 

1-4539 

1-4646 

1-4768 

1-4862 

1-4973 

1-6086 

1-6199 

1-5314 

10 

1-5431 

1-5549 

1-6669 

1-5790 

1-5913 

1-6038 

1-6164 

1-6292 

1-6421 

1-6562 

11 

1-6685 

1-6820 

1-6966 

1-7093 

1-7233 

1-7374 

1-7517 

1-7662 

1-7808 

1-7966 

1-2 

1-8107 

1-8258 

1-8412 

1-8568 

1-8725 

1-8884 

1-9045 

1-9208 

1-9873 

1-9640 

1-3 

1-9709 

1-9880 

20068 

2-0228 

2-0404 

20583 

2-0764 

20947 

2-1132 

2-1820 

1-4 

2-1609 

2-1700 

2-1894 

2-2090 

2-2288 

2-2488 

2-2691 

2-2896 

2-8103 

^-3312 

1-6 

2-3524 

2-3738 

2-8955 

2-4174 

2-4396 

2-4619 

2-4846 

2-6073 

2-6806 

2-5588 

1-6 

2-5775 

2-6013 

2-6266 

2-6499 

2-6746 

2-6996 

2-7247 

2-7602 

2-7760 

2-8020 

1-7 

2-8283 

2-8649 

2-8818 

2-9090 

2-9364 

2-9642 

2-9922 

3-0206 

3-0492 

8-0782 

1-8 

3-1076 

3-1371 

3-1669 

3-1972 

3-2277 

3-2685 

3-2897 

3-3212 

3  8530 

8-8852 

1-9 

3-4177 

3-4506 

3-4838 

3-6173 

3-5612 

3-5865 

3-6201 

3-6561 

3-6904 

3-7261 

2-0 

3-7622 

3-7987 

3-aS55 

3-8727 

3-9103 

3-9488 

3-9867 

4-0266 

4-0647 

4-1048 

2-1 

4-1443 

4-1847 

4-2266 

4-2668 

4-3086 

4-3507 

4-8932 

4-4362 

4-4797 

4-6236 

2-2 

4-6679 

4-6127 

4-6680 

4-7087 

4-7499 

4-7966 

4-8437 

4-8914 

4-9896 

4-9881 

2-3 

5-0372 

6-0868 

5-1370 

6-1876 

6-2888 

5-2905 

6-3427 

6-8964 

5-4487 

6-6026 

2-4 

5-5669 

6-6119 

5-6674 

6-7235 

5-7801 

5-8373 

5-8951 

6-9536 

6-0126 

6-0721 

2-5 

6-1323 

6-1931 

6-2545 

6-3166 

6-3793 

6-4426 

6-6066 

6-6712 

6-6366 

6-7024 

2-6 

6-7690 

6-8363 

6-9043 

6-9729 

7  0423 

7-1123 

7-1831 

7-2646 

7-3268 

7-3998 

2-7 

7-4735 

7-5479 

7-6231 

7-6990 

7-7758 

7-8633 

7-9136 

8-0106 

8-0906 

8-1712 

2-8 

8-2627 

8-3351 

8-4182 

8-5022 

8-6871 

8-6728 

8-7694 

8-8469 

8-9852 

9-0244 

2-9 

9-1146 

9-2056 

9-2976 

9-8905 

9-4844 

9-5791 

9-6749 

9-7716 

9-8693 

9-9680 

30 

10-068 

10-168 

10-270 

10-373 

10-476 

10-581 

10-687 

10-794 

10-902 

11011 

3-1 

11121 

12-233 

11-346 

11-459 

11-574 

11-689 

11-806 

11-925 

12-044 

12-166 

3-2 

12-287 

13-410 

12-534 

12-660 

12-786 

12-915 

13-044 

13176 

13-307 

13-440 

3-3 

13-576 

14-711 

13-848 

13-987 

14-127 

14-269 

14-412 

14-556 

14-702 

14-860 

3-4 

14-999. 

15-149 

16-301 

15-465 

15-610 

15-766 

16-924 

16-084 

16-245 

16-408 

3-5 

16-573 

16-739 

16-907 

17-077 

17-248 

17-421 

17-696 

17-772 

17-951 

18-131 

3-6 

18-313 

18-497 

18-682 

18-870 

19-059 

19-250 

19-444 

19-639 

19-836 

20-036 

3-7 

20-236 

20-439 

20-644 

20-852 

21-061 

21-272 

21-486 

21-702 

21-919 

22-139 

3-8 

22-862 

22-686 

22-818 

•23-042 

23-273 

28-607 

23-743 

23-982 

24-222 

24-466 

8-9 

24-711 

24-959 

25-210 

25-463 

25-719 

26-977 

26-238 

26-502 

26-768 

27-037 

40 

27-308 

27-582 

27-860 

28139 

28-422 

28-707 

28-996 

29-287 

29-581 

29-878 

4-1 

30-178 

30-482 

30-788 

31-097 

31-409 

31-725 

32-044 

32-366 

32-691 

88-019 

4-2 

33-851 

33-686 

34024 

34-366 

34-711 

35-060 

35-412 

35-768 

36-127 

86-490 

4-3 

36-867 

37-227 

37-601 

37-979 

38-360 

38-746 

39-135 

39-628 

39-926 

40-826 

4-4 

40-732 

41-141 

41-554 

41-972 

42-393 

42-819 

43-260 

48-684 

44123 

44-566 

4-5 

46014 

45-466 

45-923 

46-385 

46-851 

47-321 

47-797 

48-277 

48-762 

49-252 

4-6 

49-747 

50-247 

50-762 

61-262 

51-777 

62-297 

52-823 

53-354 

63-890 

54-431 

4-7 

54-978 

65-531 

56-089 

56-652 

57-221 

57-796 

58-377 

58-964 

59-556 

60-166 

4-8 

60-759 

61-370 

61-987 

62-609 

a3-239 

63-874 

64-516 

65164 

65-819 

66-481 

4-9 

67149 

67-823 

68-505 

69193 

69-889 

70-691 

71-300 

72-017 

72-741 

73-472 

512 
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Table  VI. — Numerioal  Values  of  the  Factor 

0-6745./-1-. 
\  n  -  1 

(Described  in  §  178,  page  438.) 


0-6746 

n. 

\'n  -  1 

0. 

1. 

2. 

3. 

4. 

5-    . 

6. 

7. 

8. 

9. 

0 

0-6745 

0^4769 

0-3894 

03872 

0-3016 

0-2764 

0-2549 

0-2385 

1 

0-2248 

0-2188 

•2029 

•1947 

•1871 

-1808 

•1742 

•1686 

•1636 

•1590 

2 

•1647 

•1608 

•1472 

•1488 

•1406 

•1877 

•1849 

-1823 

•1298 

•1275 

8 

•1262 

•1281 

•1211 

•1192 

•1174 

•1157 

-1140 

•1124 

•1109 

•1094 

4 

•1080 

•1066 

•1063 

•1041 

•1029 

•1017 

•1006 

-0994 

•0984 

•0974 

5 

00964 

00964 

00944 

©•0985 

0*0926 

0-0918 

00909 

0-0901 

0-0893 

0-0886 

6 

•0878 

•0871 

•0864 

•0867 

•0860 

-0843 

•0887 

•0880 

-0824 

•0818 

7 

•0812 

•0806 

•0800 

•0795 

•0789 

•0784 

•0778 

•0778 

•0768 

•0763 

8 

•0769 

•0764 

•0749 

•0746 

•0740 

•0786 

•0781 

•0727 

•0728 

•0719 

9 

•0716 

•0711 

•0707 

•0703 

•0699 

•0696 

-0692 

-0688 

•0685 

•0681 

Table  VII.— Numerical  Values  of  the  Factor 

0-6745 
Jn(n  - 1) 

(Described  in  §  178,  page  438 ) 


0-6745 

n. 

\  rt(«  -  1) 

1 

0. 

1. 

• 

2. 
0-4769 

3. 

0-2754 

4. 

0-1947 

5. 

01608 

6. 

7. 
0-1041 

8. 
00901 

1 

9. 

0 

01281 

00795 

1 

00711 

0-0643 

•0587 

•0640 

•0500 

•0465 

•0485 

•0409 

•0886 

•0865 

2 

•0346 

•0829 

•0814 

•0800 

•0287 

•0275 

•0265 

•0255 

•0245 

-0287 

8 

•0229 

•0221 

•0214 

•0208 

-0201 

•0196 

•0190 

•0185 

•0180 

-0175 

4 

•0171 

•0167 

•0168 

•0159 

-0155 

•0152 

•0148 

•0145 

•0142 

•0139 

6 

0-0186 

0-0134 

00131 

0^0128 

00126 

0-0124 

0-0122 

0^0119 

0-0117 

0-0115  t 

6 

•0113 

-0111 

•0110 

•0108 

•0106 

•0106 

•0103 

•0101 

•0100 

•0098, 

7 

•0097 

•0096 

•0094 

•0098 

•0092 

•0091 

•0089 

•0088 

•0087 

•0086 

8 

•0085 

•0084 

•0083 

•0082 

•0081 

-0080 

•0080 

•0079 

•0077 

•0076 

9 

-0075 

•0074 

•0078 

•0078 

•0072 

•0071 

-0070 

•0069 

-0069 

•0068 
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\  n(n  -  1) 

(Described  in  §  178,  page  438.) 
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0-8453 

«, 

^nin  -  1)- 

0. 

1. 

S. 

4. 

6. 

6. 

7. 

8. 

0. 

0 

0-5978 

08451 

0-2440 

0-1890 

01548 

01804 

0^1180 

00996 

1 

00891 

0-0806 

•0736 

•0677 

•0627 

•0583 

•0546 

•0518 

•0483 

•0457 

2 

•0484 

•0412 

•0398 

•0376 

•0860 

•0345 

•0882 

•0819 

•0807 

•0297 

8 

•0287 

•0277 

•0268 

•0260 

•0252 

•0245 

•0288 

•0232 

•0225 

•0220 

4 

•0214 

•0209 

•0204 

•0199 

•0194 

•0190 

•0186 

•0182 

•0178 

•0174 

5 

00171 

0-0167 

0^0164 

00161 

0-0158 

00155 

0-0152 

00150 

0-0147 

0-0145 

6 

•0142 

•0140 

•0187 

•0185 

•0138 

•0181 

•0129 

•0127 

•0125 

•0123 

7 

•0122 

•0120 

•0118 

•0117 

•0115 

•0118 

•0112 

•0110 

•0109 

•0108 

8 

•0106 

•0105 

•0104 

•0102 

•0101 

•0100 

•0099 

•0098 

•0097 

•0096 

9 

•0095 

•0098 

•0092 

•0091 

•0090 

•0089 

•0089 

-0088 

•0087 

•0086 

Table  IX.— Numerical  Values  of  the  Factor 

0-8453-  7^==. 
n  vn  -  1 

(Described  in  §  178,  page  439.) 


0-8453 

n. 

nsjn  -  1 

0. 

1. 

2. 

8. 

4. 

5. 

6. 

7. 

8. 

9, 

0 

0-4227 

0-1993 

01220 

0-0846 

0-0630 

0-0498 

00399 

00882 

1 

00282 

©•0248 

•0212 

•0188 

•0167 

•0151 

•0186 

•0124 

•0114 

•0105 

2 

•0097 

•0090 

•0084 

•0078 

•0073 

•0069 

•0065 

•0061 

•0058 

•0055 

8 

-0062 

•0050 

-0047 

■0046 

-0043 

•0041 

•0040 

•0088 

•0037 

•0085 

4 

•0034 

•0033 

•0031 

•0030 

•0029 

•0028 

•0027 

•0027 

•0026 

•0026 

5 

0-0024 

00028 

00023 

00022 

0-0022 

©•0021 

00020 

0^0020 

00019 

00019 

6 

•0018 

-0018 

•0017 

•0017 

•0017 

•0016 

•0016 

•0016 

•0015 

•0015 

7 

•0015 

-0014 

•0014 

•0014 

•0013 

•0013 

•0018 

•0012 

•0012 

•0012 

8 

•0012 

-0012 

-0011 

•0011 

■0011 

-0011 

•0011 

-0010 

•0010 

•0010 

9 

•0010 

•0010 

•0010 

•0009 

•0009 

•0009 

•0009 

•0009 

•0009 

•0009 

KK 
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Table  X.— Numerioal  Yalues  of  the  Probability  Integral 

2  f** 

where  P  represents  the  probability  that  an  error  of  observation  will  have  a 
positive  or  negative  value  equal  to  or  less  than  x,  h  is  the  measure  of  precision. 

(Desoribed  in  §  180,  page  446.) 


hz. 
00 

P. 

0. 

1. 

2. 

3. 

4. 

5. 

0. 

7 

8. 

9. 
01013 

0-0000 

00113 

0-0226 

0-0338 

0-0451 

00664 

0-0676 

0^0789 

■ 
0-0901 

01 

•1125 

-1236 

•1348 

•1459 

•1669 

•1680 

•1790 

•1900 

•2009 

-2118 

0-2 

•2227 

•2336 

-2443 

•2550 

•2657 

•2763 

•2869 

•2974 

•3079 

•3183 

0-3 

•8286 

•3389 

-3491 

•3693 

•3694 

•3794 

•3893 

•3992 

•4090 

•4187 

0-4 

•4284 

•4380 

•4475 

•4569 

•4662 

•4755 

•4847 

•4937 

•5027 

•5117 

0-6 

0.5206 

0-6292 

06379 

05465 

06649 

0-5633 

05716 

0^5798 

0-5879 

05959 

0-6 

•6089 

•6117 

•6194 

•6270 

•6346 

•6420 

•6494 

•6666 

•6638 

•6708 

0-7 

•6778 

•6847 

•6914 

•6981 

•7047 

•7112 

•7175 

•7238 

•7300 

•7361 

0-8 

•7421 

•7480 

•7638 

•7596 

-7651 

•7707 

•7761 

•7814 

•7867 

•7918 

0-9 

•7969 

•8019 

•8068 

•8116 

•8163 

•8209 

•8264 

-8299 

•8342 

•8385 

1-0 

0-8427 

0-8468 

0^8608 

0^8548 

0-8586 

0^8624 

0-8661 

0^6698 

08738 

0-8768 

1-1 

•8802 

•8835 

•8868 

•8900 

•8931 

•8961 

•8991 

•9020 

•9048 

•9076 

1-2 

•9108 

•9130 

•9155 

•9181 

•9205 

•9229 

•9252 

•9276 

•9297 

•9319 

1-3 

•9340 

•9361 

•9381 

•9400 

•9419 

•9438 

•9466 

•9473 

•9490 

•9507 

1-4 

•9623 

•9639 

•9554 

•9669 

•9588 

-9697 

•9611 

•9624 

•9687 

•9649 

1-6 

0^9661 

0-9673 

0^9684 

0-9695 

0-9706 

0-9716 

0^9726 

0^9736 

0-9745 

0-9765 

1-6 

•9763 

•9772 

•9780 

•9788 

-9796 

•9804 

•9811 

•9818 

•9826 

•9832 

1-7 

•9888 

•9844 

•9860 

•9866 

•9861 

•9867 

•9872 

•9877 

•9882 

•9886 

1-8 

•9891 

•9895 

•9899 

•9908 

•9907 

•9911 

•9915 

•9918 

•999.2 

•9926 

1-9 

•9928 

•9931 

•9934 

-9937 

•9939 

•9942 

•9944 

•9947 

•9949 

•9961 

20 

0-9953 

0^9955 

0^9957 

0-9969 

0-9961 

0-9968 

0-9964 

0^9966 

09967 

09969 

2-1 

•9970 

•9972 

•9973 

•9974 

•9976 

•9976 

•9977 

•9979 

•9980 

•9980 

2-2 

•9981 

•9982 

•9983 

•9984 

•9986 

•9985 

•9986 

•9687 

•9987 

•9988 

2*3 

•9989 

•9989 

•9990 

•9990 

•9991 

•9991 

•9992 

•9992 

•9992 

•9993 

2-4 

•9993 

•9993 

•9994 

•9994 

•9994 

•9995 

•9996 

•9996 

•9996 

•9996 

2-6 

0-9996 

09996 

0-9996 

0-9997 

0^9997 

0-9997 

0-9997 

0-9997 

0-9998 

0^9998 

2-6 

•9998 

•9998 

•9998 

•9998 

-9998 

•9998 

•9998 

•9998 

-9998 

•9999 

00 

1-0000 

1 
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Table  XI.— Numerioal  Values  of  the  Probability  Integral 

2 
P 


J  0 


Where  P  represents  the  probability  that  an  error  of  observation  will  have 
a  positive  or  negative  value  equal  to  or  less  than  x,  r  denotes  the  probable  error. 


X 

T 

0-0 

P, 

1 
0. 

1. 

2. 

8. 

4. 

5. 

6. 

.  7. 

8. 

9. 

0- 

0-0054 

00108 

0^0161 

00215 

0-0269 

0*0823 

00877 

0-0430 

00484 

01 

•0588 

•0591 

•0645 

-0699 

•0752 

•0606 

•0859 

•0913 

•0966 

•1020 

0-2 

•1073 

•1126 

•1180 

-1283 

•1286 

•1889 

•1392 

•1445 

•1498 

•1551 

0-8 

•1608 

•1656 

■1709 

•1761 

•1814 

•1866 

•1918 

-1971 

•2028 

•2076 

0*4 

•2127 

•2179 

•2230 

-2282     -2334 

-2386 

•2436 

•2488 

•2539 

• 

•2590 

0-5 

0-2641 

0-2691 

0-2742  0-2798  0-2843 

0-2893 

0-2944 

0-2994 

0-3043 

08098 

0-6 

•8148 

•3192 

-3242     -3291      -3340 

•3389 

-3488 

-3487 

•3685 

•3588 

0-7 

•8682 

•3680 

-3728     -8776     -8823 

-3870 

-8918 

-8966  i    -4012 

•4059 

0-8 

•4106 

•4152 

•4198,     4244     -4290 

•4336 

•4881 

•4427 

•4472 

•4617 

0-9 

•4562 

-4606 

-4661     -4696     -4739 

-4783 

•4827 

-4860 

•4914 

•4967 

1-0 

0-5000 

0-6043 

0-5086  i  0-5128  0-6170 

0-5212 

0-5264 

0-6296 

05337 

05378 

11 

•5419 

•5460 

•5600 

•5540     -5681 

•5620 

•5660 

-6700 

-6739 

•5778 

1-2 

•6817 

•5866 

•5894 

•6932 

•5970 

•6008 

•6046 

•6083 

•6120 

•6157 

1-8 

•6194 

•6281 

•6267 

•6308 

•6839 

•6376 

•6410 

-6446 

•6480 

-6515 

1-4 

•6550 

•6584 

•6618     -6652;    -6686 

•6719 

•6758 

•6786 

•6818 

•6861 

1-6 

0-6888 

0^6915 

0-6947  0-6979 !  0-7011 

0^7042 

0-7078 

0^7104 

07134 

0-7166 

1-6 

■7195 

•7225 

•7256     -7284     -7813 

•7842 

-7371 

•74001    -7428 

-7467 

1-7 

•7485 

•7612 

-76401    -7567     '7594 

•7621 

-7648 

-7675 

-7701 

•7727 

1-8 

•7758 

•7778 

•7804     ^7829     -7854 

•7879 

•7904 

•7928 

-7952 

•7976 

1-9 

•8000 

•8023 

-8047     -8070'    -8093 

•8116 

-8188 

-8161 

-8183 

•8205 

2-0 

0-8227 

0^8248 

0-8270;  0-8291  0-8312 

0-8882 

0-8358 

08378 

0-8394 

0-8414 

2-1 

•8438 

•8453 

•8478 

•8492!    -8511 

•8580 

-8549 

•8567 

-8585 

•8604 

2-2 

•8622 

•8639 

•8657 

-8674     -8692 

•8709 

-8726 

•8742 

-8769 

•8775 

2-3 

•8792 

•8808 

-8824 

•8840 

•8855 

•8870 

-8886 

•8901 

-8916 

-8930 

2-4 

•8946 

•8960 

•89741    -8988'    -9002 

•9016 

•9029 

•9043 

•9056 

-9069 

2-5 

0-9082 

0-9095 

0-9108 1 0-9121 

0-9133 

0-9146 

0-9158 

0-9170 

0^9182 

0-9193 

2-6 

•9206 

•9217 

•92281    ^9239     ^9250 

•9261 

•9272 

-9283 

•9293 

•9304 

2-7 

-9814 

•9324 

•9384     ^9344     •9354 

•9864 

•9873 

•9388 

•9392 

•9401 

2-8 

•9410 

•9419 

•9428     •94371    ^9446 

•9454 

•9468 

-9471 

•9479 

•9487 

2-9 

•9496 

•9508 

•9511 

•9619 1    -9526 

•9534 

•9641 

•9648 

•9566 

•9563 

30 

0-9570 

0-9577 

09683 

0-9590 

0-9597 

09603 

09610 

0-9616  i  0-9622 

0-9629 

81 

•9685 

•9641 

•9647 

•9652,    -9658 

•9664 

•9669 

-9676 

•96801   ^9686 

3-2 

•9691 

•9696 

•9701 

-9706     -9711 

•9716 

•9721 

-97261    -9731 

•9786 

8-8 

•9740 

•9744 

•9749 

•9758 

•9757 

•9761 

•9766 

•9770'    -9774 

•9778 

8-4 

•9782 

•9786 

•9789 

•9793 1    -9797 

•9800 

•9804 

•9807     •981ll    -9814 

8- 

0-9570 

09635 

09691 

0-9740 1 0-9782 

0-9818 

09848 

0-9874 

0^9896 

0-9915 

4- 

•9980 

•9943 

•9964 

-9963     -9970 

-9976 

•9981 

-9986 

-9988 

•9990 

5- 

•9998 

•9994 

•9996 

•9997 

•9997 

•9998 

-9998 

-9999 

•9999 

•9999 

00 

10000 
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Table  XII. — Numerical  Values  of-  Corresponding  to  Different 
Values  of  n,  in  the  Application  of  ChauYenet's  Criterion, 

(Described  in  §  187,  page  476.) 


H. 

0. 

1. 

2. 

3. 
2-06 

4. 

2-27 

5. 

6. 

7. 

8. 

9. 

0 

2-44 

2-57 

2-67 

2-76 

2-84 

1 

2-91 

2-96 

8-02 

3-07 

812 

3-16 

8-19 

3*22 

8-26 

3-29 

2 

8-82 

8-86 

8-88 

3-41 

3-48 

3*45 

3-47 

8-49 

8-61 

8-68 

8 

8-56 

3-67 

8-68 

8-60 

3-62 

3-64 

3-65 

3-67 

8*68 

8-69 

4 

8-71 

3-72 

8-78 

8-74 

8-76 

3-77 

3-78 

8-79 

8-80 

8-81 

5 

3-82 

8-88 

8*84 

3-86 

8-86 

3-87 

3-88 

3-88 

8-89 

8-90 

6 

8-91 

3-92 

8-93 

3-94 

3-96 

3-95 

3-96 

3-97 

8-97 

8-98 

7 

8-99 

3-99 

400 

401 

4-02 

4  02 

408 

4-04 

4-05 

4-05 

8 

4-06 

406 

406 

407 

407 

408 

4-09 

4-09 

410 

411 

9 

4-11 

412 

413 

4-14 

4-14 

4-16 

4-15 

4-16 

4-16 

416 

If  n  =  100,  i  =  416 ; 
n  =  200,  t  =  4-48 ; 
n  =  600,  t  =  4-90. 

Table  XIIL— Signs  of  the  Trignometrical  Ratios* 

(Page  496.) 

Table  XIV. — Numerical  Values  of  some  Tri^ometrioal 

Ratios. 

(Page  497.) 
Table  XY.— Squares  of  Numbers  from  10  to  99. 


n. 

0. 

1. 

2. 

8. 

4. 

6. 

6. 

7. 

s. 

9. 

1 

100 

121 

144 

169 

196 

225 

256 

289 

324 

361 

2 

400 

441 

484 

529 

576 

625 

676 

729 

784 

841 

8 

900 

961 

1024 

1089 

1156 

1225 

1296 

1369 

1444 

1521 

4 

1600 

1681 

1764 

1849 

1936 

2025 

2116 

2209 

2804 

2401 

5 

2500 

2601 

2704 

2809 

2916 

8025 

3136 

8249 

3364 

3481 

6 

3600 

3721 

3844 

8969 

4096 

4225 

4356 

4489 

4624 

4761 

7 

4900 

5041 

5184 

5329 

5476 

5625 

5776 

5929 

6084 

6241 

8 

6400 

6561 

6724 

6889 

7056 

7225 

7896 

7569 

7744 

7921 

9 

8100 

8281 

8464 

8649 

8836 

9025 

9216 

9409 

9604 

9801 
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Table  XVI. — Square  Roots  of  Numbers  from  0*1  to  9*9. 


n. 

•0. 

•1. 

-2.  • 
0-447 

•8. 

•4. 

0-632 

-6. 

-6. 

-7. 

•8. 

-9. 
0-949 

0 

0-316 

0-548 

0-707 

0-776 

0-837 

0-894 

1 

1000 

1049 

1095 

1-140 

1-183 

1-225 

1-266 

1-304 

1-342 

1-378 

2 

1-414 

1-449 

1-483 

1-517 

1-549 

1-681 

1-612 

1-643 

1-673 

1-703 

3 

1-732 

1^61 

1-789 

1-817 

1-844 

1-871 

1-897 

1-924 

1-949 

1-975 

4 

2000 

2026 

2-049 

2074 

2098 

2-121 

2-145 

2-168 

2-191 

2-214 

5 

2-236 

2-258 

2-280 

2-302 

2-824 

2-345 

2-366 

2-387 

2-408 

2-429 

6 

2-449 

2-470 

2-490 

2-510 

2-530 

2-650 

2-569 

2-588 

2-608 

2-627 

7 

2-646 

2-665 

2-683 

2-702 

2-720 

2-739 

2-757 

2-775 

2-793 

2-811 

8 

2-828 

2-846 

2-864 

2-881 

2-898 

2-915 

2-933 

2-950 

2-966 

2-988 

9 

3-000 

3-017 

3-033 

3-050 

3066 

3-082 

3-098 

3114 

8130 

3146 

Table  XVII.— Square  Roots  of  Numbers  ttom  10  to  100. 


n. 

1 

0. 

1. 

2. 

3. 

4. 

3-873 

6. 

7. 

8. 

9. 

3-162 

3-317 

3-464 

3-606 

3-742 

4-000 

4-123 

4-243 

4-369 

2 

4-472 

4-683 

4-690 

4-796 

4-899 

5-000 

5-099 

5196 

6-292 

6-885 

3 

5-477 

5-568 

5-667 

5-745 

6-831 

5-916 

6-000 

6-083 

6-164 

6-245 

4 

6-325 

6-403 

6-481 

6-567 

6-633 

6-708 

6-782 

6-856 

6-928 

7000 

5 

7-071 

7-141 

7-211 

7-280 

7-348 

7-416 

7-483 

7-550 

7-616 

7-681 

6 

7-746 

7-810 

7-874 

7-937 

8-000 

8-062 

8-124 

8-186 

8-246 

8-807 

7 

8-367 

8-426 

8-485 

8-544 

8-602 

8-660 

8-718 

8-775 

8-832 

8-888 

8 

8-944 

9-000 

9-055 

9-110 

9-165 

9-220 

9-274 

9-327 

9-381 

9-434 

9 

9-487 

9-539 

9-592 

9-644 

9-695 

9-747 

9-798 

9-849 

9-899 

9-950 

Table  XVIII.— Cubes  of  Numbers  from  10  to  100. 


n. 

1 

0. 

1. 

2. 

1728 

3. 

4. 

r>. 

6. 

7. 

8. 

9. 

1000 

1331 

2197 

2744 

3375 

4096 

4913 

6832 

6869 

2 

8000 

9261 

10648 

12167 

13824 

15626 

17676 

19683 

21962 

24389 

8 

27000 

29791 

32768 

35937 

89304 

42876 

46656 

60653 

54872 

59819 

4 

64000 

68921 

74088 

79607 

85184 

91125 

97336 

103823 

110692 

117649 

5 

126000 

132651 

140608 

148877 

167464 

166375 

176616 

185193 

195112 

205379 

6 

216000 

226981 

238328 

260047 

262144 

274625 

287496 

300763 

814432 

328509 

7 

348000 

357911 

373248 

389017 

405224 

421875 

438976 

456633 

474562 

493039 

8 

612000 

631441 

651868 

571787 

592704 

614126 

636066 

658503 

681472 

704969 

9 

729000 

763571 

778688 

804367 

830684 

867375 

884730 

912673 

941192 

970299 
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Table  XIX.— Cube  Roots  of  Numbers  from  1  to  100. 


n. 

0. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

1 

8. 

9. 
2080 

0 

1-260 

1-442 

1-587 

1-710 

1-817 

1-913 

2-000 

1 

2164 

2-224 

2-289 

2-351 

2-410 

2-466 

2-620 

2-671 

2-621 

2-668 

2 

2-714 

2-769 

2-802 

2-844 

2-884 

2-924 

2-963 

3-000 

3-037 

3-072 

3 

3-107 

3-141 

3-176 

3-208 

3-240 

3-271 

3-302 

3-332 

3-362 

3-391 

4 

8-420 

3-448 

3-476 

3-603 

3-630 

3-557 

3-583 

8-609 

3-634 

3-659 

5 

3-684 

3-708 

3-738 

3-766 

8-780 

3-803 

3-826 

8-849 

8-871 

3-893 

6 

8-916 

3-936 

3-958 

3-979 

4000 

4-021 

4-041 

4-062 

4-082 

4-102 

7 

4121 

4-141 

4160 

4-179 

4-198 

4-217 

4-286 

4-264 

4-273 

4-291 

8 

4-309 

4-327 

4-344 

4-362 

4-380 

4-397 

4-414 

4-431 

4-448 

4-466 

9 

4-481 

4-498 

4-614 

4-631 

4-547 

4-563 

4-579 

4<596 

4-610 

4-626 

Table  XX. — Reoiprooals  of  Numbers  tpom  1  to  100. 

The  position  of  the  decimal  point  is  to  be  fixed  as  required.  Thus  if 
n  =  57,  j\  =  0-0175 ;  if  n  =  5700,  ^^Va  =  0-000175.  The  chief  use  of 
this  table  is  in  the  addition  and  subtraction  of  fractions. 


n. 

0. 

1. 

2. 

3. 

4. 

5. 

6. 

t — 

7. 

8. 

9. 

0 

10000 

60000 

33333 

26000 

20000 

16667 

14286 

12600 

11111 

1 

10000 

90909 

83333 

76923 

71429 

66667 

62600 

68824 

65666 

52632 

2 

50000 

47619 

46455 

43478 

41667 

40000 

38462 

87037 

36714 

84488 

3 

33333 

32268 

31260 

30303 

29412 

28571 

27778 

27027 

26316 

25641 

4 

26000 

24390 

23810 

23256 

22727 

22222 

21739 

21277 

20833 

20408 

5 

20000 

19608 

19231 

18868 

18619 

18182 

17867 

17544 

17241 

16949 

6 

16667 

16393 

16129 

16873 

16626 

16386 

16152 

14926 

14706 

14493 

7 

14286 

14086 

13889 

13699 

13614 

13333 

13168 

12987 

12821 

12658 

8 

12600 

12346 

12196 

12048 

11906 

11766 

11628 

11494 

11364 

11236 

9 

11111 

10989 

10870 

10753 

10638 

10526 

10417 

10309 

10204 

10101 

Table  XXI. — Numerical  Values  of  c  from  x  =  0  to  ^  »  10. 


X. 

0. 

1. 

2. 

3.   ' 

1 

4. 

6. 
1-6487 

6. 

7. 

s. 

9. 

0 

1-0000 

1-1052 

1-2214 

1-3499 

1-4918 

1-8221 

2-0138 

2-2255 

2-4696 

1 

2-7183 

30042 

3-3201 

3-6693 

4-0552 

4-4817 

4-9530 

5-4739 

6-0496  6-6869 

2 

7-3891 

8-1662 

9-0260 

9-9742 

11023 

12-183 

13-463 

14-880 

16-445  '  18-174 

3 

20086 

22-198 

24-533 

27-113 

29-964 

33-115 

36-698 

40-447 

44-701  !  49*402 

4 

64*598 

60-340 

66-686 

73-700 

81-461 

90017 

99-480 

109-95 

121-61  |134-29 

6 

148-41 

164-03 

181-27 

200-34 

221-41 

244-69 

270-43 

298-87 

330-30 

366-04 

6 

403-43 

445-86 

492-75 

545-57 

601-86 

665-14 

73610 

812-41 

897-86 

992-27 

7 

1096-6 

12120 

1339-4 

1480-3 

1636-0 

18080 

1998-2 

2208-3 

2440-6 

2697-3 

8 

2981-0 

3294*5 

3641-0 

4023-9 

4447-1 

4914-8 

6431-7 

6002-9 

6634-2 

7332-0 

9 

8103-1 

8965-0 

9897-0 

10938- 

12088- 

13360- 

14766- 

16318- 

18084-   19930- 

1 

1 
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Table  XXII.— Numerioal  Yalues  ot  e^'  from  x  »  0  to  a?  =  10, 


X. 

0 

0. 

1. 

2. 

S. 

4. 

5. 

6. 

7. 

8. 

9. 

10000 

0-9048 

0-8187 

0-7408 

0-6708 

0-6065 

0*6488 

0-4966 

04498 

0-4066 

1 

0-8678 

•8329 

•8012 

•2725 

•2466 

-2281 

•2019 

-1827 

•1658 

-1496 

2 

•1863 

•1224 

•1108 

•1008 

•0907 

•0821 

-0748 

•0672 

•0608 

-0550 

8 

•0498 

•0461 

•0408 

•0869 

•0834 

•0802 

-0278 

•0247 

•0224 

-0202 

4* 

•0188 

•0166 

•0160 

•0186 

•0128 

•0111 

-0100 

•0»91 

•Oa82 

•0*75 

5 

00»67 

o-o^ei 

00»55 

0-0«80 

00>45 

00«41 

0-0»87 

00»34 

0-0«30 

0-0»27 

6 

•0»26 

•0*22 

•0»20 

•on8 

•0*17 

-0«16 

-0»14 

•0»12 

•0»11 

•0«10 

7 

•0391 

-0»83 

•0376 

•0»68 

•0^61 

•a'55 

•0»60 

-0=46 

•0»41 

•0337 

8 

•0'84 

•0»80 

•0328 

•0»26 

•0328 

•0^*20 

•0>18 

-0»17 

•0316 

•0314 

9 

•0»12 

•0311 

•O^IO 

•0*91 

•0*88 

-0*76 

•0*68 

•0*61 

1 

•0*66 

•0*60 

Table  XXIII. — Numerical  Yalues  of  e"*  and  e"^  from 

ic  =  0*1  to  a;  =  8-0. 


X. 

e-^. 

X. 

e^. 

e-^. 

01 

10101 

0-99005 

2-6 

8-6264  X  10« 

1^1592  X  10-3 

02 

10408 

-96079 

2-7 

1-4656  X  103 

6-8238  X  10-* 

0-8 

1-0904 

•91898 

2-8 

2-6402       „ 

3-9367       „ 

0-4 

1-1736 

-86214 

2^9 

4-4918       „ 

2-2263       „ 

0-6 

1-2840 

-77880 

8-0 

8-1031 

1-2341 

0-6 

i'4388 

0-69768 

8-1 

1-4918  X  10* 

6-7066  X  10    s 

0-7 

1-6823 

•61268 

3-2 

2-8001 

3-6713 

0-8 

18966 

•52729 

8-3 

6-2960 

1-8644       „ 

0^9 

2-2479 

-44486 

3-4 

1-0482  X  10» 

9-5402  X  10    8 

1-0 

2-7188 

-36788 

8-6 

2-0898       „ 

4-7861 

1-1 

8-8685 

0-29820 

36 

4-2507  X  10» 

2-3526  X  10-« 

1-2 

4-2207 

-23693 

3-7 

8-8206       „ 

1-1887 

1-8 

6-4195 

-18462 

3-8 

1-8678  X  108 

6-3664  X  10  -' 

1-4 

70993 

-14086 

8-9 

4-0829 

2-4796 

1-5 

9-4877 

-10540 

40 

8-8861        „ 

1-1254 

1-6 

12-986 

0-077306 

4-1 

1-9976  X  107 

6-0062  X  10  -  » 

1-7 

17-993 

•066676 

4-2 

4-5809 

2-1829 

1^8 

25-534 

-089164 

4-3 

1-0718  X  108 

9-8308  X  10  -  » 

1-9 

36-996 

•027062 

4-4 

2-5583 

3-9088       „ 

2-0 

54-598 

•018316 

4-5 

6-2297       ., 

1-6062 

2-1 

82-269 

0012155 

4-6 

1-6476  X  10» 

6-4614  X  10-»» 

2-2 

126-47 

•0*79070 

4-7 

3-9228       „ 

2-5494 

2-3 

198-34 

•0«60418 

4-8 

1-0143  X  W^ 

9-8595  X  10-" 

2-4 

317-85 

-0«31511 

4-9 

2-6756       „ 

3-7876       „ 

2-5 

618-02 

-0«19304 

50 

7^2005       „ 

1-8888       „ 

♦  0-0«555  means  0-00555  ;  0-0*66  means  0-000065. 
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Table  XXIV. — Logarithms  of  Numbers  to  the  Base  e. 

(Table  of  Natural  Logarithms.) 

Many  formulae  require  Natural  logarithms  (also  called  Napierian 
or  Hyperbolic  logarithms),  and  it  is  convenient  to  have  at  hand  a 
table  of  these  logarithms  to  avoid  the  necessity  of  having  recourse 
to  the  conversion  formulae  of  §  16. 

The  following  table  is  to  be  used  in  the  ordinary  way.  For 
numbers  between  1  and  10,  not  given  in  the  table,  use  interpola- 
tion or  proportional  parts.  For  numbers  greater  than  10,  proceed 
as  described  in  one  of  the  following  examples  : 

Examples.— (1)  Show  that  log«ir  =  log«(d*1416)  ==  1-1447. 

(2)  Required  the  logarithm  of  5,540  to  the  base  e.    Here 

log^,540  =  log.(5-540  x  1,000)  =  log,(6-54  x  10») ; 
hesce,  log«5,540  =  log«5'54  +  8  log«10  ==  8*6198. 

(8)  Show  that  loft,100  =  4-6052;  log,l,000  =  6*9078  ;  loft,10,000  =  9*2108  ; 
log,100,000  =:  11*5129. 

(4)  If  100  c.c.  of  a  gas  at  a  pressure  of  5,000  grams  per  square-  centimetre 
expands  until  the  gas  occupies  a  volume  of  557  c.c,  what  work  is  done  during 
the  process  ?    From  page  209, 

W  =  pi«i  log,!^  =  5,000  X  100  X  log^*57  =  858,700  ergs. 

If  a  table  of  ordinary  logarithms  had  been  employed  we  should  have  written 
2-3026  X  logio5-57  in  place  of  log«5*57. 

Note  :  log^lO  =  2-8026, 
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n. 

■00. 

•01. 

■02. 

•08. 

•04. 

•06. 

-06. 

■07. 

1 
•08. 

•09. 

1-0 

00000 

0-0100 

0-0198 

00296 

00392 

00488 

00683 

0-0677 

0^0770 

0-0862 

1-1 

•0968 

•1044 

•1188 

•1222 

•1810 

•1398 

•1484 

•1570 

-1666 

•1740 

1-2 

•1828 

•1906 

•1989 

•2070 

•2161 

•2231 

•2311 

•2890 

•2469 

-2640 

1-8 

•2624 

•2700 

•2776 

•2862 

•2927 

•8001 

-8075 

•8148 

•8221 

•8298 

1-4 

•8866 

•8486 

•3607 

•3577 

•3646 

•8716 

-3784 

-3863 

•8920 

•3988 

1-5 

0-4066 

0-4121 

0^4187 

0^4253 

0-4318 

0-4883 

0-4447 

0-4611 

0-4574 

04637 

1-6 

•4700 

•4762 

•4824 

•4886 

•4947 

•6008 

•6068 

•6128 

-6188 

•6247 

1-7 

•5806 

•6866 

•6428 

•6481 

•5639 

•6696 

•6663 

•6710 

-5766 

•5822 

1-8 

•5878 

•6988 

-6988 

•6043 

•6098 

•6162 

•6206 

•6259 

-6313 

•6366 

1-9 

•6419 

•6471 

•6628 

•6575 

•6627 

■6678 

•6729 

•6780 

-6831 

•6881 

2-0 

0-6982 

0-6981 

0-7031 

0-7080 

0-7180 

0-7178 

0-7227 

0-7276 

0-7824 

0-7872 

2-1 

•7419 

•7467 

•7514 

•7661 

•7608 

-7656 

•7701 

•7747 

-7793 

•7839 

2-2 

•7886 

•7980 

•7976 

•8020 

-8066 

•8109 

-8164 

•8198 

•8242 

•8286 

2-8 

•8329 

•8872 

•8416 

-8469 

•8602 

•8544 

•8687 

•8629 

•8671 

•8713 

2-4 

•8766 

•8796 

-8888 

•8879 

•8920 

•8961 

•9002 

•9042 

•9083 

•9123 

2-5 

0-9163 

09208 

0-9248 

0^9282 

0-9822 

0^9861 

09400 

0-9439 

0^9478 

09617 

2*6 

•9655 

•9694 

•9632 

•9670 

•9708 

•9746 

•9788 

•9821 

•9858 

•9896 

2-7 

•9983 

•9970 

1-0006 

1^0043 

10080 

10116 

1-0162 

10189 

1^0225 

1^0260 

2-8 

1-0296 

10832 

-0367 

•0403 

•0438 

•0472 

-0508 

•0543 

•0678 

-0613 

2-9 

•0647 

•0682 

-0716 

•0750 

•0784 

•0818 

•0852 

•0886 

•0919 

•0953 

8*0 

10986 

11019 

1-1053 

1^1086 

1^1119 

1^1151 

1-1184 

1^1217 

1-1249 

1^1282 

8-1 

•1814 

•1846 

•1378 

•1410 

•1442 

-1474 

•1606 

•1637 

•1569 

•1600 

8-2 

•1632 

•1668 

-1694 

•1725 

•1766 

•1787 

•1817 

•1848 

•1878 

•1909 

8-8 

•1939 

•1970 

•2000 

•2030 

•2060 

•2090 

•2119 

•2149 

•2179 

•2208 

8-4 

•2238 

•2267 

-2296 

•2326 

•2855 

•2384 

•2413 

•2442 

•2470 

•2499 

8-5 

1-2528 

1^2666 

1-2586 

1-2613 

1-2041 

1^2670 

1-2698 

1^2726 

1^2754 

1^2782 

8-6 

•2809 

•2887 

-2865 

•2892 

■2920 

•2947 

-2976 

•8002 

-3029 

•3056 

8-7 

•3083 

•8110 

-3137 

-8164 

■8191 

•8218 

-3244 

•8271 

•8297 

-3824 

8-8 

•3850 

•3376 

•3403 

-8429 

•3455 

-3481 

•8607 

•8688 

•3558 

•8684 

3-9 

•3610 

•3685 

•3661 

•3686 

•3712 

•8787 

•3762 

-3788 

•3813 

•3838 

4-0 

1^3863 

1-3888 

1-3913 

1-3988 

1^3963 

1^3987  1^4012 

14036 

1-4061 

1-4086 

4-1 

•4110 

-4134 

-4169 

•4183 

•4207 

•4231 

•4255 

•4279 

•4303 

•4327 

4-2 

•4861 

•4376 

-4398 

•4422 

•4446 

•4469 

-4493 

•4616 

•4540 

•4563 

4-8 

•4686 

•4609 

-4683 

•4666 i    ^4679 

•4702 

•4726 

•4748 

•4771 

•4793 

4-4 

•4816 

•4889 

•4861 

•4884 

•4907 

•4929 

•4964 

•4974 

•4996;    -5019 

1 

4*5 

1-6041 

1^6068 

1^6085 

1^5107 

1^5129 

1^6161 

1^6173 

1-6196 

1^5217   15239 

4-6 

•6261 

•6282 

•6304 

•6826 

•5347 

•6369 

•6890 

•5412 

•54.33 

•5454 

4-7 

•6476 

•6497 

•6518 

•5539 

•5560 

•5681     -5602 

•5623 

•5644 

•5665 

4-8 

•6686 

•5707 

•5728 

•5748     ^6769 

•5790 

•6810 

•6831 

•6851 

•5872 

4-9 

•6892 

•5913 

•6933 

•6958 

•5974 

•5994 

•6014 

•6034     •6054;    ^6074 

6-0 

16094 

1-6114 

1^6134 

1^6154 

1^6174 

16194 

1-6214 

1-6233 

10253 

1^6273 

61 

•6292 

■6312 

•6332 

•6351 

•6371 

•6390'    -6409 

■6429 

•6448 

•6467 

5-2 

•6487 

•6506     -6526 

•6544 

•6663 

•6682 

•6601 

•6620 

•0639 

•6658 

5-3 

•6677 

•6696 

•6716 

■6784 

•6762 

•6771 

•6790 

•6808 

•0827 

•6845 

6-4 

•6864 

•6882 

•6901 

•6919 j    -6938 

. 1— 

•6956     -6975 

•09931    ^7011 

•7029 

522 


HIGHER  MATHEMATICS. 


». 

•00. 

•01. 

•02. 

•03. 

■0*. 
1-7120 

•05. 

-oa 

•07. 

•08. 
1-7192 

-oa. 
1-7210 

6-5 

1-7048 

1-7066 

1-7083 

1-7102 

1-7138 

1-7166 

1-7174 

5-6 

•7228 

•7246 

-7263 

•7281 

•7299 

•7317 

-7334 

•7362 

•7370 

-7387 

6-7 

•7405 

•7422 

•7440 

•7467 

•7476 

•7492 

-7509 

•7627 

•7644 

-7561 

6-8 

•7679 

•7696 

•7613 

•7680 

•7647 

•7664 

•7682 

•7699 

•7716 

•7733 

6-9 

•7760 

•7766 

•7788 

•7800 

•7817 

•7834 

•7851 

-7868 

•7884 

-7901 

60 

1-7917 

1-7934 

17961 

17967 

1^7984 

1^8001 

1-8017 

1-8084 

1-8050 

1-8067 

6-1 

•8083 

•8099 

•8116 

•8132 

•8148 

•8165 

-8181 

•8197 

•8213 

-8229 

6-2 

•8246 

•8262 

■8278 

•8294 

•8310 

•8326 

-8342 

•8868 

•8374 

•8890 

6-8 

•8406 

•8421 

•8437 

-8453 

•8469 

-8485 

•8600 

•8616 

•8632 

-8647 

6-4 

•8663 

-8679 

•8694 

•8610 

•8626 

-8641 

•8666 

•8672 

•8687 

-8703 

6-5 

1-8718 

1-8733 

1-8749 

1-8764 

1-8779 

1-8796 

1^8810 

1-8826 

1^8840 

1-8866 

6-6 

-8871 

-8886 

•8901 

•8916 

-8981 

-8946 

•8961 

•8976 

•8991 

•9006 

6-7 

-9021 

•9036 

•9061 

-9066 

-9081 

•9096 

•9110 

•9126 

•9140 

-9156 

6-8 

•9169 

•9184 

-9199 

•9213 

-9228 

-9-243 

•9267 

•9272 

•9286 

-9301 

6-9 

-9816 

•9880 

•9344 

-9369 

-9373 

-9387 

•9402 

•9416 

•9481 

•9446 

7  0 

1-9469 

1-9478 

1-9488 

1-9602 

1-9516 

19580 

1^9544 

1^9659 

19573 

1-9687 

7-1 

•9601 

-9615 

•9629 

•9648 

-9667 

•9671 

•9685 

•9699 

•9713 

-9727 

7-2 

•9741 

•9766 

•9769 

-9782 

•9796 

-9810 

•9824 

•9838 

•9861 

•9866 

7-3 

•9879 

-9892 

•9906 

-9920 

•9933 

•9947 

•9961 

•9974 

•9988 

2-0001 

7-4 

20016 

20028 

2^0042 

20055 

20069 

2-0082 

20096 

2-0109 

20122 

-0136 

7-6 

2-0149 

2-0162 

20176 

2-0189 

20202 

20216 

2-0229 

2-0242 

2^0266   20268 

7-6 

•0282 

•0296 

•0308 

-0321 

•0834 

•0347 

•0360 

-0373 

•0386 

-0399 

7-7 

-0412 

•0426 

•0438 

-0451 

•0464 

•0477!    ^0490 

•0603 

•0616 

-0628 

7-8 

•0641 

•0664 

•0567 

•0580 

•0692 

•0606 

•0618 

•0631 

•0643 

-0666 

7-9 

•0669 

•0681 

-0694 

-0707 

•0719 

•0782 

-0744 

•0767 

•0769 

•0782 

80 

2-0794 

2^0807 

20819 

20832 

20844 

2-0857 

2-0869 

2^0882 

20894 

2-0906 

8-1 

-0919 

•0981 

-0943 

•0956 

•0968 

•0980 

-0992 

•1005 

■1017 

•1029 

8-2 

•1041 

•1064 

-1066 

•1078 

•1090 

•1102 

-1114 

•1126 

•1138 

•1151 

8-3 

-1163 

-1176 

-1187 

-1199 

•1211 

•1223 

•1235 

•1247 

•1269 

-1270 

8-4 

•1282 

-1294 

-1306 

-1318 

•1330 

•1342 

•1864 

•1865 

-1377 

-1389 

8-6 

21401 

2-1412 

2-1424 

2-1436 

2-1448 

2^1459 

2-1471 

2^1483 

2-1494 

21506 

8-6 

-1618 

-1629 

-1541 

•1662 

•1564 

-1676 

•1687 

•1699:    -1610 

-1622 

8-7 

•1633 

•1646 

•1666 

•1668 

-1679 

-1691 

•1702 

•1713     -1725 

-1786 

8-8 

•1748 

•1769 

•1770 

-1782 

-1793 

•1804 

•1816 

•1827     -1838 

•1849 

8-9 

-1861 

•1872 

•1883 

-1894 

-1906 

-1917 

•1928 

•1989     -1950 

1 

•1961 

9-0 

21972 

2  1983 

2-1994 

2-2006 

2-2017 

2-2028 

2-2039 

2-2060 

2-2061 

2-2072 

9-1 

•2088 

•2094 

•2106 

•2116 

-2127 

-2138 

-2149 

•2169 

-2170 

-2181 

9-2 

•2192 

•2203 

•^-^214 

-5225 

-2235 

•2246 

•2267 

•2268 

-2279 

•2289 

9-3 

•2300 

•2311 

•2322 

•2332 

-2348 

•2354 

•2364 

•2376 

-2386 

•2396 

9-4 

-2407 

•2418 

•2428 

•2439 

-2450 

-24G0 

•2471 

•2481 

-2492 

•2502 

9-5 

2-2613 

2-2623 

2-2534 

22544 

2'2666 

2-2566 

22576 

2-2686 

2-2597 

2-2607 

9-6 

•2618 

-2628 

-2638 

-2649 

-2659 

•  26701    -2680 

•2690 

•2701 

•2711 

9-7 

-2721 

•2732 

•2742 

-2762 

-2762 

•27731    -2783 

•2793 

-2803 

•2814 

9-8 

•2824 

•2834 

•2844 

•2864 

•2866 

•2876 1    -2886 

•2895 

•2906 

•2915 

9-9 

•2925 

•2936 

•2946 

•2956 

•2966 

•2976     -2986 

1 

•2996 

-3006 

•8016 
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Miscellaneous  Examples. — Since  most  of  the  problems  in  this  work 
have  been  appended  as  exercises  to  particular  sections,  the  student  may- 
desire  to  test  himself  with  a  few  miscellaneous  problems. 

(1)  Show  that 

sill  iJ  ""  X  ■•■  3 1 '  2  "^  "61  \2/    "^  *  ■  ' 

(2)  The  plates  of  a  condenser  of  capacity  C  are  connected  by  a  wire  of 
self-induction  L  and  resistance  R,    The  current  then  satisfies  the  equations 

where  q  denotes  the  charge  on  the  condenser.  Discuss  these  equations,  and 
show  that  the  charge  will  die  away  'gradually  when  RW  >  ^L,  and  will 
perform  a  series  of  damped  oscillations  of  period 

4wL{^LC  -»-««)-*  when  R^C  <  ^L. 

(3)  Ethyl  acetate  is  hydrolysed  in  the  presence  of  acidified  water  forming 
alcohol  and  acetic  acid.  Suppose  a  gram  molecules  of  acetic  acid  are  used  to 
inaugurate  the  hydrolysis  of  6  gram  molecules  of  ethyl  acetate,  show  that 
Wilhelmy's  law  leads  to 

dx  1  b(a  +  x) 

^  =  k^(a  +  x)  (ft  -  x) ;  or  -^ .  logio^^-^T^^j  =  constant ; 

and  if  a  gram  molecules  of  some  other  acid  are  used  as  **  catalytic  "  agent, 

^  =  (V  +  ^i')  (6  -  X) ;  or  -^ .  logiol^^TTi '  "~M~"  j  =  constant. 

See  Ostwald,  Jounu  filr  prakt.  Chem.  [2],  28,  449,  1883,  for  experimental 
numbers. 

(4)  The  water  reservoir  of  a  town  has  the  form  of  an  inverted  conical 
fuslrum  with  sides  inclined  at  an  angle  of  45°  and  the  radius  of  the  smaller 
base  100  ft.  If  when  the  water  is  20  ft.  deep  the  depth  of  the  water  is 
decreasing  at  the  rate  of  5  ft.  a  day,  show  that  the  town  is  being  supplied 
with  water  at  the  rate  of  72,000  ir  cubic  ft.  per  diem. 

(5)  Discuss:  *'The  difference  between  the  method  of  infinitesimals  and 
that  of  limits  (when  exclusively  adopted)  is,  that  in  the  latter  it  is  usual  to 
retain  evanescent  quantities  of  higher  orders  until  the  end  of  the  calculation 
and  then  neglect  them.  On  the  other  hand,  such  quantities  are  neglected 
from  the  commencement  in  the  infinitesimal  method,  from  the  conviction 
that  they  cannot  affect  the  final  result,  as  they  must  disappear  when  we 
proceed  to  the  limit "  {Efwyc,  Brit.), 

(6)  By  guessing  I  find  that  x  =  cos  qtia  a,  solution  of 

d^x 

5^  +  2'<  =  0. 

hence  show  that  the  complete  integral  is  y  =  Ci  cos  qt  +  C,  sin  qt. 

(7)  Verify  the  following  integration,  using  (33),  page  500, 

i'     X  .dx       _    1    /  x*         7x*  \      r 

./Vl-cosx"  ^72^'"  "^  36  -^  14,400  +  •  •  -j  +  <^- 

(8)  Show  that  the  result  of  integrating  Jx  ~  ^dx  by  parts  is  Jx  ~  ^dx  itself. 

(9)  Centnerszwer  {Zeit.  filrphys.  Chein.y  26, 1,  1896)  referred  his  observa- 
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tioDB  on  the  partial  pressure  of  oxygen  during  the  oxidation  of  phosphorus  in 
the  presence  of  different  gases  and  vapouis  to  the  empirical  formula 

V*^Po  -  a  log  (1  +  bx) ;  i.«.,  topo  -  Px  =  a  log  (1  +  6ar), 
Inhere  po  denotes  the  pressure  of  pure  oxygen,  jp«  the  partial  pressure  of  oxygen 
mixed  with  x  ^1^  of  foreign  gas  or  vapour.     Show,  with  Gentnerszwer,  that 
_  Mxy) .  ^(x*)  -  2(x«y)  •  2(^     .  _  2(xy) .  2(x^  -  2(x«y) .  ^{x^ 

where  y  =  p^  -  p,.  Also  show  that  a  =:  184,  6  :=  118  for  chlorhenzene  when 
it  is  known  that 

Px  =  561,       549,        586,        528,        509,        485 ; 
when  ar  =    0.         -064,         108,       -215,        -480,       -868. 

(10)  The  equations  of  motion  of  an  electron  in  a  magnetic  field  (Zeeman 
effect)  are : 

d^x  dy  d*!/  dx 

Vide  Larmor*s  JEther  and  Matter  (Cambridge,  p.  847,  1900).     The  solutions 

are: 

X  =  -  Cisin(p,^  +  e,)  +  Cj8in(^f  +  •2);  V  =  CiCoa{p^t  +  ei)  +  CaCOs(2?j/  +  «J, 

where  ^1  =  ^/(m*  +  n")  +  n,  2>2  =  \^(*^'  +  **')  ~  **• 

(11)  Since  dQ  ^  C,.de  -^  L. dv, 
with  the  notation  of  §  26,  show  that 

dU  =  (L  ■-  p)dv  +  C,.d», 
and  demonstrate  that  if  (2  U*  is  a  complete  differential  dQ  is  not. 

(12)  It  is  not  difficult  to  show  (by  the  aid  of  a  diagram)  that  the  equation 
of  motion  of  a  pendulum  swinging  through  a  finite  angle  is 

/^  =  -^8ine, 

where  9  represents  the  angle  described  by  the  pendulum  on  one  side  of  the 
vertical  at  the  time  t  reckoned  from  the  instant  the  pendulum  was  vertical ; 
g  denotes  the  constant  of  gravitation,  I  the  length  of  the  string.     Hence  show 

dt^  "  Vf  (°^**  -  ^^^•)  =  -  2Vl(^™'  2  "  "°'2J* 
where  a  is  the  value  of  $  when  dejdt  =  0,  i.e.,  a  is  the  angle  through  which  the 
pendulum  oscillates  on  each  side  of  the  vertical.  Show  that  we  reject  the 
"  +  "  root  because  6  decreases  as  t  increases.  The  expression  on  the  right 
can  be  put  into  a  simpler  form  by  writing  sin  ^  =  sin  ^a .  sin  ^.  Hence  show 
that  if  t  represents  |  of  the  period  of  oscillation  {i.e.,  of  a  double  swing) 

4>  dip 


t 


-  <i 


gJQ  ^/(l-sinHa.Biii2^)' 

If  a  =  0,  sin^  =  1,  and  .*.  <p  =  ^ir.  Hence  show  that  **a  pendulum  beating 
seconds  when  swinging  through  an  angle  of  6°  will  lose  11  to  12  seconcls  a 
day  if  made  to  swing  through  8°  and  26  seconds  if  made  to  swing  through 
10°  "  (Simpson's  Fluxions,  1787). 

If  we  were  studying  the  time  required  by  the  pendulum  to  pass  through 
different  arcs  we  should  alter  the  value  of  6  and  of  ^  accordingly. 

Show  that  for  small  oscillations  the  period  is  2w  \Ulg  (page  328)  and  the 
first  approximation  in  the  correction  for  amplitude  of  swing  is  +  i  sin*  !«. 
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(18)  Show  that  x'  is  a  maximum  when  x  ^e, 
x«,  X,  1 


(14)  If  y  = 


,  show  that  %-  +  ^^—  +  -^  =  0. 

c^      oy      Ci 


1/*.  y.  1 
^,  £.  1 

(15)  Show  that  the  non-periodic  e~^  may  he  expanded  in  the  definite 
integral 

c  ~  **  =  — p  I    e  ~  ^* .  cos  2xx .  dx, 

each  element  of  which  is  periodic. 

(16)  The  equation 

I  =  x(e^!^  -  e  -  '/**), 

represents  the  relation  between  the  length  I  of  the  string  hanging  from  two 
points  at  a  distance  s  apart  when  the  horizontal  tension  of  the  string  is  equal 
to  a  length  x  of  the  string.  Show,  by  Newton's  rule,  that  x  =  180*96  when 
I  »  22  and  s  =  20. 

(17)  Show  that  the  equation  in  the  preceding  example  may  be  written  in 
the  form  llu  +  10  sinh  t^  ==  0  by  writing  u  »  10/r,  and  solved  by  the  aid  of 
Table  IV.,  page  510. 

(18)  From  the  definitions  of  §  26  establish  the  so-called  "  Four  thermo- 
dynamic relations  '*  between  p,  v,  9,  ^,  when  any  two  are  taJcen  as  independent 
variables. 

(19)  Find  by  means  of  a  diagram  what  is  wrong  with  this  integration 

/^      dx 


i 


=  -2. 


0  (^  -  1)" 

(20)  The  length  of  the  first  whorl  of  Archimedes  spiral  2«r  =  o^  is  8'8885a. 

Verify  this. 

(21)  A  submarine  telegraph  cable  consists  of  a  circular  core  surrounded  by 
a  concentric  circular  covering.  The  speed  of  signalling  through  this  varies  aa 
1  :  x^  log  x  ~  \  where  x  denotes  the  ratio  of  the  radius  of  the  core  to  that  of  the 
covering.  Show  that  the  fastest  signalling  can  be  made  when  this  ratio  is 
0-606. 

(22)  If  unit  charge  of  electricity  of  potential  F  =  r  ~  ^  at  a  point  (x,  y^  z)  is 
concentrated  at  the  centre  of  the  sphere 

{X  -  a)«  +(y-  6)«  +  («  -  c)«  =  r», 
show  that  the  potential  V  satisfies  Laplace's  equation. 

(28)  Show  that  the  surface  tension  of  a  liquid  depends  only  on  the 
temperature  and  is  independent  of  the  pressure  (Selby's  problem,  Phil.  Mag. 
[6],  31,  430,  1891). 

(24)  Show  by  triple  integration  that  ^bc  represents  the  volume  of  a 
tetrahedron  bounded  by  the  three  coordinate  planes  and  the  plane 

a      o      c 

(25)  Keferring  to  the  first  five  lines  of  §  150,  page  368,  show  graphically 
that 

rf(x).dx  =  2rf{x).dx,    .        .        .    provided /(x)  =/(- x) ; 
=  0, ,        /(  -  x)  =  -  /(x). 
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dy  X  1 

(26)  If  cr^  -  ay  -  X  =  1, 2,  =  ^  _  -  -  -  +  Cx-. 

(27)  Re  footnote,  page  70.  Represent  Dalton's  and  Gay  Lassac's  laws  in 
-symbols.  Show  by  mathematical  reasoning  that  if  second  and  higher  powezs 
of  a0  are  outside  the  range  of  measurement,  Dalton's  law,  v  ^  v^^**^,  is  equiva- 
lent to  Gay  Lussac's,  v  =  t;o(l  +  a0). 

(28)  From  certain  measurements  it  is  found  that  if 

X  =  618,  y  =  3-927  ;  a?  =  688,  y  =  3-1416 ;  a?  =  462,  y  =  1-6708. 
Apply  Lagrange's  formula  (2),  page  261,  in  order  to  find  the  best  value. to 
represent  y  when  x  =  617.    Ansr.  3-898. 

(29)  Interpret :  "  Common  integration  is  only  the  Tnemory  of  differentia- 
lion  .  .  .  the  different  .  .  .  artifices  by  which  integration  is  effected,  are 
changes,  not  from  the  known  to  the  unknown,  but  from  forms  in  which 
memory  will  not  serve  us  to  those  in  which  it  will "  (De  Morgan,  Trans, 
Cambridge  Phil.  Soc.,  8,  188,  1844). 

(80)  Re  page  269.  Transform  the  integral  jjdydx  into  jjrdrdB  when 
X  =  rcosi^,  y  —  rsin9  (1),  page  94.  Hint.  Differentiate  the  last  two  equa- 
tions. If  y  is  constant  during  the  x  differentiation  dy  »  0.  Hence  eliminate 
d$  to  get  the  value  of  dx  in  terms  of  dr.  Similarly,  mutatis  mutandis,  for  the 
value  of  dy. 

(31)  If  a^  =  6y  -  car,  y  =  ^x  +  C^e"^^!^  +  Cjf -*'^*l^  as  in  Gray's 
Absolute  Measurements  in  Electricity  and  Magnetism,  p.  248,  1888. 
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Abbreviation  (symbols),  8,  9,  10,  11,  24, 
36,  37,  38,  56,  238,  248,  454,  483,  495. 
(See  symbola  of  operation. ) 

Abegg's  formula,  283. 

Abel,  385. 

Abscissa,  64. 

—  axis,  63. 
Absolute  errors,  454. 

—  measure  of  precision,  430. 

—  t«rm  (of  equation),  886. 

—  values,  238. 

—  zero,  9. 

Absorption  of  light,  45. 
Acceleration,  7,  18. 

—  negative,  7. 

—  positive,  7. 
Accidental  errors,  427. 
Acetylene,  493. 
Acnode,  137. 
Addition,  485. 
Adiabatic,  211. 

—  elasticity,  92. 

—  expansion,  211. 

work  by,  211. 

Adrain,  429. 
Agamennone,  453. 
Aggregation.    States  of,  125. 
Airy,  343,  430. 

Algebra.     Fundamental  laws  of,  304. 
Algebraic  functions,  22. 

differentiation  of,  22-30. 

Altemando  (ratio),  106. 
Amplitude,  188. 

—  of  damped  vibrations,  327. 
Analogies  of  Napier,  502. 
Analysis,  harmonic,  357. 
Andrews,  399. 

Angle.    Complement  of,  498,  499. 

—  supplement  of,  498,  499. 

—  vectorial,  93. 

Angles.     Circular  measure  of,  494. 

—  limiting  values  of,  499. 

—  measurement  of,  493. 

—  negative,  499. 

—  radian  measure  of,  493. 
Anti-differential,  156. 
Aperiodic  motion,  323,  326. 


Appleyard  and  Walker,  207. 
Approximate  calculations,  222,  483. 

—  integration,  263. 

—  solution  of  equations,  388. 
Approximation  formulae,  486. 
Arago  and  Biot's  formula,  56. 
Arc  of  circle.     Length  of,  491. 
Archimedes'  spiral,  96,  525. 
Area  of  circular  sector,  491. 

—  —  segment,  491. 

—  eunilinear  tlgures,  491. 

—  ellipse.  491. 

—  irregular  figures,  491. 

—  parabola,  491. 

—  parallelogram,  491. 

—  polygon,  491. 

—  rectangle,  491. 

—  rhombus,  491. 

—  similar  figures,  491. 

—  surfaces  of  revolution,  192. 

—  trapezium,  491. 

—  triangle,  491. 

spherical,  491. 

Areas  of  curves,  177. 
Arithmetical  mean,  434,  464. 
Arrhenius'  viscosity  formula,  26^. 
Association.     Law  of,  304. 
Asymptotes,  137,  139. 

—  of  hyperbola,  87. 
Atom,  4o. 

Atomic  weights,  454,  457. 
Auxiliaries,  472. 
Auxiliary  equations,  308. 
Average  error,  440. 

—  velocity,  6. 

Axes.     Coordinate,  63,  102. 

—  oblique,  63. 

—  of  hyperbola,  81. 

—  rectangular,  63. 

—  transformation  of,  74. 
Axis.     Abscissa  or  x-,  64. 

—  major  (ellipse),  79. 

—  minor  (ellipse).  79. 

—  of  imaginaries,  275. 

—  of  reals,  275. 

—  of  revolution,  192. 

—  ordinate  or  y-,  64. 
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Babinet  and  Housel,  485. 

Bacon,  2. 

Baker.  189. 

Balance.    Null  or  zero  point  of,  250. 

Ballistic  galvanometer,  S2S. 

Bancroft,  97,  99,  217. 

Base  (of  logarithms),  34. 

Bayer's  strain  theory,  492. 

Baynes,  415. 

Berkeley,  19. 

Bernoulli's  equation,  297. 

—  series,  233. 
Berthelot,  1. 

—  and  Gilles,  204. 
BerthoUet,  157,  204. 
Bessel,  251,  430. 
Bessel's  equation,  358. 

—  formula,  438. 

—  functions,  358. 
Beta  function,  191. 
Binomial  series,  22S. 

—  theorem,  22,  228. 

Biot  and  Arago's  formula,  56. 

Biot's  formula,  39. 

Biquadratic  equations,  386. 

Bodenstein,  203,  206. 

Bolton,  234. 

Boole,  252,  266,  292. 

Bosscha's  formula,  47. 

Boyle  and  Gay-Lussac's  law.  111. 

Boyle's  law.  15,  17,  30,  62,  119,  208,  488. 

Boynton,  62,  214. 

Boys'  water  pipes,  149. 

Bradley,  430. 

Brauner.  114. 

Break,  119. 

Bremer,  250. 

BriggHian  lo^ithms,  36. 

Bniner  and  ToUoczko,  384. 

Bunsen  and  Roscoe,  4,  46,  130. 

Burgess,  269. 

Byerly,  369,  370. 

C-discriminant,  302. 

Calculations,  approximate,  222,  483. 

Calculus  of  finite  differences,  246. 

—  historical  note  on,  20. 
Calibration  curve,  254. 
Callendar's  formula,  25. 

Carbon  ring  compounds  (Bayer's  theory), 

192. 
Cailletet  and  Colardeau,  124. 
Camot,  19,  21. 
Camot's  function,  296. 
Cartesian  coordinates,  64. 

transformation  to  and  from  polar, 

94,  109. 
Casting  off  decimals,  485. 
Catenary,  276,  279,  524. 
Cavendish,  441,  477. 
Cavley,  302,  490. 
Cells  for  maximum  current,  146. 
Centnerszwer,  523. 


I  Centre  of  gravity  of  cone,  492. 
I pyramid,  492. 

triangular  lamina,  492. 

*  Characteristic  equation.     (See  equation  of 

state.) 
j  Charles,  70. 

Charpit,  344. 

Chauvenet's  criterion,  476,  516. 

Chemical  action  (periodic),  114. 

—  change.    Influence  of  temperature  on*. 

214.  *^ 

—  equilibrium,  208. 

—  reactions.     Velocity  of,  46,  197,  203. 
dependent,  830. 

simultaneous,  380. 

Chord  of  circle.     Length  of,  491. 
Christoffel's  formula,  28. 
Chrystal,  176,  280,  395. 
Cissoid,  136. 
Circle,  100,  196. 

—  area  of,  491. 

—  equation  of,  75. 
general,  76. 

—  great.  502. 

—  length  of  arc,  491. 

chord,  491. 

perimeter,-  491. 

—  of  curvature,  140. 

—  osculatory,  140. 

—  small,  502. 

Circular  measure.    (See  radian  measure.  > 

—  sector.     Area  of,  491. 

—  segment.     Area  of,  491. 

—  symmetry,  358. 
Clairaut,  157. 

Clairaut's  equation,  300,  346. 

—  formula,  53,  475. 
Clapeyron's  work  diagrams,  183. 
Clark,  467. 

Clausius,  4,  421. 
I  Clement  and  Desormes,  61,  213. 

Coexistence  of  diff.  reactions.      Principle 
of,  52. 

states  of  aggregation,  125. 

Colardeau  and  Ctmletet,  124. 

Columns  (of  determinants),  404. 

Combinations,  489. 

Common  logarithms,  36. 

conversion  to  natural,  37. 

I  Commutation  law,  304. 

I  Complanation  of  surfaces,  192. 

:  Complement  of  angle,  498,  499. 

Complementary  function,  306,  816,  847. 
I  Complete  differential,  58,  295,  524. 
I  —  elliptic  integrals,  189. 
j  —  integral,  288,  342. 
I  —  solution  of  diff.  equations,  288. 
I  Complex  number,  175. 

—  quantity,  175. 
Componendo  (ratio),  106. 

—  et  dividendo.  106. 
Composition  of  narmonic  motions,  114^ 
Compound  events,  418. 

—  interest,  44. 
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Compound  interest  law,  40,  47,  283,  284. 
Compression,  coefficient  of,  6,  /. 
Comte,  2. 

Concavity  of  curves,  188,  189. 
Concentration  of  solutions.    Representa- 
tion of,  68. 

Etard's  method,  68. 

Gay  Lnssac's  method,  68. 

Conditional  equations,  172,  386. 
Conditioned  observations,  469. 
Conditions  limiting,  344. 
Cone,  108,  194. 

—  centre  of  gravity,  492. 

—  equation  of  surface,  108. 
>-  surface  of,  193,  491. 

—  volume  of,  492. 
Coniooids,  110. 
Conic  sections,  76. 
Coinugate  axis  (hyperbola),  81. 

—  determinant,  411.  , 

—  point,  137,  189. 
Consistency  of  equations,  405. 
Constant,  15. 

—  coefficients.       Linear    diff.    equations 

with.  807,  347. 

—  errors,  461. 

—  of  integration,  169. 
evaluation  of,  162. 

—  of  proportion,  487. 

—  of  variation,  487. 
Constants.    Elimination  of,  288. 

—  evaluation  of,  256. 

—  graphic  method,  261. 
Constituents  of  determinant,  402. 
Contact  of  curves,  238. 

orders  of,  236. 

Continuity,  118. 

Continuous  functions,  118. 

Convergency  of  Fourier's  series,  369. 

Converging  series,  218,  369. 

Convertenao  (ratio),  106. 

Conversion  of  natural  to  common  logs.,  39. 

—  common  to  natural  logs.,  39. 
Convexity  of  curves,  133,  139. 
Cooling  curves,  128. 
of  iron,  128. 

—  law  of.     Dulong  and  Petit  on,  43. 

Galitzine  on,  44. 

Newton  on,  41. 

Stefan  on,  44. 

Wiukelmann  on,  42. 

Coordinate  axes,  63,  132. 
transformation  of,  74. 

—  planes,  102. 
Coordinates,  Cartesian,  64. 

—  generalized,  116. 

—  polar,  93, 

—  transformation,  polar  to  Cartesian,  93, 

109. 
Cartesian  to  polar,  98, 109. 

—  trilinear,  97. 
Correction  for  weighing  in  vaciw,  225. 

—  terms,  224. 
Corresponding  states,  400. 


I  Cos  X,  495. 
I  Cosec  Xf  495. 
'  Cosecant,  496. 
I  —  hyperbolic,  27& 
Cosech  X,  273. 

—  graph  of,  276. 
Cosh  X,  273. 

—  ^ph  of,  275. 
Cosme,  495. 

—  hyperbolic,  273. 
numerical  values  of,  280,  511. 

—  series,  229,  363. 

Euler's  exponential,  271. 

Cosines  direction,  108. 
Cot  2,  494. 
Cotangent,  494. 

—  hyperbolic,  278. 
Coth  X,  273. 

—  graph  o^  275. 
Cotes  and  Newton,  264. 
Cottle  and  Noyes,  202. 
Criterion  for  the  rejection  of   suspected 

observations,  496. 
Chauvenet's,  496,  516. 

—  Ldtfrange's,   for  maxima  and  minima, 

—  of  integrabUlty,  58,  290,  317. 
Critical  point,  400. 
of  cooling  curve,  128. 

—  temperatures,  124,  125. 
Crompton,  122. 
Crookes,  207,  226,  446,  447. 
Crystallographv,  135.  601. 
Cubature  of  solids,  193. 
Cube  roots.    Tables  of,  617,  518. 
Cubic  equations,  386. 
Cubical  expansion.     Coefficient  of,  55. 
Current.    Arrangement  of  cells  for  maxi- 
mum, 146. 

—  extra  at  make,  328. 
Curvature,  139. 

—  circle  of,  140. 

—  direction  of,  142. 

—  mean,  140. 

—  radius  of,  141. 
--  total,  139. 
Curve  calibration,  254. 

—  definition  of,  65. 

—  equation  of,  65. 

—  harmonic,  135. 

—  imaginary,  176. 

—  logarithmic,  138,  180. 

—  probability,  135,  429,  441. 

—  sine,  112,  181. 
Curves.    Areas  of,  177. 

—  concavity  of,  133,  189. 

—  contact  of,  235. 
orders  of,  236. 

—  convexity  of,  133,  139. 

—  critical  points  of  cooling,  128. 

—  equipotential,  304. 

—  family  of,  101. 

—  lengths  of,  186,  491. 

—  magnetic,  304. 
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Curves,  orders  of,  99. 

—  plotting,  66,  124. 
Pickering  on,  125. 

—  rectification  of,  106. 

—  solubUity,  66,  67. 
Curvilinear  figures.     Area  of,  491. 
Cnsp  locus,  303. 

Cusps^  131,  136,  139. 

—  Keratoid  (or  ceratoid),  136. 

—  rhamphoid  (or  rampnoid),  137. 
Cylinder,  108. 

—  equation  of  surface,  108. 

—  surface  of,  491. 

—  volume  of,  492. 
Cylindrical  harmonics,  358. 

D'Alembert,  21. 
D'Alembert's  equation,  348. 
Dalton's  law,  47,  70,  384,  526. 
Damped  vibrations,  323,  326. 

amplitude  of,  327. 

period  of,  326. 

Damping  ratio,  327. 
De  Morgan,  12,  526. 
Dead-beat  galvanometer,  323. 
Decrement  logarithmic,  327. 
Definite  integrals,  153,  183,  369. 

evalnation  of,  179. 

Degree  of  diff.  equation,  289. 
Degrees,  493. 

—  of  freedom,  116. 
Demoivre's  theorem.  280,  505. 
Dependent  chemical  reactions,  330. 

—  variables,  5,  15. 
Descartes,  64,  416. 
Descartes'  rule  of  signs,  387. 
Decimals.     Casting  off,  485. 
Desormes  and  Clement,  61,  213. 
Determinants,  402. 

—  coiyugate,  411. 

—  constituent  of,  402. 

—  differentiation  of,  411. 

—  element  of,  402. 

—  expansion  of,  405. 

—  multiplication  of,  410. 

—  order  of,  402. 

—  properties  of,  407. 

—  skew,  411. 

—  symmetrical,  411. 

Diagrams.     Concentration -temp.,  98. 

—  triangular,  97. 

—  work,  182. 

Clapeyron's,  183. 

Difference.     Probable  error  of  a,  442. 
Differences.    Calculus  of  finite,  246. 

—  orders  of,  246. 
table  of,  246. 

Differential,  8,  20,  523. 

—  coefficient,  5,  58. 

calculation  from  experimental  data, 

247. 

higher,  14. 

second,  14. 


I  Differential  coefficient,  third,  14. 
'  —  complete,  58,  295,  524. 
j  —  equation,  156,  283,  288. 

! Bernoulli's,  297. 

I Chiiraut's,  300,  346. 

complete.    Solution  of,  288. 

degree  of,  289. 

exact,  289. 

linear,  317. 

solution  of,  290. 

test  for,  289,  318. 

Forsyth's,  298. 

general  solution  of.  288. 

genesis  of,  288,  340. 

geometrical  meaning  of,  286. 

homogeneous,  284. 

linear,  316. 

partial,  347. 

linear  (first  order),  296. 

-; constant  coefficients,  307. 

nth  order,  305. 

partial,  347. 

solution  of,  297. 

variable  coefficients,  315. 

nonhomogeneous,  284. 

linear,  348. 

order  of,  289. 

ordinary,  289. 

partial,  289,  340. 

particular  solutions  of,  289,  342. 

physical  meaning  of,  286. 

simultaneous,  332,  336. 

solution  of,  288. 

by  differentiation,  298. 

by  separation  of  variables,  288. 

in  series,  855. 

—  -  total,  339. 

—  exact,  58. 
Differentiation,  15,  17. 

—  integration  by,  373. 

—  Leibnitz'  method,  19,  20,  523. 

—  logarithmic,  37. 

—  Newtou's  method,  19,  21,  523. 

—  of  algebraic  functions,  22-30. 

—  of  angles,  33. 

—  of  determinants,  411. 

—  of  exponential  functions,  38. 

—  of  hyperbolic  functions,  277. 

—  of  integrals,  373. 

—  of  inverse  trig,  functions,  33. 

—  of  logarithms,  36. 

—  of  trig,  functions,  31. 

—  partial,  60. 

—  solution  of  diff.  equations  by,  298. 

—  successive.  47. 
partial,  57. 

Diffusion  experiments.     Pick's,  380. 

Graham,  380. 

Loschmidt,  384. 

Soret,  220. 

Stefan,  382. 

Weber,  382. 

—  Fourier's  linear  law  of,  374. 
Dimensional  geometry,  101. 
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Dimensions,  two,  65. 

—  three,  101. 
Directrix,  95. 

—  (parabolA),  76. 
Direction  cosines,  103. 

—  of  curvature,  142. 
Discontinuity,  118. 

—  with  breaks,  119. 

—  with  change  of  direction,  124. 
Discontinuous  functions,  120. 
Discriminant,  302,  388. 

Dissociating  gases.  Work  of  expansion, 
209. 

Distribution  of  molecular  velocities.  Max- 
well's law  of,  448. 

Distribution  hiw,  305. 

Divergent  scries,  218. 

Division,  485. 

—  shortened,  485. 

—  by  logarithms,  480. 
Donkin,  96. 
Do9tor*8  theorem,  409. 
Double  integrals,  195. 

—  weighing.     Gauss'  method,  250. 
Duhem,  117,  127. 

Dulong,  483. 

—  andPetit,  48,  254,  443. 
Dumas,  447,  459,  463. 
Durand's  rule,  267. 
Dividendo  (ratio),  106. 

—  et  componendo  (ratio),  106. 

e*,  e  «,  c**,  e~'^.    Numerical  values  of, 

518-519. 
Eccentricity,  95. 
Edgeworth,  435,  477. 
Elasticity  adiabatic,  92. 

—  isothermal,  92. 

—  volume,  92. 

Electric  current.    Cells  for  maximum,  146. 
Electrodynamometer,  181. 
Element  (leading)  of  determinant,  405. 
Elements  of  determinant,  402. 

—  surface,  177. 

—  volume,  196. 
Eliminant  of  equations,  405. 
Elimination,  407. 

—  equations,  473. 

—  of  constants,  288. 

—  of  functions,  340. 
Ellipse,  78,  100,  142,  179,  188. 
— -  area  of,  491. 

—  equation  of,  78. 
of  tangent  of,  86. 

—  length  of  perimeter,  491. 

—  properties  of  foci,  86. 

—  shape  of,  79. 
Ellipsoid,  108,  110. 
Ellipsoidal  harmonics,  359. 
Elliptic  integrals,  188,  524. 

complete,  189. 

first  class,  189. 

second  class,  189. 

third  class,  189. 


Empirical  formula,  249,  252. 
Envelope,  142,  301. 

—  locus,  302. 
Epoch,  113. 

Equal  roots  of  equation.     Separation  of, 

391. 
Equation,  characteristic,  59. 

—  araph  of,  67. 

—  locus  of,  67. 

—  of  circle,  75. 
graph  of,  76. 

—  of  condition,  172,  386. 

—  of  cone,  108. 

—  of  curve,  66.  * 

—  of  cylinder,  108. 

—  of  ellipse,  78,  86. 

—  of  hyx)erbola,  87. 
rectangular,  88. 

—  of  normal,  84. 

—  of  parabola,  77. 

—  of  sphere,  108. 

—  of  state,  59. 

—  of  straight  line,  68. 

intercept  form,  70. 

tangent  form,  70. 

—  of  subnormal,  84. 

—  of  subtangant,  84. 

—  of  surface  (general),  106. 

—  of  tangent,  84. 

—  of  roots  of,  385. 

—  of  solution  of,  385. 

test  for,  394. 

Equations,  auxiliary,  308. 

—  biquadratic,  380. 

—  consistency  of,  405. 

—  cubic,  386. 
^differential.     (See  differential. ) 

—  eliminant,  40o. 

—  elimination,  473. 

—  gas,  4,  89. 

—  identical,  172,  386. 

—  literal,  386. 

—  normal,  471. 

—  numeral.     (See  numeral.) 

—  -  observation,  256,  471. 

—  of  vibratory  motion,  322. 

—  quadratic,  386,  387. 
Equiangular  spiral,  95,  188. 
Equilateral  hyper b^ola,  38. 
Equilibrium,  cnemical,  203. 

—  van't  Hoirs  principle  of  mobile,  216. 

—  false,  47. 

Equipotential  curves,  304. 
Equithermal  surfaces,  374. 
£m>r,  fractional,  455. 

—  function,  269. 
Errors,  absolute,  454. 

—  accidental,  427. 

—  average,  440. 

—  constant,  451. 

—  large,  431. 

—  law  of,  428. 
Gauss',  432. 

—  mean,  439,  440, 473. 
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Errors,  mean,  square,  440. 

—  of  observation!  426. 

—  percentage,  455,  486. 

—  personal,  452. 

—  probable,  486. 

nnmCTical  tables  of,  512,  518. 

of  a  difference,  442. 

of  a  product,  442. 

of  a  proportion,  443. 

of  a  quotient,  ^. 

of  a  sum,  442. 

—  proportional,  453. 

—  relatiye,  455. 

—  systematic.    (See  constant.) 

—  weighted.  464. 

Esson  and  Harcourt.    (See  Harcoort.) 

Etard,  68. 

Eulerian  inteffral  (first  class),  191. 

(second  class),  190. 

Euler's  exponential  cosine  series,  271. 
sine  series,  271. 

—  theorem,  56,  293,  840. 
Evaluation  of  constants,  255. 

graphic  method,  261. 

~  of  »,  aO. 

Event,  compound,  418. 
Everett,  249,  484. 
Evolute,  141. 

Evolution  by  logarithms,  481. 
Exact  differential,  58. 

equations,  289. 

linear,  817. 

test  for,  289,  818. 

Forsyth's,  819. 

solution  of,  290. 

Expansion.    Coefficient  of,  6,  7. 
cubical,  55. 

—  of  determinants,  405. 

—  of  dissociating  gases.    Work  of,  209. 

—  of  gases.    Adiabatic,  211. 

work  of,  209,  211. 

isothermal,  208. 

work  of,  208. 

Explicit  functions,  413. 
Exponent,  471. 
Exponential  functions,  88. 
differentiation  of,  38. 

—  series,  230. 

cosine,  271. 

sine,  271. 

—  theorem,  280. 

Extension  of  Fourier's  theorem,  866. 

—  Taylor's  theorem,  236. 
Extra  current  at  make,  328. 
Extraneous  solutions  (of  equations),  894. 
Extrapolation,  249. 

Factorials,  24. 

Factors  integrating,  58,  291. 

to  find.  292. 

Fahrmann,  197. 
False  equilibrium,  47. 
Families  of  curves,  101. 


Faradav,  8,  454. 

Fermats  principle,  147,  241. 

Fick's  diffusion  experiments,  380. 

—  equation,  4,  376. 
solution  of,  376. 

—  law,  875,  876. 

Fidelity  of  observations,  445. 
Figures.    Area  of  curvilinear,  491. 

irregular,  491. 

similar,  491. 

—  significant,  484. 

—  volume  of  similar,  492. 

Finite  differences.    Calculus  of,  246. 
First  integrals,  318. 

—  law  of  thermodynamics,  61,  295. 
Focal  radius  (ellipse),  78. 

(parabola),  76. 

Focus,  95. 

—  of  ellipse,  78. 

—  of  hyperbola,  80. 

—  of  parabola,  76,  85. 
Formula,  252. 

—  for  thermometer  stem,  90. 
Formulae  approximation,  486. 

—  empirical,  249,  252. 

evaluation  of  constants  in,  255. 

—  interpolation,  249. 

—  mensuration,  490. 

—  parabolic,  264. 

—  reduction,  170,  184. 

—  theoretical,  252. 

—  trapezoidal,  260. 

—  trignomelaical,  499. 
Forbes,  4. 

Forced  vibrations,  328. 
Forces  generalized,  117. 
Forsyth,  844. 

—  test  for  exact  equations,  319. 
Foucault,  454. 

Fourier,  269,  370. 
Fourier's  equation,  4,  320. 

—  integrals,  368. 

—  linear  diffusion  law,  874. 

—  series,  361,  380. 

convergency  of,  869. 

extension  of,  866. 

—  theorem,  360. 
Fractional  error,  455. 

—  index,  482. 
Fractions,  partial,  171. 

integration  by,  171,  172,  178. 

—  vanishing,  242. 
Free  path,  422. 

mean,  422. 

Freedom,  degrees  of,  115. 
Fresuel,  8. 

Fresnel's  integrals,  190. 
Friction,  coemcient  of,  322. 
Fuhrmann,  197. 
Function,  15,  252. 
Functions.     Elimination  of,  840. 
Fundamental  laws  of  algebra,  804. 
I  Fusibility.    Surface  of,  97. 
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GftUtzine,  44. 

Oalvanometers,  ballistic,  323. 

—  dead-beat,  323. 
Gamma  function,  190,  289. 

numerical  values  of,  191,  507. 

Gas  equation,  4,  89. 

Gases,  adiabatic  expansion  of,  211. 

work  of,  211. 

—  dissociating.    Work  of  expansion,  209. 

—  isothermal  expansion  of,  ^8. 
work  of,  208. 

—  kinetic,  theory  of,  421,  448. 

—  viscosity  of,  8128. 

Gauss,  175,  269,  327,  429,  430,  474. 

—  and  Weber,  486. 
Gauss'  equation,  359. 

-—  interpoUtion  formula,  251. 

~  law,  386. 

of  errors,  482, 

—  method  of  double  weighing,  250. 

solving  observation  equations,  471. 

— ■  measure  of  precision,  436. 

—  series,  359. 

Gay  Lussac  and  Boyle's  law,  111. 

—  composition  of  solutions,  68. 
Gay  Lussac's  Uw,  17,  70,  488,  526. 
Gee  and  Wrapson,  484. 

Geitel,  282,  335,  336. 
General  integral,  343. 

—  mean,  466. 
Generalized  coordinates,  115. 

—  forces,  117. 

Genesis  of  diff.  equations,  288,  340. 
Geometrical   meaning  of  diff.  equations, 
286. 

—  series,  219. 

Geometry  in  three  dimensions,  101. 

—  in  two  dimensions,  63. 

—  in  space,  101. 
Gerliug,  477. 
Gibbs,  342. 

—  thermodynamic  surfaces,  111. 
Gilbert,  190. 

Gilles  and  Berthelot,  204. 
Glaisher,  267. 

Goldschmidt's  equation,  174. 
Gradient  teniperature,  374. 
Graham's  diffusion  experiments,  380. 

—  Uw,  220. 
Graph  cosech  jr,  276. 

—  cosh  Xy  275. 

—  coth  X,  275. 

—  of  equations,  67. 

—  sech  a:,  275. 

—  sinh  Xy  276. 

—  tanh  x,  275. 

Graphic  interpolation,  68,  254. 

—  methods,  evaluation  of  constants,  261. 
solving  numerical  equations,  388. 

—  representation,  66. 

of  work,  182. 

Gravity  centre  of,  of  cone,  492. 
pyramid,  492. 

triangular  lamina,  492. 


Gray,  262,  526. 

—  and  Mathews,  369. 
Great  circle,  502.. 
GreenhUl,  190,  280. 
Gregory's  series,  229. 
Gudermannians,  274,  505. 
Guldberg  and  Waage,  157,  204,  215. 

Hagen,  429,  470. 
Halley's  law,  45,  213. 
H&llstrdm'B  formula,  148. 
Hambly  and  Walker,  207. 
Harcourt  and  Esson,  46,  262,  298,   383, 
334,336.  »       »        .         .         , 

Harmonic  analysis,  367. 

—  curve,  112,  135. 

—  cvlindrical,  368. 

—  ellipsoidal,  359. 

—  motions,  111. 

simple,  112. 

composition  of,  114. 

—  spherical  solid,  368. 
surface,  368. 

—  tesseral,  358. 

—  toroidal,  358. 

—  zonal,  359. 
Hatchett,  490. 

Heat,  molecular  specific,  72. 

—  specific,  7,  25,  61. 
Heaviside,  374. 

Helmholtz's  equation,  284,  314. 
Henrici,  362. 

Henry,  205. 

Henry's  law,  66. 

Herman,  490. 

Herschel,  256,  429. 

Heria,  3,  85. 

Hessian,  412. 

Higher  differential  coefiicients,  14. 

Hilton,  401. 

Hinrichft,  434. 

Him,  224. 

Historical  note  on  calculus,  20. 

Hoar  frost  line,  125. 

Holman,  476. 

Homogeneous  diff.  equations,  284. 

4inear,  316. 

partial,  347. 

—  equations,  simultaneous,  402. 

—  functions,  56. 

Euler's  theorem,  56,  293,  340. 

Hood,  202,  207. 

Hopkinson,  2. 

Homer's  process    for   solving    numerical 

equations,  395. 
Horstmann,  123,  247. 
Housel  and  Babinet,  485. 
Hydrates  in  solution,  121. 
Hyperbola,  80,  100,  138. 

—  equation  of,  80. 
of  tangent  of,  87. 

—  equilateral,  88. 

—  rectangular,  88,  180,  279,  304. 
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Hyperbola,  shape  of,  81. 
Hyperbolic  cosecant,  273. 

—  cosiDe,  273. 

—  cosines.      Numerical    values    of,  280, 

511. 

—  cotangent,  273. 

—  functions.    Differentiation  of,  277. 
integration  of,  277. 

inverse,  277. 

properties  of,  604. 

transformation  to  and  from  trig., 

276. 

—  logarithms,  180. 

—  secant,  278. 

—  sine,  273. 

—  sines.    Numerical  values  of,  280,  510. 

—  spupal,  96,  180. 

—  tangent,  273. 
Hyperboloid,  108,  110. 

—  of  one  sheet,  108. 

—  of  two  sheets,  108. 
Hyperelliptic  integrals,  189. 
Hypergeometric  series,  359. 
Hypotheses,  working,  2,  42-44,  282. 

Ice  line,  125. 

Identical  equations,  172,  386. 
Illusory  functions,  242. 
Imaginaries.    Axis  of,  275. 
Imaginary  axes  (hyperbola),  81. 

—  curve,  176. 

—  periodic  functions,  274. 

—  point,  175. 

—  quantities,  175,  274. 

—  semi-axis  (hyperbola),  81. 
Implicit  functions,  418. 

Impulses.  Principle  of  superposition  of 
small,  52. 

Incomplete  reactions,  203. 

Indefinite  integnJs,  153. 

Indeterminate  functions,  242. 

Independence  of  diff.  processes.  Prin- 
ciple of  mutual,  52. 

Independent,  variable,  5,  15,  340. 

Index,  479. 

—  fractional,  482. 

—  law,  305,  479. 

—  of  refraction,  147,  148. 
Indices  (of  crystals),  107. 
Inferior  limits  of  integration,  153. 
Inflection,  points  of,  132,  137,  139. 
Inflexion,  133. 

Influence  of  temp,  on  chemical  equilibrium, 

214. 
Infinite  series,  218. 

integration  by,  267. 

Infinitesimals,  8,  20,  523. 
Infinity,  9,  402. 
Initial  line,  94. 

Integrability.     Criterion  of,  56. 
Integrals,  153. 

—  complete,  288,  342. 

—  <lefinite,  153,  183. 


Inte^als,  definite  evaluation  of,  179. 

—  differentiation,  878. 

—  double,  195. 

—  elliptic,  188,  524. 

complete,  189. 

first  class,  189. 

second  class,  189. 

third  class,  189. 

—  Eulerian,  first,  191. 
second,  190. 

—  first,  318. 

—  Fresnel's,  190. 

—  Fourier's,  368. 

—  general,  343. 

—  hyper-elliptic,  189. 

—  indefinite,  153. 

—  multiple,  194. 

—  particular,  306,  310,  316,  847,  351,  870. 

—  probability,  270,  431. 

numerical  values  of,  514,  515. 

—  Soldner's,  190. 

—  space,  155. 

—  surface,  195. 

—  table  of,  157,  278,  506. 

—  time,  155. 

—  triple,  196. 

—  ultra^iptic,  189. 

—  volume,  196. 
Integration,  150,  526. 

—  approximate,  263. 

—  between  limits,  183,  369. 

—  by  differentiation,  373. 
I  —  by  infinite  series,  267. . 

:  —  by  purtial  fractions,  171. 

—  by  parts,  168. 

—  by  substitution  of  new  variable,  164, 

284. 

—  by  successive  reduction,  169. 

—  constant  of,  159. 
evaluation  of,  162. 

—  formulae,  Newton-Cotes',  264,  267. 

—  limits  of,  153. 

—  of  hyperbolic  functions,  277. 

—  simple  methods  of,  159. 

—  successive,  194. 

Intercept  form  of  equation  of  a  straight 

line,  70. 
Interest,  compound,  40. 

law  of,  40,  47. 

Interpolation,  249. 

—  formula,  249. 

Gauss',  251. 

Lagrange's,  251. 

Stirling's,  247. 

—  graphic,  68,  254. 

Inverse  hyperbolic  functions,  271. 

—  sine  series,  230. 

—  trig,  functions,  33. 

differentiation  of,  33. 

Invertendo  (ratio),  106. 
Involute,  141. 

Involution  by  logarithms,  481. 

Ionic  motion,  330. 

Iron.     Cooling  curves  of,  128. 
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IrratioDAl  numbers,  188. 

—  quantity,  176. 

Irregular  figures.    Area  of,  491. 
Irreversible  reactions,  208. 
Isobars,  90. 
Isochores,  90. 
Isometric  lin«8,  90. 
Isopiestic  lines,  90. 
Isotherm  of  dissociation,  91. 
Isothermal,  90,  208. 

—  elasticity,  92, 

—  expansion  of  gases,  208. 
work  of,  208. 

Jacobian,  412. 

Jevons,  118,  217,  416,  427. 

Johnson,  1. 

Joubert  and  Mascart,  190. 

Joule,  466,  477. 

Joule's  law,  155,  459. 

Judson  and  Walker,  175,  200. 

Kant,  1. 

Kauffnian,  490. 

Kelvin,  3,  40,  269,  307,  360,  370,  373,  375, 

431. 
Kepler,  3. 

Keratoid  cusps,  136. 
Kew  (thermometer)  certificate,  453. 
Kleiber,  420. 

Kinetic  theorv  of  ^ases,  421,  448. 
Kipping  and  Perkm,  461. 
Kirchhofi',  420,  421. 
Kistiakowsky,  207. 
Kohlrausch,  259,  327. 
Kooij,  201. 
Kopp,  148,  254. 
Kramp,  24,  190,  269. 
Kundt,  435. 

Lag,  113,  329. 
Lagrange,  344. 

—  on  the  limits  of  Taylor's  theorem,  251. 
Lagrange'.s    criterion    for    maxima     and 

minima,  240. 

—  interpolation  formula,  251,  526. 
Lamb,  166. 

Lamp's  equations,  359. 

—  functions,  359. 

lAmina.    Centre  of  gravity  of  triangular, 

492. 
Langley,  485. 

Laplace,  417,  420,  421,  429. 
Laplace's  equation,  358,  370,  525. 
Large  errors,  431. 
Larmor,  524. 
Law  association,  304. 

—  commutation,  304. 

—  compound  interest,  40,  47,  283,  284. 

—  distribution,  305. 

—  index,  306. 


I  Law  of  eiTors,  428. 
Gauss',  432. 

—  ol  indices,  479. 

—  of  thermodynamics  (first),  61,  295. 
(second),  61,  524. 

Laws  of  algebra,  304. 

Le  Chatelier,  72,  111,  217,  454. 

Austen  pyrometer,  264. 

Le  Chatelier s  theorem,  217. 
Lead  (of  current),  113,  329. 
Leading  element  of  determinant,  405. 
Least  squares.     Method  of,  257,  433,  468, 

524. 
Lees  and  Schuster,  252. 
Legendre,  190,  433. 
Legendre's  coeificients,  359. 

—  equation,  317,  358. 

—  parameter,  189. 
Le^endrians,  359. 
Leibnitz'  series,  229. 

—  theorem,  49,  313. 

symbolic  form  of,  ,50. 

Lemniscate,  135. 
Lemoine,  267,  336. 
Length  of  arc  of  circle,  491. 

—  chord  of  circle,  491. 

—  curves,  186. 

—  normal,  84. 

—  perimeter  of  circle,  491. 
ellipse,  491. 

—  tangent,  84. 
Lenz's  law,  323. 
Lla«re,  417. 

lignt.     Absorption  of,  46. 

—  refraction,  147. 

—  reflection,  241. 

limit,  183.     (See  limiting  values.) 
Limiting  conditions,  344. 

—  values,  11,  495,  499. 
of  angles,  495. 

Limits.    Inte^ation  between,  183. 

—  of  integration,  1.53. 

—  of  Taylor's  theorem,  233. 
Line,  initial,  94. 

Lines,  isometric,  90. 

—  isopiestic,  90, 

—  straight.    (See  straight.) 

Linear  ditf.  equations  (first  order),  296. 

(wth  order),  305. 

constant  coefficients,  307,  347. 

exact,  317. 

homogeneous,  315. 

nertial,  347. 

nonhomogeneous,  348. 

solution  of,  296. 

variable  coefficients,  315,  854. 

—  equations,  simultaneous,  403. 

—  law  of  diffusion,  Fourier's,  374. 

—  observation  eouations.    Gauss'  method 

of  solving,  4/1. 

Maker's  method  of  solving,  475. 

Literal  equations,  386. 

Location  of  roots  of  equations.    Sturm's 

method,  392. 
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Lock,  176. 
Locus,  cusp,  803. 

—  envelope.  302. 

—  node,  303. 

—  of  equation,  67. 

—  tac,302. 
Lodge,  490. 
Loewel,  68. 
Logarithmic  curve,  188,  180. 

—  decrement,  327. 

—  differentiation,  87. 

—  functions,  36. 

differentiation  of,  85. 

—  pa^er,  262. 

—  series,  238. 

—  spiral,  95. 
Logarithms,  34,  479,  484. 

—  Briggsian.    (See  common.) 

—  common,  86. 

—  conversion  common  to  natural,  87. 
natural  to  common,  87. 

—  division  bv,  480. 

—  evolution  by,  481. 

—  hyperbolic,  180. 

—  involution  by,  482. 

—  multiplication  by,  480. 

—  Naperian.    (See  natural.) 

—  natural,  36. 

table  of,  520. 

Lonanitsch,  490. 
Loschmidt  and  Obermeyer,  55. 
Loschmidt's  diffosion  experiments,  884. 
Lower  limits  of  integration,  158. 
Lummer  and  Pringsheim,  214. 
Lupton,  252,  259. 

Maclaurin's  series,  227,  256. 

—  theorem,  224,  226,  232,  242. 
Magnetic  curves,  304. 
Magnitude,  orders  of,  8. 
Magnus'  formula,  88. 

Major  axis  (ellipse),  79. 

Malard  and  Le  Chatelier's  formula,  72. 

Mallet,  421. 

Marconi,  85. 

Marek,  459. 

Marignac,  466. 

Mascart  and  Joubert,  190. 

Material  point  (def.),  190. 

Mathematics  aud  experiment,  3. 

—  and  science  (Kant  on),  1. 

—  difficulties  of,  1. 

—  faith  in,  233. 

—  guessing  in,  201,  253. 

—  limitations  of,  2. 

—  object  of,  3. 
Mathews  and  Gray,  359. 
Matthiesseu's  formula,  29. 
Matrix  (determinant),  404. 
Maxwell,  3,  328. 

Maxwell's  law  of  distribution,  440. 
Maximum    electric    current.      Cells   for, 
146. 


Maximum  values  of  functions,  129,  130, 

189,  144,  524,  525. 
La^grange's  criterion  for  determin- 
ation of,  240. 

Taylor's  theorem  for  detennination 

of,  237. 
Mayer's  formula,  62. 

—  method  of  solving  observation   equa- 

tions, 475. 
McGinnis,  885. 
Mean,  arithmetical,  434. 

—  error,  430,  440,  473. 
(See  probable  error.) 

—  free  path,  422. 

—  general,  465. 

—  probable,  465. 

—  square.    Error  of,  440. 

—  velocity.    (See  average.) 
Measure  of  angles,  circular,  494. 
radian,  494. 

—  of  precision,  absolute,  430. 

Gauss',  430. 

Measurement  of  angles,  493. 
Mechanical  quadrature,  266. 
MendeI6eff,  ^. 

—  on  hydrates  in  solution,  121. 

—  -Newland's  law,  114. 
Mendel^ff's  formula,  25. 
Mensuration  formulae,  490. 
Merriman  and  Woodward,  176,  280. 
Method  of  averages,  451. 
Metastable  states,  126. 

Method  of  least  squares,  257,   433,  468, 
524. 

—  statistical,  451. 
Meyer,  214,  328,  421. 

—  and  Seubert,  466. 
MicheU,  420. 
Minchin,  124. 

Minimum  values  of  a  function,  129,  130, 

139,  144. 

Lagrange's  criterion  for,  240. 

Taylor's  series  for  determination 

of,  237. 
Minor  (determinant),  405. 

—  axis  (of  ellipse),  79. 
Minutes,  493. 
Mirrors,  parabolic,  85. 

Mobile  equilibrium.     Van't   Hoff^s    prin- 
ciple of,  216. 
Modulus  (logarithms),  37,  188. 
Molecular  specific  heat,  72. 

—  velocities.    Distribution  of,  448. 
Morley,  463. 

Mosander,  207. 

Motion,  aperiodic,  328,  326. 

—  harmonic,  111.    (See  periodic.) 
simple,  112. 

—  ionic,  330. 

—  periodic.  111.    (See  harmonic.) 

—  vibratory.     Equations  of,  822. 
Motions.    Composition  of  harmonic,  114. 
Multiple  integrals,  194. 

—  points,  135,  139. 
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if  ultiple  reflection,  241. 

valued  functions,  276. 

Jf  ultiplication,  485. 

—  by  logarithms,  480. 

—  of  determinants,  410. 

—  shortened,  485. 

Mutual  independence  of  diff.   processes, 

Napierian  logarithms.    (See  natural.) 
Napier's  analogies,  502. 
Natural  logarithms,  36. 

conversion  to  common,  JJ7. 

table  of,  520. 

—  vibrations,  326. 
Negative  acceleration,  7. 

—  velocity,  7. 

—  angles,  499. 

Nemst  and  Schduflies,  42,  52,  85,  86,  91, 

209. 
If  ewcomb,  430. 

Newlands-MendeUeff  law,  114. 
Newton.  230,  481. 
Cotes'   interpolation   formula,   264, 

267. 
Newton's  formula,  62. 

—  interpolation  formula,  251. 

—  law  of  cooling,  41. 

—  method  of  solving  numerical  equations, 

390,  525. 

—  second  law,  156,  322. 
Node  locus,  303. 
Nonhomogeneous  diff.  equations,  284. 

linear,  partial,  348. 

Nordenskjdld's  solubility  law,  47. 
Normal  equations,  471. 

—  to  curve,  84. 

—  equation  of,  84. 

—  length  of,  84. 
Notation,  14. 
Noyes,  201. 

—  and  Cuttle,  202. 

—  and  Scott,  201. 

—  and  Wason,  202. 

—  and  Whiting,  384. 
Null  point  of  balance,  250. 
Numbers,  complex,  175. 

—  irrational,  188. 

—  rational,  188. 

—  surd,  188. 
Numerical  equations,  386. 

approximate  solution  of,  388. 

graphic  methods,  388. 

Newton's  method,  390. 

Homer's  method,  395. 

—  values  of  gamma  function,  191,  507. 

tf',  e-'^,  e^,  t-^,  618-519. 

hyperbolic  cosines,  280,  511. 

functions,  506. 

sines,  280,  510. 

probability  integrals,  514,  515. 

probable  error  factors,  513. 

trig,  ratios,  497. 


Obermeyer  and  Losohmidt's  formula,  65. 

Oblique  axes,  63. 

Observation  equations,  256,  471. 

Gausa'  method,  solving,  471. 

Mayer's  method,  solving,  475. 

—  errors,  426. 
Observations,  conditioned,  469. 

—  fidelity  of,  445. 

—  rejection  of  suspected,  475. 
Uhauvenet's  criterion,  476. 

—  weighted,  464. 
Ohm's  law,  328,  336,  375. 
Operation.    Symbols  of,  16,  304,  815. 
Order  of  Bessel's  functions,  358. 

—  of  chemical  reactions,  197,  200. 

—  of  curves,  99. 

—  of  determinants,  402,  406. 

—  of  differences,  246. 

—  of  diff.  equations,  286. 

—  of  surfaces,  109. 
Orders  of  mag^iitude,  8. ' 
Ordinary  diff.  equations,  289. 
Ordinate,  64. 

—  axis,  64. 

Orthogonal  trajectories,  804. 
OsciUation.     (See  vibration. ) 
Osculation,  point  of,  136, 139. 
Osculatory  circle,  140. 
Ostwald,  52,  114,  379,  463,  468,  485,  523. 
Oxygen  standard  of  atomic  weights,  464. 

P-discriminant,  302. 
Paper  logarithmic,  262. 

—  semi-logarithmic,  262. 

—  squared,  262. 

Parabola,  76,  100,  138,  187,  279,  304. 

—  area  of,  491. 

—  equation  of,  77. 
subnormal  to,  85. 

—  subtangent  to,  8.5. 

—  tangent  to,  83. 

—  properties  of  focus,  85. 

—  shape  of,  77. 
Parabolic  formulae,  264. 

—  mirrors,  85. 
Paraboloid,  108,  110. 

—  surface  of,  193. 
Parallelogram,  area  of,  491. 

—  of  velocities,  424. 
Parallelepiped  of  velocities,  424. 

—  volume  of  rectangular,  492. 
Parameters  (of  crystal),  109. 

—  liegendre's,  189. 
__  vuriable  142 

Partial  diff.'  equation,  289,  339. 

linear,  347. 

with  constant  coeiiicients,  847. 

with  variable  coefficients,  364. 

homogeneous,  347. 

uonhomogeneous,  348. 

—  differentiation,  60. 
successive,  57. 

—  fractions,  171. 
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Partial  fractions,  iDtegration  by,  171. 

resolutioii  into,  172,  173. 

Particular  integral,  306,  310, 316, 847, 351, 
370. 

—  solutions,  289,  342,  350. 

superposition  of,  870. 

Parts,  integration  by,  168. 

—  of  triangle,  501,  504. 
Paths,  free,  422. 

mean,  422. 

Pendlebury,  269. 

Pentamethylene,  493. 

Perimeter  of  circle.    Length  of,  491. 

—  of  ellipse.     Length  of,  491. 
Period  of  damped  vibrations,  326. 

—  of  oscillation,  113. 
Periodic  chemical  actions,  114. 

—  functions,  111. 
imaginary,  274. 

—  motion.  111. 

—  time,  113. 

Petit.     (See  Dulong.) 
Permutations,  489. 
Perry,  262,  263,  324,  325,  362. 
Personal  errors,  452. 

Peter's  approximation  formula,  438,  445. 
Phase  (def.),  98. 

Physical  changes.     Influence  of  temp,  on, 
214. 

—  meaning  of  diff.  equation,  286. 
Pickering,  122,  124. 

Pierce,  476. 

Pipes.     Boys'  water,  149. 

Planck,  59. 

Plane  coordinate,  102. 

—  tangent,  108. 
equation  of,  108. 

—  trignometry,  493. 
Plauimeters,  263. 
Plotting  curves,  66,  124. 

Pickering  on,  125. 

Poincarfe,  428,  484. 
Point,  conjugate,  137,  139. 

—  critical,  400. 

of  cooling  curve,  128. 

—  d'ardt,  137. 

—  imaginary,  175. 

—  material,  48. 

—  multiple,  135,  139. 

—  of  inflection,  132,  134,  139. 

—  of  osculation,  136. 

—  triple,  126. 
Pois.Hon'8  equation,  358. 
Polar  coordinates,  93. 

—  transformation  to  and  from  Cartesian, 

94,  109. 
Pole,  94. 

Polygon,  area  of,  491. 
Polynomial  (def.),  24. 
Positive  acceleration,  7. 

—  velocity,  6. 

Precision.     Absolute  measure  of,  430. 

—  C4aus»'  measure  of,  436. 
Preston,  111,  128,  222,  223,  296. 


Price's  equation,  174. 
Primitive,  288. 

Principle  of  coexistence  of  diif.  reactioitfs,. 
52. 

—  of  least  squares,  257,  483,  468. 

—  of  mutual  independence  of  diff.   pro- 

cesses, 52. 

—  of  superposition  of  small  impulses,  52^ 
Pringsheim  and  Lnmmer,  214. 

Prism,  surface  of,  491. 

—  volume  of,  492. 
Probability,  416. 

—  curve,  135,  429,  441. 

—  integral,  270,  431. 

numerical  value  of,  514,  515. 

I^robable  error,  436. 

of  a  difference,  442. 

of  a  product,  442. 

of  a  proportion,  443. 

of  a  quotient.  443. 

of  a  sum,  442. 

factors.    Numerical  values  of,  512,. 

513. 

—  mean,  465. 

Product.     Probable  error  of,  442. 

Projection,  104. 

Properties  of  determinants,  407. 

—  of  foci  of  ellipse,  86. 

—  of  focus  of  parabola,  85. 

—  of  hyperbolic  functions,  504. 

—  of  roots  of  equations,  385. 

—  of  spherical  triangles,  502. 

—  of  triangles,  500. 
Proportion,  constant  of,  487. 

—  probable  error  of  a,  443. 
Proportional  error,  453,  455. 

—  parts,    llieory  of,  234. 

rule  of,  284. 

Prout's  law,  421,  441. 

Pyramid.     Centre  of  gravity  of,  492. 

—  surface  of,  491. 

—  volume  of,  491. 

Pyrometer.    Le  Chatelier- Austen,  254« 

Quadratic  equations,  386. 

solution  of,  387. 

Quadrature,  mechanical,  266. 

—  of  surfaces,  179. 
Quantities,  imaginary,  175,  274. 

—  irrational,  176. 

—  rational,  176. 
Quantity,  complex,  175. 

—  real  ,175. 

Quotient.     Probable  error  of  a,  4-18. 

Badian,  494. 

—  measure  of  angles,  494. 
Radius,  focal  (ellipse),  78. 
(parabola),  76. 

—  of  curvature,  141. 

—  vector,  93. 
(ellipse),  78. 
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Ramsay,  91,  450. 

—  and  Travers,  478. 
Rankine,  4,  254. 
Rapp's  formulae,  149. 
Bate.     (See  velocity. ) 
Ratio,  338. 

—  damping,  327. 
Ratios,  triguometrical,  494. 

limiting  values  of,  496. 

numerical  values  of,  496. 

signs  of,  495. 

Rational  quantities,  176. 
Rayleigh,  453,  478. 
Raymond,  326.  • 

Reactions  (chemical),  complete,  197. 

incomplete,  20S. 

irreversible,  197. 

order  of,  197,  200. 

reversible,  197. 

velocity  of,  46,  197. 

dependent,  380. 

simultaneous,  330. 

Real  axis  (hyperbola),  81. 

—  semi-axis  (hyperbola),  81. 

—  quantity,  175. 
Reals.    Axis  of,  275. 
Recalescence,  128. 
Rectangle.     Area  of,  491. 
Rectangular  axes,  63. 

—  hyperbola,  88. 
eouation  of,  88. 

—  parallelopiped.     Area  of,  492. 
Reciprocals.    Table  of,  518. 
RectiBcation  of  curves,  186. 
Reduction  (successive).     Integration  by, 

169. 

—  formulae,  170,  184. 
Reech's  theorem,  61. 
Reference  triangle,  97. 
Reflection  multiple,  241. 

—  of  Ught,  241. 
Refraction.     Index  of,  147. 148. 

—  of  Ught,  147. 
Regnault,  124,  254,  453,  467. 
Reicher,  202. 

Rejection  of  suspected  observations,  475. 

Chauvenet's  criterion,  476. 

Relative  error,  405. 

—  zero,  10. 
Representation,  graphic,  66. 

—  of  the  composition  of  solutions,  68. 

Etard's  method,  68. 

Gay  Lussac's  method,  68. 

Restitution.     Coefficient  of,  322. 
Retardation,  13.     (See  negative  accelera- 
tion.) 

Reversible  reactions,  197,  203. 
Revolution.     Axis  of,  192. 

—  solids  of,  193. 
area  of,  193. 

—  surfaces  of,  192. 

area  of,  192. 

Rhamphoid  cusps,  136. 
Rhombus.     Area  of,  491. 


Riccati's  equation,  357. 

Riemann  and  Weber,  259,  369,  370. 

Ring  compounds.    Bayer's  strain  theory^ 

492. 
Roberts- Austen,  129. 
Roozeboom,  97. 
Roots,  Cube.    Table  of,  517,  518. 

—  equal.    Separation  from  equations,  391. 

—  ot  equations,  385. 
properties  of,  385. 

—  of  van  der  Waals'  equation,  398. 
Sturm's  method  of  locating,  392. 

—  square.  Table  of,  516,  517. 
Roscoe  and  Bunsen,  4,  46,  130. 
Rowland,  466,  477. 

Rows  (of  determinant),  404< 
Rucker,  282. 

—  and  Thorpe,  224. 
Rudberg,  441,  477. 
Rule,  Durand's,  267. 

—  of  propoi-tional  parts,  284. 

—  of  signs.     Descartes',  387. 

—  of  sines,  500,  502.       . 

—  Simpson's  one-third,  264. 
tnreeeighths,  266. 

—  trapezoidal,  267. 

—  Weddle's,  266. 

Sagrebin,  202. 

Sarrau,  4. 

Schftnflies  and  Nerust,  42,  52,  85,  86,  91, 

209. 
Schuster^  421. 

—  and  Lees,  252. 
Schwicker,  203. 
Scott  and  Noyes,  201. 
Sec  X,  495. 

Secant,  hyperbolic,  273. 

Sech  X,  graph  of,  275. 

Second  diflferential  coefficient,  14. 

—  kind  of  Bessel's  function,  358. 
of  surface  zonal  harmonics,  359. 

—  law  of  Newton,  155,  322. 

of  thermodynamics,  61,  524. 

Seconds,  493. 

Sections.     Conic,  76. 

Sector.     Area  of  circular,  491. 

Segment  of  circle.     Area  of,  491. 

—  spherical.  Surface  of,  491. 
Selby,  525. 

Semi-axis  (ellipse),  79. 

—  (hyperbola),  81. 

—  imaginary,  81. 

—  real,  81. 

Serai-logarithmic  paper,  262. 
Separation  of  equal  roots  from  equations, 

391. 

—  of  variables.    Solution  of  ditf.  equations 

by,  283. 
Series,  218. 

—  convergent,  218. 

—  divergent,  218. 

—  infinite,  218. 
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Series,  integration  by,  267. 

—  solution  diff.  equations  in,  855. 
Seubert  and  Meyer,  466. 

Shape  of  ellipse,  79. 

—  nyperbola,  81. 

—  parabola,  77. 

Sheet.    Hyperboloid  of  one,  108. 
Sheets.    Hyperlx>loid  of  two,  108. 
Siemens'  formula,  29. 
Significant  figures,  484. 
Signs.     Descartes',  rule  of,  387. 

—  of  trignometrical  ratios,  495. 
Similar  figures.     Area  of,  491. 

volume  of,  492. 

Simmler  and  Wild,  876. 
Simple  harmonic  motion,  112. 
Simpson,  524. 

Simpson's  one-third  rule,  264. 

—  tnree-eighths  rule,  266. 
Simultaneous  chemical  reactions,  380. 

—  diff.  equations,  882,  336. 

—  equations.    Solution  of,  406. 

—  homogeneous  equations,  402. 

—  linear  equations,  403. 
Sin  X,  495. 

Sine  curve,  112.  181. 

—  series,  228,  862. 

Euler's  exponential,  271. 

inverse,  230. 

Sines,  hyperbolic,  273. 

numerical  values  of,  280,  610. 

—  rule  of,  500,  502. 
Sinh  2,  graph  of,  276. 
Single-valued  functions,  275,  295. 
Singular  functions,  242. 

—  solutions,  301,  342. 
Skew  determinant,  411. 
Small  circle,  502. 
Snell's  law,  147. 
Soldner^s  integrals,  190. 

Solids.    Velocity  of  solution  of,  384. 

—  cubature  of,  193. 

—  of  revolution,  193. 

area  of,  193. 

Solubility  curves,  66,  67. 

—  law.     Nordenskjdld's,  47. 
Solution  of  diff.  equations,  288,  298. 

by  differentiation,  298. 

by  se|)aration  of  variables,  283. 

in  series,  355. . 

—  of  equations,  385. 
test  for,  394. 

—  of  exact  diff.  eauations,  290,  317. 

—  of  Pick's  equation,  376. 

—  of  linear  diff.  equations,  297. 

observation      equations.         Gauss' 

method,  471. 
Mayer's  method,  475, 

—  of  numerical  equations,  388. 

graphic  method,  388. 

Newton's  method,  390. 

Homer's  method,  395. 

—  of  quadratic  equations,  387. 

—  of  simultaneous  equations,  406. 


Solution  of  solids.    Veloci^  of,  884. 

—  of  spherical  triangles,  504. 

—  of  triangles,  501. 
Solutions.    Composition  of,  68. 

—  extraneous  (of  equations),  894. 

—  hydrates  in,  120. 

Crompton  on,  122. 

Mendel6eff  on,  121. 

Pickering  on,  122. 

—  particular,  289,  342,  850. 
superposition  of,  870. 

—  singulAr,  301,  342. 

Soret's  diffusion  experiments,  220. 
Space.    Geometry  in,  101*. 

—  integrals,  155. 
Specific  heat,  7,  25,  61. 

molecular,  72. 

Speed.    (See  velocity.) 
Spencer,  1. 

Sphere,  10b,  194,  196. 

—  equation  of  surface  of,  108. 

—  surface  of,  193,  491. 

—  volume  of,  492. 
Spherical  harmonic  solid,  358. 
surface,  858. 

—  segment.    Surface  of,  491. 

—  triangles,  502. 

area  of,  491. 

properties  of,  502. 

solution  of.  502. 

—  trignometry,  498,  501. 
Spheroids,  110. 

Spiral  of  Archimedes,  96,  525. 

—  equiangular,  95,  188. 

—  hyperbolic,  96,  180. 

—  logarithmic,  95. 
Sprague,  160. 

Square.     Error  of  mean,  440. 

—  roots.    Tible  of,  516,  517. 
Squared  paper,  262. 

Squares.  MTethodofleast,  257, 433, 468,524. 
Standard  for  atomic  weights,  454. 

—  integrals,  157,  278,  506. 
State.     Equation  of,  59. 

van  der  Waals',  398. 

States,  corresponding,  400. 

—  metastable,  126. 

—  of  aggregation.      Coexistence  of  diff., 

125. 
Statistical  method,  451. 
Stas,  443,  444.  452,  453,  466. 
Steam  line,  125. 
Stefan,  44. 

Stefan's  diffusion  experiments,  382. 
Stirling.  226,  247. 
Stiriing's  formula,  489. 

—  interpolation  formula,  247. 
Stone,  4/6. 

Straight  line.     General  equation  of,  68. 

intercept  form,  70. 

tangent  form,  70. 

—  lines,  satisfying  conditions,  72. 
Strain,  theor>'  of  carbon  ring  compounds 

492. 
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Strut!,  421. 

Stunn's  functions,  S88.  , 

—  method  of  locating  the  rootB  of  equa- 

tions, 892. 
Subdeterminant,  405. 
Subnormal  to  curve,  84. 
equation  of,  84. 

—  of  parabola,  85. 

Substitution  of  new  variable.    Integration 

by,  164,  284. 
Subtangent  to  curve,  84. 
equation  of^  84. 

—  of  parabola.  St. 
Subtraction.  485. 
Successive  aifferentiation,  47. 

—  intention,  194. 

—  partial  differentiation,  57* 

—  reduction.    Integration  by,  109. 
Sum.    Probable  error  of  a,  442. 
Superior  limits  of  integration,  158. 
Superposition  of  particular  solutions,  870. 

—  of  small  impulses.    Principle  of,  52. 
Supplement  of  angle,  498,  499. 

Sura  numbers,  188. 
Surface  elements,  177. 

—  general  equation  of,  106. 

—  integral,  195. 

—  of  cone,  193,  491. 
equation  of,  108. 

—  of  cylinder,  491. 
equation  of,  108. 

—  of  fusibility,  97. 

—  of  paraboloid,  198. 

—  of  prism,  491. 

—  of  pyramid,  491. 

—  of  sphere,  198,  491. 

—  —  eouatiou  of,  108. 

—  of  sptierical  segment,  491. 

—  zonal  harmonics,  359. 
Surfaces,  102. 

—  complanation  of,  192. 

—  equithermid,  874. 

—  Gibb's  thermodynamic.  111. 

—  of  revolution,  108, 192. 
area  of,  192. 

—  quadrature  of,  179. 

—  van  der  Waals'  "if^,"  111. 
Suspected    observations.      Rejection    of, 

475. 

Chauvenet's  criterion,  476. 

Symbolic  form  of  Leibnitz'  theorem,  50. 

Taylor's  theorem,  847. 

Symbols  of  operation.  14,  304,  315. 

—  (See  abbreviation.) 
Symmetrical  determinant,  411. 
Symmetry  circular,  358. 

Tables.    (See  Contents,  pages  xiv  and  xv.) 

—  of  differences,  246. 

—  of  integrals,  158,  278,  506. 
Tac  locus,  302. 

Tait,  4,  324,  360. 
Tan  X,  494. 


Tangent,  form  of  equation  of  straight  line^ 
70. 

—  hvperbolic,  278l 

—  plane,  108. 

equation  of,  108. 

—  series,  229. 

—  to  curve,  77,  82. 

equation  of,  88. 

length  of,  84. 

—  to  ellipse.    Equation  of,  86. 

—  to  hyperbola.    Equation  of,  87. 

—  to  parabola.    Equation  of,  83b 
Tanh  x.    Graph  of,  275. 
Taylor's  series,  232. 

for  determination,  max.  and  min.. 

287. 
Lagrange  on  limits  of.  288. 

—  theorem,  226,  281,  242,  286,  454,  497. 
extension  of,  286. 

symbolic  form  of,  847. 

Temperature,  critical,  124. 

—  padient,  874. 

—  influence   on   physical   and   chemical 

changes,  214. 
Term,  absolute,  886. 
Terms,  correction,  224. 
Tesseral  harmonics,  858. 
Test  for  exact  equations,  289,  818. 
Forsyth's,  319. 

—  for  true  solution  of  eqimtions,  894. 
Tetrahedron,  492. 

—  volume  of,  525. 
Tetramethylene,  498. 
Theoretical  formulae,  252. 
Thermodynamic  surface  of  Gibbs,  111. 
Thermodynamics,  59,  414,  525. 

—  first  law,  61,  295. 

—  second  law,  61,  524. 
Thermometer.     Exposure  formula  of,  90. 
Third  differential  coefficient,  14. 
Thompson,  259. 

Thomsen's  formula,  59. 
Thomson,  J.,  8,  124. 
Thomson,  J.  J.,  173,  337,  426. 
Thorpe,  443. 

—  and  Rucker,  224. 

—  and  Tutton,  224. 

Three  dimensional  geometry,  101. 
Time  integral,  155. 

—  periodic,  113. 
Trimethylene,  493. 
Todhunter,  283. 
Tolloczko  and  Bruner,  384. 
Toroidal  harmonics,  858. 
Total  curvature,  189. 

—  diff.  equations,  389. 
Trajectory,  804. 

—  orthogonal,  804. 
Transcendental  functions,  22. 
Transformation  of  coordinate  axes,  74. 

—  to    and    from    hyperbolic    and    trig. 

functions,  276. 

—  to  and  from  polar  and  Cartesian  coordi* 

nates,  94,  109. 
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Transverse  axis  (of  hyperbola),  81. 
Trapezium.    Area  of,  491. 
Trapezoidal  formulae,  266. 

—  rule,  267. 

Travers  and  Ramsay,  478. 
Trevor,  414. 
Triangle.    Area  of,  491. 
spherical,  491. 

—  of  reference,  97. 

—  parts  of,  601,  i>04. 

—  properties  of,  600. 
spherical,  602. 

—  solution  of,  600. 

spherical,  604. 

Triangular  diagrams,  97. 

—  lamina.     Centre  of  gravity,  492. 
Trignometrical  formulae,  499. 

—  functions,  31. 

differentiation  of,  31. 

inverse,  83. 

differentiation  of,  33. 

numerical  values  of,  496. 


transformation  to  and  from  hyper-  :  —  (parabola),  76. 


Variation,  487. 

—  constant  of,  487. 
Vector  radius,  93. 

(ellipse),  78. 

Vectorial  angle,  93. 

Velocities.    Maxwell's  law  of  distribution 
of  molecular,  448. 

—  parallelogram  of,  424. 

—  parallelopiped  of,  424. 
Velocity,  6. 

—  at  any  instant,  5,  6. 

—  average,  6. 

—  mean,  6. 

—  negative,  7. 

—  of  chemical  reactions,   46,   178,    174, 

197,  203,  207,  623. 

dependent,  330. 

simultaneous,  330. 

—  of  solution  of  solids,  384. 

—  positive,  6. 
Venn,  428. 
Vertex  (ellipse),  79. 


bolic,  276. 

—  ratios,  494. 

limiting  values  of,  496. 

signs  of,  496. 

—  series,  228. 
Trignonietry,  493. 

—  plane,  493. 

— •  spherical,  498,  601. 
Trilinear  coordinates,  97. 
Triple  point,  126. 

—  integrals,  196. 
Tutton  and  Thorpe,  224. 

Two  dimensional  geometry,  64. 

Ultra-elliptic  integrals,  189. 
Upper  limits  of  integration,  163. 


Correction  for  weighing  in  a, 


Vibration.    (See  oscillation.) 

—  period  of,  113. 
Vibrations,  damped,  323,  326. 

—  forced,  328. 

—  natural,  326. 

—  weighing  by  method  of,  250. 
Vibratory  motion.    Equations  of,  322. 
Viscosity  of  gases,  828. 

Volten's  formula,  149. 
Volume  elasticity,  92. 

—  elements,  196. 

—  integrals,  196. 

—  of  cone,  492. 

—  of  cylinder,  492. 

—  of  prism,  492. 

—  of  pjrramid,  492. 

—  of  rectangular  parallelopiped,  492. 

—  of  similar  figures,  492. 

—  of  sphere,  492. 

—  of  spherical  triangles,  492. 


Vacuum. 

226. 
Values,  absolute,  238. 
van  der  Waals,  4,  214,  308. 
van  der  Waals'  equation,  30,  62,  209,  211. 

398. 
roots  of,  398. 

—  "J^"  surfaces.  111. 
Vanisning  fractions,  242. 

van't  Hoff,  202,  214,  217.  ,  _.„. 

van't  Hott^s  principle  of  mobile   equili-   Wason  and  Noyes,  202. 

brium,  216.  Water  pipes.    Boys',  149. 

Variable    coefficients.      Linear   equations   Wave-length  of  light,  113. 
with,  315,  a^O.  ,  Weber  and  Gauss,  486. 

—  dependent,  5,  15.  —  and  Riemaun,  269,  869,  370. 

—  independent,  5,  15,  340.  ;  Weber's  diffusion  experiments,  382. 

—  integration  by  substitution  of  a  new,  !  Wegscheider,  336. 
164,  284.  ;  Weighted  errors,  464. 

parameter,  142.  —  observations,  464. 


Waage  and  Guldberg,  157,  204,  215. 
Waddell,  206,  207. 
Walker,  331,  336. 

—  and  Appleyard,  207. 

—  and  Hambly,  207. 

—  and  Judson,  176,  206. 
Wantzel,  305. 


Variables,  15. 
—  solution  of  diff.  equations  by  separation 
of,  283. 


Weighing  in  vacuo.    Correction  for,  225. 

—  by  Gauss'  method  of  double,  250. 

—  by  method  of  vibrations,  260. 
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Weights,  atomic,  457. 

(oxygen  standard),  464. 

—  of  observations,  463. 
WheweU,  63. 
Whitney  and  Noyes,  384. 
Wild  and  Simmler,  376. 
Wilbelmy,  204. 

Wilhelmy^s  law,  46,  150,  166,  161.  197, 

426.  628. 
WilUamson,  21,  166,  233. 
Winkelmann,  41,  44. 
Woodward  and  Merriman,  176,  280. 
Woodhouse,  362. 
Work,  182. 

—  adiabatic  of  expanding  gases,  211. 

—  diagrams,  182. 
Olapeyron's,  188. 


Work,  graphic  representation  of,  182. 

—  isothermal  of  expanding  gases,  208. 

—  of  expansion  of  dissociating  gases,  209 
Wrapson  and  Gee,  484. 

Young,  8. 

Young's  formula,  26. 

Zeeman  effect,  524. 
Zero,  absolute,  9. 

—  point  of  balance,  260. 

—  relative,  10. 

Zeroth  order,  Bessel's  functions,  368. 
Zonal  harmonics,  369. 
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CHEMISTRY. 

ARRHENIUS,—K  TEXT-BOOK  OF  ELECTROCHEMIS- 
TRY. By  SvANTE  Arrhenius,  Professor  at  the  University  of  Stockholm. 
Translated  from  the  German  Edition  by  John  McCrae,  Ph.D.  With  58 
Illustrations.     8vo.,  QlT.  fxi.  net. 

C^(9(9^iE5.— SELECT     METHODS     IN    CHEMICAL 

ANALYSIS,  chiefly  Inorganic.  By  Sir  William  Crookes.  F.R.&,  etc.  Third 
Edition.  Rewritten  and  Enlarged.     With  67  Woodcuts.     Bvo.,  2XJ.  net 

FURNEA  rar.— ELEMENTARY  CHEMISTRY,  Inorganic  and 

Organia  By  W.  Furneaux,  F.R.G.S.,  Lecturer  on  Chemistry,  London 
School  Board.    With  65  Illustrations  and  155  Experiments.    Crown  8vo. .  21.  6«/. 

GARRETT  and  HARDEN,— K\^  ELEMENTARY  COURSE 

OF  PRACTICAL  ORGANIC  CHEMISTRY.  By  F.  C.  Garrett,  M.Sc 
(Vict  et  Dunelm.),  Assistant  Lecturer  and  Demonstrator  in  Chemistry,  the 
Durham  College  of  Science,  Newcastle-on-Tyne ;  and  Arthur  Harden, 
M.Sc.  (Vict.).  Ph.D.,  Assistant  Lectiver  and  Demonstrator  in  Chemistry,  the 
Owens  Collqi^e,  Manchester.    With  14  Illustrations.    Crown  Bvo..  2j. 

/^Ca— Works  by  W.  JAGO,  F.C.S.,  F.I.C. 

INORGANIC      CHEMISTRY,      THEORETICAL       ANI> 

PRACTICAL.  With  an  Introduction  to  the  Principles  of  Chemical  Analjrsis, 
Inorganic  and  Organic.  With  63  Woodcuts  and  numerous  Questions  and 
Exercises.     Fcp.  Bvo.,  2J.  6^. 

AN     INTRODUCTION    TO    PRACTICAL    INORGANIC 

CHEMISTRY.     Crown  8vo.,  \s.  6d, 

INORGANIC       CHEMISTRY,       THEORETICAL       AND 

PRACTICAL.  A  Manual  for  Students  in  Advanced  Classes  of  the  Science 
and  Art  Department  With  Plate  of  Spectra  and  78  Woodcuts.  Crown 
8vo.,  4f.  6iL 

MEZZOR.— HIGHER    MATHEMATICS    FOR    STUDENTS 

OF  CHEMISTRY  AND  PHYSICS.  With  Special  Reference  to  Practical 
Work.  By  J.  W.  Mellor,  D.Sc.  late  Senior  Scholar,  and  1851  Exhibition 
Scholar,  New  Zealand  University;  Research  Fellow,  the  Owens  College,  Man- 
chester. •  With  143  Diagrams.    8vo. ,  12s,  6d,  net 

MENZ>EZEEEF,— THE    PRINCIPLES    OF    CHEMISTRY. 

By  D.  Mendel^efp.  Translated  from  the  Russian  (Sixth  Edition)  by  George 
Kamensky,  A.R.S.M.,  of  the  Imperial  Mint,  St  Petersburg;  and  Edited  by 
T.  A.  LAVirsoN,  aSc.,  Ph.D.,  Fellow  of  the  Institute  of  Chemistry.  With  96 
Diagrams  and  Illustrations,    a  vols.  8vo.|  36^. 

il/JE:  yj^i?.— OUTLINES  OF  THEORETICAL  CHEMISTRY. 

By  LOTHAR  Meyer,  Professor  of  Chemistry  in  the  University  of  Tttbingen. 
Translated  by  Professors  P.  Phillips  Bedson,  D.Sc,  and  W.  Carleton 
Williams,  B.Sc.    8va,  91. 

J//ZZ^i?.— INTRODUCTION    TO    THE    STUDY    OF    IN- 

ORGANIC  CHEMISTRY.  By  W.  Allen  Miller,  M.D.,  LL.D.  With 
71  Illustrations.    Fcp.  8vo. ,  y.  6cL 
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CHBIH I8TRY— O^M/iVcMMf . 

MUIR.—k  COURSE  OF  PRACTICAL  CHEMISTRY.     By  M. 

M.  P.  MuiR,  M.A..  Fellow  and  Praelector  in  Chemistry  of  Gonville  and  Caius 
College,  Cambridge.    (3  Parts.) 

Part  I.     Elementary.     Crown  8vo.,  4J.  6^ 

Part  II.     Intermediate.     Crown  8vo.,  4J.  6</. 

Part  III.  \In  preparation. 

NEWTH.—V^oxV^  by  G.  S.  NEWTH,   F.I.C.    F.C.S.,   Demon- 
strator  in  the  Royal  College  of  Science,  London. 

CHEMICAL     LECTURE     EXPERIMENTS.       With     230 

Illustrations.     Crown  8vo.,  dr. 

CHEMICAL  ANALYSIS,  QUANTITATIVE  AND  QUALI- 
TATIVE.   With  loo  Illustrations.    Crown  8vo.,  6s.  6d, 

A  TEXT-BOOK  OF  INORGANIC  CHEMISTRY.    With  155 

Illustrations.    Crown  8vo.,  6s.  6d. 

ELEMENTARY    PRACTICAL    CHEMISTRY.      With    108 

Illustrations  and  354  Experiments.     Crown  8vo.,  2J.  6d. 

6>5rw:4ZZ>.— SOLUTIONS.     By    W.    Ostwald,    Professor   of 

Chemistry  in  the  University  of  Leipzig.  Being  the  Fourth  Book,  with  some 
additions,  of  the  Second  Edition  of  Oswald's  '  Lehrbuch  der  allgemeinen 
Chemie'.  Translated  by  M.  M.  Pattison  Muir,  Fellow  and  Praelector  in 
Chemistry  of  Gonville  and  Caius  College,  Cambridge.     8vo. ,  lar.  6d. 

FERKIN.—Q\5A1ATKTIV'E.  CHEMICAL  ANALYSIS  (OR- 
GANIC AND  INORGANIC).  By  F.  MoLLviro  Perkin,  Ph.D.,  Head  of  the 
Chemistry  Department,  Borough  Polytechnic  Institute,  London.  With  9 
Illustrations  and  Spectrum  Plate.     8vo.,  y.  6d, 

RE  yiY(9ZZ>  5.— EXPERIMENTAL       CHEMISTRY       FOR 

JUNIOR  STUDENTS.  By  J.  Emkrson  Reynolds,  M.D.,  F.R.S.,  Pro- 
fessor of  Chemistry,  University  of  Dublin.    Fcp.  8vo.,  with  numerous  Woodcuts. 

Part  I.     Introductory.     Fcp.  8vo.,  \s.  6d, 

Part  II.     Non-Metals,  with  an  Appendix  on  Systematic  Testing 

for  Acids.     Fcp.  8vo. »  2s.6d. 

Part  III.     Metals,  and  Allied  Bodies.     Fcp.  8vo.,  3J.  6d. 
Part  IV.     Carbon  Compounds.     Fcp.  8vo.,  4s. 

SBEJ\rSTOJVE.— Works  by  W.  A.  SHENSTONE,  F.R.S.,  Lecturer 
on  Chemistry  in  Clifton  College. 

THE  METHODS  OF  GLASS-BLOWING  AND  OF  WORK- 
ING SILICA  IN  THE  OXY-GAS  FLAME.  For  the  Use  of  Phvsical 
and  Chemical  Students.     With  43  Illustrations.     Crown  8vo.,  2s.  6a. 

A     PRACTICAL     INTRODUCTION    TO    CHEMISTRY. 

Intended  to  give  a  Practical  acquaintance  with  the  Elementary  Facts  and 
Principles  of  Chemistry.     With  35  Illustrations.     Crown  8vo. ,  2;. 
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CHBmiSTRY-ChHii'nued. 

SMITH  AND  HALL.—TYiY.  TEACHING  OF  CHEMISTRY 

AND  PHYSICS  IN  THE  SECONDARY  SCHOOL.  By  Alexander 
Smith,  B.Sc.,  Ph.D.,  Associate  Professor  of  Chemistry  in  the  University  of 
Chicago,  and  Edwin  H.  Hall,  Ph.D.,  Professor  of  Physics  in  Harvard  Uni- 
versity.    With  31  Woodcuts,  Bibliographies,  and  Index.     Crown  8vo.,  6j.  net. 

THORNTON  and  J'EARSON— NOTES  ON  VOLUMETRIC 
ANALYSIS.  By  Arthur  Thornton,  M.  A. ,  and  Marchant  Pearson,  a  A. , 
Assistant  Science  Master,  Bradford  Grammar  School.     Medium  8vo.,  2j. 

THORPE.— Works  by  T.  E.  THORPE,  C.B.,  D.Sc.  (Vict),  Ph.D., 
F.R.S.,  Principal  of  the  Government  Laboratory,  London. 
Assisted  by  Eminent  Contributors. 

A   DICTIONARY    OF    APPLIED    CHEMISTRY.      3   vols. 

8vo.    Vols.  I.  and  II.,  4as.  each.     Vol.  III.,  6y. 

QUANTITATIVE  CHEMICAL  ANALYSIS.     With  88  Wood- 
cuts.   Fcp.  8vo.,  4J.  6d. 

THORPE  AND  MUIR.— QUALITATIVE    CHEMICAL  AN- 

ALYSIS  AND  LABORATORY  PRACTICE.  By  T.  E.  Thorpe,  C.  B.  ,  Ph.D. , 
D.Sc.,  F.R.S..  and  M.  M.  Pattison  Muir,  M.A.  With  Plate  of  Spectra  and 
57  Illustrations.     Fcp.  8vo. ,  35.  6d. 

TIZJ^EN— Works  by  WILLIAM  A.  TILDEN,  D.Sc.  London, 
F.R.S.,  Professor  of  Chemistry  in  the  Royal  College  of  Science, 
South  Kensington. 

A  SHORT  HISTORY  OF  THE  PROGRESS  OF  SCIENTIFIC 

CHEMISTRY  IN  OUR  OWN  TIMES.     Crown  8vo.,  51.  net 

INTRODUCTION     TO    THE    STUDY    OF    CHEMICAL 

PHILOSOPHY.  The  Principles  of  Theoretical  and  Systematic  Chemistry. 
With  5  Illustrations.  Fcp.  8vo.,  5s,  With  ANSWERS  to  Problems.  Fcp. 
8vo.,  5^.  6d, 

PRACTICAL  CHEMISTRY.     The  principles  of  Qualiutive 

Analysis.    Fcp.  8vo. ,  is.  6d. 

WATTS  DICTIONARY  OF  CHEMISTRY.  Revised  and  en- 
tirely Rewritten  by  H.  Forster  Morley,  M. A.,  D.Sc..  Fellow  of,  and  lately 
Assistant  Professor  of  Chemistry  in,  University  College,  London;  and  M.  M. 
Pattison  Muir,  M.A.,  F.R.S.E.,  Fellow,  and  Praelector  in  Chemistry,  of 
Gonville  and  Caius  College,  Cambridge.  Assisted  by  Eminent  Contributors. 
4  vols.     8vo.,  ;f5  net. 

WHITELEY.— Works  by  R.  LLOYD  WHITELEY,  F.I.C., 
Principal  of  the  Municipal  Science  School,  West  Bromwich. 

CHEMICAL    CALCULATIONS.      With    Explanatory  Notes, 

Problems  and  Answers,  specially  adapted  for  use  in  Colleges  and  Science 
Schools.  With  a  Preface  by  Professor  F.  Clowes,  D.Sc.  (Lond.).  F.I.C. 
Crown  8vo. ,  2j. 

ORGANIC  CHEMISTRY :  the  Fatty  Compounds.      With  45 

Illustrations.    Crown  8vo. ,  31.  td 
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PHYSICS,  ETC. 

B/DGOOn.— ELEMENTARY  PHYSICS  AND  CHEMISTRY 

FOR  THE  USE  OF  SCHOOLS.  (In  Three  Books.)  By  John  Bidgood, 
B.Sc.,  Headmaster  of  the  Gateshead  School  of  Science. 

Book  I.     Elementary  Physics.     With  120  Illustrations.     Crown 

8vo.,  IS.  6d, 

Book   II.      Physics    and   Chemistry.      With    122    Illustrations. 

Crown  8vo.,  is.  td. 

^(95^.— RESPONSE  IN  THE  LIVING  AND  NON-LIVING. 

By  jAGADis  Chunder  Bose,  M.A.  (Cantab.),  D.Sc.  (Lond.),  Professor.  Presi- 
dency College,  Calcutta.     With  1x7  Illustrations.     8vo.,  lor.  6d. 
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GAATOT,— Works  by  PROFESSOR   GANOT.      Translated  and 
Edited  by  E.  Atkinson,  Ph.D.,  F.C.S.,  and  A.  W.  Reinold, 
M.A.,  F.R.S. 
ELEMENTARY   TREATISE    ON    PHYSICS,    Experimental 

and  Applied.     With  9  Coloured  Plates  and  Maps,  and  1048  Woodcuts,  and 
Appendix  of  Problems  and  Examples  with  Answers.     Crown  8vo. ,  15s, 

NATURAL  PHILOSOPHY  FOR  GENERAL  READERS 

AND  YOUNG  PEOPLE.     With  7  Plates,  632  Woodcuts,  and  an  Appendix 
of  Questions.     Crown  8vo.    7s.  6d. 

GLAZEBROOK  and  SB  A  fT.— PRACTICAL  PHYSICS.     By 

R.  T.  GLAZEBROOK,  M.A.,  F.R.S.,  and  W.  N.  Shaw,  M.A.  With  134 
Illustrations.     Fcp.  8vo. ,  7s.  6d. 

GUTHRIE.— MOLECULAR   PHYSICS   AND  SOUND.      By 

F.  Guthrie.  Ph.D.    With  91  Diagrams.    Fcp.  8va,  is.  td. 

JIELMHOLTZ.—?0^\J LAR   LECTURES   ON  SCIENTIFIC 

SUBJECTS.  By  Hermann  von  Helmholtz.  Translated  by  E.  Atkinson, 
Ph.D.,  F.C.S..  formerly  Professor  of  Experimental  Science,  Stan  Collie.  With 
68  Illustrations.     2  vols.,  crown  8vo.,  3;.  6d,  each. 

JfENDERSON.—ELEME'tilTARY    PHYSICS.      By    John 

Henderson,  D.Sc.  (Edin.),  A.I.E.E.,  Physics  Department,  Borough  Road 
Polytechnic.    Crown  8vo. ,  2J.  6d. 

MACLEAN.— EXERCISE'^    IN    NATURAL   PHILOSOPHY. 

By  Magnus  Maclean,  D.Sc,  Professor  of  Electrical  Engineering  at  the 
Glasgow  and  West  of  Scotland  Technical  College.     Crown  8vo. ,  4; .  6^ 

MEYER.— THE  KINETIC  THEORY  OF  GASES.  Elemen- 
tary Treatise,  with  Mathematical  Appendices.  By  Dr.  OSKAR  Emil 
Meyer,  Professor  of  Phjrsics  at  the  University  of  Breslau.  Second  Revised 
Edition.  Translated  by  Robert  E.  Bavnbs,  M.A.,  Student  of  Christ  Church, 
Oxford,  and  Dr.  Lee's  Reader  in  Physics.    8vo.,  15;.  net. 

VAN  'TifOEE—TKE    ARRANGEMENT    OF    ATOMS    IN 

SPACE.  By  J.  H.  van  t'Hoff.  Second,  Revised,  and  Enlarg[ed  Edition. 
With  a  Preface  b)r  Johannes  Wislicbnus,  Professor  of  Chemistry  at  the 
University  oi  Xeipng ;  and  an  Appendix  '  Stereo-chemistry  among  Inor^nic 
Substances,'  by  Alfred  Werner,  Professor  of  Chemistry  at  the  University  of 
Zurich.    Translated  and  Edited  by  Arnold  Eiloart.    Crown  8va,  6j.  6^ 
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ELEMENTARY     PRACTICAL     PHYSICS:     a     Laboratory 

Manual  for  Use  in  Organised  Science  Schools.    With  120  Illustrations  and 
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A    TEXT-BOOK    OF    PHYSICS.      With  564   Diagrams  and 

Illustrations.     Large  crown  8vo.,  lor.  6d, 

WORTHINGTON,—K    FIRST    COURSE    OF    PHYSICAL 

LABORATORY  PRACTICE.     Containing   264   Experiments.     By  A.   M. 
WoRTHiNGTON,  M.A.,  F.R.S.    With  Illustrations.     Crown  8vo. ,  4J.  6<f. 

^Je/G^^r.— ELEMENTARY     PHYSICS.       By     Mark     R. 

Wright,  M.A.  ,  Professor  of  Normal  Education,  Durham  College  of  Science. 
With  242  Illustrations.     Crown  8vo. ,  21.  6<i. 


MECHANICS,    DYNAMICS,    STATICS,    HYDRO- 
STATICS,  ETC. 

BALL.—K  CLASS-BOOK   OF   MECHANICS.      By  Sir   R.  S. 

Ball,  LL.D.    89  Diagrams.    Fcp.  8vo.,  u.  bcL 

GOODEVE.—yNox\i%  by  T.  M.  GOODEVE,  M.A.,  formerly 
Professor  of  Mechanics  at  the  Normal  School  of  Science,  and 
the  Royal  School  of  Mines. 

THE  ELEMENTS   OF   MECHANISM.      With  357   Illustra- 

tions.     Crown  8vo.,  6r. 

PRINCIPLES  OF  MECHANICS.     With  253  Illustrations  and 

numerous  Examples.    Crown  8vo. ,  6; . 

A  MANUAL  OF   MECHANICS :   an   Elementary  Text-Book 

for  Students  of  Applied  Mechanics.     With  138  Illustrations  and  Diagrams 
and  188  Examples  taken  from  the  Science  Department  Examination  Papers, 
with  Answers.     Fcp.  8vo.,  2J.  dd. 

GOODMAN.— U:^CYS.h^\'C^  APPLIED  TO  ENGINEERING. 
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Stage  3.  With  103  Illustrations.     Fcp.  8vo.,  u.  (xi. 
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By  the  Rev.  J.  L.  ROBINSON,  M.A.     Crown  Svo.,  dr. 
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ELEMENTARY  HYDROSTATICS.     Crown  8vo.,  3^. 
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TARLETON.—KN  INTRODUCTION  TO  THE  MATHE- 
MATICAL THEORY  OF  ATTRACTION.  By  Francis  A.  Tarleton, 
LL.D.,  Sc.D.,  Fellow  of  Trinity  College,  and  Professor  of  Natural  Philosophy 
in  the  University  of  Dublin.     Crown  8vo.,  lOf.  6</. 

TA  YLOJ^.—Works  by  J.  E.  TAYLOR,  M.A.,  B.Sc.  (Lond.). 
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Pneumatics.    y\"ith  175  Diagrams  and  Illustrations,  and  532  Examination 
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THEORETICAL  MECHANICS— SOLIDS.  With  163  Illus- 
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THEORETICAL  MECHANICS.— FLUIDS.     With  122  lUus 
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TBOJ^N TON.— THEORETICAL    MECHANICS— SOLIDS. 
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PRACTICAL  MECHANICS;  an  Elementary  Introduction  to 

their  Study.    With  855  Exercises,  and  184  Figures  and  Diagrams.    Crown 
Sva,  lor.  6d. 

THEORETICAL     MECHANICS.       With      172     Examples, 

numerous  Exercises,  and  154  Diagrams.     Crown  Bvo.,  &f.  6d. 

^/ZZ/^ilf5(9iV:— INTRODUCTION  TO  THE  MATHE- 
MATICAL THEORY  OF  THE  STRESS  AND  STRAIN  OF  ELASTIC 
SOLIDS.    By  Benjamin  Williamson,  D.Sc.,  F.R.S.    Crown  8vo.,  y. 

WILLIAMSON    AND     TARLETON.—KY[     ELEMENTARY 

TREATISE  ON  DYNAMICS.  Containing  Applications  to  Thermodynamics, 
with  numerous  Examples.  By  Benjamin  Williamson,  D.Sc.,  F.R.S.,  and 
Francis  A.  Tarleton,  LUD.    Crown  8vo.,  lof.  td. 

WORTHINGTON.'-DY^MAICS  OF  ROTATION:  an  Ele- 
mentary Introduction  to  Rigid  Dynamics.  By  A.  M.  Worthington.  M.A. , 
F.R.S.     Crown  8va,  4J.  6d, 

MENSURATION,  SURVEYING,   ETC. 

BRABANT,— TH^   ELEMENTS   OF   PLANE  AND   SOLID 

MENSURATION.  With  Copious  Examples  and  Answers.  By  F.  G. 
Brabant,  M.A.      Crown  8vo.,  y.  6d, 

GRIBBLE.—VKELIMINARY  SURVEY  AND  ESTIMATES. 

By  Theodore  Graham  Gribble,  Civil  Engineer.  Including  Elementary 
Astronomy,  Route  Surveying,  Tacbeometry,  Curve  Ranging,  Graphic  Mensura- 
tion, Elstimates,  Hydrography  and  Instruments.  With  133  Illustrations, 
Quantity  Diagrams,  and  a  Manual  of  the  Slide-Rule.     Fcp.  8vo.,  7s.  6d. 

Zd?Z>6^^.— MENSURATION  FOR  SENIOR  STUDENTS.     By 

Alfred  Lodge,  M.A.,  late  Fereday  Fellow  of  St.  John's  College,  Oxford; 
Professor  of  Pure  Mathematics  at  the  Royal  Indian  Engineering  CoUege, 
Cooper's  Hill.      With  Answers.      Crown  8vo.,  4^.  6d. 

LUPTON—K  PRACTICAL  TREATISE  ON  MINE  SURVEY- 
ING. By  Arnold  Lupton,  Mining  Engineer,  Certificated  Colliery  Manaser, 
Surveyor,  Member  of  the  Institution  of  Civil  Engineers,  etc.  With  si6  IlTus- 
trations.     Medium  Svo. ,  lax.  net. 

NESBIT.—WorVs  by  A.  NESBIT. 

PRACTICAL  MENSURATION.     Illustrated  by  700  Practical 

Examples  and  700  Woodcuts.      i2mo.,  3J.  6d.     Key,  $s. 

PRACTICAL   LAND-SURVEYING,  for  the   Use  of  Schools 

and  Private  Students.     Edited  by  W.  Burness,  F.R.A.S.     With  14  Plates, 
aai  Figures,  and  a  Field-Book.     Svo. .  i2j. 

53/77^:— CIRCULAR    SLIDE    RULE.       By    G.    L.    Smith. 

Fcp.  8vo.,  I  J.  net. 
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ALGEBRA,  ETC. 

*J^  For  other  Books,  see  Longmans  6*  Co,*s  Catalogue  of  Educational  and  School  Books. 

ANNALS  OF  MATHEMATICS.  {Published  under  the 
A  uspiCBS  OF  Harvard  University,)    Issued  Quarterly.    410. ,  aj.  net. 

BURNSIDE  AND  PANTON.—y^ox\j&  by  WILLIAM  SNOW 
BURNSIDE,  M.A.,  Fellow  of  Trinity  College,  Dublin ;  and 
ARTHUR  WILLIAM  PANTON,  M.A.,  Fellow  and  Tutor  of 
Trinity  College,  Dublin. 

THE  THEORY  OF  EQUATIONS.      With  an  Introduction  to 

the  Theory  of  Binary  Algebraic  Forms.    2  vols.     8vo.,  9J.  6</.  each. 

AN     INTRODUCTION    TO    DETERMINANTS:    being    a 

Chapter  from  the  Theory  of  Equations  (being  the  First  Chapter  of  the 
Second  Volume  of  '  The  Theory  of  Equations  *).     8vo. ,  sewed,  ar.  6d. 

CRACKNELL^—VKKCnCMs  MATHEMATICS.      By  A.  G. 

Cracknell,  M.A.,  B.Sc.,  Sixth  Wrangler,  etc.  With  Answers  to  the 
Examples.      Crown  8vo.,  y.  6d. 

GRIFFIN.— \NotV^  by  Rev.  WILLIAM  NATHANIEL  GRIFFIN, 
B.D.,  sometime  Fellow  of  St.  John's  College,  Cambridge. 

THE  ELEMENTS  OF  ALGEBRA  AND  TRIGONOMETRV. 

Fcp.  Svo.,  3J.  6d. 

NOTES    ON    THE     ELEMENTS     OF    ALGEBRA    AND 

TRIGONOMETRY.      With    Solutions  of   the  more  Difficult   Questions. 
Fcp.  Svo.,  y,  6d. 

MFLLOR.— HIGHER    MATHEMATICS    FOR    STUDENTS 

OF  CHEMISTRY  AND  PHYSICS.  With  special  reference  to  Practical 
Work.  By  J.  W.  Mellor,  D.Sc.,  Research  Fellow,  The  Owens  College, 
Manchester.     With  243  Diagrams.     8vo.,  12s.  6d.  net. 

WELSFORD  AND  MA  Ka— ELEMENTARY  ALGEBRA.     By 

J.  W.  Welspord,  M.A..  formerly  Fellow  of  Gonville  and  Caius  College, 
Cambridge,  and  C.  H.  P.  Mayo,  M.A.,  formerly  Scholar  of  St.  Peter's  College, 
Cambridge;  Assistant  Masters  at  Harrow  School.  Crown  8vo.,  y.  6d.,  or 
with  Answers.  4s.  6d. 

CONIC  SECTIONS,  ETC. 

CASEY,— X  TREATISE  ON  THE  ANALYTICAL  GEO- 
METRY OF  THE  POINT,  LINE,  CIRCLE,  AND  CONIC  SECTIONS. 
By  John  Casey,  LL.D.,  F.R.S.      Crown  8vo.,  12s. 

RICITARDSOJSr.—GEOUETRlCAl.  CONIC  SECTIONS.  By 
G.  Richardson,  M.A.    Crown  8vo.,  4s.  6d. 

SALMON,— K  TREATISE  ON  CONIC  SECTIONS,  containing 

an  Account  of  some  of  the  most  Important  Modem  Algebraic  and  Geometric 
Methods.      By  G.  Salmon,  D.D.,  F.R.S.      8vo.,  i2j. 

5il//r/r.— GEOMETRICAL     CONIC     SECTIONS.       By     J. 

Hamblin  Smith,  M.A.      Crown  Svo.,  y.  6<f. 
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THE  CALCULUS,   LOGARITHMS,   ETC. 

^^^A:'^^.  — GRAPHICAL    CALCULUS.      By    Arthur    H. 

Barker,  B.A.,  B.Sc.    With  an  Introduction  by  John  Goodman,  A.M.I.C.E. 
With  6i  Diagrams.     Crown  8vo. ,  4s.  6d, 

MURRAY.— Kt^  INTRODUCTORY  COURSE  IN  DIF- 
FERENTIAL EQUATIONS.  By  Daniel  Alexander  Murray,  Ph.D. 
Crown  8vo.,  ^.  6d. 

r-4  7:5.— PRINCIPLES    OF    THE     DIFFERENTIAL     AND 

INTEGRAL  CALCULUS.     Applied  to  the  Solution  of  Useful  Problems  in 
Mathematics  and  Mechanics.     By  Thomas  Tate.     i2mo,  4J.  6d. 

TAYLOR.— Works  by  F.  GLANVILLE  TAYLOR. 
AN    INTRODUCTION    TO   THE    DIFFERENTIAL   AND 

INTEGRAL  CALCULUS  AND  DIFFERENTIAL  EQUATIONS. 
Crown  8vo.,  gs. 

AN    INTRODUCTION    TO    THE    PRACTICAL  USE    OF 

LOGARITHMS,  WITH  EXAMPLES  IN  MENSURATION.  With 
Answers  to  Exercises.      Crown  8vo.,  is.  6d. 

WILLIAMSON.— \NorVs  by  BENJAMIN  WILLIAMSON,  D.Sc. 
AN  ELEMENTARY  TREATISE  ON  THE  DIFFERENTIAL 

CALCULUS;  containing  the  Theory  of  Plane  Curves,  with  numerous 
Examples.      Crown  8vo.,  10s.  6d. 

AN    ELEMENTARY    TREATISE    ON    THE    INTEGRAL 

CALCULUS;  containing  Applications  to  Plane  Curves  and  Surfaces,  and 
also  a  Chapter  on  the  Calculus  of  Variations,  with  numerous  Examples. 
Crown  8vo.,  10s.  6d. 


GEOMETRY  AND  EUCLID. 

*^  For  other  Works,  see  Longmans  &*  Co.*s  Catalogue  of  Educational  and  School  Books. 

.4ZZJf^^.  —  GREEK    GEOMETRY     FROM     THALES    TO 

EUCLID.      By  G.  J.  Allman.    w8vo.,  ioj.  dd. 

m 

CAS£Y.— Works  by  JOHN  CASEY,  LL.D.,  F.R.S. 

THE  ELEMENTS  OF  EUCLID,  BOOKS  I.-VI.  and  Pro- 
positions. I.-XXT.  of  Book  XL,  and  an  Appendix  of  the  Cylinder,  Sphere, 
Cone,  etc.  With  Copious  Annotations  and  numerous  Exercises.  Fcp.  8vo., 
4r.  6d.     Key  to  Exercises.     Fcp.  8vo.,  dr. 

A  SEQUEL  TO  THE  ELEMENTS  OF  EUCLID.      Part  I. 

Books  I.-VI.     With  numerous  Examples.     Fcp.  8vo.,  3J.  6d. 

A  TREATISE  ON  THE  ANALYTICAL  GEOMETRY  OF 

THE  POINT,  LINE,  CIRCLE  AND  CONIC  SECTIONS.     Containing 
an  Account  of  its  most  recent  Extension.     Crown  8vo.,  12s. 
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GEOMETRY  AND  EXJClAXy-Cbntinued. 

BAMIZTOJ\r.— ELEMENTS  OF  QUATERNIONS.  By  the 
late  Sir  William  Rowan  Hamilton.  LL-D..  M.R.I. A.  Edited  by  Charles 
Jasper  Joly,  M.A..  Fellow  of  Trinity  College,  Dublin,  a  vols.  4to.  ais. 
net  each. 

fflME.— THE  OUTLINES  OF  QUATERNIONS.     By  Lieut.- 

Colonel  H,  W.  L.  Hime,  late  Royal  Artillery.     Crown  8vo.,  los. 

LOW,— TEXT 'BOOK  ON  PRACTICAL,  SOLID,  AND  DE- 
SCRIPTIVE GEOMETRY.  By  David  Allan  Low,  Professor  of  Engineer- 
ing, East  London  Technical  College.     Crown  8vo. 

Part  I.     With  114  Figures,  2s. 
Part  II.     With  64  Figures,  y. 

MORRIS.— \NotV^  by  I.  HAMMOND  MORRIS. 

PRACTICAL  PLANE  AND  SOLID  GEOMETRY,  including 

Graphic  Arithmetic  fully  Illustrated  with  Drawings  prepared  specially  by  the 
Author.     Crown  8vo.,  aj.  6d. 

GEOMETRICAL     DRAWING     FOR     ART     STUDENTS. 

Embracing  Plane  Geometry  and  its  Applications,  the  Use  of  Scales,  and  the 
Plans  and  Elevations  of  Solids  as  required  in  Section  I.  of  Science  Subjects. 
Crown  Svo.,  ar. 

^J/Zr/T.— ELEMENTS    OF    GEOMETRY.      By  J.    Hamblin 

Smith,  M.A.  Containing  Books  i  to  6,  and  portions  of  Btooks  11  and  12,  of 
Euclid,  with  Exercises  and  Notes.  Crown  Svo.,  y.  6d.  Key,  crown  8vo., 
8s.  6d. 

Books  I  and  2,  limp  cloth,  is,  6^.,  may  be  had  separately. 

SPOONER.— THE  ELEMENTS  OF  GEOMETRICAL  DRAW- 
ING: an  Elementary  Text-book  on  Practical  Plane  Geometry,  including  an 
Introduction  to  Solid  Geometry.  Written  to  include  the  requirements  of  the 
Syllabus  of  the  Board  of  Education  in  Geometrical  Drawing  and  for  the  use  of 
Students  preparing  for  the  Military  Entrance  Examinations.  By  Henry  J. 
Spooner,  C.E.,  M.Inst.M.E. ;  Director  of  the  Poljrtechnic  School  of  Engineer- 
ing, etc.     Crown  8vo.,  y,  M. 

WATSON.— ELEMENTS  OF  PLANE  AND  SOLID  GEO- 
METRY.   By  H.  W.  Watson,  M.A.    Fcp.  8vo.,  y.  6d. 

WILSON.— GEOMETRICAL    DRAWING.      For    the    use    of 

Candidates  for  Army  Examinations,  and  as  an  Introduction  to  Mechanical 
Drawing.    By  W.  N.  Wilson,  M.A.    Parts  I.  and  II.   Crown  8vo.,  45.  6d.  each. 

^/A^7:£i?.— ELEMENTARY  GEOMETRICAL  DRAWING. 
By  S.  H.  Winter. 

Part  I.  Including  Practical  Plane  Geometry,  the  Construction  of 

Scales,  the  Use  of  the  Sector,  the  Marquois  Scales,  and  the  Protractor. 
With  3  Plates  and  1000  Exercises  and  Examination  Papers.     Post  8vo.,  5^. 
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TRIGONOMETRY. 

CASEY.  — A   TREATISE    ON    ELEMENTARY   TRIGONO- 

M  ETR Y.  By  John  Casey,  LL.  D.  ,  F.  R.  S. ,  late  Fellow  of  the  Royal  U  niversity 
of  Ireland.  With  numerous  Examples  and  Questions  for  Examination,  ismo, 
y. 

CZAJ^XB.—FLANE  TRIGONOMETRY.     Containing  the  imore 

advanced  Propositions,  Solution  of  Problems  and  a  complete  Summary  of  For- 
mulae, Bookwork,  etc. ,  together  with  recent  Examination  Papers  for  the  Army, 
Woolwich,  etc.  With  Answers.  By  the  Rev.  A.  Dawson  Clarke,  M.A.,  St. 
John's  College,  Cambridge.     Crown  8vo.,  51. 

GOODWIN.— Works  by  H.  B.  GOODWIN,  M.A. 
PLANE  AND  SPHERICAL  TRIGONOMETRY.      In  Three 

Parts,  comprising  those  portions  of  the  subjects,  theoretical  and  practical, 
which  are  required  in  the  Final  Examination  for  Rank  of  Lieutenant  at 
Greenwich.     8vo. ,  Zs.  6d. 

ELEMENTARY  PLANE  TRIGONOMETRY.    With  numerous 

Examples  and  Examination  Papers  set  at  the  Royal  Naval  College  in  recent 
years.     With  Answers.    8vo.,  y. 

/ONES.— THE   BEGINNINGS   OF  TRIGONOMETRY.      By 

A.  Clement  Jones,  M.A.,  Pb.D.,  late  Open  Scholar  and  Senior  Hulme 
Exhibitioner  of  Brasenose  College,  Oxford ;  Senior  Mathematical  Master  of 
Bradford  Grammar  School.      Crown  8vo.,  2.r. 

Ml/J^J^A  v.— FLANE   TRIGONOMETRY  FOR  COLLEGES 

AND  SECONDARY  SCHOOLS.  Bv  Daniel  A.  Murray,  B.A.,  Ph-D., 
Instructor  in  Mathematics  in  Cornell  University.  Crown  8vo. ,  y,  6d.  With 
Logarithmic  and  Trigonometric  Tables.     Crown  8vo. ,  5^. 

^il/77W;— ELEMENTARY  TRIGONOMETRY.    By  J.  Hamblin 

Smith,  M.A.    Crown  8vo.,  4^.  6d.     Key,  ys.  6d. 


OPTICS,  PHOTOGRAPHY,  ETC. 

AjBJVEV.- A  TREATISE  ON  PHOTOGRAPHY.  By  Sir  William 

DE  WiVELESLiB  Abney,  K.C.B.,  F.R.S.,  Principal  Assistant  Secretary  of  the 
Secondary  Department  oi  the  Board  of  Education.  With  134  Illustrations. 
Fcp.  8vo.,  51. 

DRUDE.—TUE  THEORY  OF  OPTICS.     By  Paul  Drude, 

Professor  of  Physics  at  the  University  of  Giessen.  Translated  from  the  German 
by  C.  RiBORG  Mann  and  Robert  A.  Millikan,  Assistant  Professors  of 
Physics  at  the  University  of  Chicago.     With  no  Diagrams.     8vo.,  151.  net. 

GLAZEjB/^OOHr.—FHYSlCAL  OPTICS.  By  R.  T.  Glaze- 
brook,  M.A.,  F.R.S.,  Principal  of  University  College,  Liverpool.  With  183 
Woodcuts  of  Apparatus,  etc.     Fcp.  8vo. ,  6s. 

VANDERFOEL.—COhOK   PROBLEMS  :   a  Practical  Manual 

for  the  Lay  Student  of  Color.  By  Emily  Noyes  Vandrrpoel.  With  117 
Plates  in  Color.     Square  8vo. ,  21J.  net. 

^^/6^^r.— OPTICAL  PROJECTION :  a  Treatise  on  the  Use 

of  the  Lantern  in  Exhibition  and  Scientific  Demonstration.  By  Lewis  Wright, 
Author  of  *  Light :  a  Course  of  Experimental  Optics '.  With  232  Illustrations. 
Crown  8vo.,  6*. 
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SOUND,  LIGHT,  HEAT,  AND  THERMODYNAMICS. 

Z^^Xri?^.— ELEMENTARY  PRACTICAL  SOUND,  LIGHT 

AND  HEAT.  By  Joseph  S.  Dexter,  B.Sc.  (Lond.),  Physics  Master, 
Technical  Day  School,  The  Polytechnic  Institute,  Regent  Street.  With  152 
Illustrations.     Crown  8vo.,  2J.  6d. 

EMTAGE.—IAQWY.     By  W.  T.  A.  Emtage,  M.A.,  ::>irector  of 

Education,  Mauritius.    With  232  Illustrations.     Crown  8vo.,  6s 

HELMHOLTZ,—0^  THE  SENSATIONS  OF  TONE  AS  A 

PHYSIOLOGICAL  BASIS  FOR  THE  THEORY  OF  MUSIC.  By  Her- 
mann VON  Helmholtz.     Royal  8vo.,  28J. 

MA XIVEZL.— THEORY  OF  HEAT.     By  J.  Clerk  Maxwell 

M.A.,  F.R.SS.,  L.  and  E.  With  Corrections  and  Additions  by  Lord  Ray 
LEIGH.     With  38  Illustrations.     Fcp.  8vo.,  4J.  6d. 

SMITH,— THE  STUDY  OF  HEAT.     By  J.  Hamblin  Smith, 

M.A.,  of  Gonville  and  Caius  College,  Cambridge.     Crown  8vo.,  y. 

TVNI) ALL,— Works    by    JOHN    TYNDALL,    D.C.L.,    F.R.S. 
See  p.  36. 

WORMELL,—\    CLASS-BOOK    OF   THERMODYNAMICS. 

By  Richard  Wormell,  B.Sc.,  M.A.    Fcp.  8vo.,  is.  6d. 

WRIGHT— V^oxks  by  MARK  R.  WRIGHT,  M.A. 
SOUND,   LIGHT,    AND   HEAT.      With   160   Diagrams  and 

Illustrations.     Crown  8vo. ,  2J.  6d, 

ADVANCED    HEAT.       With    136   Diagrams  and  numerous 

Examples  and  Examination  Papers.     Crown  8vo. ,  4;.  6d, 


STEAM,  OIL,  AND  GAS  ENGINES. 

BALE.—k  HAND-BOOK  FOR  STEAM  USERS;  being  Rules 

for  Engine  Drivers  and  Boiler  Attendants,  with  Notes  on  Steam  Engine  and 
Boiler  Management  and  Steam  Boiler  Explosions.  By  M.  Powis  Bale, 
M.I.M.E.,  A.M.I.C.E.     Fcp.  8vo.,  2J.  6d, 

CLERK.— THE    GAS    AND     OIL     ENGINE.      By    Dugald 

Clerk,  Member  of  the  Institution  of  Civil  Engineers,  Fellow  of  the  Chemical 
Society,  Member  of  the  Royal  Institution,  Fellow  of  the  Institute  of  Patent 
Agents.     With  228  Illustrations.    8vo.,  151. 
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STEAM,  OIL,  AND  QA8  EMOIHRS-Contimted. 

ffOLMES.— THE    STEAM    ENGINE.       By    George    C.    V. 

Holmes,  Chairman  of  the  Board  of  Works,  Ireland.  With  212  Illustrations. 
Fcp.  8vo.,  6s. 

NEILSON.—THE    STEAM    TURBINE.       By    Robert    M. 

Neilson,  Whitworth  Exhibitioner,  Associate  Member  of  the  Institute  of 
Mechanical  Engineers,  Lecturer  on  Steam  and  the  Steam  Engine  at  the 
Heginbottom  Technical  School,  Ashton-under-Lyne.  With  145  Illustrations. 
8vo.,  7J.  6^.  net 

NORRIS.—A  PRACTICAL   TREATISE  ON   THE  *OTTO' 

CYCLE  GAS  ENGINE.  By  William  Norris,  M.I.Mech.E.  With  207 
Illustrations.    8vo.,  los,  6d. 

jRIPF£jR.'-Works  by  WILLIAM  RIPPER,  Professor  of  Mechani- 
cal Engineering  in  the  Sheffield  Technical  School. 

STEAM.     With  185  Illustrations.     Crown  8vo.,  21.  6d. 

STEAM  ENGINE  THEORY  AND  PRACTICE.     With  438 

Illustrations.     8vo.,  91. 

SENNETTand  OjRAM.— the  MARINE  STEAM  ENGINE: 

A  Treatise  for  Engineering  Students,  Young  Engineers  and  Officers  of  the 
Royal  Navy  and  Mercantile  Marine.  By  the  late  Richard  Sennbtt, 
Engineer-in-Chief  of  the  Navy,  etc. ;  and  Henry  J.  Oram,  Senior  Engineer 
Inspector  at  the  Admiralty,  Inspector  of  Machinery  in  H.M.  Fleet,  etc. 
With  414  Diagrams.     8vo.,  au. 

STROMEYER.— MARINE   BOILER   MANAGEMENT  AND 

CONSTRUCTION.  Being  a  Treatise  on  Boiler  Troubles  and  Repairs, 
Corrosion,  Fuels,  and  Heat,  on  the  properties  of  Iron  and  Steel,  on  Boiler 
Mechanics,  Workshop  Practices,  and  Boiler  Design.  By  C.  E.  Stromsyer, 
Chief  Engineer  of  the  Manchester  Steam  Users'  Association,  Member  of 
Council  of  the  Institution  of  Naval  Architects,  etc.  With  45a  Diagrams,  etc. 
8vo. ,  I3J.  net. 

ARCHITECTURE,  BUILDING  CONSTRUCTION,  ETC. 

ADVANCED  BUILDING  CONSTRUCTION.     By  the  Author 

of  'Rivingtons'  Notes  on  Building  Construction*.  With  385  Illustrations. 
Crown  8vo.,  4;.  6</. 

^«7^^^ZZ.— BUILDING  CONSTRUCTION.     By  Edward  J. 

BURRELL,  Second  Master  of  the  People's  Palace  Technical  School,  London. 
With  303  Working  Drawings.     Crown  8vo. ,  as.  6d. 

G  WILT.— AN    ENCYCLOPEDIA  OF  ARCHITECTURE. 

By  Joseph  Gwilt,  F.S.A.  Revised  (1888),  with  Alterations  and  Considerable 
Additions  by  Wyatt  Papworth.     With  1700  Engravings.     8vo.,  au.  net. 

PARKER   AND    UNWIN.—TYiE    ART    OF    BUILDING    A 

HOME :  A  Collection  of  Lectures  and  Illustrations.  By  Barry  Parker  and 
Raymond  Unwin.    With  68  Full-page  Plates.    8vo,  ioj.  6d.  net. 

^/C^.4^Z?5.— BRICKLAYING  AND  BRICKCUTTING.     By 

H.  W.  Richards,  Examiner  in  Brickwork  and  Masonry  to  the  City  and  Guilds 
of  London  Institute,  Head  of  Building  Trades  Department,  Northern  Poly- 
technic Institute,  London,  N.    With  over  200  Illustrations.     8vo.,  3^.  6d. 
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ARCHITECTURE,  BUILDING  CONSTRUCTION,  ETC. -Continued, 

seddon.~b\jiijdi£.r:^  work  and  the  building 

TRADES.  By  Col.  H.  C.  Seddon,  R.E.,  late  Superintending  Engineer, 
H.M.'s  Dockyard,  Portsmouth;  Examiner  in  Building  Construction,  Science 
and  Art  Department,  South  Kensington.  With  numerous  Illustrations. 
Medium  8vo.,  idr. 

FALDEjR.— BOOK  OF  TABLES,  giving  the  Cubic  Contents  of 

from  One  to  Thirty  Pieces  Deals,  Battens  and  Scantlings  of  the  Sizes  usually 
imported  or  used  in  the  Buildmg  Trades,  together  with  an  App>endix  showing  a 
large  number  of  sizes,  the  Contents  of  which  may  be  found  by  referring  to  the 
aforesaid  Tables.     By  Thomas  Valder.     Oblong  4to.,  6s.  net. 

RIVIMCT0N8'  COURSE  OF  BUILDING  CONSTRUCTION. 

NOTES  ON  BUILDING  CONSTRUCTION.     Arranged  to  meet 

the  requirements  of  the  syllabus  of  the  Board  of  Education.     Medium  8vo. 

Part  I.     Elementary  Stage.     With  552  Illustrations,  gs,  net. 

Part  II.     Advanced  Stage.     With  479  Illustrations,  gs,  net. 

Part  III.     Materials.     Course  for  Honours.     With  188  Illustra- 
tions, iBs.  net. 

Part    IV.      Calculations   for    Building   Structures.      Course   for 

Honours.     With  551  Illustrations,  ly.  net. 


ELECTRICITY  AND  MAGNETISM. 

ARRHENIUS.—K  TEXT-BOOK  OF  ELECTROCHEMIS- 
TRY. By  SvANTE  Arrhenius,  Professor  at  the  University  of  Stockholm. 
Translated  from  the  German  Edition  by  John  McCrae,  Ph.D.  With  58 
Illustrations.     8vo.,  9^.  td.  net. 

C^^  ^5- ^/Z5C>iV:— ELECTRO-DYNAMICS  :  the  Direct- 
Current  Motor.  By  Charles  Ashley  Carus- Wilson,  M.A.  Cantab.  With 
71  Diagrams,  and  a  Series  of  Problems,  with  Answers.     Crown  Svo.,  7/.  dd, 

CUMMII^G,—YA.Y.CY'^\QYY\  TREATED  EXPERIMEN- 
TALLY. By  LiNNi9!:us  Cumming,  M.A.  With  242  Illustrations.  Cr.  8vo. , 4J. dd, 

Z>^  y.— EXERCISES   IN   ELECTRICAL    AND    MAGNETIC 

MEASUREMENTS,  with  Answers.     By  R.  E.  Day.     i2mo.,  y.  W. 

FITZGERALD.— ^Y^^  SCIENTIFIC  WRITINGS   OF  THE 

LATE  GEORGE  FRANCIS  FITZGERALD,  Sc.D..  F.R.S.,  F.R.S.E., 
Fellow  of  Trinity  College,  Dublin.  Collected  and  Edited,  with  an  Historical 
Introduction,  bv  Joseph  Larmor,  SecR.S.,  Fellow  of  St.  John's  College, 
Cambridge.     With  Portrait.     8vo.,  15?. 

GORE,—TYL^  ART  OF  ELECTRO-METALLURGY,  including 

all  known  Processes  of  Electro-Deposition.  By  G.  Gore,  LL.D.,  F.R.S.  With 
56  Illustrations.     Fcp.  8vo.,  dr. 

^^iVZ>iE^5C>^.— WorksbyJOHNHENDERSON,D.Sc.,F.R.S.E. 
PRACTICAL  ELECTRICITY  AND   MAGNETISM.      With 

159  Illustrations  and  Diagrams.     Crown  8vo.,  dr.  dd. 

PRELIMINARY  PRACTICAL  MAGNETISM  AND  ELEC- 
TRICITY.   Crown  8vo.,  u. 
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ELECTRICITY  AND  mAOHmTlSm- OonHmied. 

/EJV«7A:— ELECTRICITY  AND  MAGNETISM.    By  Fleeming 

Jenkin,  F.R.S.,  M.I.C.E.    With  177  Illustrations.    Fq}.  8vo.,  y.  6d. 

/OUBEjRT.—EhEMESTARY  TREATISE  ON  ELECTRICITY 

AND  MAGNETISM.  Founded  on  Joubert's  *  Traits  l^ltoientaire  d'^ec- 
tricit^'.  By  G.  C.  Foster,  F.R.S.,and  E.  Atkinson.  Ph.D.  With  lUus- 
trations.     Crown  8vo.  [Ntzo  Edition  in  tke  Press, 

JOYCE,— EXAMYl.ES  IN  ELECTRICAL  ENGINEERING. 
By  Samuel  Joyce,  A.I.E.E.    Crown  8vo.,  51. 

MACLEAN  AND  MARCHANT,—E\.EWEllTARY  QUES- 
TIONS IN  ELECTRICITY  AND  MAGNETISM.  With  Answers.  Com- 
piled by  Magnus  Maclean,  D.Sc.,  M.I.E.E.,  and  E.  W.  Marchant,  D.Sa, 
A.  I.  E.  £.     Crown  Svo. ,  u. 

MERRIFIELD.—UAGIHETISU  AND  DEVIATION  OF  THE 

COMPASS.    By  John  Merripibld,  LL.D.,  F.R.A.S.,  iSmo..  2J.  6d, 

A4^^.— PRACTICAL  ELECTRICAL  TESTING  IN  PHYSICS 

AND  ELECTRICAL  ENGINEERING.     By  G.  D.  Aspinall  Parr,  Assoc. 
M.I.E.E.     With  231  Illustrations.     8vo.,  &f.  6d. 

PO  KS^^.— Works  by  A.  W.  POYSER,  M.A, 
MAGNETISM  AND  ELECTRICITY.    With  235  Illustrations. 

Crown  Svo. ,  af.  6d. 

ADVANCED   ELECTRICITY  AND   MAGNETISM.     With 

317  Illustrations.     Crown  8vo.,  4J.  6d. 

RHODES.— A^  ELEMENTARY  TREATISE  ON  ALTER- 
NATING CURRENTS.  By  W.  G.  Rhodes,  M.Sc.  (Vict.),  Consulting 
Engineer.    With  80  Diagrams.    8vo.,  js,  6d,  net 

SLINGO  AND  BROOJsrER.—WoT}is  by  W.  SLINGO  and  A. 
BROOKER. 

ELECTRICAL  ENGINEERING  FOR  ELECTRIC  LIGHT 

ARTISANS  AND  STUDENTS.    With  371  Illustrations.    Crown  8vo.,  laj. 

PROBLEMS     AND     SOLUTIONS      IN     ELEMENTARY 

ELECTRICITY  AND  MAGNETISM.    With  98  Illustrations.    Cr.  Svo. .  aj. 

rWYZ?-4ZZ,— Works  by  JOHN  TYNDALL,D.CL.,F.R.S.  See  p.36. 


TELEGRAPHY  AND  THE  TELEPHONE. 

HOPir/NS,  —  TELEFHOIJE  LINES  AND  THEIR  PRO- 
PERTIES. By  William  J.  Hopkins,  Professor  of  Physics  in  the  Drexel 
Institute,  Philadelphia.    Crown  8vo.,  6s. 

PREECE  AND  SI yEJVRIGff T.—TELEGRAFKY.    By  Sir  W. 

H.  Prbece,  K.C.B.,  F.R.S.,  V.P.Inst.,  C.E.,  etc.,  Consulting  Engineer  and 
Electrician,  Post  Office  Telegraphs ;  and  Sir  J.  Sivewright,  K.CM.G.  ,  General 
Manager,  South  African  Telegraphs.    With  967  Illustrations.    Fcp.  8vo.,  6s, 
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ENGINEERING,  STRENGTH  OF  MATERIALS,  ETC. 

ANDERSON.— UK'S.   STRENGTH    OF    MATERIALS   AND 

STRUCTURES :  the  Strength  of  Materials  as  depending  on  their  Quality  and 
as  ascertained  by  Testing  Apparatus.  By  Sir  J.  Anderson,  C.E.,  LL.D., 
F.R.S.E.     With  66  Illustrations.     Fcp.  8vo.,  y.  6d. 

BARjRY.— RAILWAY  APPLIANCES:  a  Description  of  Details 

of  Railway  Construction  subsequent  to  the  completion  of  the  Earthworks  and 
Structures.  By  Sir  John  Wolfe  Barry,  K.C.B.,  F.R.S.,  M.I.C.E.  With 
2x8  Illustrations.     Fcp.  8vo.,  4s.  6d, 

DIPLOCK^—A  NEW  SYSTEM  OF  HEAVY  GOODS  TRANS- 
PORT ON  COMMON  ROADS.  By  Braham  Joseph  Diplock.  With 
27  Illustrations.      8vo. 

GOODMAN—WSXIVlA'^IQ.^  APPLIED  TO  ENGINEERING. 

By  John  Goodman,  Wh.Sch.,  A.  M.I.C.E.,  M.I. M.E.,  Professor  of  Engineering 
in  the  Yorkshire  College,  Leeds  (Victoria  University).  With  620  Illustrations 
and  numerous  Examples.     Crown  8vo. ,  71.  6</.  net. 

LOW.  — A  POCKET-BOOK  FOR  MECHANICAL  EN- 
GINEERS. By  David  Allan  Low  (Whitworth  Scholar),  M.I.Mech.E., 
Professor  of  Engineering,  Blast  London  Technical  College  (People's  Palace), 
London.  With  over  1000  specially  prepared  Illustrations.  Fcp.  8vo. ,  gilt  edges, 
rounded  comers,  7^.  6</. 

PARKINSON-AAQYii:  RAILWAY  CONSTRUCTION.  By 
Richard  Marion  Parkinson,  Assoc. M. Inst. C.£.  With  85  Diagrams. 
8vo.,   lor.  6d.  net. 

^il/77W:— GRAPHICS,  or  the  Art  of  Calculation   by  Drawing 

Lines,  applied  especially  to  Mechanical  Engineering.  By  Robert  H.  Smith, 
Professor  of  Engineering,  Mason  Colle^,  Birmingham.  Part  I.  With 
separate  Atlas  of  29  Plates  containing  97  Diagrams.     8vo.,  151. 

STONEY.—i:'^^   THEORY   OF  STRESSES   IN   GIRDERS 

AND  SIMILAR  STRUCTURES;  with  Practical  Observations  on  the 
Strength  and  other  Properties  of  Materials.  By  Bindon  B.  Stoney,  LL.D., 
F.R.S.,  M.I.C.E.     With  5  Plates  and  143  lUust.  in  the  Text.     Royal  8vo.,  36J. 

UNWIN.—'Wox^^  by  W.  CAWTHORNE  UNWIN,  F.R.S.,  B.Sc. 
THE  TESTING  OF  MATERIALS  OF  CONSTRUCTION. 

A  Text-book  for  the  Engineering  Laboratory  and  a  Collection  of  the  Results 
of  Experiment.  With  5  Plates  and  188  Illustrations  and  Diagrams.  8vo., 
i6f.  net. 

ON   THE    DEVELOPMENT   AND   TRANSMISSION    OF 

POWER  FROM  CENTRAL  STATIONS :  being  the  Howard  Lectures 
delivered  at  the  Society  of  Arts  in  1893.     With  81  Diagrams.    8vo.,  lOf.  net. 

fF^^^^A^.— ENGINEERING  CONSTRUCTION   IN   IRON, 

STEEL,  AND  TIMBER.  By  William  Henry  Warren,  ChaUis  Professor 
of  Civil  and  Mechanical  Engineering,  University  of  Sydney.  With  13  Folding 
Plates  and  375  Diagrams.     Royal  8vo. ,  i6r.  net. 

WHEELER.— THE  SEA  COAST:  Destruction,  Littoral  Drift, 
Protection.  By  W.  H.  Wheeler,  M.Inst.  C.E.  With  38  Illustrations  and 
Diagram.     Medium  8vo.,  lor.  6d.  net 
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LONGMANS'  CIVIL  ENGINEERING  SERIES. 

CIVIL  ENGINEERING  AS  APPLIED  TO  CONSTRUCTION. 

By  Levkson  Francis  Vernon-Harcourt,  M.A.,  M.Inst.C.E.     With  368 
Illustrations.     Medium  8vo.,  14^.  net 

Contents. — Materiala,  Preliminary  Works,  Foondationa  and  Roads — Railway  Bridge  and 
Tunnel  Engineering — River  and  Canal  Engineering — Irrigation  Works— Dock  Works  and 
Maritime  Engineering—Sanitary  Engineering. 

NOTES  ON  DOCKS  AND  DOCK  CONSTRUCTION.  By  C. 

COLSON,  C.B.,  M.Inst.C.E.    With  365  Illustrations.     Medium  8vo.,  au.  net. 

CALCULATIONS    IN     HYDRAULIC     ENGINEERING:     a 

Practical  Text-Book  for  the  use  of  Students.  Draughtsmen  and  Engineers.     By 
T.   Claxton    Fidler,   M.InstC.E. 

Part  I.  Fluid  Pressure  and  the  Calculation  of  its  Effects  in  En- 
gineering Structures.  With  numerous  Illustns.  and  Examples.  8vo.,6f.  6d.  net. 

Part  II.  Calculations  in  Hydro- Kinetics.     With  numerous  Illus- 
trations and  Elxamples.    8vo. ,  7s,  6d.  net. 

RAILWAY  CONSTRUCTION.      By  W.   H.  Mills,  M.LC.E., 

Engineer-in-Chief  of  the  Great  Northern  Railway  of  Ireland.     With  516  Illus- 
trations and  Diagrams.    8vo. ,  i8j.  net. 

PRINCIPLES  AND  PRACTICE  OF  HARBOUR  CON- 
STRUCTION. By  William  Shield,  F.R.S.E.,  M.Inst.C.K  With 97  Illus- 
trations.    Medium  8vo.,  151.  net. 

TIDAL    RIVERS:    their  (i)  Hydraulics,  (2)   Improvement,   (3) 

Navigation.      By  W.    H.   Wheblek,   M.Inst.  CE.      With  75   Illustrations. 
Medium  8vo.,  its.  net. 


MACHINE  DRAWING  AND  DESIGN. 

LOPV.— Works  by  DAVID  ALLAN  LOW,  Professor  of  Engineer- 
ing, East  London  Technical  College  (People's  Palace). 

IMPROVED  DRAWING  SCALES.    6d.  in  case. 

AN   INTRODUCTION  TO   MACHINE    DRAWING   AND 

DESIGN.     With  153  Illustrations  and  Diagrams.     Crown  8vo,  a;.  6d. 

LOW  AND  BE  VIS.— h  MANUAL  OF  MACHINE  DRAWING 
AND  DESIGN.  By  David  Allan  Low  and  Alfred  William  Bevis. 
M.I.Mech.E.     With  700  Illustrations.     8vo.,  7s.  6d. 

UNWIN.—TYiE  ELEMENTS  OF  MACHINE  DESIGN.  By 
W.  Cawthorne  Unwin,  F.R.S. 

Part    I.       General    Principles,    Fastenings,    and     Transraissive 

Machinery.     With  345  Diagrams,  etc     Fop.  8vo.,  js,  6d, 

Part   II.      Chiefly  on  Engine  Details.     With  259  Illustrations. 

Fcp.  8vo.,  6j. 
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NAVAL  ARCHITECTURE. 

^rr^C>C>Z>.— TEXT-BOOK    OF    THEORETICAL    NAVAL 

ARCHITECTURE  :  a  Manual  for  Students  of  Science  Classes  and  Draughts- 
men Engaged  in  Shipbuilders'  and  Naval  Architects'  Drawing  Offices.  By 
Edward  Lewis  Attwood,  Assistant  Constructor,  Royal  Navy.  With  114 
Diagrams.     Crown  8vo.,  7;.  dd. 

WATSON.— ^AWAl.  ARCHITECTURE :  A  Manual  of  Laying- 

off  Iron,  Steel  and  Composite  Vessels.  By  Thomas  H.  Watson,  Lecturer  on 
Naval  Architecture  at  the  Durham  College  of  Science,  Newcastle-upon-Tyne. 
With  numerous  Illustrations.     Royal  8vo.,  i.^*  net. 

WORKSHOP~APPLrANCES,  ETC. 

NORTHCOTT.—LKTYiES  AND  TURNING,  Simple,  Mecha- 
nical and  Ornamental.  By  W.  H.  Northcott.  With  338  Illustrations.  8vo.  .iRy. 

^^^ZZiB  K— WORKSHOP  APPLIANCES,  including  Descrip- 
tions of  some  of  the  Gauging  and  Measuring  Instruments,  Hand-cutting  Tools, 
Lathes,  Drilling,  Planeing,  and  other  Machine  Tools  used  by  Engineers.  By 
C.  P.  B.  Shelley,  M.I.C.E.  With  an  additional  Chapter  on  Milling  by  R. 
R.  Lister.    With  323  Illustrations.    Fcp.  8vo. ,  51. 

MINERALOGY,  MINING,  METALLURGY,  ETC. 

BAC/jEjRMAM— Works  by  HILARY  BAUERMAN,  F.G.S. 
SYSTEMATIC     MINERALOGY.      With     373     Illustrations. 

Fcp.  8vo. ,  6s. 

DESCRIPTIVE     MINERALOGY.      With    236     Illustrations. 

Fcp.  8vo.,  6j. 

BREARLEY    and    IBBOTSON.  —  THE    ANALYSIS    OF 

STEEL-WORKS  MATERIALS.  By  Harry  Breabley  and  Fred 
Ibbotson,  B.Sc.  (Lond.),  Demonstrator  of  Micrographic  Analysis,  University 
College,  Sheffield.     With  85  Illustrations.     8vo.,  \^.  net. 

C?(9^^.— THE  ART  OF  ELECTRO-METALLURGY.     By  G. 

Gore,   LL.D.,  F.R.S.    With  56  Illustrations.     Fcp.  8vo. .  6if. 

HUNTINGTON  AND  MCMILLAN  -METALS :  their  Properties 

and  Treatment  By  A.  K.  Huntington,  Professor  of  Metallurgy  in  King's 
College,  London,  and  W.  G.  M'Millan,  Lecturer  on  Metallurgy  in  Mason's 
College,  Birmingham.     With  laa  Illustrations.    Fcp.  8vo.,  7J.  6<f. 

LUFTON— Works  by  ARNOLD  LUPTON,  M.I.C.E.,  F.G.S.,  etc. 
MINING.     An  Elementary  Treatise  on  the  Getting  of  Minerals. 

With  596  Diagrams  and  Illustrations.     Crown  8vo.,  gs.  net. 

A    PRACTICAL    TREATISE    ON    MINE    SURVEYING. 

With  209  Illustrations.     8vo.,  i2j.  net. 

^^iE^Z>.— METALLURGY.      By  E.   L.   Rhead,    Lecturer  on 

Metallurgy  at  the  Municipal  Technical  School,  Manchester.  With  94  Illustra- 
tions.    Fcp.  8vo.,  y.  6d. 

RHEAD  AND  SEXTON— K^^KYl^Q  AND  METALLUR- 
GICAL ANALYSIS  for  the-use  of  Students,  Chemists  and  Assayers.  By  E.  L. 
Rhead,  Lecturer  on  Metallurgy,  Municipal  School  of  Technology,  Manchester  ; 
and  A.  Humboldt  Sexton,  F.I.C,  F.C.S.,  Professor  of  Metallurgy,  Glasgow 
and  West  of  Scotland  Technical  College.    8vo.,  lof.  6d,  net. 

RUTLEY.—TliE  STUDY  OF  ROCKS;  an  Elementary  Text- 
book of  Petrology.  By  F.  Rutlet,  F.G.S.  With  6  Plates  and  88  other  Illus- 
trations.    Fcp.  8vo. ,  4J.  64, 
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ASTRONOMY,  NAVIGATION,  ETC. 

^^^C>rr.— ELEMENTARY    THEORY    OF    THE    TIDES: 

the  Fundamental  Theorems  Demonstrated  without  Mathematics  and  the  In- 
fluence on  the  Length  of  the  Day  Discussed.  By  T.  K.  Abbott,  B.D.,  Fellow 
and  Tutor,  Trinity  College,  Dublin.     Crown  8vo. ,  3j. 

BALL.— Works  by  Sir  ROBERT  S.  BALL,  LL.D.,  F.R.S. 

ELEMENTS  OF  ASTRONOMY.     With  130  Figures  and  Dia- 
grams.   Fcp.  8vo. ,  6j.  6d, 

A    CLASS-BOOK    OF   ASTRONOMY.      With   41    Diagrams. 

Fcp.  8vo.,  I  J.  6d, 

GIZL,— TEXT-BOOK  ON  NAVIGATION  AND  NAUTICAL 

ASTRONOMY.  By  J.  Gill,  F.R.A.S.,  late  Head  Master  of  the  Liverpool 
Corporation  Nautical  College.     8va ,  10s.  6d. 

GOOD  fV/N.— AZIMUTH    TABLES    FOR    THE    HIGHER 

DECLINATIONS.  (Limits  of  Declination  24°  to  30°,  both  inclusive.) 
Between  the  Parallels  of  Latitude  0°  and  60°.  With  Examples  of  the  Use  of 
the  Tables  in  English  and  French.  By  H.  B.  Goodwin,  Naval  Instructor, 
Royal  Navy.     Royal  8vo. ,  ys.  6d. 

HERSCHEL,—0\JTU.^ES  OF  ASTRONOMY.     By  Sir  John 

F.  W.  Herschel,  Bart.,  K.H.,  etc.    With  9  Plates  and  numerous  Diagrams. 

8V0.,  I2J. 

LAUGHTON,—K^  INTRODUCTION  TO  THE  PRAC- 
TICAL AND  THEORETICAL  STUDY  OF  NAUTICAL  SURVEYING. 
By  John  K nox  La ughton ,  M.  A. ,  F.  R.  A.  S.  With  35  Diagrams.  Crown  8va ,  dr. 

LOWELL, — MARS.      By   Percival   Lowell,  Fellow  American 

Academy,  Member  Royal  Asiatic  Society,  Great  Britain  and  Ireland,  etc. 
With  24  Plates.     8vo.,  isw.  6rf. 

AWier/iV:— NAVIGATION  AND  NAUTICAL  ASTRONOMY. 

Compiled  by  Staff  Commander  W.  R.  Martin,  R.N.     Royal  8vo.,  i8j. 

MERRIFIELD.—k    TREATISE    ON    NAVIGATION.      For 

the  Usenf  Students.  By  J.  Merrifikld,  LL.D.,  F.R.A.S.,  F.M.S.  With 
Charts  and  Diagrams.     Crown  8vo. ,  y. 

Z'^^iT-^^.— ELEMENTS  OF  ASTRONOMY.     With  Numerous 

Examples  and  Examination  Papers.  By  George  W.  Parker,  M.A.,  of 
Trinity  College,  Dublin.     With  84  Diagrams.     8vo. ,  51.  6rf.  net. 

^-fi*^^.— CELESTIAL  OBJECTS  FOR  COMMON  TELE- 
SCOPES. By  the  Rev.  T.  W.  Webb,  M.A.,  F.R.A.S.  Fifth  Edition, 
Revised  and  greatly  Enlarged  hy  the  Rev.  T.  E.  ESPIN,  M. A. ,  F. R. A.S.  (Two 
Volumes.)  Vol.  I.,  with  Portrait  and  a  Reminiscence  of  the  Author,  2  Plates, 
and  numerous  Illustrations.  Crown  8vo.,  6j.  Vol  II.,  with  numerous  Illustra- 
tions.    Crown  8vo.,  6j.  (>d. 
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WORKS  BY  RICHARD  A.  PROCTOR. 

THE    MOON :     Her    Motions,   Aspect,   Scenery,    and    Physical 

Condition.  With  many  Plates  and  Charts,  Wood  Engravings,  and  2  Lunar 
Photographs.     Crown  8vo.,  31.  6ar. 

OTHER    WORLDS    THAN    OURS:    the  Plurality  of   Worlds 

Studied  Under  the  Light  of  Recent  Scientific  Researches.  With  14  Illustrations ; 
Map,  Charts,  etc.     Crown  8vo. ,  35.  6^ 

OUR  PLACE  AMONG  INFINITIES :  a  Series  of  Essays  con- 
trasting our  Little  Abode  in  Space  and  Time  with  the  Infinities  around  us. 
Crown  8vo.,  y.  td, 

MYTHS  AND  MARVELS  OF  ASTRONOMY.  Crown  8vo., 
y.  6<f. 

LIGHT  SCIENCE  FOR  LEISURE  HOURS :   Familiar  Essays 

on  Scientific  Subjects,  Natural  Phenomena,  etc.      Crown  8vo.,  3^.  dd, 

THE  ORBS  AROUND  US;    Essays  on  the  Moon  and  Planets, 

Meteors  and  Comets,  the  Sim  and  Coloured  Pairs  of  Suns.    Crown  8vo. ,  3^.  6</. 

THE  EXPANSE  OF  HEAVEN :  Essays  on  the  Wonders  of  the 

Firmament.     Crown  8vo. ,  3J.  6^. 

OTHER  SUNS  THAN  OURS :  a  Series  of  Essays  on  Suns— Old, 

Young,  and  Dead.  With  other  Science  Gleanings.  Two  Essays  on  Whist, 
and  Correspondence  with  Sir  John  Herschel.  With  9  Star- Maps  and  Diagrams. 
Crown  8vo. ,  3J.  6<f. 

HALF-HOURS   WITH  THE  TELESCOPE :   a  Popular  Guide 

to  the  Use  of  the  Telescope  as  a  means  of  Amusement  and  Instruction.  With 
7  Plates.     Fcp.  8vo. ,  sw.  td, 

NEW   STAR   ATLAS   FOR  THE   LIBRARY,  the  School,  and 

the  Observatory,  in  Twelve  Circular  Maps  (with  Two  Index- Plates).  With  an 
Introduction  on  the  Study  of  the  Stars.    Illustrated  by  9  Diagrams.    Cr.  8vo. ,  55. 

THE   SOUTHERN   SKIES  :    a  Plain  and   Easy  Guide  to  the 

Constellations  of  the  Southern  Hemisphere.  Showing  in  12  Maps  the  position 
of  the  principal  Star-Groups  night  after  night  throughout  the  year.  With  an 
Introduction  and  a  separate  Explanation  of  each  Map.  True  for  every  Year. 
4to. ,  5J. 

HALF-HOURS  WITH  THE  STARS :  a  Plain  and  Easy  Guide 

to  the  Knowledge  of  the  Constellations.  Showing  in  12  Maps  the  position  of 
the  principal  Star-Groups  night  after  night  throughout  the  year.  With  Intro- 
duction and  a  separate  Explanation  of  each  Map.  True  for  every  Year. 
4to.,  y.  net. 

LARGER  STAR  ATLAS  FOR  OBSERVERS  AND  STUDENTS. 

In  Twelve  Circular  Maps,  showing  6000  Stars,  1500  Double  Stars,  Nebulae,  etc. 
With  2  Index-Plates.     Folio,  15^. 
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WORKS  BY  RICHARD  A.  PROCTOR- OmMittfAf. 

THE    STARS    IN   THEIR   SEASONS:    an   Easy  Guide  to  a 

Knowledge  of  the  Star-Groups.     In  la  Large  Maps.    Imperial  8vo.,  51. 

ROUGH     WAYS     MADE    SMOOTH.       Familiar    Essays    on 

Scientific  Subjects.      Crown  8vo.,  3;.  6d, 

PLEASANT  WAYS  IN  SCIENCE.     Crown  8vo.,  35.  6d, 
NATURE  STUDIES.      By  R.  A.  Proctor,  Grant  Allen,  A. 

Wilson,  T.  Foster,  and  E.  Ciodd.    Crown  8vo.,  y.  W. 

LEISURE   READINGS.      By  R.  A.   Proctor,  E.   Clodd,   A. 

Wilson,  T.  Foster,  and  A.  C.  Ranyard.    Crown  Svo.,  y.  6(L 


PHYSIOGRAPHY  AND  GEOLOGY. 

^/^Z?.— Works  by  CHARLES  BIRD,  B.A. 

ELEMENTARY  GEOLOGY.     With  Geological   Map  of  the 

British  Isles,  and  247  Illustrations.     Crown  8vo.,  21.  6<f. 

ADVANCED  GEOLOGY.     A  Manual  for  Students  in  Advanced 

Classes  and  for  General  Readers.  With  over  300  Illustrations,  a  Geological 
Map  of  the  British  Isles  (coloured),  and  a  set  of  Questions  for  Examination. 
Crown  8vo.,  7s.  6d, 

GI^EJSJV.— PHYSICAL  GEOLOGY   FOR   STUDENTS  AND 

GENERAL  READERS.    By  A.  H.  Grbbn,  M.A,  F.G.S.     With  236  Illus- 
trations.   8vo.,  21s. 

MOJ^GAN.— Works  by  ALEX.  MORGAN,  M.A.,  D.Sc,  F.R.S.E. 
ELEMENTARY  PHYSIOGRAPHY.     Treated  Experimentally. 

With  4  Maps  and  243  Diagrams.    Crown  8vo.,  as,  6d, 

ADVANCED    PHYSIOGRAPHY.       With    215    Illustrations. 

Crown  8vo.,  4s,  6d, 

THORNTON.—Vforks  by  J.  THORNTON,  M.A. 

ELEMENTARY  PRACTICAL  PHYSIOGRAPHY. 

Part  I.     With  215  Illustrations.     Crown  8vo.,  2s.  6d. 
Part  11.     With  98  Illustrations.     Crown  Svo.,  21.  6d, 

ELEMENTARY   PHYSIOGRAPHY:    an  Introduction  to  the 

Study  of  Nature.  With  13  Maps  and  295  Illustrations.  With  Appendix  on 
Astronomical  Instruments  and  Measurements.    Crown  8vo.,  v.  6d. 

ADVANCED   PHYSIOGRAPHY.      With   11    Maps  and   255 

Illustrations.    Crown  8vo.,  4J.  6d 
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NATURAL  HISTORY  AND  GENERAL  SCIENCE. 

BEDDARD.—THE.  STRUCTURE  AND  CLASSIFICATION 

OF  BIRDS.  By  Frank  E.  Bkddard,  M.A.,  F.R.S.,  Prosector  and  Vice- 
Secretary  of  the  Zoological  Society  of  London.     With  252  Illtis.     8vo.,  au.  net. 

FC/J^NEAUX,— Works  by  WILLIAM  FURNEAUX,  F.R.G.S. 
THE  OUTDOOR  WORLD ;  or,  The  Young  Collector's  Hand- 

book.     With  18  Plates,  16  of  which  are  coloured,  and  549  Illustrations  in  the 
Text.     Crown  Svo.,  6*.  net. 

LIFE  IN  PONDS  AND  STREAMS.     With  8  Coloured  Plates 

and  331  Illustrations  in  the  Text.    Crown  Svo. ,  6f .  net. 

BUTTERFLIES  AND  MOTHS  (British).     With  12  Coloured 

Plates  and  241  Illustrations  in  the  Text.    Crown  8vo.,  65.  net. 

I/[/DSOJ\r.— BRITISH  BIRDS.     By  W.  H.  Hudson,  C.M.Z.S. 

With  8  Coloured  Plates  from  Original  Drawings  by  A.  Thorburn,  and  8  Plates 
and  100  Figures  by  C.  £.  Lodge,  and  3  Illustrations  from  Photographs. 
Crown  8vo.,  dr.  net. 

MILZAIS,— THE  NATURAL  HISTORY  OF  THE  BRITISH 

SURFACE-FEEDING  DUCKS.  By  John  Guille  Millais,  F.Z.S.,  etc. 
With  6  Photogravures  and  66  Plates  (41  in  colours)  from  Drawings  by  the  Author 
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JVAJVSEJV,  — THE    NORWEGIAN     NORTH     POLAR    EX- 
PEDITION, 1893-1896 :  Scientific  Results.     Edited  by  Fridtjof  Nansen. 
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Contents:  Astronomical  Observations — Terrestrial  Magnetism — Results  of  the  Pendulum 
—Observations  and  some  Remarks  on  the  Constitution  of  the  Earth's  Crust. 

Volume  III.     With  33  Plates.     Demy  Ate,  32^.  net. 
Contents:    The  Oceanography  of  the  Nortli  Polar  Basin — On  Hydrometers  and  the 
Sur&ce  Tension  of  Liquids. 

STANLEY.'-K  FAMILIAR  HISTORY   OF  BIRDS.      By  E. 

Stanley,  D.D.,  formerly  Bishop  of  Norwich.  With  160  Illustrations.  Crown 
8vo. ,  3J.  ^ 
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^iBZZ.— JACQUARD  WEAVING  AND  DESIGNING.   By  F.  T. 

Bell.     With  199  Diagrams.     8va,  lar.  net. 

CROSS  AND  BE  r^iV.— Works  by  C.  F.  CROSS  and  E.  J.  BEVAN. 
CELLULOSE :   an  Outline  of  the  Chemistry  of  the  Structural 

Elements  of  Plants.  With  reference  to  their  Natural  History  and  Industrial 
Uses.  (C.  F.  Cross,  E.  J.  Bevan  and  C.  Beadle.)  With  14  Plates. 
Crown  Svo.,  isj.  net. 

RESEARCHES  ON  CELLULOSE,  1895-1900.    Crown  8vo., 

ts,  net. 
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MANUFACTURES,  TECHNOLOGY.    ETC. -Oonh'nusfi. 
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TON  SPINNING.  By  John  Morris  and  F.  Wilkinson.  With  a  Preface 
by  Sir  B.  A.  Dobson,  C.E.,  M.I.M.E.  With  169  Diagrams  and  Illustrations. 
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RICHARDS,— mUCViLPCimG  AND  BRICK-CUTTING.    By 
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of  London  Institute,  Head  of  Building  Trades  Department,  Northern  Poly- 
technic Institute,  London,  N.    With  over  aoo  Illustrations.    Med.  Svo.,  y.  6d. 

TJ  VLOR.— COTTON    WEAVING    AND    DESIGNING.      By 

John  T.  Taylor.    With  373  Diagrams.    Crown  8vo.,  7s.  6d.  net 

WATTS— AIJ   INTRODUCTORY    MANUAL  FOR  SUGAR 

GROWERS.  By  Francis  Watts,  F.C.S.,  F.I.C.  With  20  Illustrations. 
Crown  Bvo.,  6s.  

HEALTH  AND  HYGIENE. 

.^5^.^  K— HEALTH  IN  THE  NURSERY.     By  Henry  Ashby, 

M.D.,  F.R.C.P.    With  25  Illustrations.    Crown  8vo.,  y.  net. 

B  C/CKTON— HE ALTK  IN  THE  HOUSE.     By  Mrs.  C.  M. 

BuCKTON.     With  41  Woodcuts  and  Diagrams.    Crown  8vo. ,  as. 

CORFIELD.—THE  LAWS  OF  HEALTH.     By  W.  H.  CoR- 

PIELD,  M.A.,  M.D.     Fcp.  8vo.,  xj.  6rf. 

FURNEAUX.-ElJ^yiEWTARY  PRACTICAL  HYGIENE.— 

Section  I.   By  William  S.  Furneaux.  With  146  Illustrations.  Cr.  Bvo.,  2j.  6d. 

NOTTER  AND  FIRTH.— V^oxV%  by  J.  L.  NOTTER,  M.A.,  M.D., 
and  R.  H.  FIRTH,  F.R.C.S. 

HYGIENE.     With  95  Illustrations.     Crown  8vo.,  3^.  dd. 

PRACTICAL  DOMESTIC  HYGIENE.     With  83  Illustrations. 

Crown  Bvo.,  21.  6d. 

POORE.—^oxVs  by  GEORGE  VIVIAN  POORE,  M.D. 
ESSAYS  ON  RURAL  HYGIENE.     Crown  Bvo.,  6s.  6d, 
THE  DWELLING-HOUSE.      With   36  Illustrations.     Crown 

Bvo. ,  3^.  6d. 

THE  EARTH  IN  RELATION  TO  THE  PRESERVATION 

AND  DESTRUCTION  OF  CONTAGIA:  being  the  Milroy  Lectures 
delivered  at  the  Royal  College  of  Physicians  in  1899,  together  with  other 
Papers  on  Sanitation.     With  13  Illustrations.     Crown  Svo.,  5^. 

WILSON— A     MANUAL     OF     HEALTH-SCIENCE.       By 

Andrew  Wilson,  F.R..S.E.,  F.L.S.,  etc  With  74  Illustrations.  Crown 
Bvo. ,  as.  6d. 
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MEDICINE  AND  SURGERY. 
ASHB  Y  AND  IVJ^/GIfT.— THE  DISEASES  OF  CHILDREN, 

MEDICAL  AND  SURGICAL.  By  Henry  Ashby,  M.D.,  Lond.,  F.R.C.P., 
Physician  to  the  General  Hospital  for  Sick  Children,  Manchester ;  and  G.  A. 
Wright.  B.A.,  M.B.  Oxon.,  F.R.C.S.,  Eng. ,  Assistant-Surgeon  to  the  Man- 
chester Royal  Infirmary,  and  Surgeon  to  the  Children's  Hospital.  Enlarged 
and  Improved  Edition.     With  193  Illustrations.     8va,  ay, 

B£JVJ^£TT.— Works  by  Sir  WILLIAM  BENNETT,  K.C.V.O., 
F.R.C.S.,  Surgeon  to  St.  George's  Hospital;  Member  of  the 
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CLINICAL  LECTURES  ON  VARICOSE  VEINS  OF  THE 

LOWER  EXTREMITIES.     With  3  Plates.     8vo.,  6s. 

ON  VARICOCELE ;   A  PRACTICAL  TREATISE.     With  4 

Tables  and  a  Diagram.     8vo.,  $s. 

CLINICAL     LECTURES    ON     ABDOMINAL     HERNIA: 
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ON   VARIX,    ITS    CAUSES    AND   TREATMENT,   WITH 

ESPECIAL  REFERENCE  TO  THROMBOSIS.     8vo.,  y.  6d. 
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SIMPLE  FRACTURES  OF  THE  LIMBS.     8vo.,  aj.  6d, 
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PASSIVE  MOVEMENTS  IN  RECENT  FRACTURES  AND  OTHER 
COMMON  SURGICAL  INJURIES:  The  Treatment  of  Internal  Derange- 
ments of  the  Knee  Joint  and  Management  of  Stiff  Joints.  With  17 
Illustrations.     8vo.,  6s, 

BENTLEY.—K    TEXT-BOOK    OF    ORGANIC    MATERIA 

MEDICA.  Comprising  a  Description  of  the  Vegetable  and  Animal  Drugs  of 
the  British  Pharmacopoeia ,  with  some  others  in  common  use.  Arranged 
Systematically,  and  Especially  Designed  for  Students.  By  Robert  Bentley, 
M.R.C.S.  Eng.,  F.L.S.     With  6a  Illustrations  on  Wood.     Crown  8vo.,  js.  6d. 

CABOT.— A  GUIDE  TO  THE  CLINICAL  EXAMINATION 

OF  THE  BLOOD  FOR  DIAGNOSTIC  PURPOSES.  By  Richard  C. 
Cabot,  M.D.,  Physician  to  Out-patients,  Massachusetts  General  Hospital. 
With  3  Coloured  Plates  and  a8  Illustrations  in  the  Text     Svo.,  16;. 

C^^^,  PICA',  DO  RAN,  AND  DUNCAN.— THE  PRACTI- 
TIONER'S GUIDE.  By  J.  Walter  Carr,  M.D.  (Lond.),  F.R.C.P. ; 
T.  Pickering  Pick,  F.R.C.S.  ;  Alb  an  H.  G.  Dor  an,  F.R.C.S. ;  Andrew 
Duncan,  M.D.,   B.Sc   (Lond.),   F,R.C.S.,   M.R.C.P.      8vo.,  au.  net. 

CiBZZ/.— MALARIA,  ACCORDING  TOeTHE  NEW  RE- 
SEARCHES. By  Prof.  Angelo  Celli,  Director  of  the  Institute  of  Hygiene, 
University  of  Rome.  Translated  from  the  Second  Italian  Edition  by  John 
Joseph  Eyre,  M.R.C.P.,  L.R.C.S.  Ireland,  D.P.H.  Cambridge.  With  an 
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8vo.,  loj.  6d, 
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CHEYNE  AND  BURGHARD,—K  MANUAL  OF  SURGIGAI^ 

TREATMENT.    By  W.  Watson  Cheyne,  C.B..  M.B.,  F.R.C.S..  F.R.S., 
Professor  of  Surgery  in  King's  College,  London,  Surgeon  to  King's  Collie- 
Hospital,  etc.  ;  and  F.  F.  Burghard,  M.D.  and  M.S.,  F.R.C.S.,  Teacher  of 
Practical  Surgery  in  King's  College,   London,  Surgeon  to  King's  Collie, 
Hospital  (Lond.),  etc. 

Part  I.     The  Treatment  of  General  Surgical  Diseases,  including: 

Inflammation,  Suppuration,  Ulceration,  Gangrene,  Wounds  and  their  Compli- 
cations, Infective  Diseases  and  Tumours ;  the  Administration  of  Anaesthetics. 
With  66  Illustrations.     Royal  8vo. ,  lof.  td. 

Part  II.     The  Treatment  of  the  Surgical  Affections  of  the  Tissues,, 

including  the  Skin  and  Subcutaneous  Tissues,  the  Nails,  the  Lymphatic 
Vessels  and  Glands,  the  Fasciae,  Bursae,  Muscles,  Tendons  and  Tendon- 
sheaths,  Nerves,  Arteries  and  Veins.     Deformities,     With  141  Illustrations. 
Royal  8vo.,  145. 

Part  III.     The  Treatment  of  the  Surgical  Affections  of  the  Bones. 

Amputations.     With  100  Illustrations.     Royal  8vo.,  I2J. 

Part  IV.     The  Treatment  of  the  Surgical  Affections  of  the  Joints- 

(including  Excisions)  and  the  Spine.    With  138  Illustrations.    Royal  8vo. ,  14J. 

Part  V.     The  Treatment  of  the  Surgical  Affections  of  the  Head^ 

Face,  Jaws,  Lips,  Lamyx  and  Trachea ;  and  the  Intrinsic  Diseases  of  the- 
Nose,  Ear  and  Larynx,  by  H.  Lambert  Lack,  M.D.  (Lond.),  F.R.C.S.. 
Surgeon  to  the  Hospital  for  Diseases  of  the  Throat,  Golden  Square,  and  to- 
the  Throat  and  Ear  Department,  The  Children's  Hospital,  Paddington 
Green.     With  145  Illustrations.     Royal  8vo.,  i&r. 

Part  VI.     Section  I.     The  Treatment  of  the  Surgical  Affections  of 

the  Tongue  and  Floor  of  the  Mouth,  the  Pharynx,  Neck,  (Esophagus.  Stomacbi 
and  Intestines.    With  124  Illustrations.     Royal  8vo.,  i8j. 

Section  II.     The  Treatment  of  the  Surgical  Affections  of 

the  Rectum,  Liver.  Spleen,  Pancreas,  Throat,  Breast  and  Genito-orinary 
Organs.     With  Illustrations.     Rojral  8vo.  [/«  preparation, 

CL.4i?ii:£.— POST-MORTEM  EXAMINATIONS  IN  MEDICO- 
LEGAL AND  ORDINARY  CASES.  With  Special  Chapters  on  the  Legal 
Aspects  of  Post-mortems,  and  on  Certificates  of  Death.  By  J.  Jacksoh 
Clarke,  M.B.  Lond.,  F.R.C.S.,  Assistant  Surgeon  at  the  North-west  London 
and  City  Orthopaedic  Hospitals,  etc.     Fcp.  8vo.,  2J.  6^. 

COATS,^h    MANUAL    OF    PATHOLOGY.       By    Joseph 

Coats,  M.D.,  late  Professor  of  Pathology  in  the  University  of  Glasgow. 
Fourth  Edition.  Revised  throughout  and  Edited  by  Lewis  R.  Sutherland, 
M.  D. ,  Professor  of  Pathology.  University  of  St.  Andrews.  With  490  Illustra- 
tions.   8vo.,  31  J.  6d, 

COOXE.— Works  by  THOMAS  COOKE,  F.R.CS.  Eng.,  B.A., 
B.Sc,  M.D.,  Paris. 

TABLETS  OF  ANATOMY.  Being  a  Synopsis  of  Demonstra- 
tions given  in  the  Westminster  Hospital  Medical  School.  Eleventh  Edition 
in  Three  Parts,  thoroughly  brought  up  to  date,  and  with  over  700.  Illustra- 
tions from  all  the  best  Sources,  British  and  Foreign.     Post  410. 

Part  I.     The  Bones,     js.  6d,  net. 

Part  n.     Limbs,  Abdomen,  Pelvis,     los,  6d.  net. 

Part  III.     Head  and  Neck,  Thorax,  Brain,     jos.  6d^  net.. 
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SURGERY.    Including  100  Typical  tnvd  voce  Questions  on  Surface  Marking, 
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MAKIN,—K  HANDBOOK  OF   MIDWIFERY.      By  William 

Radford  Dakin,  M.D.,  F.R.C.P.,  Obstetric  Physician  and  Lecturer  on 
Midwifery  at  St.  George's  Hospital,  etc.  With  394  Illustrations.  Large 
crown  8va,  i8j. 

DICKINSON,— Vfor\iS  by  W.  HOWSHIP  DICKINSON,  M.D. 
Cantab.,  F.R.C.P. 
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THE    TONGUE    AS    AN    INDICATION    OF    DISEASE: 

being  the  Lumleian  Lectures  delivered  March,  1888.     8vo.,  js,  6d. 
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1896.      8V0.,  X3J. 

MEDICINE  OLD   AND  NEW.      An  Address  Delivered  on 

the  Occasion  of  the  Opening  of  the  Winter  Session,  1899-1900,  at  St  George's 
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.DC/CKlVOjRTIf.— Works  by  Sir  DYCE  DUCKWORTH,  M.D., 
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THE  SEQUELS  OF  DISEASE :  being  the  Lumleian  Lectures, 

1896.     8vo.,  xof.  6d. 

THE     INFLUENCE     OF     CHARACTER     AND     RIGHT 
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MEICffSEN—THE  SCIENCE  AND  ART  OF  SURGERY; 

a  Treatise  on  Surgical  Injuries,  Diseases,  and  Operations.  By  Sir  John  Eric 
Erichskn,  Bart.,  F.R.S.,  LL.D.  Edin.,  Hon.  M.Ch.  and  F.R.C.S.  Ireland. 
Illustrated  by  nearly  xooo  Engravings  on  Wood.     2  vols.     Royal  8vo.,  48;. 

J^OWLER  AND  GODLEE.—THE  DISEASES  OF  THE 
LUNGS.  By  James  Kingston  Fowler,  M.A.,  M.D.,  F.R.C.P.,  Physician 
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